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Abstract

As a natural extension of the Kalman filter to systems
subject to arbitrary unknown inputs, the Kitanidis
filter has been designed by one-step minimization of
the trace of the state estimation error covariance ma-
trix. This optimality does not exclude the possibility
that, among the class of unbiased recursive filters, an-
other filter may lead to a lower trace criterion. In this
paper, it is shown that the Kitanidis filter is indeed
optimal in the sense of the whole gain sequence, thus
excluding the aforementioned possibility. Moreover,
this gain sequence optimality holds also in a stronger
sense, in terms of positive definite matrix inequality,
which notably implies that the optimality holds not
only in the sense of the trace criterion, but also of the
matrix spectral norm criterion.

Keywords: optimal state estimation, Kalman fil-
ter, disturbance rejection, time varying system, un-
known input observer.

1 Introduction

The Kitanidis filter is a natural extension of the
Kalman filter to stochastic linear time varying (LTV)
systems subject to unknown inputs in the form of

(1a)
(1b)

Tp1 = ApTr + Brug + Epdy + wy,
Yk = Crap + vg,

where x;, € R" is the state, yp € R™ the output,
up € RP the (known) input, di € R? the unknown
mput, wy € R™ the state noise, vy € R™ the output
noise, and Ay, By, Ci, E}, are matrices of appropriate
sizes at each discrete time instant £ =0,1,2,....
The unknown input (or unknown disturbance) dj,
is a totally arbitrary and unknown vector sequence.
State estimation while rejecting unknown inputs is

usually called the unknown input observer problem
(Yang and Wilde, 1988; |[Darouach et al., 1994} |Chen

and Patton, 1999). In the stochastic framework for-
mulated in , the optimal state estimation, in the
sense of an error covariance criterion, is given by the
Kitanidis filter (Kitanidis, 1987)). Such results are
useful for robust prediction (Kitanidis, 1987)), for ro-
bust control (loannou and Sun, 1996)), and for fault
diagnosis (Chen and Patton, 1999).

The Kitanidis filter (Kitanidis, 1987) has been de-
signed as follows. Among all recursive linear filters of
the form

jk-&-l = Aki‘k + Bkuk
+ Lit1(Wkt1 — Cror1ArZr — Crg1Brug), (2)

with the state estimate 2, € R"™, the filter gain matrix
Li41 € R and the filter error

(3)

the Kitanidis filter, characterized by a particular gain
matrix sequence

Li ey = (L1s L, (4)

is the unbiased minimum variance filter, in the sense
that, at instant k + 1, Ly, is determined by solving
the optimization problem

~ A ~
T = T — Tk,

) Z+1)7

(5)

Ly, =arg £nin Trace Cov(Zx41|L7 s Lit1)
k+1

subject to the unbiaisedness constraint

E(@k41]L1,(jt1)) =0 (6)

for any unknown input sequence

dO:k = (d07d1ad23"'7dk)a (7)

where the dependence of the filter error Z;1 on the
gain sequence is indicated in the notations of error
covariance Cov(Z11]-) and error mean E(Zgqq]-).
It is important to remark that the covariance trace
minimization is a ome-step optimization, in the
sense that the trace of Cov(Zg41) is minimized among



the filters which were, up to instant k, defined with
the previously optimized gain sequence L7.,. In other
words, at instant k£ + 1, the optimization is focused
on the current gain matrix Ly only, without revis-
ing the past gain sequence Lj,,. This one-step opti-
mization does not exclude the possibility that there
may exist another gain sequence Li.(x41) leading to
a smaller trace of Cov(Zg41).

The purpose of this paper is to formally prove that
the Kitanidis filter is not only one-step optimal, but
also optimal in the sense of the whole gain sequence
L1.(k+1)- Moreover, the optimality holds also in a
sense stronger than the trace criterion, in terms of
matrix positive definiteness.

The one-step minimization of the trace criterion,
like in , is also one of the known ways for deriv-
ing the classical Kalman filter. With white Gaussian
noises, the Kalman filter has a much stronger inter-
pretation: the conditioned probability distribution of
the state given past observations. Such an interpre-
tation of the Kitanidis filter is not possible, since the
state in is, in general, not Gaussian distributed,
because of the totally arbitrary unknown input d. It
is thus important to investigate the optimality of the
Kitanidis filter with other interpretations, in addition
to its one-step optimality.

2 New optimality results

In this paper, For a real symmetric matrix M, the
inequality M > 0 (M > 0) means that M is (semi)-
positive definite. For two real symmetric matrices
M, N of the same size, M > N means M — N > 0,
and M > N means M — N > 0. For a real matrix
M, ||M]|| denotes its spectral norm, i.e., the matrix
norm induced by the Euclidean vector norm, which
is equal to the largest singular value of the matrix.
I, is the n x n identity matrix.

Assumptions

(i) The initial state xp € R™ is a random vector of
mean Ty € R™ and of covariance Py > 0.

(ii) The noises wy and vy are white, of zero mean,
independent of each other and of xg, and their
covariance matrices E(wiw] ) = Q, E(viv}l) =
Ry, with Ry > 0, for all £ > 0.

(iii) The matrix product Ci41Ex has a full column
rank, for all £ > 0.

Assumptions and are like in the classical
Kalman filter theory, whereas Assumption en-
sures the invertibility of some matrices involved in
the Kitanidis filter.

The Kitanidis filter (Kitanidis, 1987) is given by

Tpy1 = Aglr + Brug
+ Lyt (Ykg1 — Crp1Ar@y — Crp1Brug) (8)

with the filter gain L} | recursively computed as

Py = APy AL + Qr (9a)
Skt1 = Cr1Pey1kChyy + R (9b)
Tit1 = Ex — Py O S5t Crr1 B (9c)
Bt = B Ol St Crr1 B (9d)

Prs1jetr = Prsipe — PripCig1 s Ckr1 Prs i
+ FkJrlEl:—il-lerrl (9e)
Z+1 = Pk+1\kaT+1zl;l1
+ Fk+1EEi1EgCI?+IE;i1' (91)

At the initial instant & = 0, this filter is initialized
as To = To, Pojo = Fo, with To € R" and P, € R™*"
respectively the mean and the covariance matrix of
the initial state zg.

The new optimality result of the Kitanidis filter
in the sense of the whole gain sequence is stated as
follows.

Theorem 1 The Kitanidis gain sequence L] (k1) @5

computed in @[) is optimal among all gain sequences
Li.(k41) leading to an unbiased recursive linear fil-
ter , in the sense that

Cov(Z(k+1)[Liz(hr1)) = Cov(T(hr1)| L7 (jr1y)s  (10)
for any gain sequence Ly, 11) such that
(11)
O

E(Zrs1|L1:(kt1)) =0

for any unknown input sequence dg.j.

The inequality in is in the sense of matrix pos-
itive definiteness (see the notice at the beginning of
this section).

The proof of this theorem will be based on the fol-
lowing lemma.

Lemma 1 Given integers q,m,n such that 0 < q <
m < n and matrices ¥ € R™*™ 3 € R™*™ €
R™*4 F € R"*9 such that X is symmetric positive
definite and Q has a full column rank. Then any
matriz L € R™ ™ satisfying the constraint

LO=E (12)

complies with the inequality

LyL” — v — 9T > L,y — L,v —9TLT (13)



with

L,=9"s™' (E-vTe o)t tofs!

(14)

which, like L, satisfies the constraint
LQ=F. (15)
O

Proof of Lemmal[]
It is trivial to check that L. satisfies .
Some simple computations lead to

(L—L)XL—-L) =L + L, xLT
- Lt -yt

and
LyLT = (\I/T (B \Isz—lm(QTz—lﬂ)—lszT)LT
=vTLT (E-0Ts o)1) LET.
Then
(L—L)2(L—-L) =12t —Lv —vTLT + o

where © contains terms independent of L. The ma-
trix X is assumed positive definite, then

Ly’ — v — 9T = (L - L)%(L - L)' —©

reaches its minimum —© when L = L,.

Proof of Theorem[1]

Let us first show that the unbiasedness con-
straint holds regardless of the arbitrary unknown
input sequence dy.x, if and only if the gain sequence
L. (k1) satisfies

(In = Lj+1Cj41)E; =0 (16)

for all 7 =0,1,...,k and for all integer k£ > 0.

For the linear filter with any gain matrix Ly €
R™ "™ it is straightforward to check from and
that the filter error Z, as defined in , satisfies

Trp1 = (In — L1 Cra1) Arr + (In — Ly 1 Cr1) Exdy,

+ (In = Li41Cri1)wi — L1041 (17)

If Ly.(g41) satisfies 7 then the term involving dy,
disappears from , yielding

Try1 = (In — Lgg1Cra1) ArTge

+ (In = Li+1Crq1)wk — Lgyavgs1. (18)

According to Assumptions (fif) and , E(wg) =0,
E(vkt1) = 0 and E(Zg) = E(xg — o) = 0. It is then
recursively shown that E(Zxy1|Lq.41)) = 0 for all
k > 0. Hence is a sufficient condition for .
On the other hand, if is not satisfied, it is easy to
build a sequence do.x, so that E(Zg11|L1:(k41)) # 0. It
is then proved that is a necessary and sufficient
condition for Ly.(1) to satisfy the unbiasedness con-

straint .
Therefore, in what follows, will replace as
a constraint on the gain sequence Ly, (x1)-

Notice that Ty, wg and vg41 are pairwise indepen-
dent, then taking the mathematical expectations of
the squares of both sides of yields

Cov(Zrt1]L1: (k1))
= (In — Lk+10k+1)AkC0V(fk|L1:k)Az
(I = Li11Cry1)”
+ (In = Li11Cki1)Qk(In — Liy1Cry)”

+ Ly Ry Ly (19)

The remaining part of the proof will be made by
induction, first for £ = 0, then recursively for any
k> 0.

Equality holds for all integer £ > 1 and any
gain sequence satisfying with j < k. The case
with k£ = 0 is slightly different, because the initial er-
ror g = xg— &g does not depend on any gain matrix,
then Cov(Zx|L1:x) becomes simply Cov(Zo) = Fyjo,
and becomes

COV(fl‘Ll) = (In — L1C1)A0PQ‘OA31(ITL — LlCl)T

+ (I, — L1C1)Qo(I, — LiC))T + LR LT, (20)
=1, [Cl (A(]P0|0Ag; + Qo) ClT + Rl} LF{

— L1Cy (AgPopAf + Qo)
— (AoPopAg + Qo) CY LT
+ AgPojoAf + Qo. (21)

It is already shown that Lq.,1) satisfying

satisfies also . Apply Lemmato excluding
the last two terms independent of L, with

L=1,
Q=C1Ep
E=E

¥ = Cy (AoPyjpAf + Qo) Cf + Ry
U = Cy (AoPop A + Qo)
The constraint in corresponds to with j = 0.

The positive definiteness of ¥ is due to Assump-
tion . The full column rank of 2 is ensured by



Assumption . The conditions of Lemma |1| are
thus fulfilled. Then it is straightforward (though te-
dious) to check that the matrix L, resulting from the
application of in Lemma |1| coincides with the
optimal gain L] computed in

According to Lemma under constraint with
j = 0, the covariance matrix Cov(#;|L1) reaches its
minimum when L; = Lj, hence inequality is
proved for the initial instant & = 0.

Now consider any integer k > 0.
For the proof by induction, assume, for any j < k,

Cov(;|Ly1;5) > Cov(Z;|LT)- (22)
In particular, for j = k, it amounts to
Cov(Z;|L1.k) > Cov(&x|LT.y)- (23)

Combine this inequality with equality (19)), then

Cov(Zpy1|Ly:(k41))

> (In = Ly41Cyy1) ApCov(ix | Ly ) AL

(I = Lit1Ci1) "

+ (In — Li+1Crs1)Qr(In — Li+1Crpr)”

+ Liy1 R Ly, (24)
= Lis1 [Choir (AxCov(@r|Li) AT + Qi) Ly

+ Rk—i—l} Li
— Li+1C541 (ArCov(#k|LT.) AL + Qi)
— (AxCov (| L7 1)AY + Qi) Oy Ly

+ ApCov(Zr| L% )AL + Q. (25)

It is already shown that Ll:(k;+1i satisfying

satisfies also (16). Apply Lemma [I] to except
the last two terms independent of Ly 1, with

L = Ly
Q=Cr1Ey
FE=F,

S = Chy1 (AxCov(ix|Li) AT + Q1) CLiy + Ry
U = Cry1 (ApCov(@x|Li )AL + Qk) -

The constraint in corresponds to with j = k.
The positive definiteness of ¥ is due to Assump-
tion . The full column rank of €2 is ensured by
Assumption . The conditions of Lemma [1| are
thus fulfilled. Moreover, it is straightforward to check
that the matrix L, resulting from the application of
oincides with the optimal gain Ly, computed
in (9) where Py, = Cov(Zx|L7,,)-

By applying Lemma |1} under constraint , the
expression in satisfies

Lis1 [ckH (AxCov(@|L1) AT + Qi) CF.y
+ Rk+1] Lg+1
— L1 Crp1 (ArCov(@x|Li4) AY + Qi)
— (ARCov(Zk|L5 )AL + Qi) CEL LT
+ ApCov(ik| L)AL + Qu
> Liior |G (AxCov(@l L) AT +Qx) Oy
+ Rk+1] L
— Lj1Chy1 (AxCov(Zx| LT, AL + Qi)
— (ArCov(#4|Li) AT + Q1) CF i L%,
+ ApCov(@n| L1 ) AT + Qr

= Cov(Zp41|L7, (k1))

(26)
(27)

where the last equality is a particular case of (19),
which holds for any gain sequence satisfying , in-
cluding LT:(kH).

Combining , , and then yields

Cov(Zh+1]L:(k+1)) = Cov(Trir| Ll hyry)-  (28)

By induction it is then concluded that holds
for all integer k& > 0. O

Compared to the optimality initially established in
(Kitanidis, 1987)), this new result is stronger, not only
for its optimality in the sense of the whole gain se-
quence, but also due to the matrix inequality
instead of trace minimization. For two symmetric
matrices M € R"*™ and N € R"*", M > N implies
that v Mv > vT Nv for any vector v € R™. In par-
ticular, by filling v with zeros except a single com-
ponent with one, then v“ Mv > v7 Nv means that
each diagonal entry of M is larger than or equal to
the corresponding diagonal entry of N. This rela-
tionship is much stronger than the trace inequality
Trace(M) > Trace(N). It is also known that M > N
implies ||M|| > ||N|| (for the matrix spectral norm).
These facts then lead to the following corollary.

Corollary 1 The trace optimality of the Kitanidis
filter holds in the sense of the whole gain sequence,
i.e., Theorem 1| remains true if the matriz inequal-

ity is replaced by
Trace Cov(Zp41|L1:(k+1)) = Trace Cov(Zp1|L, (j41))-

Moreover, the Kitanidis filter minimizes also the
spectral morm of the error covariance matriz, i.e.,
Theorem remains true if is replaced by

1Cov (k1| La: (k)| = [[Cov(Ths LT, (1))l



3 Conclusion

It has been shown in this paper that, though the Ki-
tanidis filter has been designed by one-step minimiza-
tion of the trace criterion, it is indeed optimal for the
whole gain sequence in the sense of symmetric matrix
inequality, notably implying the optimalities in terms
of the state estimation error covariance matrix trace
and spectral norm.
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