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Abstract

Motivated by non-anthropomorphic dynamic stabilization of a walking robot, we are working on a 2D inverted pendulum stabilized
with a scissored pair of control moment gyroscopes. This inverted pendulum is a fair approximation of a robot, allowing us to study
the dynamics in simplified settings. In this paper we propose a model for the pendulum; the model neglects all unessential terms
and thus is suitable for analysis. We also propose a simple control law based on the linearization of the model and we validate it
experimentally.
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1. Introduction

The research problem of this paper is motivated by the walking robot we are currently developing in the Laboratory
of Robotics and Mechatronics of the Kuban State University (refer to Fig. [I] left). This non-anthropomorphic robot
has an auxiliary dynamic stabilization system which consists of two scissored pairs of control moment gyroscopes
(CMQG). The scissored pairs are orthogonal and thus the problem of vertical stabilization of the robot can be considered
for each axis separately. Therefore, stabilization of the robot for one axis can be approximated with a simplified one-
dimensional prototype. In this paper we consider such a prototype, which is a control moment gyroscope inverted
pendulum (Fig. [2). Note that the robot has a modular design: the biped is equipped with four identical CMG cubes.

Control moment gyroscope is a widely used technological device that uses the reaction of a spinning wheel to
external torques. Due to the advantages of a large ratio of produced torque to control torque and relatively low
power consumption, CMGs have a wide range of applications, including vessel stabilisation'!, motorcycle and robot
balancing?, balancing aid for humans and bipedal exoskeletons®%, attitude steering system for the satellites® and
underwater vehicles®.
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Fig. 1. We are developing a biped that uses four ~ Fig. 2. Left: inverted pendulum hardware that we study in this paper. The pendulum
control moment gyroscopes (highlited in red) as an ~ consists of six bodies: body A (the thrust bearing), body B (the frame), bodies C ! and

auxiliary stabilization system. C? (the single-axis gimbals), and, finally, bodies D! and D? (the flywheels). Right:
corresponding notations. This configuration corresponds to g, = —n/4 and qg = q? =
/2.

So, we are working on a 2D inverted pendulum stabilized with a scissored pair of control moment gyroscopes.
This work extends the results”® that were presented for a single CMG inverted pendulum. The main contribution
of this paper is the model of the scissored pair system. Full Euler-Lagrange equations of the system are extremely
cumbersome (few pages of fine print) even under numerous assumptions like symmetry of the bodies. We propose
a much simpler model that neglects all unessential terms and thus is suitable for analysis. We validate the model by
building a simple control law implemented in hardware.

The rest of the paper is organized as follows. In section [2] we present a model of the considered system. Next, in
section [3] we present the state-feedback controller capable to stabilize the system if all states along with experimental
validations of the results. Finally, possible further research directions are discussed in the concluding section 4}

2. Model Description
2.1. Mechanical system description

The considered inverted pendulum is shown in Fig. [2] In this paper we follow the notations from the manual of the
model 750 control moment gyroscope commercialized by Educational Control Products company”. The pendulum
consists of six bodies: body A (the thrust bearing, shown in green), body B (the frame, shown in blue), bodies C 1
and C? (the single-axis gimbals, shown in red and orange), and, finally, bodies D! and D? (the flywheels, shown

21 21 2

in brown and black). We associate a basis with each of the bodies: {d;, @, ds3}, {51,52,1;3}, {¢]. 5, 3, {EQ],E%,E%},

{J},aﬂz,d_g} and {d?,d%,cf%}, respectively. We assume that all the bodies are symmetric; so the inertia matrices are
diagonal. Let us denote by diag(/l,, J., K,) the inertia matrix (w.r.t the center of mass) of the bodies C' and C?; and
by diag(l,, J4, K;) the inertia matrix of the bodies D! and D?. In the same manner, we denote the inertia matrix of the
body A as diag({,, J,, K,;). As for the body B, the frame consists of two identical cubes, and we denote by I, J, and
K, the principal moments of inertia of each half of the frame w.r.t. the center of mass of each cube.

We denote by ¢, the angle of rotation between the “north” direction and the body A; the angle of the body B with
respect to the vertical is denoted as g,; the angle of the bodies C' and C? with respect to the body B are denoted
as g and ¢2; and the angle of the bodies D' and D* with respect to the body C' and C? are denoted as ¢, and
qfl. The configuration shown in Fig. [2| corresponds to the angles ¢, = —n/4 and g\ = ¢> = n/2. Note that the
equilibrium position of an actual device may be subject to external disturbances and sensor displacement; therefore,
for our system we model the equilibrium point as g, = —n/4 — e, where e is the unknown (small) bias. The notations
and the corresponding hardware parameters are summarized in the Table [T}
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Table 1. Hardware parameters

Description Symbol Value
Total mass, kg m 2.62
Cube edge length, m / 0.19
Moments of inertia, kg-m?:
of the body A K, 6-107*
of the body B (1, Jp, Kp] [131013]-1073
of the body C L, J., K] [2.61010]-107*
of the body D (14, Ja, Kq] [5.6115.6]- 107
Disk D velocity, rad/s Wy 314
Equilibrium position bias, rad e unknown

With these definitions, the vectors of angular velocities can be found as:

[ 0 ] [ 0 ] 4]
By=| 0 |, @p = |gp(D)| + Rap(qp) X @g, @l =1 0 |+Rge(ql) x iy,
[Ga(D)] | 0 ] | 0 ]
[ 0 ] [42(n)] [ 0 ]
-1 |1 1 -1 -2 2 - -2 .2 2 -2
@y =|q,(D)| + Replgy) X ., @ =| 0 |+ Rpc(g;) X dp, @y = |q,(D| + Replgy) X @.
0 0 0

where R4p, Rgc and R¢p are the transformations between the bases of corresponding bodies:

cosa 0 —sina 1 0 0 cosa 0 —sina
RAB((I) = 0 1 0 , Rgc((l) =10 cosa sina , RCD(O.’) = 0 1 0
sina 0 cosa 0 —sina cosa sina 0 cosa

When clear from the context, in the sequel the argument of time is omitted. Then the parallel axis theorem allows us
to write the total kinetic energy of the system as:

1
T = 5(5,3; x diag(ly, Jg, Kq) X &} + @17 x diag(I., Je, Ko) X @) + @27 x diag(ly, Jg, Kg) X @3+

1 1
@7 x diag(l., J., K.) x &2 + 2 x diag (Ib, Jp + Emlz’ K,,) X @p + @, x diag (Ia, Jo, K, + Emlz) X 436,).

The potential energy is given by P = V2mlg cos(gp + 71/4 + ¢). Therefore the Lagrangian can be written as £ =T — P.
The torques 7!, 72, 7} and 73 are applied to the bodies C', C?, D' and D?, respectively; thus the dynamics obeys the
Euler-Lagrange equations:
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These equations can be also written in the matrix form

M (¢)q +C'(q,q) + G'(g) = T~ Fl(Q),
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where .
q:=|qa 9 4! ¢ 0y 4|
T
T:= [OOTi 72 7317(21] ,
and F) (¢) corresponds to friction and other resistance forces.
Assumption 1 (Mechanical symmetry). We assume that the following mechanical symmetries hold
Kp=Jp=1p, Ko = Je, Ka=lu.

Under Assumption 1} the matrix M takes the form

miq mis mi3 mi4 mis mie
min nmyy 0 0 Jd COS(qi) ]d COS(qz)
+ _|ma3 0 IC + ]d 0 0 0
M@=, o 0 L+l, 0 o | @)
mis Jy cos(qi) 0 0 Ju 0
mig Jg cos(qg) 0 0 0 Jy

where s ) ) )
myy = (Ig — Jg) cos” (qp) cos” (gc1) + Iy — Jg) cos” (gp) cos™ (gc2)

12
+ (2 =21y =21, +2Jy) cos® (qy) + mT 420y 421, + 21y + Ko,

sin (2 gc1) . sin (2 gc2)
2 2 ’

mp = —cos(qp) g~ Jg)

myz = —sin(gp) (e + 1a),
my4 = m3s,

mys = Jgq cos(gp) sin(ge1) ,
mie = Ja €08 (gp) sin(ge2) ,

my = (Jy—1y) cos’ (ge) + g —1yp) cos’ (ge2) + mP + 20, +21;,+2J..

2.2. Local controllers of bodies C and D

We assume that the torque 7 is generated by local servo drives that operate in fast time scale compared to the
dynamics of the whole system. The effect of these controllers is described in the following assumptions.

Assumption 2 (Local control of bodies D' and D?). For the bodies D' and D2, the local controllers ensure constant
velocities

6'1,11 = Wy, q‘ﬁ = —wy

for some constant wy; thus, é]’(ll = q‘j =0forallt.

Assumption 3 (Local control of bodies C! and C?). For the bodies C' and C?, the local controllers ensure the perfect
reference tracking

G =, g = w,
where u and u, are further considered as the new input signals.

Assumption 4 (Neglectable impact of m3, my4). Formally, under Assumption |3| the accelerations of the bodies C'
and C? given by G} = i) and §* = iy are affecting the dynamics of the body A due to the coefficients my3 and my,
of the matrix M 2). However, for the considered system these coefficients are small compared to other entries of the
matrix M. Thus, in what follows we neglect this effect and assume

myz =myy = 0.

Note that we apply this assumption for control design and model simplification, but not necessarily for simulations.
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Taking into account these assumptions, the model can be reduced to

da = Wa, qp = Wp, Ge1 =Ul, (ep = U,

M(g) m = ~C(¢.9).
where

mi my C,

. . C
M := [’”” ’”'2] . C:=[L0](CT(q.9)+G (@) + F/(@) = [ 1] :
and ¢.; and g, denotes ¢! and ¢!, respectively.
2.3. Model simplification

Define the new parameters

2

[
pL=20,+ 21 + 21, + K, + mT pr =20, + 21 + 2J. + mi?,

p3=Jdetda—1Io—1Igy ps=Ja—14 3)
)25 =IC+J(1, p6:Ic+21d_Jd-

Rewrite now the matrix M as M := My + M,(q), where

(273 = P4 (c05%(ge1) + €082 (qe.2))) c0S*(gp) 3 pa cos(gy) (sin(2ge1) + sin(2g..))

_|m 0] .
My = , Mi(qg) = . .
’ [0 P> He 1 pa cos(gy) (sin(2qe.1) + sin(2q..2)) P4 (€052 (ge.) + cos*(qe))

For our setup it can be shown that for all feasible g it holds
(Mo + Mi(@))™" = Mgl < 0.041Mg |
Thus, for simplicity in what follows we will apply the following simplification:
M (q) ~ My".

The vector C has the following expression:
C = (@0 =2 ps w0y sin )~ Jawy w4 sin (@) (sin () — sin (ge2)

. 1 . . .
+ 4 g wp in (2gp) (cos? (ger) + cos® (ge2)) — Ps3 wp” sin(gp) (sin (2 ger) + sin (2 ¢c2))

+ 4w €O8” (gp) (w1 $in (2 ge1) + uy $in (2ge2)) + 2ps @y, €05 (gv) (w1 cos” (ger) + 1z c08” (gea))

+ Jg wq cos (qp) (g cos(ge1) — uz cos(ge2)) — pswy cos(qp) (U +uz),

- V2glm sin (qb + ;—T + e) +p3wa” Sin (2 qp) + Jg wq g $in(gp) (sin (ger) = sin (ge2))
1, . .
~ pa 5a sin2p) (08> (ger) + co5” (gea)) = pawy (ur sin (2 ger) + uz sin (2¢2))

)
— Jqwa (w1 sin (qer) = w2 sin (ge2)) + 2 pa wq €08 (gp) (1 €08 (ger) + 1tz €05” (ge2)) = Powa €05 (gv) (ur + Mz)) :

Let us define Cy as follows:
Co := (fr(wa) — Jg wp wg sin(gp) (sin(ge1) — sin(ge2)) + Jg wq cos(gp) (uy cos (ger) — uz €08 (gc2)),

. T . . . . . T
- \/Eg [m sin (qb + 7 + e) + Jgw, wg sin(gp) (sin(ger) — sin(gen)) — Jg wa (4 sin(ge1) — up sin (qcz))) .
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In our setup the velocities are bounded: it is reasonable to assume that |w,| and |w,| are inferior to 10 rad/s. Under this
assumption it is easy to see that ||C — Co|| < 1073 and that we can apply the following simplification:

C%C().

Thus, the model can be reduced to

My [zb] = ~Co(4,d), @

3. Linearization-based stabilization

For the system (@), the desired equilibrium is defined as

s n
Q= {wa =0, g5 =6 W =0, g1 =qn = 5}
In what follows we say that a control law (locally) stabilizes the system (@) if under this control law the point Qy is
(locally) attractive. Define

) g , n bis
X =qa M2=qa WBEqpE e X4=gp Xs=qa- 5. Xe=da o &)

Then the system’s dynamics can be rewritten as

fCl X2

X | falx, )

fC3 X4

= , (6)

Xg| | folx,u)

Xs u

fCG u

where fa((j, 6) = fb((i 6) = 0 and the origin is an equilibrium (for zero input). The function f, and f} are defined as
follows:

—fr(wg) + Jg wp wy sin (x3 -4i- e) (cos x5 — cos xg) — J4 wy COS (x3 -i- e) (uy sin xg — up Sin xs)

Ja(x,u) =

P1
\/iglm sin x3 — Jy w, wy sin (x3 -5 e) (cos x5 — cos xg) + J; wy (U] COS X5 — Uy COS Xg)

So(x,u) =
P2

The control goal can be achieved if we start from the initial position x5(0) = x6(0) = 0 and impose a symmetry of
control uy(f) = —up(¢). Then obviously x6(f) = —x5(¢), w,(¢) = 0, and the system (6)) can be reduced as follows:

X3 5 X4
3 2glm sinx3+2J, cos

X4 = glm S X3+2J/q Wa Uty X5 (7)
. P2

X5 u

The state variable x5 can be computed through the measurements of the signal ¢.;; however, since the offset e is
not known, the signal x3 can not be computed. Thus, we define the vector of measurements as

_ [X3 - e] ) (8)

s
_|9t3
Xs

fis
qc1 — 3

Then the control goal is to find a control law that stabilizes (7) at the origin using the measurements y. A com-
mon practice to stabilize a (sufficiently well-behaved) nonlinear system is to linearize the system around the desired
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equilibrium. For the system (7) such equilibrium is given by x = 0, u = 0. Let us define

0 10 0
A= | Y|, p= | e )
0 00 |

Then the linearization of (7)) around the origin is given by x = Ax + Bu,. It is tempting to use the state-feedback static
control
u = =K [y 2 n| = -Kx - ke, (10)

where K := [k1 ko k3] is the gain vector. The problem, however, is that the equilibrium point would be (A — BK )! Bke
[o0-4]"e.
Therefore, the stabilization goal |x] — 0 is not achieved under the control law (T0). In order to overcome the

nonzero steady-state bodies C! and C? angle problem, we add an integral action. To this end, we introduce an
auxiliary variable x, defined as X, := 0 — xs, where zero stays as the reference for xs. Then the extended state-space

model is
X _ A O3X1 X i B
| T [00=1[ 0 |[x|" [0 *

———— ——

A, B,
The pair A,, B, is controllable and we can design the extended control law
T T
u; :=-K, [}’1 X2 Y2 xe] =-K, [xT xe] — Ke,16, (11)

where K, € R4, Then the closed-loop dynamics is

|:;Ce] = (Ae - BeKe)[ ] - Beke,le,

X
Xe

and the equilibrium is

(Ae - BeKe)71 Beke’le = [O 0 O _ij:t]-r e

Thus, the state x converges to zero, while the integral action x, ensures the equilibrium offset compensation.

3.1. Experimental validation

The hardware for the tests{]_-] (shown in Fig.|2)) is assembled from off-the-shelf components. The hardware parameters
are summarized in the Table |l} A STM32F746 discovery board was chosen as the main computing unit. We have
chosen a small brushless motor to drive the wheel D, the frames C' and C? are actuated by Dynamixel MX106-R
servo motors. The inclination angle as well as the angular velocity of the body B are measured with an IMU.

We have implemented the control law (TI)), Fig. [3] provides the angle measurements y; and the corresponding
control signal u#;. The corresponding gain vector K, was chosen to be equal to [35,4,—1,0.3]. Note that after two
seconds of the experiment an external force was applied for a short period of time, and the system has successfully
recovered after that.

4. Conclusion

The main contribution of the paper is the model (6) simple enough for analysis on paper. We have validated the
model through a hardware implementation that achieves the stabilization goal ¢, = -7 — e,w, = 0,w;, = 0. Note
that, while the pendulum is stabilized in the unstable equilibrium position, the proposed control law does not allow
to control the angle g,. Straightforward linearization techniques fail when g, = 0 is added to the control goal; as a
further research direction, we intend to study the possibility of full control of the system state.

! We have filmed the experiment, the video is available here: https://youtu.be/4eYPoMViSac,


https://youtu.be/4eYPoMV1Sac
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0.4 T T : :
— — — -y, rad

02r 0.1-u, rad/s 1

Fig. 3. Angle measurement y; and corresponding control u.
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