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Convergence analysis of an unfitted mesh semi-implicit coupling
scheme for incompressible fluid-structure interaction

Erik Burman? Miguel A. Ferndndez! Fannie M. Gerosa?

October 27, 2022

Abstract

The complete numerical analysis of time splitting schemes which avoid strong coupling has rarely
been addressed in the literature of unfitted mesh methods for incompressible fluid-structure interaction.
In this paper, an error analysis of the semi-implicit scheme recently reported in [Int. J. Numer. Methods
Eng. 2021; 122:5384-5408] is performed for a linear fluid-structure interaction system. The analysis
shows that, under a hyperbolic-CFL condition, the leading term in the energy error scales as O(hrfl/Q)7
where r = 1,2 stands for the extrapolation order of the solid velocity in the viscous fluid substep. The
theoretical findings are illustrated via some numerical experiments which show, in particular, that the
considered method avoids the spatial non-uniformity issues of standard loosely coupled schemes and that
it delivers practically the same accuracy as the strongly coupled scheme.

1 Introduction

This paper is devoted to the error analysis of a numerical method for a linear fluid-structure coupled sys-
tem involving the transient Stokes equations (in a fixed domain) and a thin-walled solid elastodynamics
model. This system is often used as model problem for the analysis of time-splitting schemes for incom-
pressible fluid-structure interaction (see, e.g., [4l 26| 19, 28, 13, [0]). Indeed, it retains the fundamental
numerical difficulties that have to be faced also in general incompressible fluid-structure systems. A large
amount of added-mass in the system is known to severely compromise stability and accuracy in standard
explicit coupling schemes (i.e., those which invoke the fluid and solid solvers only once per time-step, see,
e.g., [44] 22] 32} [53]). The simplest approach to overcome these issues is to resort to a strongly coupled
scheme (i.e., one in which the interface coupling is implicitly discretized in time), but at the expense of
a higher computational complexity.

The development and the analysis of time splitting schemes which avoid strong coupling without
compromising stability and accuracy has been a very active field of research during the last fifteen years.
The vast majority of the studies have been devoted to the case of spatial approximations based on fluid
meshes which are fitted to the interface (see, e.g., [27), [49] 5] 4 26, 12} 13| [36] [46], [6] B4], [14]). For many
applications, such a mesh compatibility can however be cumbersome to maintain in practice (see, e.g.,
[48, 33}, 511, [8, 191 [42] [43]).

The earliest explicit coupling schemes with unfitted meshes have been reported in [8 [43], using the
immersed boundary method, and in [19, 42], using unfitted Nitsche approximations with overlapping
meshes. Nevertheless, these methods suffer from major stability /accuracy issues which either require
severe time-step restrictions (see [8, [19]) or are limited by the amount of added-mass in the system (see
[42] [43]). A new class of semi-implicit schemes with unfitted meshes has been recently reported in [30 ]
for the case of the coupling with thin-walled solids. These methods robustly avoid strong coupling but
at the expense of introducing additional unknowns in the fluid sub-problem (intermediate solid velocity).
Fully explicit variants of these approaches have been derived in [30] and in [I0]. Nevertheless, the
formulation of the former in the case of immersed solids remains open and the accuracy of the latter
relies on a grad-div penalty stabilization (for enhanced mass conservation) which spoils the conditioning
of the fluid subsystem.
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Additional difficulties, which are not considered in this paper, are the cases of curved and dynamic
interfaces. Both subjects have not been particularly analyzed in the literature. We refer to [45] for
stability and error analysis accounting also geometric errors. When dynamic interfaces are involved, a
further complication derives from the variation of the approximation spaces in time. For the study of
parabolic problems with moving interfaces we refer to [54 [37].

This paper is devoted to the numerical analysis of the unfitted mesh semi-implicit coupling scheme
recently introduced in [29]. The method combines a Nitsche based unfitted mesh spatial approximation
with a fractional-step time-marching in the fluid. The viscous part of the coupling is treated in an explicit
fashion (which avoids strong coupling), while the remaining fluid pressure and solid contributions are
treated implicitly (which guarantees added-mass free stability). Robust a priori error estimates are
derived for two extrapolated variants (r = 1,2 stands for the extrapolation of the solid velocity). The
analysis highlights the fundamental role played by the time discretization of the Nitsche’s penalty term in
the stability and accuracy of the splitting. In particular, an O(7"/ h%) splitting error is obtained instead
of the standard O(7/h) for the stabilized explicit coupling scheme of [19]. The superior accuracy of the
method is also supported by numerical experiments in an academic benchmark.

The rest of the paper is organized as follows. Section [2] presents the continuous setting. Its numerical
approximation is discussed in Section [3] The numerical analysis of the semi-implicit scheme is reported
in Section @ Numerical evidence on the convergence properties of the methods is given in Section
Finally, Section [f] summarizes the main conclusions of this work.

2 Problem Setting

We consider a linear fluid-structure interaction problem in which the fluid is described by the Stokes
equations in a fixed polyhedral bounded domain Qf ¢ R? with d = 2,3 and the structure by a linear
thin-walled solid model with mid-surface given by ¥, also assumed polyhedral. Let the boundary of Qf
be partitioned as dQf = S UT and denote the outward unit normal to dQf by m. In this framework,
the considered coupled problem reads as follow: find the fluid velocity and pressure w : Qf x RT - RY,
p: Qf x Rt - R, the solid displacement and velocity d : & x RT — R?, d: ¥ x RT — R? such that for
all t € RT we have
prou — dive(u,p) =0 in of x RT,
divu =0 in Qf xRT, 1)
u=0 on I'x R+,
pedd+Ld=T in E xR,
d=08d in X xR, (2)
d=0 on 9T xRT,

u=d on T x RY,
(3)

T=—0c(u,p)n on X xRT,

with the initial conditions w(0) = w0, d(0) = do and d(0) = do. Here, the symbols p' and p° stand,
respectively, for the fluid and solid densities. The thickness of the solid is denoted by ¢ and the fluid
Cauchy stress tensor is given by

def 1

= i(V'u, + VuT),

O'(U,p) d:ef 2,[1,6(114) - pI7 e(u)
where p denotes the fluid dynamic viscosity and I is the identity matrix. The relations in enforce,
respectively, the kinematic and dynamic interface coupling conditions. The abstract differential operator
L in describes the elastic behaviour of the solid.

In the following, we will make use of the usual Sobolev’s spaces H™(Q)(m > 0), with norm || - ||m,0
and seminorm | - |, along with the closed spaces H (), of functions in H'(Q) with zero trace on I,
and L&(Q), of functions in L?(Q) with zero mean in Q. The scalar product in L*() is denoted by (-, )q.

For the weak formulation of the fluid problem we consider V = [H%(Qf)]d and Q = L*(QF) as the
fluid velocity and pressure functional spaces, respectively. The standard Stokes bilinear forms are given
by

a(u,v) = 2 (e(w), €(v)) e, b(q,0) E — (g, dive) g -



For the solid weak problem we suppose that W C [Hég (Z)]d is the space of admissible displacements

and we assume that L: D C [L? (E)]d — [L? (E)]d is a self—adjoint second-order differential operator
symmetric, coercive and continuous on W. Associated to the operator L, we define the elastic bilinear
form

a* (d,w) < (Ld,w)y; (4)
for all d € D and w € W. We define the following elastic energy norm on

[w|2 % a* (w, w)

and we assume that the following continuity estimate holds
w|? < B lwl¥ s ()

for all w € W, with ° > 0.

3 Numerical methods

In this section, we discuss three numerical methods for the approximations of the coupled problem —
(3). These methods involve an unfitted mesh spatial discretization and different levels of fluid-solid time
splitting.

3.1 Unfitted mesh spatial approximation

In a standard conforming finite element approximation, typically based on fitted meshes (see, e.g., [23]
206)), the kinematic coupling condition 1 is strongly enforced. This is no longer feasible in the unfitted
mesh setting. We consider the robust and optimal unfitted mesh method with overlapping meshes
proposed in [I9] (see also the related works [47) 2]). Therein, the interfacial fluid-solid coupling is
treated in a fully weak fashion via a Nitsche’s type mortaring.

Let be {77 }o<h<1 a family of triangulations of ¥, such that ¥ = UKeT,j' We then consider the

standard space of continuous piecewise affine functions associated to 7;;, namely,

X5 o, € C°(S) | v €Pu(K), VK €Ti}.

For the approximation of the solid discrete space for the displacement and velocity we consider the
following space W), = [X3]9 N W.

Of | sz
r

>

Figure 1: Unfitted meshes.

‘We denote with {’775}0<h<1 a family of triangulations that cover the fluid domain QFf such that:
1. Every T/ is fitted to I" but, in general, not to 3;
2. For every simplex K € T;, we have K N Qf # @.

In what follows, Qf, stands for the domain covered by 7, (i.e., the fluid computational domain). We
denote by G, the set of elements of 7;f intersected by X, by F the set of the internal edges or faces of
T£, and by Fg, the set of edges or faces of the elements of G, that do not lie on A0 | namely,

Qigfffmt(uKeT}fK), ghd;f{KeTﬂsz;é@}7

def def

T {FeaK|KeThf, Fm@Qi;AF}, Fo, X {FeaK|Kegh,Fmaﬂi¢F}.



We consider the following space of continuous piecewise affine functions defined over 7;f

x5 fon € CO@) [onk €PAK) VK €T} (6)

For the approximation of the fluid velocity and pressure, we consider the following spaces
Vi d;f {'Uh € [X}fl]d"vh‘l“zo}v Qh d:ef XifL

Since the discrete pair V4, /@), lacks inf-sup stability, we consider the classical Brezzi-Pitkdranta symmetric
pressure stabilization (see, e.g., [11]):

def h?
sn (pn,qn) = ’Yp/_ —Vpn-Van, >0 (7)
af M
Note that the pressure stabilization is defined over the computational fluid domain Q‘;L In order to

guarantee robustness of the method with respect to the way the interface is cutting the fluid mesh, we
consider the following ghost-penalty operator (see [15]):

gn(un,vn) défyguh Z ([[Vuh]]p,[[vvh]]p)p. (8)
FeFg,

We can hence introduce the following total stabilization operator S;, and associated semi-norm:

Sn((wn,pn) , (vn,qn)) s (pn, an) + g (wn, vn),

Nl

| (un,pn) s = S ((wn,pn) s (wn,pn) )2,

so that the fluid discrete bi-linear form is given by

ai ((umph): (vn, Qh)) o af((umph)a (vn, (Ih)) + Sh((uh7ph)7 (’Um%)),

with
a' ((wn, pn), (On, ) < alwn, vn) — b(pn, va) + b(gn, un).

Finally, the considered space semi-discrete unfitted mesh approximation pf f reads as follows:
for t > 0, find (uh(t),ph(t),dh(t),dh(t)) € Vi, X Qn X Wy x Wy, such that dj, = d:dp, and

p' (Qvwn, vn) g, + ap, (wn, pr), (v, qn)) + p°e (Oedn, wn), + a®(dn, wh)
0l
h
for all (Vn, gn, wr) € Vi X Qn X Wy, Here, v > 0 denotes the Nitsche’s penalty parameter.

Remark 3.1. It should be noted that in the Nitsche mortaring is taken only from the fluid side (as
in [39]). The fundamental reason for this is that there is no dissipative mechanism in the solid model
1,2 that can control the perturbation induced by the solid stresses on the interface.

(10)

(uh —élh,vh —wh) =0

— (o(wn,pr)n,vn — wn)y, — (un — dn, o (vn, —qn)n) + .

Remark 3.2. In the numerical experiments of Section@ the second assumption on T, that is, all the
elements of Qfl intersect the physical domain QF is relazed. This is achieved by extending the ghost-penalty
operator to Fy, (all internal edges or faces of ’Thf), i.e.,

gn(n,vn) = yguh > ([Vunle, [Vorlr) . (11)
FEFy
This ensures the invertibility of the fluid stiffness matriz. It should be noted that the results of the
numerical analysis reported in Section[{] below also hold in this case.

3.2 Time splitting schemes

This section is devoted to the time-discretization of (10). We first discuss the strongly coupled and
the stabilized explicit coupling schemes reported in [19]. Particular attention is paid to the well-known
accuracy issues of the latter. We then discuss the semi-implicit projection based coupling scheme reported
in [29], whose purpose was precisely to circumvent such difficulties without resorting to strong coupling.

In the following, the parameter 7 > 0 denotes the time-step length, 0,z" stands for the first-order

backward difference formula and z*" represents the r-th order explicit extrapolations to =", viz.,
n def 1 n n—1 %.r def xn—l if T = 1,
Orz™ = — (2" —a"), 2= 12
T T ( ) {Qx"_l —2" % ifr=2. (12)



3.2.1 Strongly coupled scheme

Traditionally, the natural way to achieve numerical stability has been to consider a strongly coupled
scheme, that is, a fully implicit time-discretization of . An example of such an approach is reported
in Algorithm The method is also known to deliver an optimal O(7) + O(h) accuracy in the energy
norm (see [30]). The price to pay for this robustness is the resolution (at each time-step) of the hybrid
coupled system , which can be computationally demanding in practice, particularly, due to its hybrid
nature. Indeed, this monolithic system often yields ill-conditioned matrices (see, e.g., [2] [52]) which
require dedicated solvers.

Algorithm 1 Strongly coupled scheme (from [19]).

For n > 1: . .
find (uz,pz,dz,dﬁ) € Vi x Qn x Wi, x W), with d} = 0;d}} and such that

P (Orup, vn) o + ab (wh, p1), (vn, an)) + poe(Ordy, w) g + a®(dy, wy,)
TH

Y (u}l‘—dﬁ,vh—wh) =0

— (o (up, pp)n, v, — wp)y, — (up — dy, o (v, —qn))n) y + .

for all (v, gn, wr) € Vi, X Qp x Wi,

(13)

3.2.2 Stabilized explicit coupling scheme

The stabilized explicit coupling scheme reported in Algorithm [2| enables a fully sequential decoupled
time-marching of (I0). Energy stability is achieved under a mild CFL-like condition (see [19]), thanks to
the specific explicit treatment of the Nitsche penalty interface term and to the addition of an interface
pressure stabilization in time (weakly consistent interfacial compressibility). The stability of the method
is independent of the added-mass effect and of the considered local fluid and solid time-marching schemes.
These features come however at a price: the sub-optimality of the error with respect to Algorithm
The interface time splitting (the explicit treatment of the penalty term in the right-hand side of )
introduces a truncation error whose leading contribution scales as O(7/h), which prevents convergence
when 7 = O(h) (see Remark[4.3|and [18]). The pressure stabilization is introduced to control the pressure
fluctuations at the interface, produced by the splitting in time of pressure and it has a contribution of the
order O(T% h%) Correction iterations are thus needed to enhance accuracy, under restrictive constraints
on the discretization parameters.

Algorithm 2 Stabilized explicit coupling scheme (from [19]).

For n > 1:
e Solid sub-step: find (Z, dZ) € W, x W, with dr = 0-dj and such that

pss(aTdZ,wh)E +a*(dyy, wn) + %(.Z7wh)2 = %(UZ_l’wh)z - (a(uh_l,p’g_l)n,wh)z

for all wy, € W,
e Fluid sub-step: find (uZ,pZ) € Vi, X @y, such that

h
P (0rup, vn) o + i ((whpn), (Vh, an)) + %(pﬁ - an)

= (= )+ (hon) = (@ o)+ (),

for all (vp,qn) € Vi X Q.

(14)

(15)

Roughly speaking, the lack of spatial uniformity in the splitting error of Algorithm [ can be ex-
plained as follows. After spatial refinement, i.e., whenever h — 0, the solid sub-problem forces the
solid velocity dj to be close to u} ™ '|s, whereas in the fluid sub-problem the fluid velocity up|s



approximates dZ In summary, the spatial discretization forces ||uj — uZ_1||o,g to be small as h — 0,
by amplifying the time-splitting error. This is an essential ingredient of the scheme that guarantees
numerical stability but it degrades accuracy.

3.2.3 Projection based semi-implicit coupling scheme

Algorithm [3| reports the projection based semi-implicit scheme of [29]. The fundamental idea of this
method, borrowed from [27] in the case of fitted mesh approximations, consists in combining a fractional-
step time-marching in the fluid (see, e.g., [35]) with a semi-implicit treatment of the interface coupling
. In Algorithm [3| the fluid is discretized in time with an incremental pressure-correction method and
a backward-Euler method is considered for the solid. We introduce the fluid discrete viscous bi-linear
form
afL (uh, vh) def 2u(e(uh), e(vh))ﬂf.

Note that the fluid viscous-step is explicitly coupled with the solid, hence avoiding strong coupling
(i-e., reducing computational complexity), whereas the coupled pressure-displacement system guar-
antees added-mass free stability through the implicit treatment of the fluid incompressibility and solid
inertial effects. For » = 2, the Algorithm [3] can be initialized with one step of the scheme with r = 1.

Algorithm 3 Projection-based semi-implicit scheme (from [29]).

For n > r:

1. Fluid viscous step: find uj} € V4, such that

f
P~  ~ . nel ~
T (“ﬁ — U 17 vh)gf + az (UZ7 'Uh) + gn(uy, vh) + (Vph 1: 'Uh)Qf

— (o (@}, 0)n, By), + % (a;; —d ’7h)z - (a;; —dr U(ﬁh,O)n)Z —0 (16)
for all vy, € V.
2. Pressure-displacement step: find (pﬁ7 dZ) € Qn x Wj, with dz = 0,d} , such that

T — SO .
E(V(pz — P 1)’th)ﬂi + Sh(pZ>Qh) = (UZ - d27qhn)2 - (leUZ,Qh)Qu ( )
17
S ‘m S qn TH (~p rx,T ~n . n
p°e(0-dp, wp) ¢, + a®(djy, wp) = W(Uh —d" wy)y, — (o(af, pi)n, ws)
for all (qh,wh) € Qn x W
3. Intermediate velocity step: find uj € V}, such that
o P 1
. (Uzavh)ng = . (uZ,vh)gf - (V(PZ —P;Lk )»Uh)Qf (18)

for all vy, € Vj,.

It is worth noting that the discrete interface stresses in the 2 involve the same penalty term as
in (16). In other words, the viscous stresses in 2 correspond to the variationally consistent residual
of . This constitutes a fundamental difference with respect to Algorithm [2| (and also with respect to
[3] with fitted meshes).

The next section provides an error estimate for Algorithm [3] which shows superior accuracy with
respect to Algorithm , namely: O(Tr/h% ), with r = 1,2, instead of O(7/h). Furthermore, the numerical
evidence reported in Section [f]suggests Algorithm [3|delivers practically the same accuracy as Algorithm ]
which is uniform with respect to h. The price to pay for this superior accuracy is threefold:

e An additional CFL-like condition for stability (see [29] Theorem 1] and Theorem below), with
respect to Algorithm [I];

e The solution of the coupled pressure-displacement system , not required in Algorithm
e A limited flexibility in the choice of the time-stepping for the fluid and solid sub-systems.



An additional appealing characteristic of Algorithm [3] is the reduced computational cost with respect
to Algorithm [l We refer to [29] for a run time study in the context of Nitsche-XFEM for immersed
thin-walled structures.

Remark 3.3. In practice, we can avoid solving the third step, by inserting into the viscous step

, obtaining

pf (87ﬂ27 5h,)ﬂf + az (ﬂ27 %h) + gh(627 'Uh)

+ (V2" =" ), Th) o — (0 (@R, 0)n, Bn) . + %" (an —dy" on) g, — (@h —dp", 0 (Vn,i, 0)ni), =0

for all vy, € V.

With the purpose of further investigating the space uniformity of the splitting error, we introduce a
variant of the projection-based semi-implicit scheme with second-order backward difference discretization.
The resulting method is shown in Algorithm [d] by choosing I = 2 and with the following definition of the
l-order backward difference formulas:

| ndef (I4+1)z™ — 20" (1 - 1)z 2

. I+ 1D)z" 22" + (I — 12" 2
T 27 ’ ’

2T

~n def
DLg" =

Observe that, for [ = 1 we retrieve Algorithm [3| from [29].
In the following, Algorithm @ is introduced only for comparison pourposes conducted in Section [5} We
do not convey any stability analysis or error estimates with second-order in time discretization.

Algorithm 4 Projection-based semi-implicit scheme with [-th order backward difference.

For n > r:

1. Fluid viscous step: find u} € Vj, such that

p" (DLay, Dn) oy + ab (@, o) + gn(al, vy) + (Vpr =t 0n) o
— (0 ity 0, )y + 2 (@ — &7 o) = (@ — ;7,0 (@, 0)n) =0
for all 'INJh, € V.
2. Pressure-displacement step: find (pﬁ, dﬁ) € Qn x W), with d}i = 0,d} , such that
T T n— 7
(VR —0h ™), Van) o +sn(0han) =

p
pe(Ohdy wr)y + a*(df, wh) = -

l+1 - . l+1 e~
?(uz_ Z7qhn)2—T(d1V’uZ7Qh)Qm

(ap —dy", wh) g, — (o(uy,pp)n, wh)2
for all (qh,wh) € Qp x W,
3. Intermediate velocity step: find u} € V}, such that

I+1

l+1
27‘p -

2T

n

ph(@r,vn)or — (VR — 03 h), 0n)

(u;zla Uh)Qf

for all vy, € V.

4 Numerical analysis

This section is devoted to the numerical analysis of Algorithm [3] We first recall the main ingredients for
the energy stability of the method reported in [29] and extend the proof to cover the case of a second-order
extrapolation (r = 2). An a priori error estimate is derived in Section



4.1 Energy stability
We assume (see, e.g., [38] [20]) that the following trace inequality holds

01§ snr < Cr (A7 10ll6,x + RIVoll6 k) (19)

for all v € HY(K), K € T and Cr depending only on . By combining with a discrete inverse
inequality, it follows

— CTI
le )l < D e @3 sk <O Y- (A7 le @)l i + A IVE @3k ) < =1 D lle (@l
Kegy, Kegy, Kegy
(20)
for all vy, € V},. Hence,
hlle (@n)nll3s < Cr lle (a1 af (21)

for all vy, € V},. This estimates are fundamental for the energy stability of the method.
Let define the discrete total energy E}’ by the following expression:

2
NCAE (22)

def p
Bn = Tl whllf or + 5 ||d"\|z+*\|d"|| 2pf|

The following result states the conditional energy based stability of the approximation provided by
Algorithm

Theorem 4.1. Let {(u’[b‘,pﬁ,[12,dﬁ)}n>1 be given by Algorithm@ with r = 1,2. Under the following
conditions -

2(3 4+ 4a) C1

> il 23

v > . e (23)
2—r

YT S TP e, (24)

with o > 0, the discrete energy estimate presented below holds:
E; S Ey, (25)
for alln > 1. As a result, Algorithm@ is conditionally stable in the energy norm .

Proof. The proof for r = 1 was reported in [29]. We recall here some of the steps and provide some
details that include also the case » = 2, which follows similarly. We proceed by testing . with
(vh,vh,qh,wh) = (uh,uh,ph,dh) By proceeding like in [29] (the sole difference lies in the ch01ce of

d;’"), we get the following energy estimate

f
pP n2 n—1/2 ~n ny\|(2
50 IR ar + 2art €@ 0, + 57 [IVPRlIG.05 = V25" [l o 1+ 1R )5

s

pPE ‘ &n 2 ’l’ln71 no_ dn71H2 i dn 2 . dn71 2
o [ h 0s h 0. h h 072] + (H h”s || h ”s)
2y (e(@)n. i —di ) —2u (@, @i - ;") _+ ”,j‘ (@h - @ —ap) <0 (20)
T1 T2

for n > r. Term T can be bounded by adding and subtracting d’ﬁ, using the Cauchy—Schwarz, Young’s
and trace inequalities , as follows:

T =—2u (e(ﬁ}i)n, dr — d;’)2 —4p (e(ﬁﬁ)n, uy, — dﬁ)2
1 2 C' ~n
> — (7 + 7) % ||€(Uh)|‘g,ﬂf rag 2E

a1 (6]

2

n—1 n—2

at o H
0,8

. 2
L

. 2
— 20, Huz —ay|

0,

(27)



with a1, a2 > 0. Simila]rly7 for the second term, we have

T, =2¢ HW | ot % (dh —aT - {12)
I\ - || ocsw ocsw (28)
> (1 R R N o et
2ai3 0, 0,

0,2

with as > 0. By inserting and into we get

A IV IG.0p = 1985 lg0q 1+ 550

a4 o (a1 = 1)
_@ . 2 e gy
+2u[cg ! (2a )]u( )H(mﬁ[ r( )

27 h
+ 1,i72a ﬂHﬂ"fdnz —(r—1) (2« +a) 4.1"72H2 <0 (29)
2a3 2)h h h 0,2 ! 3 h 0,z —
for n > r. We now set

. 2
|

0,2

so that yields

dn

p n—112 P 1 n m—

5 ||uh\|mf+ [HVthOQf — || Vo 1||0,Q;L] + =50, o +2—(Hdh||§—\|dh HiE)
re (1 H .-n_ 'MHZ _ w

+[2T r<4+a) h} n = d 0,% —r=1 h

CT13+4CM
+ 20 o - ]u I op + s M -

for n > r. We now replace the upper index n by m and sum over m = 2
yields

2

—1 n—2
A H
0,2

§0

..n and multiply by 7. This

p
7 Il + 5 T IORRI g + 2 |

i)+ e ldhle
|5 (Ge) % Z Jae =gt vt =) (54 20) Yi\!aﬁl 4|,
2 e = LI S el + e e S -
2 |
L

for n > r. By rearranging the terms in the first sums, we get

Huh||mf+2 ORI g + 2 [k + a2
pE r—1 (1 TH H ym “m—1||? 1 '0H2
2 _ 74 = RE - —rr=1)(=+2a) =
+{2 T (4+°‘>h}zd N A C R D, s
CT]3+4:C¥ (% ~m m
2nu o= O] S e g+ 3 [

<2y
2

o ar + 5 fuvzluom e

T
+ 2l 2 (30)
for n > r.

In the case r = 1, the previous bound yields the energy estimate provided in [29]. For r = 2, we need
to control the contributions coming form the initialization step, namely,

O b e + o ORI g+ o

1 12
+ = d 5
0% 2” h”sv



which are obtained from one step of Algorithm With r = 1. We hence consider with (n =1,r = 1),
which yields

S . 2 1
o e e A Y S P A
p’e 1 v ||l - -0ll? Cr1 3+ 4o ~
#|5 e e) R -l o o= ST bl
f 2 S 2
o Y|~ P 2 T 2 pPE ||
S R WL T s T WV o N

Hence, by adding this expression to , we finally get

p 1 m 2
7 Ikl + 50 VPR g+ 2F | + 3R

dn
0,2

pe W] = [ gmet]|?
w5 a3 ;Hdh -4,

CT13+4Q o oK |
o= 2SI S e g iy S e -

o 2 72 2 P°€ || 0|2 1
< G sl e+ g [98R6 o + 5[]+ gl (31

for n > 1. The energy estimate hence follows from under the conditions -, which
completes the proof.
O

Remark 4.1. A similar stability analysis can be derived in the case of a thick-walled solid. The solid
quantities appearing on the interface X, such as dj — dZ_l, are controlled on the whole solid domain
using element-wise trace inequalities. This yields to a parabolic CFL-type stability condition, namely,

yur S p°h2,

which is more restrictive than in the case of a thin-walled solid. An analogous stability result is reported
in [27] for the non-incremental version of Algomthm@ within the framework of fitted mesh. Stability is
guaranteed under the CFL-like condition pth? +2ut < p*eh for a thin-walled solid and p'h? 4+ 2ut < p°h?
in the case of thick-walled solid.

4.2 A priori error estimate

In the following we use the notation v" < v (tn) (without subscript h) to denote the temporal value
v (tn) of a time dependent function v. For conciseness, an abuse of notation will be committed by
denoting (d¢v)" with 9;v™. Furthermore, the symbol < indicates inequalities up to a multiplicative
constant (independent of the discretization parameter h and of the physical parameters). We consider
the following mesh-dependent seminorms for functions defined on the interface X:

||f||2%,h,2 = Z h! ||f||2,%,h2 =

Kegy, KEeGy,

where Y i denotes the part of the interface intersecting the simplex K, i.e., ¥k RNy

For the sake of simplicity, in the error analysis we assume that the 1nterface 3 is flat. Furthermore,
the elements of the solid mesh are supposed to be grouped in disjoint macropatches P;, with meas(P;) =
O(h%). Each (d — 1)-dimensional macro patch P; is assumed to contain at least one interior node and
the union of the P; is assumed to cover X, viz., U; F; = 3.

The discrete interpolation operators are those introduced in [I9] (see also [30]). For the solid dis-
placement, we consider the elastic Ritz-projection operator wj, : W — Wj, defined by the relation

a® (w— mw,wy) =0 (32)
for all w;, € W}, and for which there holds

lw — mhwly s + BV (w = mw)lly 5 S h¥|wlzs (33)

10



for all w € [HQ (E)]d N W. For the solid velocity, we consider the operator I, : W — W), which is
defined as a correction of the operator 7} by the relation

def
Lhw = mw+ E Qi pi,
i

with a; € R to be fixed with a constraint detailed below. The ¢; are functions with support in the
macropatches P;, such that
d—1
0< i <1, H@iH(),Pi Sh2
and take the value 1, component-wise, in the interior nodes of the associated patch P;. The scalars «;
are chosen so that the following condition holds:

/P (w - Tyw) -n = 0. (34)

This orthogonality condition is used in the error analysis to control the interface terms coupling the fluid
pressure and the solid velocity. We refer to [7] for the detailed construction of such an operator. It can
be shown (see [19, Lemma 3.3]) that

lw — Luwlly s + |V (w = Ihw)lg 5, S h*|wlax (35)

for all w € [H2(S)]" NW.

Since the physical solution and the discrete one, are defined on different domains, namely Qf and QZ,
with Qf € Qf | we assume that there exist two linear continuous lifting operators Eo : H? (Qf) — H? (]Rd)
and By : H' (Q') — H' (R?), satisfying the bounds ”ElUHHl(Rd) < HvHHl(Qf) for all v € H' (Q) and
\|E2v||H2(Rd) < ||v\|H2(Qf) for all v € H? (Qf) , (see, e.g., 25| [50]). To interpolate the resulting extended

fluid solution we consider the Scott—Zhang operator is,, see [24] for extra details. Then it holds (see [19]
Lemma 3.3]):

v — s B2l gr + 7|V (0 = isaF20)llg or S B*[0]5 0

Hq - iszElqno,Qf +h ||V (q - iszENI)Ho Qof s h|Q‘1 Qf
o (v — isaBov,g — i Bra)nll_y s S B (0l + lallo) (36)

[v —isaE2vll1 ) 2 S hlvll,0f

lw—Thwlly ), 5 S he w2,
for all v € [HQ(Qf)]d, g € HY(Q) and w € [HQ(E)]d N W. Moreover, using an inverse inequality,
and the stability of the extension operator we have the following stability result for the gradient
projection
”ViszEUIHS of < h_luiszElq - ENIH(Q) af + HVEUIH(Q) af s ani Qf - (37)

For the pressure and ghost-penalty stabilization operators (/7] . the following consistency properties
hold (see, e.g., [19] 21]):

1

(ZszE1q7 ZSZElq) 2

1,0f (38)
and . .
gn (152 B0, ise E2v) 2 S hin? |v]5 g (39)
In the following we will make use of the discrete Gronwall lemma (see, e.g., [41]), which we recall here
without a proof.

section 4.2. Let 7, B and am,bm, Cm,Nm (for integers m > 1 ) be non-negative numbers such that

an—i—TZb Tanam+TZcm+B

form > 1. Suppose that ™0m < 1 for all m > 1. Then there holds

an—l-TZb exp(ri%) <Ticm+B>
m=1 m

m=1

forn > 1.
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For the a priori error estimate, we assume that the exact solution of problem — has the following
regularity, for a given final time T > 7:
we [H (0,T;H(9)]", wlz e [H (0,T; HA(X))],
Onu € [L2(0,T; L3 ()], dreulss € [L? (0, T; L2(2))] 7,
pe H' (0,T; H'(Q)), wls € [H?(0,T; H*(X))]",

o uls € [17 0, 1: 12 ()], de [ (0,73 H*(3)]

(40)

We define the energy norm of the error at time ¢,, as

n def, 1 n n T n n 1 un mn n n
Zi =) u" —uhllyor + oY IV®" =pi)llo.or +(p7e)2 A" = dilloxs +[|d" —dills
pf)? ’
1 1
= « ~m (12 : = ~m _my|2 :
+ (mE—lTl T 2a7ﬂ||uh —dp ||;,h,g> + (mE_lT(uh s Ph )|5> .

We can then state the following a priori error estimate.
Theorem 4.3. Let (u,p,d, d) be the solution of - and, {(u}{,ﬁﬁ,pﬁ,dﬁ,flﬁ)}nzf be given by
Algorithm[3, with initial data

(@, "phdy ) = (e Bou i B md T Ind Y
for r = 1,2. Suppose that the exact solution has the regularity and that the stability conditions
— hold. Then, for n > r and nT < T, we have the following discrete error estimate:

T

Zp ,Sclh—l—czT—i—c;g;—l, (41)
3

where {ci}?zl denote positive constants independent of h and T, but which depend on the physical param-
eters and on the reqularity of the exact solution.

Proof. The proof combines some of the arguments reported in [I6] [19]. Note however that analysis of [19]
focuses on the spatial semi-discrete problem and the work of [16] is limited to a pure fluid problem.
Multiplying - by (vn,qn) € Vi X Qn and wy, € Wy, integrating by parts over Qf and using ()3
and 2 we obtain

1. Fluid sub-problem:

{pf (Ocu, vi)gr + 21 (e(u), €(vn))gr + (VD,vn)gr — (0 (u,0) 1, vn)s =0, (42)

(gn,divu)qe = 0.
2. Solid sub-problem: .
p’e(0ed, wh)s + a® (d, wn) + (o (u,p) n,wr)y, = 0.
Note that only the viscous term has been integrated by parts in the fluid.
On the other hand, owing to the kinematic coupling condition 1, we also have
1. Fluid sub-problem:

pf (875“7 'Uh)gf +2p (e(u)7 e(vh))Qf + (Vp, Uh)Qf — (o (u, 0) n, vh)z}

+ %(ufl‘tvh)z - (uf(.ivo-(vhquh) n)E =0, (43)

(gn,divu)qe =
for all (’Uh,qh) eV, x Qh
2. Solid sub-problem:

pe(0rd, wp)s + a® (d,wy) + %(d —u,wn)s + (o (u,p)n, wp)y =0 (44)

for all w, € Wj,.

12



Thereafter, using the lifting operators (component-wise) we introduce the following decomposition of the
errors for the fluid:

. . . £
Exu" —uy = Bou" — i, Fou” +ig, Eeu” —up,  in )y,

detf or def oy
Eou" — ) = Eau” — i, Fou” + i, Fou™ — ),  in Qﬁn
def def 7 (45)
1 on i eh
Eip" —pi, = Eip" — i, E1p” +isEip" —pi,  in @,
def pn def pn
= Ur = Yn
and for the solid:
d'"—dy =d" —myd"+m,d" —d;, in X,
def def
- £7r - g
S " (46)
d"—dy =d" - Id"+I,d"—d} in X.
def def
- €7r = £}L
By adding and subtracting 0,7} d", we can rewrite E}Z as
=Zyd" —d) =Zpd" — 0. m5,d" 4+ 0, d" — O, d) = 2zl 4+ 0.£)r. (47)
af = 0.
We also introduce the following notations:
. . dn _ I &n—l f -1
e L e (48)
d" —2I,d + Ind lf?":27
"p: 1 }TzL ! + i E1p” — Z'szElpn_1~ (49)

In particular, owing to , we have
wr—apy —(d—d) =00 40 — (X A Thd — AT =08+ 0 — (X +E0T),  (50)

Similar, from , one straightforwardly gets the following useful relations:

n

Pt —pn =
n n—1 n—1 n
Ph—Pn  =Un  —Yn-
The essential part of the proof focuses on deriving an a priori estimate for the discrete errors
{67,871, E0)

in terms of the following energy norm
S \% ||en
(P°e)2 lI&n

n 3 n 3
+ (Z Tu|V9hm||§,Qi> (Z T VI éﬁ”llé,h,z) + <Z Tcg|(9£"7y2”)§> :

m=r

1
n def 1, T\2 n
€ (o)} (167l o + (p—) 2

To this purpose, we first focus on the fluid subsystem. By subtracting (16]) from the momentum equation
of (43) at t = t,, with n > r, we get

f
pf(atun7§h)gf - %(172 - ’U’Z_17:6h)ﬂf + 2M(€(un - ﬂ2)76(§h))9f + (V(p - P 1) Eh)ﬂf

+ % (u" —ap) — (d" = d;"), o)y, — (u" — d",0(®n, —qn)n), + (G — d},", o (T, 0)n)

13



— (a(u” — ﬁZ,O)n,ﬁh)Z —gn(uy,vy) =0. (52)
Owing to the error decompositions - and using -, the identity can be rewritten as

f ~ ~
P (8% — 05 0) o + 20(e6]), €(B0) o + (Vo5 0) o
+ 7(9’1 — &)y — (01 — &7, o (Vn, 0)n) . — (o(8},0)1, Bn) . + gn (67, vF)
=p ( — ou” + 0ru" — 0,07, Bh)ﬂf — 2”(6(0:), e(ﬁh))ﬂf — (Vy:75h)gf
— %(0,’: — %" 0n) g + (07 — X3, 0 (Un, 0)n)  + (0(07,0)1, 1), + gn (iss Bou™, vy)  (53)

for n > r.
For the pressure, subtracting the pressure-projection step of (17)) from the mass conservation equation
(43) at t = t,,, with n > r, we get the following relation

(div(u" - ﬁﬁ),qh)m - %(V(pﬁ —pﬁfl)»th)gg - Sh(pz’qh) + (ﬂz - &g’qh n)z =0. (54)

Again, using the definition of error decomposition -, the coupling kinematic condition 1 and
(51), from we obtain

T n n— o n n nn -
;(V(yh — U ) Van) g + (VO an) oo + s (uhsan) = (6 — &R an )
= —(le 0;’:, Qh)ﬂf + Sh (iszElpna Qh) + (0”/,1'1 - E:v qh n)z (55)
for n > r.
Finally, adding and subtracting is, Eou™, i, F1p™ , i, E1p" ! in and using , we obtain the
following relation for the end-of-step velocity error

f ~
P (0 = 07 on) e + (V0 — w51 0n) g = 0 (56)

for n > r.
Subtracting the solid problem of from (44) t = t,,, with n > r, and using the relation , we
obtain

psa(atc.i" —ordy, 'wh)Z +a’(d" — dy,wn) — % (u" —ay — (d" — L.i;;r),wh)z
+ (o(u" —uy,p" — pi)n, 'wh)E =0.

Thus, using — and , we finally get the equation for the solid discrete errors:

PSE(aTé;f, wh)E +a* (&, wn) — %(52 - éz’r, wh) + (o 9h,yh)n wh)z
= psg(a"'dn - 8t‘.1n - 87_&;17 wh)z —a’ (&:a wh) %( X:r7r7 wh)z - (0(0:7 y:)n7 wh)z (57)
=0

for n > r. Note that term a° (ﬁﬁ ,wh) vanishes due to the definition of the solid velocity projection

operator .

Owing to , , and , we have that the the discrete errors (67, ~Z,y,’f,£ﬁ, {Z) satisfy a
time-stepping scheme similar to Algorithml 3L but with a modified right-hand side and pressure increment
(i.e., we have y;; — Z_l instead of p — pj,~ ). Therefore, we can leverage the stability arguments of

Theorem to derive an a priori error estimate. We proceed by testing , , and with
(Ons vn, gn, wi) = 7(01, 01, i, €1

By adding the resulting expressions, using the steps of Theorem under condition , we obtain the
following energy inequality for the discrete errors:

f 2
P ni2 n—12 T n 2 n—1(2 pPE ~n 2 en—1)12
(168 1 = 107 1) + 5 (IV9R 3y, = 9957 5 0r ) + 557 (18185 = 1657125
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in—1  on—2
&  —&

0,2

—1|? 1 TH ‘
—(r—1 Z 492 iad
0,2 (r=1)r (2 + a) h

2
TH < g;,r (58)
=

‘ ’

-
14+2a h

an 0
eh — Sh

1 |
o3 (681 = 16 1)+ | 55 7 (5 +7a) 2] |
@)+ 2r (o — S @)

0,0f

for n > r, and with the right-hand side G,"" defined by
¢ —2711(€(07), €(01)) ¢

def
£T3

def 7y
.:rr70h _gﬁ)z +T(O’( 7T7y7'r)n7§2 _52)2

A + 0-u” — 0-0%,05) o +7(yr, div OF)

*,r def

9y —T/’(

def
_eT1

+7(67 —xx" ,a'(Oh,O)'n,)E —T—(On

def
def
=T

é;’rl7 Z/LL n)E +7Sh ((iszEQunv Z'SZE‘lpn)v (027 yg))

def
= T¢
¢ (59)

fT(diVG;L,yZ)Qf +T(0: —

def def
=Ty = T3

+70°e(0-d" — Oed (tn) — 0-€1, &1)) , —7a° (€, 21))

dcf dcf
=Ty = Tio

Considering condition , equation (58|) can be written as:

Pf n2 n—12 T n 2 n—1)2 PE (1pn2 n—1)2
L (18713 05 — 165713 0e) + o5 (191G 0p = (V98 15 0 ) + 55 (€7 13.5 — 162 15.)

1 r g/l ’ in—1]|?

+ 5 060 =161 + |55 7 (5 +ve) 2] i - 67

L ol2
—7(r—1) (5 +2a) — 3 2H0,2
2 . 2
o IRleh gl <gn.
0,2

é’n’ ny (12 H é'n H

+ 710, yn)|ls + pceT ||€(OR) O,QI;L+ 1520 h
n—1112 . .

||th ||0 of 1S not an issue (see, e.g.,

The lack of telescoping sum on the pressure terms HVy,'fo) of ~
“"h

[16]). Indeed, using we have
IVr 15 e = IV + TV 0ris E1p™ [

T n—1)2 T 2 . n |2
< (1+ f) [ Vyn o5 + <1+ ;) ||V ris. Eap 6.5

T n—
S (1+ D) Vs ey + T+ DOPIa (0, iy

so that by inserting this expression into (58]), we have

P n n— n—1(2 pSE M ~m—
18715 e = 102 115.06) + 5 (HVyhnm; IV o ) + 5 (1€0155 — 16 15.2)
1 1% o — 2 1 'Y/L n— n—
1 (lenZ - g )+ [——T "y ra 7] g 0,;7“—1)(2*2 ) 2e g
2 « *, T n—1,2
ﬁh Sgh +2p7fT”Vyh llo.0t

ORI + e @)

+ 710k, yr)ll's + peeT ||€( h) OYQ£/+T1_~_
’7'2 2

+(r+1) TpfHatp”LZ(tn,l,thl(nf))

for n > r. We now replace the upper index n by m and sum over m = r...n, this yields

p S a TH S nm - 2
\|0h||mf+2f||wh||mf+ CERI ot 5 R e D 7 Je (%)Hm QQTWZTTHGh -&r

m=r

15



= am . my (2 PSE T 1 TH - e em—1 2 1 TH
#3A@ E+ |5 —r (Gra) ] O [ -] o (5020)

m=r

< 72 n! mi2 o 12 72 r—12 PP ar1y2 L gr—12 Y B
S o 2 TNV Gy + F10 o+ g 19 oo + 55 W I8 0+ g€ I+ 3 6
72 2
+(r+1T) TpfHatpHL2(tT,1,T;H1(Qf)) (60)
forn > 7.

We proceed by estimating G,*", by treating each term in separately. The first term can be bound
in a standard fashion using a Taylor expansion, , the Cauchy—Schwarz and the Poincaré’s inequalities
with constant Cp. This yields

Ty < p'r([0cu” = 0;u" o ar + 10-071lo 0 ) 167 10,0

f i _1 ~
<p 7'(7'2 Hattu"HLQ(t”il‘tquQf)) + 72 HataﬂHLQ(t,,L,l,tn;L%Qf)) )HQZHO’Qf

(prP)2 2 2 ani2

< W(T Hattu”L?(tn_l,tn;L2<Qf)) + ”aﬁeﬂHL2(tn,1,tn;L2(Qf)) ) + 617—“”V0h”0,5‘22 (61)
(PfCP)2 2 2 (prP)2 2 2

S e Hatt“HLz(tnfl,tn;m(ﬂf))+ 21 pt h Hat“”w(tnfl,tn;m(ﬂf))

+ 17l VORI2 o

with €1 > 0. Observe that the last term can be absorbed in the left-hand side of with €1 small
enough. For term Ty we proceed in a similar fashion. Using , we get

To <per (/[0 — 0-)d" o= + [10-€5 ll0.2) 1€ [lo.=

s 1 _1 ‘n n
< pler(r? ”att“HL2(tn,1,tn;L2(E)) +7 2 Hatﬁw||L2(tn71,tn;L2<z)))||£hHOE (62)

psET 2 2 2 2 59055 ~m 2
<S5 (r 10l L2 (e, tniz2cmy) TH Hatu”Lz(tn_l,tn;HQ(Z))) + 75 €k los,

2¢e9

with €9 > 0 and where the last term can can be controlled in using a Gronwall argument (Lemma

3.
For term 7%, using , we have

1
262/.L

n o 3..An n €2 an
Ty = 7(yz, divey) or < 7h o 0" |} or + 7 1l VORG 0 - (63)

The second term can be absorbed in the left-hand side of for e2 > 0 small enough.

Ty £ 7 20 || + reoul VORI of - (64)

The last term can be, once again, absorbed in the left-hand side of , for es > 0 sufficiently small.
Terms T, and T5 involve the Nitsche splitting error, namely |07 — X:rT”%hz Using (35)), and

a Taylor expansion we have

HGQ - X;’T”%,h,z SHGZ - é:”%,h,E + HIh‘.ln - Ih‘.l*’T”%,h,z

2r—1
n 3 n r n—r T 2 re (65)
Shllu®|lg,0r + h2 (|d [l2,= + Z lld |2,Z> + hié”at dll L2, o tniL2(x))-

i=1
To estimate Ty, we follow the same idea of [19]. Using the robust trace inequality combined with
, we get
T <7 21107 = 37 s + Tealle@inl®
7 9 LA I T2 .9 ~ g (66)
STah [u"ll2,0 + Z ld" 22 | + aT”f{)t |2, nsz2s)) + 754#||V9h”o,gz§L~

=1
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Once more, the last term can be absorbed in the left-hand side of 7 for €4 > 0 sufficiently small.
Similarly, for T5 we have

T . -
Ts ngyuHB: - || 1hs + 'YNHoh ﬁm@,h,x
’V/L 2 n—r ’VILLT (67)
sl o+ 3 o)+ IO, iarcon + 52O~ B
=1

Note that the last term can be included in the left-hand side of for e5 > 0 small enough.
Term Ts can be handled using as follows:

1 1 n F1 |2
T6 QTEEHU( myw)n”_f ,h, 3 +T ’Y,LLHG}L &.h”%’h’z

(68)
< 2 n2 76 an _ gng 2 )
<th 2oyt (Il )+ B YillOn = &nllL s
Again, the last term can be absorbed in the left-hand side of , for ¢ > 0 small enough.
Integrating by parts in 7%, we have
Tr = 7(0, Vi) o + (€2, TyR M)
(69)
L e
Term 77,1 can be easily handled by using as follows:
Trn S 75— H9"||o or T2 I\Vyh STh*S IIU I r + 75 \(0 )l (70)

The second term can be absorbed in the left-hand side of (| ., for ez > O sufficiently small. For the
second term of (69), we proceed as in [19] (see also [30]) We denote by g; € R the average of y;, over
the interface patch P;. Combining the trace inequality (19) with the orthogonahty property (34] . of the
interpolation operator I and the standard estimate

i = 7' llo.p, S B IVRllo p, -

term T7 2 can be estimated as follow:

T7,2=—7'Z(y1?—17?7§.:' pi<7'ZhHVy llo, 7,

@
0,P,
" (M)

2,2

2 €7

<ﬁf“|uﬂbz+ﬂz

v < }ﬁL‘
H thOQh T 27

54 n
+75|(0»yh)\§~

It should be noted here we have assumed that the solid mesh step has an asymptotic regime similar to
the fluid mesh step, namely, h® = O(hf). As for T7 1, the last term in can be, once again, absorbed
in the left-hand side of , for e7 > 0 sufficiently small.

For term Ty, using the weak consistency of the stabilization operators and , we have

1. n .
Ts ST?‘(lszEQU Lise Erp™ )|s +T |(9hayh)‘5
; (72)

o ( m+n*mwm0+f|wmmw

Again, the last term can be absorbed in the left-hand side of , for eg > 0 small enough.
Term Tip can be bounded using the continuity estimate for the elastic bilinear form , ,
and a triangular inequality. This yields

Tio = —T1a° (Eﬁ, I.d" — (’)Twid")

=—1d° (gﬁ, Idr — 8Td”)

<Tllg | — 0|l (73)
<rllgill (ITnd" = " +||d" — 6-d"]\.)
T€11 hQﬂsT /Bs

Hﬁh” %10 w3 + 7 7H8t“\|1,2( 1t HY(D))
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Note that the first term can controlled via Lemma in

In summary, the term Y " _ G;™" in the right-hand side of (60) can be estimated by collecting the
estimates — and by insertmg them into (59), for n > r. The desired estimate . hence follows
from together with the stability condition (24) and Lemma with

£ 2 s
= G 1O s + 5 IVl + G IET Rs + SI6RI2 = (74)
and by noting that, owing to the initial data, we have
01 —0,0 =0,y =0,& =0 =0 (75)
for r = 1,2. This completes proof. O

Corollary 4.1. Assume that Algorithm [3 with r = 2 is initialized with one step of the method with
r = 1. Then, under the assumptions of Theorem@ forn >1 and nt < T, the following discrete error
estimate holds for the scheme with r = 2:

; (76)

3
2 2
I
2

Zi Sceith+cor -‘rCsLl +ca—
h2
where {c;}i_1 denote positive constants independent of h and T, but which depend on the physical param-
eters and on the reqularity of the exact solution.

Proof. For r = 2, we have to bound the contributions from the initialization step in the right-hand side
of , namely,

o Ak

2 °F HVthIOQf +£2 ||$h||02+ I\Eil\f- (77)

To this purpose, we use the fact that the initialization of Algorlthm ] Wlth r = 2 is provided by the first
step of the scheme with » = 1. We can hence use the estimate provided by withr=1and n =1 to
control . More precisely, using 7 this yields

(0%

p
(7] +
H hHOQf 0.0f 1+ 2« h

|Vyh||0 af + Hﬁh

= S€HI2 + nes [ e(8h)|, trlen-&l,

+ 701 @, I3 + [7 . G ca) 2]

Hence, by inserting this estimate in , we get

20 4 -3 ,
£hHo,z} SO+ TpratpHLQ((),-r;Hl(Qf)).

p 2 o TH S nm M 2
\|9h||mf+2f||wh||mf+ © &1 5+ 1R 1 +uch ey ot rrza s 2 76 -,

#3 A@ I + [ 5 =71+ 4o ] mZ: ler -

0,2
T2 n—1 n 7_2
m|2 1,1 m,2 2
< 20T mZ:lTHVyh Ho,Qf1 +G, + mZ: G+ (T +T) Tpratp‘|L2(07T;H1(Qf)) (78)

for n > 1. Owing to the initialization procedure, the bounds provided in @ for terms T4 and T5
of g yield a O(73/h) splitting error, by noting that

2 3
T . 7‘ .
’Yliﬁ”athi?(o,f;L?(z)) < ’YﬂiuathQLoc(o,r;L?(z)y (79)

The estimate for 7 = 2 hence follows from together with the stability condition and Lemma
with . This completes proof. O

We conclude this section with a series of remarks.

Remark 4.2. For r = 2, the last term in (A1) comes from the bound of the first step of Algom’thm@
with r = 1, that is, the estimate given by Thz's bound s quasi-optimal in time because the Taylor
expansions are evaluated in L*(0,T) instead of L'(0,T). Alternatively, one could avoid this term by
initializing Algorithm [3 with the first-step of Algorithm[1]
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Remark 4.3. Note that Algorithm introduces the following perturbations terms in the discrete error
equation

T (ult =i hwn) g+ (o (uflpidn = o (upl ™ phn,on —wn)
with wy, = T&;TLL The first term leads to the following bound:
TR n n—1 gn (7/1’)2 T2 2 T pn 2
Tf(u -—u 7£h)072 S 2 ﬁ”atu”L2(tn_1,tn;LQ(E)) + 5”&?1'0,2'

The second term can be controlled via Lemma while the first yields the above mentioned O(7/h)
sub-optimal splitting error.

Remark 4.4. As shown in Theorem[].3, the discrete error estimates of Algorithm[3 contains terms of
order O(77 /h}/?), which are not visible numerically (see Section @ To fully understand the impact of
selecting the same penalty term in the viscous step as in the solid sub-step in Algorithm @ we consider
the coupling of a parabolic equation with and an hyperbolic one. The considered coupled problem reads as
follow: findu: QU xRY 5 R, d: X xRt 5 R, d: X xRt - R, such that for all t € RT we have

ou—Au=0 in Q xRT atd_Ad, =T in Y xR, u=d on % xR,
{ N d =od in T xRY 9u .
u=0 on I'xRT, d =0 on 62><R+, T:—% on X xR

with the respective initial conditions. We propose to discretize the problem via a loosely coupled scheme,
inspired by the semi-implicit scheme of Algorithm @ The fully discrete approximation results in the
following (explicit) scheme:

Forn > 1:

e Parabolic step: find uy, € Vi, such that
oup,

(Ot on) gr + (Vg Von) gr + o (upp — di ™ on) o, — ( L

A 7Uh)2:0

for all vy, € Vi
o Hyperbolic step: find (di,d}y) € Wi, x Wi, with df = 8,d} and such that

(O wn) g, + (Vi Vun ) = 5 (uh = di ™ wn) g + (5

h

ywn) 5, =0

for all wp, € Wy,

When considering loosely coupled schemes with Nitsche’s coupling, the sub-optimal terms come typically
from the fact that we introduce a time-splitting error inside the Nitsche’s penalty term, which is scaled
with an h™'. A possible way to overcome this issue, is to remove the time-splitting error from the
Nitsche’s penalty term, by introducing an error in time within the definition of the projection errors.
Thus, considering the following decomposition of the errors for the parabolic-hyperbolic explicit scheme:

. . . £
Eyu™ —up = Eou™ — i, Eou” + i, Eau™ —up,  in Qy,

£
def pr et g
d" —dy =d" —mpd" +7mpd" —dy,  in X,
def  n def .n
- 571' = §h

d" —d} =d" — mpd" + mpd" — mRd" T+ wpd™ T —dY in 3,
—_——

def :n def :n def n
é §7‘r é 57’ é fh
it can be proven that the scheme delivers optimal space and time accuracy. More in detail, using similar
arguments of the proof of Theorem [[.3, we will get the following terms inside the Nitsche’s penalty part:
u' =y —(d"—dy) = 0r 40y — (d" — mpd" 4 TRd” —d) Y,
—_—— —
3 &t
which does mot contain error in time, in fact the arising terms involving 0 — 52_1 are controlled via
the stability result and terms involving 07 — &7 have optimal convergence order. The only terms which
contain &£ are the corresponding To and Tio terms of and their optimality can be proved.

A similar strategy fails when considered for the semi-implicit scheme of Algorithm[3 In particular
we will retrieve terms of order O(/h*?) when controlling the pressure term Ty o of .
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5 Numerical experiments

In this section, we illustrate via numerical experiments the convergence properties of Algorithm [3] with
r = 1,2 (semi-implicit scheme) in an academic numerical example. The obtained results are compared
with those of Algorithms [1| (strongly coupled scheme) and Algorithm [2] (stabilized explicit coupling
scheme).

K S Qf'““'B
Iy of o

Figure 2: Geometric configuration.

Figure 3: Fluid and solid meshes for A = 0.1.

The considered test case is the well-known fluid-structure interaction benchmark describing the prop-
agation of a pressure wave within a straight two-dimensional elastic tube (see, e.g., [31}, 17, [19]). In the
following, all the units are given in the CGS system.

The fluid domain is defined as Qf = [0, L] x [0, R], with L = 6 and R = 0.5, while the fluid computa-
tional domain is given by Qf = [0,6] x [0,0.8]. The solid domain is ¥ = [0, L] x {R}, as shown in Figure
Bl In the sequel, the solid is described by a one-dimensional string model, viz.,

0 0 def Fe def Ee
- Ld = = — [ —
d ( " ) d ( — A Bra + Aon ) M Sy M T Ra-n)

hence in @, taking w = (0,w)T, we have

a*(d, w) & A1 (901, Dow)s + Ao, w)s.

The fluid physical parameters are given by p' = 1.0, = 0.035. For the solid we have p* = 1.1 and
e = 0.1, with Young’s modulus E = 0.75 x 10° and Poisson’s ratio v = 0.5. Regarding the boundary
conditions, we consider both fluid and structure to be initially at rest and we impose a sinusoidal normal
traction of maximal amplitude 2 x 10* for 5 x 107> time instants at the inlet I'y. A symmetry condition
is applied on the lower wall I'ww and zero traction is enforced at I'o. All the computations have been
performed with FreeFem++ [40]. An example of the unfitted meshes is shown in Figure [3| with fluid
space discretization parameter h = 0.1. The Nitsche parameter is set to v = 10 and for the pressure
and ghost-penalty stabilization terms @— we consider v, = 1072 and ~, = 1, respectively.

As expected, all the considered considered methods deliver a numerical solution with a stable pressure-
wave propagation. For illustration purposes, Figure [] provides the snapshots of the fluid pressure and
solid deformation at time ¢t = 5 x 1073,1072 and 1.5 x 1072, obtained with 7 = 10~* and h = 0.05 using
respectively Algorithms The solid displacement has been amplified by a factor 20. A very good
agreement between Algorithm [1] and Algorithm 3| (r = 1,2) is clearly visible, while a difference on the
solid displacement is noticeable with Algorithm

In order to quantify the accuracy properties of each coupling scheme we have evaluated the conver-
gence histories by uniformly refining in space and in time

(h,7) € {0.1/2",2 x 107*/2'}_. (81)

Figure [5| shows the corresponding solid displacement at t = 1.5 x 1072 for 4 = 0, ..,3 and the different
coupling schemes. As in Figure [l] a very good fit is observed between Algorithm [I] and Algorithm [3]
(r = 1,2), while a degradation of accuracy is visible for Algorithm [2| under space-time refinement. The
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(a) Algorithm[3] r = 1. (b) Algorithm 3] r = 2.

Algorlthm Algorlthm

Figure 4: Snapshots of the fluid pressure and deformation (magnified) at different time instants.

depicted reference solution has been generated using the strongly coupled fitted method with a high
space-time grid resolution (h = 3.125 x 10™* and 7 = 107°).

Aiming to investigate the space uniformity of the splitting error, we compare Algorithms[IH3] with the
variant of the projection-based semi-implicit scheme with second-order backward difference discretization,
shown in Algorithm [ Figure [f] reports the convergence history of the solid displacement at time

= 1.5 x 1072, in the relative elastic energy-norm. Note that, from the choice of space and time
discretization parameters in , we have 7 = O(h). The results show that Algorithm [3| with » = 1,2
and Algorithm [I] retrieve the overall optimal first-order accuracy O(h) of Algorithm As expected,
Algorithm [2| shows a non-convergence behaviour. This points out the expected O(7/h) sub-optimality
of the splitting error (see Remark . Algorithm @ exhibits better accuracy than Algorithm Full
second-order accuracy is not achieved due to the first-order extrapolation of the pressure. Finally, it is
worth noting that no effect from the O(r/ h%) and O(72/ h%), anticipated by Theorem is visible on
the convergence history of Algorithm [3]

6 Conclusion
In this paper, an a priori error analysis of the unfitted mesh based semi-implicit coupling scheme intro-
duced in [29] has been performed in the context of linear-fluid structure interaction system involving a

thin-walled solid. The considered method combines a Nitsche based unfitted mesh spatial approximation
with a fractional-step time-splitting in the fluid. Strong coupling is avoided by treating explicitly the
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Figure 5: Comparison of the solid displacements at t = 1.5 x 10~2 for different levels of (7, h)-refinement,
given by with i =0, ..., 3.
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Figure 6: Convergence history of the solid displacements at ¢t = 1.5 x 1072 in the elastic-energy norm.

22



fluid viscous part, while the added-mass free stability (see [29, Theorem 1] and Theorem herein) is
achieved by treating implicitly the fluid incompressibility and the solid inertia.

The stability analysis of [29] has been extended to the case of second order extrapolation of the solid
velocity (r = 2) under a similar hyberbolic CFL condition. The proposed error analysis predicts superior
accuracy of the semi-implicit scheme of [29] with respect to the stabilized explicit scheme of [I9], namely
O(Tr/h%), r = 1,2, instead of O(7/h). Extensive numerical evidence indicated that the semi-implicit
algorithm and the strongly coupled (from [I9]) deliver practically the same accuracy. In particular, no
effect from the non-uniformity in space is visible, for both the first and second-order backward difference
variants.
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