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Global exponential stability and Input-to-State
Stability of semilinear hyperbolic systems for the L?
norm
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France.
b Department of Mathematical Sciences and Center for Computational and Integrative
Biology, Rutgers University—Camden, 303 Cooper St, Camden, NJ, USA.

Abstract

In this paper we study the global exponential stability in the L? norm of semi-
linear 1-d hyperbolic systems on a bounded domain, when the source term and
the nonlinear boundary conditions are Lipschitz. We exhibit two sufficient sta-
bility conditions: an internal condition and a boundary condition. This result
holds also when the source term is nonlocal. Finally, we show its robustness by
extending it to global Input-to State Stability in the L? norm with respect to
both interior and boundary disturbances.

Keywords: Global stabilization, exponential stability, Lyapunov, hyperbolic
systems; nonlinear, nonlocal, inhomogeneous
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1. Introduction

Hyperbolic systems can be found everywhere in sciences and nature: from
biology [I], to fluid mechanics, population dynamics [2], electromagnetism, net-
works [3, 4] [5] etc. For this reason, they are of large importance for practical
applications and the question of their stability and stabilization is paramount.

For linear 1-d systems, studying the exponential stability or the stabilization can
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be achieved by looking at the eigenvalues and using spectral mapping theorems
[6, [7]. For nonlinear systems, the situation is much more tricky. For nonlinear
systems, the situation is much more tricky. In general the stabilities in different
norms are not equivalent [8]. Indeed, for the same system, stabilities in different
norms can require different criteria. For semilinear systems the spectral tools
may still work (in contrast with quasilinear systems), but the resulting expo-
nential stability may only hold locally, meaning for small enough perturbations.
Worse, most of the time spectral tools are hard to use when the system is inho-
mogeneous. Several tools were developed to deal with this situation and obtain
local exponential stability results. A first method is the characteristic analysis,
which was originally used by Li and Greenberg in 1984 in [9] then generalized in
[10} 11, 12}, T3] for quasilinear homogeneous hyperbolic systems in the C'! norm.
A second method is the use of basic Lyapunov functiontﬂ This method was,
for instance, applied in [I6, Chapter 6] for general semilinear systems in the
H' norm and quasilinear systems in the H? norm, but also in many particular
cases [I7), I8, 15 19, 20]. This will be our approach in this article. A third
method is the backstepping method, a very powerful tool originally designed
for finite-dimensional systems, modified for PDEs using a Volterra transform
in [21], E| and then used in [23] 24] for quasilinear hyperbolic systems in the
H? norm. Such backstepping approach was also used to derive controllability
[25, 26] or finite-time stabilization [27, 28] 29] in both parabolic and hyperbolic
settings. Other results using a more general transform were then introduced
[30, BI]. The main drawback of this method is that it involves controls that
are usually using full-state measurements and cannot take the simple form of
output feedback controllers (see (3))). Therefore these controls might be less
convenient for practical implementation. Although sometimes observers can be
designed to tackle this issue [32]. Other methods exist, as for instance the study

of stability based on time delay systems introduced in [8] where the authors give

Isee [14] Definition 1.4.3] for a proper definition and [I5] for an overview of this method
2see [22] for more details
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criteria for exponential stability in the W?2» norms for any p > 1 (see also [33]).

So far, the nonlinear stability results for hyperbolic systems have been ob-
tained in the H' norm for semilinear systems and for the H? norm for quasilinear
systems. The H! and H? norm enabling to bound the nonlinear terms of the
source term and of the transport term respectively, using the Sobolev embed-
dings HP([0, L];R) C CP~1([0, L];R), for p > 1. Other results have been shown
for the C° and C! norm [34] [35]. For weaker norms, such as the L? norm, one
is usually unable to derive any exponential stability result when the system is
nonlinear.  However, in this paper we show that having a Lipschitz source
term, with some condition on the size of the source, is enough to obtain the ex-
ponential stability in the L? norm for semilinear systems. Besides, in contrast
with most of the previous analyses cited above, this result holds for a nonlocal
source term. Nonlocal source terms are found in many important phenomena
as population dynamics, material sciences, flocking, traffic flow [2] B6], 37], and
open the door to many potential applications. Moreover, while all the above
previous approaches were dealing with local exponential stability, we obtain
here global exponential stability. Concerning semilinear systems with Lipschitz
source terms, one should highlight the work of [38] where the authors study the
exponential stability in C° norm of a semilinear system with a diagonal and
Lipschitz source term, and saturating boundary conditions. They give a poten-
tially large explicit bound on the basin of attraction, and they prove in addition

the well-posedness in L2.

Finally, we show that these results can be extended to a wider notion: the
Input-to-State Stability (ISS). The ISS measures the resilience of the stability of
a system when adding disturbances in the boundary conditions or in the source
term [39, 40]. These disturbances could have many origins such as actuator
errors, quantized measurments, uncertainties of model parameters, etc. The
ISS is therefore a more relevant notion from an application perspective, and is

also paramount for designing observers. While exponential stability of nonlinear
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hyperbolic systems has been studied for several decades now, fewer results are
known concerning this wider notion of ISS. Until recently, the most up-to-date
results were given in [40, Part II], for LP norms, p € N* U {+o0} (see also [41]
for instance for nonautonomous systems), and recently several works have been
providing quite good conditions by extending exponential stabilization results
obtained through Lyapunov approach to ISS results under the same conditions
[42] 43, [44]. These results suffer however the same limitations as the exponential
stabilization results they are generalizing: local validity and strong norms. One
can also refers to [45], 46l [47), 48] for other ISS results on hyperbolic systems
in particular cases, and to [40] for a more detailed review on ISS results for
PDEs in general. This paper is organized as follows: in Section [2] we state some
definitions and our main result, which is proven in Section [3| using a Lyapunov
approach. The well-posedness and the extension to ISS are dealt with in the

Appendix.

2. Statement of the problem and main results

A semilinear hyperbolic system can always be written in the following way
[49]:
ou+ A(x)d,u + B(u,z) =0, (1)

where u(t,z) € R", A(z) is a diagonal matrix with non vanishing eigenvalues,
A : x — A(z) belongs to C*([0, L]) and B € C°(L?(0, L) x [0, L], L*(0, L)) is the
nonlinear source term, with B(0,z) = 0. Note that B could be potentially non-
local at it takes a function as argument, thus B(u, x) refers here to B(u(t,-), z).
Throrough the article we will assume that B(-, z) is Lipschitz with respect to u
with a Lipschitz constant Cg in the following sense: for u and v two functions
of L?(0, L),

[B(u,-) = B(v,")llr2 < Cpllu—v]|L2. (2)
Of course, this assumption is satisfied if B is local, takes argument in R™ x [0, L]

and is Lipschitz with respect to the first argument, with a Lipschitz constant

that might depend on z but as a L? function. We will come back to this special
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case later on in Remark When the system is equipped with a control static
and exerted at the boundaries, the boundary conditions can be written in the

following way:
u, (¢,0) _ G uy (¢, L) 7 )
u_(t,L) u_(¢,0)
where G is a continuous and Lipschitz function such that G(0) = 0. The notation
u, is used to refer to the components of u corresponding to positive propagation
speeds A; > 0, whereas the notation u_ is used to refer to the components
corresponding to negative propagation speeds. In the following, we assume
without loss of generality that A; > 0 for ¢ € {1,....,m} and A; < 0 for i €
{m +1,..,n}. Note that the boundary conditions are nonlinear. As G is

Lipschitz, all of its components are Lipschitz, which implies that there exists a

matrix K such that for any i € {1,...,n},

n

Gi ZKWJ D+ Y Kijlu;(t,0)]. (4)

Jj=m+1

Remark 2.1 (Choice of K). Of course the matrix K = CglI, where I is the
identity matrix and Cg the Lipschitz constant of G would work. However, there
might be other matrices K satisfying and some could lead to potentially less
restrictive conditions in Theorem than the matrix Cgl (see below).

System , with , is well posed in L? in the following sense:

Theorem 2.1 (Well posedness). For any T > 0 and any ug € L*(0,L) the
Cauchy problem 7, with initial condition u(0, ) = ug has a unique solution
u € C°([0,T), L3(0,L)). Moreover,

[a(t, )llz: < C(T)|uollze, VT € [0, 7], (5)
where C(T) is a constant depending only on T.

This theorem is shown in the Appendix. Most of the proof is a subcase of a
remarkable result in [38] Theorem A.1], where the authors study the framework

of saturating boundary conditions. The only differences are some slight changes
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in the estimates to deal with a nonlocal functional and a density argument.

These changes are indicated in together with a proper definition
of the notion of weak solution to System , .

Remark 2.2. As it could be expected, the well posedness also holds for more
regular solutions. In particular for any ug € H'(0, L) satisfying the compatibil-
ity conditions given by , the Cauchy problem , with initial condition
u(0, -) = ug has a unique solution u € C°([0, 7], H'(0, L))NC*([0, T], L?(0, L)).
This is also shown in

Before stating our main result, we recall the definition of exponential stability

for the L? norm.

Definition 2.1 (Exponential stability). We say that System (1)-(3) is expo-
nentially stable for the L? norm with decay rate v and gain C'if there exists con-
stants 6 > 0, v > 0, and C > 0 such that for any 7 > 0 and ug € L?(0, L) such
that [lug|/z2 < 8, the Cauchy problem (I)—(B) with initial condition u(0,-) = ug
has a unique solution u € C°([0, 77, L?(0, L)) and

Hu(t7 ')”L2 < Ce_’ytHuOHLm (6)

Moreover, if
§ = +o0, (7)
then the system is said globally exponentially stable.

We can now state our main result.

Theorem 2.2. Let a system be of the form (I)), @), where A € C'([0, L))
and B is Lipschitz with respect to u. If there exist K € M,(R) satisfying ,
J € CY([0, L]; M, (R)) where J(z) is a diagonal matrixz with positive coefficients,
and M € C°([0, L]; M,,(R)), such that the following conditions are satisfied

1. (Interior condition)

—(JPN) + J*M + M " J? (8)
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is positive definite and there exists D € C*([0, L]; M, (R)) where D(z) is

a diagonal matrix with positive coefficients, such that

A/n’l
2max; . (D;) max; . (D;J?)’

C, < (9)

where Cy is the Lipschitz constant of g :=B — M and \,, denotes the

smallest eigenvalue of

~D(J?*A)'D + DJ*MD + DM " J?D, (10)

2. (Boundary condition) the matriz

JHL)AL(L) 0
0 J2(0)A-(0)
(11)
g [P OA0) 0 -
0 L)AL

is positive semidefinite,

then the system is globally exponentially stable for the L? norm. Moreover the
gain is ||J Y| Lo || || L and an admissible decay rate is Ap (2 max; .(D;J2)) ™1 —

Cymax; ,(D;)

We prove this theorem in Section [3| Note that @D does not involve directly
the Lipschitz constant of B but the Lipschitz constant of g= B — M, which is
B minus a linear part that can be chosen. Of course, the Lipschitz constant
of B would be suitable by setting M = 0, but other choices of M could lead
to less restrictive conditions. Let us note that the apparent complexity of the
interior condition aims at giving a good explicit computable bound on Cy for
practical applications: indeed finding the values of \,, can be numerically solved.
Besides, choosing D = Id or K = CglI would also give a sufficient condition

that is simpler to write, but the sufficient condition would be more restrictive.

Remark 2.3 (Linear case). When B is a local and linear operator we recover

the result found in [I6, Proposition 5.1] (see also [50] when B is in addition
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marginally diagonally stable). Indeed, we can choose M = B, then g = 0 and
the interior condition is reduced to the existence of J, diagonal matrix with

positive coefficients such that —(AJ?)" + J2M + M ".J? is positive definite.

Remark 2.4 (Local case). In the special case where the system is local, i.e. B
is a function on R x [0, L] and B(u,z) = B(u(t, ), ), the condition (9) of the
previous theorem can be slightly improved as follows: assume that B is Lipschitz
with respect to the first variable with a Lipschitz constant C(z) € L?*(0, L), then
for any matrix M, g = B — M is also Lipschitz with respect to the first variable
and we can denote again its Lipschitz constant by C,(z) € L?(0, L). Then, the
interior condition @ in Theorem can be replaced by

Am ()
() (2)

max; (J;)(z)
inf;(J;)(z) ’

where A\, (2) and p,,, (z) are the smallest eigenvalues at a given x of the matrix

given by and respectively.

Cy < or Cy < pim () (12)

2.1. Input-to-State Stability

In fact, this result can be extended to a more general notion: the Input-
to-State Stability (ISS). This notion is more relevant when looking at practical
implications as it takes into account the external disturbances that can arise.

When such disturbance arise, System , is replaced by

opu+ A(x)0,u+ B(u,z) +dy(t,z) =0,

13
u, (¢,0) G uy(t,L) (o), (13)
u_(t, L) u_(t,0)

where d; and dy are respectively the distributed and boundary disturbances.

We define the ISS as follows:

Definition 2.2 (Input-to-State Stability). We say that System is strongly
Input-to-State stable (or ISS) with fading memory for the L? norm if there
exists positive constants § > 0, C; > 0, Cy > 0, v > 0, such that for any T > 0

and any ug € L?(0, L) with ||ug||z> < 6 and ||dy||z2 + ||da||z2 < 6, there exists



183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

a unique solution u € C°([0, 7], L?([0, L])) to System (T)), (@), and

Jua(t,)||z2 < Cre™ " |lugl|z>
+ Cy (Heiﬂtis)dl(sax)”L?((O,t)x(O,L)) (14)
n \|e*7<t*8>d2(s)||L2(0,t)) , for any ¢ € [0, ).

Moreover, if § = 400, then the system is said to be globally strongly ISS with

fading memory.

This defines a strong notion of ISS with an exponentially fading memory.
The fading memory comes from the e=7=%) in the L? norms of d; and ds.
It means that the influence of the disturbances at a given time s decreases
exponentially with time. One could have chosen other and less restrictive fading
factors (see [40, Chapter 7] for a more complete description of ISS estimates
with fading memory). The constants Cy and Cs are called the gains of the ISS
estimate. When such notion of ISS cannot be achieved, weaker notions exist
and can be found for instance in [51]. We have the following result, analogous

to Theorem [2.2]

Theorem 2.3. Let a system be of the form where A € C1([0,L]), d; €
L2((0,T) x (0,L)), d2 € H'([0,T)) and B is Lipschitz with respect to u. If the
condition @D 1s satisfied and the matriz defined by is positive definite, then
the system is globally strongly ISS with fading memory for the L? norm.

The proof of this theorem is very similar to the proof of Theorem The
only difference being that the assumption on has to be slightly stronger
than in Theorem [2.2| (positive definite instead of positive semidefinite). A way
to adapt the proof of Theorem is given in[4 Besides, the gains can again be
computed explicitly as a function of K, B and A (see (38)).

3. Exponential stability in the L? norm

Proof of Theorem[2.3 Let a semilinear system be of the form , with
A € CY([0,L], M,(R)) and B being L? with respect to u with Lipschitz con-
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stant Cp. We will first show Theorem for H! solutions and then re-
cover it for L? solutions using a density argument. Let 7" > 0, and let ug €
H'(0,L). From Theorem and Remark there exists a unique solution
ue C°0,T), H' (0, L))NnC*([0,T], L*(0, L)) associated to this initial condition.

Let us now define the following Lyapunov function candidate:

L
V(u):/O (J(z)u(t,z)) " J(x)u(t, z)dz, (15)

where J = diag(J1,...,J,) € CY([0,L],D;f(R")), where D, is the space of
diagonal matrices with positive coefficients. The function V is well defined on

L*(0, L) and equivalent to |[u(t,)||3., as
[t Iz 177 IZE < V) < ][l N7 (16)

We would like to show that V' decreases exponentially quickly along u. Before
going any further, let us comment on the choice of the form of this Lyapunov
function candidate. Functions of this type are sometimes called basic quadratic
Lyapunov function or basic Lyapunov function for the L? norm because they
can be seen as the simplest functional equivalent of the L? norm. A commonly
used Lyapunov function candidate for hyperbolic systems of conservation laws
has the form with J(z) = diag(ge %) where s; = 1 if A; > 0 and
s; = —1if A; < 0 and ¢; and p are positive constants to be chosen. In our
case however, such function might not work. This is due to the inhomogeneity
and this a phenomena that can be seen in balance laws in general [52]. For
instance, in [I5] is found a basic quadratic Lyapunov function that exists for
any length L > 0 provided good boundary conditions, while this could not
happen with a basic quadratic Lyapunov function made of exponential weights.

As u € C([0,T],L3(0,L)), V(u(t,-)) can be differentiated with time, and we

10



20 have

M = /L o2u' J20,udx
dt o ’

L L

= f/ QuTJZAazudme/ u' J2B(u,z)dx

0 0

i . (17)
= —[u"J?Au], +/ u' (J2A) udx
0

L
72/ u' J2B(u,z)dz.

0

20 We used here that J and A commute as they are both diagonal. Now, let M €
a CO([0, L], M, (R)) to be selected later on and set g(u, z) = B(u,z)— M (x)u(t, )
22 which is again Lipschitz in u in the sense of . We have

dv(u(t,-))
dt

L
=— [uTJ2Au}§ +/ u' (J?A) udzx
0
L L

—2/ uTJQMudx—Q/ uTJ2g(u,ac)dJ;

0 0
=— [uTJZAu}OL (18)

L
= / u' [—(J2A) + J*M + M T J*udx

0
L

- 2/ u' J%g(u, x)dzx

0
23 where we used that u' J2Mu =u' M " .J?u, as it is a scalar. Now, we set

I : = [uTJQAu]g,
L
Iy: = / u' [—(J2N) + J*M + M " J*udzx (19)
0
L
+ 2/ u' J%g(u,z)dx
0

24 We would like to show that under assumptions 1. and 2. of Theorem I, is
25 a nonnegative definite quadratic form with respect to the boundary conditions,

26 and I3 > plluljpz where p is a positive constant. We will show that this is

11



23 exactly the point of Assumptions 1. and 2.. Let us start with Is. From ,

ZZJf (L)A(L)u (L) = ) JF(0)Ai(0)us(0)? (20)

oo [ [0
;JZ (0)A;(0) (Gl (u_(t’o))) .

2 Weset z; :=01if ¢ € {1,...,m} and z; := L ifi € {m+1,...,n}. Then using
20 that A; >0 for i € {1,...,m} and A; < 0 otherwise, and using (4)),

Zﬁ — 2)|[ (L — @) |ud(L — a;)

" uy (¢, L — ;) i
- 2 (i) | A (s T
;Jz( A ()] (G (u_(t,L—xi))>
(21)

>ZJ2 — )AL — 2 (L — )

2
DI ACHIIEN) (ZKUthL )|) ,
=1

20 This can be rewritten as
L>Y'NY, (22)

21 where Y is a vector with components Y; = |u;(t, L — x;)| and N is given by
N — (Ji(L)IAJr(L)\ 0 )

0 J2(0)|A-(0)]

T [ J3(0)[AL(0)] 0
K ( 0 Ji(L)lA_(LM)K‘

(23)

12
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From the matrix IV is positive semidefinite, thus
I, > 0. (24)

Let us now deal with I3. Assume that the condition @D holds. Then there exists
D € C([0, L], M,,(R)) such that D(z) is diagonal with positive coefficients for
any z € [0, L]. Thus

~D(J?A)'D + DJ*MD + DM " J*D (25)

is a symmetric and definite positive matrix and we denote by JA,, its smallest
eigenvalue on [0, L]. We have from , using Cauchy-Schwarz inequality and
using the fact that g is Lipschitz with u and the fact that g(0,2) = B(0,x) = 0,

L
I3 > / (D7) "[-D(J?*A)'D + DJ*MD + DM " J?D](D~*u)dx
0

. 1/2 . 1/2
-2 (/ |D_1u|2dx> (/ |DJ?g(u, a:)|2d:r>
0 0

L
> / (D7) "[-D(J?*A)'D + DJ*MD + DM " J?D](D~'u)dx
0

I 1/2 I 1/2
_ in_lgx(DiJf(x)) (/0 D1u|2dx> </0 |g(u,x)|2dx>

L
> / (D~'w)T[=D(J?*A)'D + DJ*MD + DM J>D|(D 'u)dx (26
0

L /2 L
— 2max(D; J?(z)) (/ D1u|2dx> Cy (/ |u|2dx>
hE 0 0

L
> / (D~'w)"[-D(J?A)'D + DJ*MD + DM " J?D](D~'u)dx
0

1/2

. 1/2
— 20, max(DyJ2(x)) max(Di(x) ( / |D‘1u|2dx>
i, QT 0

> Al D77 — 2C; max(D; J7 (x)) max(Dy(x)) | D™ ul|7-.
Therefore if Cy < A\, /(2 max; ,(D;(x)) max; . (D;(z)JZ(z))) then

I > u| DM, (27)

13
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with g = Ay, — 2C; max(D;J?(z)) max(D;(z)) > 0. Thus from (I6)), the
positive definiteness of D, hence D1, , , and we can set y =
p(max(D;J?))~t > 0 such that such that for any ¢ € [0, T].

dV (uf(t, -
T oy, (28)
and therefore
V(u(t,")) < V(u(s,-))e "9 v0<s<t<T. (29)

From , this implies that

ol
2

la(t, ez < 177z [Tl zee™ 2 gl 2, (30)

which is exactly the estimate wanted with decay rate v/2. So far this estimate
is only true for H' solutions. However, it only involves the L? norm. Thus, as
the system is well-posed in C°([0,T], L*(0, L)) and ||| L= ((0,):12(0,1)) is lower
semicontinuous, the estimate also hold for L? solutions by density (more
details on this argument can be found in the proof of [63, Lemma 4.2]).

O

4. Adapting the proof in the ISS case

In this section we show how to adapt the proof of Theorem to get The-
orem

Proof. Let us consider System and let 7> 0. Let up € H'(0,L) and
u € C'([0,T],H'(0,L)) the associated solution. Then, defining V' as in (T5)),
and differentiating along u, we obtain as previously

dv (u(t, - L

lﬁi#ﬁ:fhfng/ u' J2dydz, (31)
dt 0

where Iy and I3 are given by (19). Thus, using Young’s inequality

aVv(u(t, - T2( 7
# =—I,—Is+¢)V + %Hdl(t .)||2L27 (32)

14
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where €9 > 0 and can be chosen. As previously, from (]E[)7 I3 > pV where p > 0.

Therefore, choosing €9 = /2, we have

<@+5M/g—gV

(33)

Concerning Is, if we denote by I ¢ the quantity in the absence of disturbances

(i.e. the quantity given by the first equality of (21])) we get

Iy =10 — Z T2 (i) Aq ()] d%,i + 2d2,;G;
i=1 u_(t,0)

>YTNY -3 Gl (141)
ROBO 0
0 E@IA-w)

—eYK' KY,

where we used Young'’s inequality and where N is the matrix given in (23), Y is
defined as in , and € > 0 is to be chosen. Using the definition of N and the

fact that N is positive definite (and not positive semidefinite in contrast with

Theorem [2.2)), we get by continuity that there exists € > 0 such that

J2(0)[A4(0)] 0
0 J2(L)|A-(L))]

N—eKT

Therefore, Iy > —(1 + ™ H)||J||% ||A]lso|d2(t)|* and becomes

dV(u(t,-))
dt

20J|3
L=y (8, )l

7!
<-Lty
=75 +

+ (14 e DI A ool da(s)?,
thus, using Gronwall’s Lemma,
V(ut, ) < V(ug)e =
2||J||2°° ! —L(t—s
a2 [T 80 (s,
H 0
p _
+ 20+ A lda (1)) ds,

15

K is semipositive definite. (35)
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which, together with and the concavity of the square root function gives

_ _ut
[a(t, ez < [T el ]|z [[aol| L2e ™

_ 2 o B
+ 17 1||Lx||JLm\/umax (1. 80+ al=) (e~ di(s, @)z 00000+

+l[d2(t) | 22(0,1)) »
(38)
which is the ISS estimate wanted and this holds for any H' solutions. And, by

density, this holds also for any L? solutions. Note that the gains of the estimate
can again be computed explicitly. This ends the proof of Theorem O

5. Numerical simulations

In this section we present a numerical illustration of the previous result on a
simple example. We consider a system inspired from [16, Section 5.6] and given

as

L
By + Opuy = cL ™' sin (/ m(t,x)dw)
0

L
3tuQ — 8zu2 = CL_I sin (/ Ul(t,l')d.’t) (39)
0

up(t,0) — ua(t,0) =0
Ul (t, L) — Uz (t, L) = kul(t7 L)

where one boundary condition can be imposed through a design parameter k
while the other one is imposed. Note first that in open-loop, i.e. k£ = 0, the null
steady-state is an unstable steady-states for any ¢ € R and any length of the
domain L > 0. Indeed, there is a continuum of travelling wave solutions: for

any € >0

ui(x) = ee ()

(40)

us(x) = ee * (t-2)

is a solution of with £ = 0. Nevertheless, T heoremcan be applied to find
a feedback in closed loop as long as |¢|L < 1/2: set M =0, D = Id, € > 0 to be
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310

311
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313

314

defined, and k = \/1/(1 + 2Le~1). Set also, J = diag(v/L + ¢ — z,vV/L + ¢ + z),
one has A = diag(1, —1) therefore —(J?A)’ = I; and therefore is positive definite

with smallest eigenvalue 1. Besides max; ,(J?) =& + 2L and

i 1 I csm(fo Us(z dm) B csm(fo Va(z)d )
1g(U) — g(V)]72 _Lz/ csin (fo Ui (z) x) — csin (fo Ci( x)dx)

L 2
< elL? (/ |U2—V2|dx> +< U, — V1|dx>
0

<ellU = VZ..
(41)
Hence, condition () becomes |c| < (¢ +2L)~!. Now, as |c| < (2L)~!, one can
choose £ = 3(|c|~} —2L)/4 such that condition (9] is satisfied. Finally, one can
easily check that condition becomes

(1-k)?<

€
e+ 2L’

(42)

which is also satisfied from our definition of k. Thus Theorem applies and
the system is globally stable for the L? norm. On Figure [1| we represent the
L? norm of the solution for various values of k£ when ¢ = 1/4 and L = 1. In
blue is represented the open-loop situation (i.e. £ = 0), in green the closed-loop

situation with k£ = 3/4, and in red k = 1/2.

6. Conclusion and perspective

We derived sufficient conditions for the global stability in the L? norm of
semilinear systems with Lipschitz boundary conditions and source term (poten-
tially nonlocal). We also showed that a strong ISS property with respect to
boundary and internal disturbances holds globally under the same conditions.
This result could have many applications in practice. Knowing whether such
conditions are optimal for the existence of a basic quadratic Lyapunov function,
at least for n = 2 as it is in the linear and local case, is an open question. An-
other interesting direction for future works would be to try to extend, at least

partially, these results to quasilinear but Lipschitz nonlocal systems.
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Figure 1: Stability of the system in open-loop (blue) and closed-loop with k = 3/4 (green)
and k = 1/2 (red). horizontal axis represents time, and vertical axis represents the L2 norm

of the solution with initial condition u1,0(x) = v27z and usz,0(z) = e =272,
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Appendix A. Well-posedness of the system

In this section we deal with the well-posedness of the system and extend [38]

Theorem A.1] to get Theorem But first, we give the definition of a weak
L? solution for System ,.

Definition Appendix A.l. Let uy € L?(0, L). Wesay that u € C°([0, +00); L?(0, L))

is an L? solution of the Cauchy problem , , u(0, ) = uy, if for every T' > 0
there exists a sequence of functions g, € H'(0, L) satisfying and such that

18
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342
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344

345

346

347

Up,n, — Up in L2(O,L),
(A1)
u,, — u in C°([0, 7], L*(0, L)),

where u,, € C°([0,T], H'(0, L)) is a weak solution of (I, (3) with initial condi-
tion ug ,, i.e. u, satisfies (3)) and for any ¢ € C*([0,T]; C1((0, L); R")) we have

L T
/ / 8t¢Tun +ax¢TA(-T)un
0 0

+ ¢ (Agu, — B(uy, z))dt dz (A.2)

L
:A[M@f%@@ﬁm.

Remark Appendix A.1. As noted in [38], this definition is slightly different
from the definition given in [I6, Definition A.3] when looking at linear systems.
The reason comes from the nonlinear boundary conditions which may prevent
the adjoint of the boundary operator from existing. Of course, in the linear

case, a solution in the sense of [16, Definition A.3] is also a solution in the sense
of Defnition

With this definition in mind, we prove Theorem [2.1] by slightly adapting
the proof of [38, Theorem A.1]

Proof of Theorem[2.1} Let T > 0. We define the operator A = —A(x)d, on the
domain D(A) defined by

D(A) = {u € H' (0, L)|u satisfies (3] }. (A.3)

We also consider B as an operator on the domain D(B) = L?(0, L), and in the
following B f refers to B(f(-),z) € L?(0,L). Observe that D(A + B) = D(A).
First of all, we can restrict ourselves to the case where A has only positive
components. Indeed, if not, we define v = (v;)icf1,....n) by

Ui(t, ) = ui(t, ) if 1 € {1, . m}

(A.4)
vi(t,) =wui(t,L—-)ifi e {m+1,..,n},
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359

360

361

362

363

364

365

366

367

368

and
A=A ifie{l,..,m}
Ni=—-MN(L—-")ifie{m+1,..,n},

Bi(v,-) = By(u,-) ifi € {1,...,m}

Bi(v,) =Bi(u,L—-)ifie{m+1,..,n}

Clearly, u is a L? solution to the system ([I]), if and only if v is an L?
solution to a system of the form , with A instead of A and B instead of
B. And now, A has only positive components while B is still Lipschitz with
respect to v. Therefore, in this proof, we will assume that m = n and A has
only positive components. From [38, Appendix A.1], A+ B is ¢ dissipative with
¢ independent of n and is a closed operator (in L?(0,L)). A definition of an
operator ¢ dissipative can be found in [54] Definition 2.4 and Chapter 5, section
2]. Note that [38] study systems with a local diagonal source term and positive
and constant propagation speeds. However, the proof of these two first points in
[38, Theorem A.1] only requires B to be Lipschitz and the propagation speeds
to be positive and nonvanishing. Now we would like to show that A+ B satisfies

the following range condition:

Ipo >0, Vp e (0,00), DA+ B) C Rg(Id — p(A+ B)). (A.6)
or equivalently that for any v € D(A+ B), there exists u € H'(0, L) such that
u—p(Adzu+ B(u,-)) =v,

u (0) uy (L) (A7)
u_(L) u_(0) .
The difficulty comes from the nonlinearity of the equation and this was the main
point shown in [38, Theorem A.1]. In our case, all we need to do is to change
slightly their proof to take into account the nonlocal operator and the fact that
A depends on x. The latter is easy to take into account by replacing e—Ae/p
by e~ J§ AT )/ p)ds when integrating, which has a similar behavior (this holds

as A is diagonal). To take into account the nonlocal operator, we need to get

the estimate [38], (26)] while replacing the estimations in [38], 2.2.1], which hold
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391

only for the local case when B has a Lipschitz constant independent of x. But

we have from the Lipschitz behavior of B and Cauchy-Schwarz inequality,

/ e= S AT () pdv g —1 (s)B(u, s)ds
0

—1
o2 2871 (0) /i 207 (s)

5 ds (A.8)

A g
< B,
0

—1 —1(y
< pCelA e ’16—2&% .

a2 < pCa|lul| L2

where C5 is a constant that depends only on the parameters of the system.
This enables to recover the estimate [38, (26)] which is then used to apply
Arzela-Ascoli Theorem and get the range condition (A.6). As in Theorem [38]
Theorem A.1], from these three properties (¢ dissipative, closed operator and
range condition) and using [54, Corollary 5.13 and Remark 2 p.148], A + B
generates a nonlinear semigroup S of type ¢ on L?(0, L) and the Cauchy problem
has a unique integral solution u € C°([0,7], L%(0, L)) (see [54] for a proper
definition of an integral solution). Besides, let ug, € D(A), then from [54]
Remark 2 p.148], the unique integral solution u,, of the Cauchy problem with
initial condition ug, belongs to C*([0,T]; L*(0,L))NC([0,T]; H'(0,L)) and
satisfies and (A.2). We can choose a sequence ug, € D(A) such that
Uy, — ug € L?(0,L), as D(A) is dense in L?. Finally, as S is a semigroup of

type ¢ we have (see [54] Remark p.146))
1S(t)ug — S(t)ug.nlre < Cest|lug — g2, (A.9)

which implies the convergence of u, to u in C°([0,7],L?(0,L)). To conclude
we only need to show that this is the unique solution in the sense of Definition
Let assume that there is another solution u(®) with initial
condition ug. Let T > 0. By assumption there exists a sequence ugi € D(A)

such that uﬁP satisfies and ([A.2)) with initial condition uél) and uSB) —u®

in C°([0,77],L?(0, L)). For any n € N, ult € C([0,T], L*(0, L)), therefore ul
(1)

is also an integral solution of the Cauchy problem with initial condition ug ,

(see [54, Remark 2 p.148]). Thus, from [54, Remark p.146],

lu(t, ) —uM ()2 < Cellug — ul' )|z, (A.10)

n
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and therefore ul?) — u in C°([0,T), L?), which implies that u = u in

C°([0,T7], L?). This holds for any T' > 0, and ends the proof.

Well-posedness in the ISS case

The well-posedness of system is again a consequence of the three prop-
erties of the operator (A + B) and the results in [54]. In particular, let T > 0
and ug € L%(0, L), and assume (dy,dz) € L?((0,7) x (0, L)) x H'(0,T), and set
L : z — diag(L;(x)) where L;(x) = (L —2)/Liti € {1,...,m} and L; = /L if
i€{m+1,..,n}. A function u € C°([0,T], L*(0, L)) is an L? solution to (L3)),
u(0,-) = ug, if and only if v(t,z) := u(t,z) — L(z)da(t) is an L? solution to

8v = —(A+ B)v+d; +[(Ad, + B)(Lds) — Ldy)]
(A.11)

v(0,-) = ug — L(x)d2(0) =: vy,
with boundary conditions (3)), and where B is seen again as an operator on
L?(0,L). The interest of this reformulation is that the boundary conditions
of v are now again and do not depend on time (contrary to the boundary
conditions of (L3))) except through v (see also [42]). Using the fact that (A+ B)
satisfies the range condition and is dissipative of type ¢, from [54, Theorem 5.18
and Remark 2°], there exists a unique integral solution u € C°([0, T]; L*(0, L)),

satisfying a definition analogous to |[Appendix A.l| (the precise definition is

omitted here due to the lack of space).
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