N
N

N

HAL

open science

Lyapunov-based Consistent Discretisation of Stable
Homogeneous Systems

Tonametl Sanchez, Andrey Polyakov, Denis Efimov

» To cite this version:

Tonametl Sanchez, Andrey Polyakov, Denis Efimov. Lyapunov-based Consistent Discretisation of Stable Ho-
mogeneous Systems. International Journal of Robust and Nonlinear Control, 2020, {10.1002/rnc.5308). <hal-

02972714)

HAL Id: hal-02972714
https://inria.hal.science/hal-02972714v1

Submitted on 20 Oct 2020

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Au‘to':'lizition
HAL Authorization


https://inria.hal.science/hal-02972714v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Lyapunov-based Consistent Discretisation of
Stable Homogeneous Systems

Tonametl Sanchez!?, Andrey Polyakov!, and Denis Efimov!

nria, Univ. Lille, CNRS, UMR 9189 - CRIStAL, France
2IPICYT, Mexico

Abstract

In this paper we propose a discretisation scheme for asymptotically stable homo-
geneous systems. This scheme exploits the information provided by a homogeneous
Lyapunov function of the system. The main features of the scheme are: 1) the dis-
cretisation method is explicit and; 2) the discrete-time system preserves the asymptotic
stability, the convergence rate, and the Lyapunov function of the original continuous-
time system.

Keywords: Nonlinear systems; homogeneous systems; Lyapunov-based methods;
discrete-time systems.

1 Introduction

Homogeneous systems exhibit useful properties for analysis and design of control systems,
for example: they can be used to approximate nonlinear models by preserving important
nonlinear features of the original system [51, 25 B]; for the case of sliding-mode systems,
homogeneity allows to develop systematic procedures for control design [35] and stability
analysis [12]. Some additional interesting features of homogeneous systems are, the existence
of homogeneous Lyapunov functions [44] 39], and homogeneous controllers [30} 26, 48] 20],
the direct association of the homogeneity degree with the convergence rates |21} 27, [39], and
the intrinsic robustness properties to exogenous perturbations and delays [5l [16].

On the other hand, in the nowadays processes to design control systems, discretisation of
continuous-time models has become not only a usual but essential practice in many cases. It
is useful, for example, for computer simulation, for implementation in electronic devices, and
for the design of digital (or sampled-data) controllers [40, [I8]. However, the design of suitable
discretisation schemes is a very challenging task, in particular for sliding-mode systems due
to their discontinuous nature [13] [49] 34] 32, 2] 2§].

Unfortunately, unlike linear systems, nonlinear ones do not have (in general) an exact
discretisation. Nevertheless, it is expected that an approximate discretisation preserves the
most relevant features of the continuous-time system.



Although, there exist many methods to discretise nonlinear systems [23, 22, [I], it has
been proven that they can be generally unsuitable for homogeneous systems since they do
not preserve stability and convergence properties [I5]. For example: 1) for continuous-time
asymptotically stable homogeneous systems of positive degree, standard explicit discretisa-
tion methods can produce unbounded trajectories for large initial conditions [15, B7]; 2)
for continuous-time homogeneous systems of negative degree, whose origin is unstable, the
implicit Euler method can produce a discrete-time system with an asymptotically stable
origin [45]. These inconsistencies of the Euler discretisation can occur even when applied
to continuous-time linear systemsE] see, e.g. [9, Section 216]. The standard discretisa-
tion techniques become even more inappropriate when the continuous-time system does not
match the standard smoothness assumptions, for example for systems with sliding-mode con-
trollers [13| [37]. This has motivated several authors to study the properties of standard dis-
cretisation methods applied to homogeneous systems, ranging from particular systems [7, 29]
to more general cases [I5 14]. Also, new strategies with improved properties have been
designed to discretise homogeneous systems and sliding-mode controllers, e.g.: the implicit
discretisation of sliding mode controllers [13], [49]; the discrete-time realization of an arbitrary
order robust exact differentiator [31] based on a discrete-time redesign of the differentiator
through a nonlinear eigenvalue assignment; the method for finite-time and fixed-time stable
systems [42] based on a suitable coordinate transformation and implicit (or semi-implicit)
discretisation; the discrete-time realization of sliding-mode algorithms based on implicit dis-
cretisation of differential inclusions, see [2, 28] and the references therein.

In this paper we propose a procedure to discretise homogeneous systems whose origin is
asymptotically stableE] Our method relies on the information provided by a homogeneous
Lyapunov function. The main properties of the proposed discretisation scheme are the fol-
lowing;:

1. it preserves the Lyapunov function, i.e, the Lyapunov function of the continuous-time
system used for the discretisation is also a Lyapunov function for the discrete-time
system. Therefore, the origin of the obtained discrete-time system is Lyapunov stable.
Note that this feature automatically guarantees stabilityﬂ of the method, which is one
of the most important properties expected from any numerical procedure;

2. the discretisation is consistent in the sense described in [42], namely, the convergence
rate of the continuous-time trajectory is preserved by its discrete-time counterpart, e.g.,
if the origin of the continuous-time system is finite-time stable, then the origin of its
discrete-time approximation is finite-time stable as well. The same is guaranteed for
exponential and fixed-time stability;

3. the method can be used to discretise systems with a discontinuity at the origin, e.g.,
for the high-order sliding mode controllers known as quasi-continuous [36];

1Recall that if a continuous-time linear system is stable the explicit Euler discretisation can result unstable
(depending on the eigenvalues), while an unstable the implicit Euler discretisation of an unstable linear system
can be stable.

2Some of the results of this paper were briefly announced without proofs in [47].

3Here stability must be understood as the property of a numerical method to generate bounded solutions
if the solutions of the differential equation are bounded. This property is known as A-Stability for the case
of linear methods, see, e.g. [24, Section IV.3].



4. the discretisation is explicit, hence its implementation is simpler and requires less com-
putational power in comparison with implicit methods, e.g. [42];

5. the stability and consistency of the method are independent of the size of the discreti-
sation step.

Paper organization: In Section [2| the definition of homogeneity and some properties of
homogeneous systems are recalled. In that section we also state the problem to be solved in
the paper. In Section 3| we study the dynamics of a homogeneous system projected on the
unitary level set of the Lyapunov function. In Section [4| we describe the proposed discreti-
sation method for homogeneous systems. Some examples of the discretisation technique are
presented in Section [l In Section [6] we state some final remarks.

Notation: Real and integer numbers are denoted as R and Z, respectively. R, denotes
the set {x € R : z > 0} and R} = Ry \ {0}, analogously for the set Z. For z € R", |z|
denotes the Euclidean norm. For a continuous positive definite function V' : R* — R, we
denote the set Sy = {x € R" : V(x) = 1}. The set of strictly increasing continuous functions
n: Ry — Ry with n(0) = 0 is denoted by K.

2 Preliminaries and problem statement

In this section we recall some properties of homogeneous systems and give the statement of
the problem to be solved.
We consider the following continuous-time system

a(t) = f(x@), «(t) € R", (1)

where f : R" — R" is continuous on R™ \ {0} but can be discontinuous at the origin. In such
a case, the solution of the system is understood as the solution of its associated differential
inclusion & € B(x), where the set-valued map B is the Filippov regularisation of f given in
[17, p. 50], see also [43] and [, p. 6]. In this context, a solution of is defined as an
absolutely continuous function z : I' C R, — R™ such that it satisfies the inclusion & € B(z)
for almost all ¢ € T [17].

Under these assumptions on f, the Filippov regularisation satisfies all the conditions
required to guarantee the existence of solutions of [17]. Nonetheless, in this paper we
assume that for each z(0) € R™, the solution of (|1)) is unique in forward time for all ¢t € R,..

2.1 Homogeneity
Now, let us recall the definition of weighted homogeneity.

Definition 1 (Weighted homogeneity [30]). Let AY denote the family of dilations given by the
square diagonal matriz A* = diag(e™, ..., e™), wherer = [r1,...,r,)", 1, € R, and e € RY.
The components of r are called the weights of the coordinates. Thus:

(a) a function V : R™ — R is r-homogeneous of degree m € R if

V (Alz)=€"V(z), VreR" VeeR};
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(b) a vector field f : R™ — R", is r-homogeneous of degree u € R if
f(Alx) =€e'Af(x), VxeR" VecRl.

System is said to be r-homogeneous of degree p € R if its vector field f is r-
homogeneous of degree p. In the case f is r—homogeneous and discontinuous, its associated
Filippov differential inclusion preserves the homogeneity, see [39] for more details.

Now, we recall some properties of homogeneous systems. Suppose that is r—homoge-
neous of degree u, and V : R” — R is a differentiable r—homogeneous function of degree m.

Hence,

: oV (x)

V=), W)= - ), (2)
where the function W : R® — R is r—homogeneous of degree m + u. Note that if the origin
of is asymptotically stable, then there exists a continuously differentiable function which
is a strictﬂ Lyapunov function, and is r—homogeneous of some degree m € R%. Indeed,
the existence of such a Lyapunov function is guaranteed if the condition m > max;—; _,7;
holds [44, B9]. In such a case, W is positive definite, continuous for all x € R" \ {0}, and

there exists a € R% such that [27, 39

m+tp

m(x), (3)

14 < —aV
where the constant a can be given as follows

a= :UIGI}S'fV W(z). (4)
Note that the degree of homogeneity of W is strictly positive by restricting the degree of V
to m > —pu. An interesting consequence of is the estimation of the decreasing rate of V
along the solutions of (/1)) as stated in Lemma . Recall that the origin of is said to be
nearly fized-time stable’|if it is Lyapunov stable, and for any a € R’ there exists T'(a) € Ry
such that any solution z(¢; zo) of (1)) satisfies |z(t;2z0)| < a for all ¢ > T'(a) independently of
the initial condition x(0) = zo € R™ [42].

Lemma 1 (See, e.g. [21,27,39]). Let be r—homogeneous of degree i, with a differentiable
strict Lyapunov function V : R™ — R which is r—homogeneous of degree m. For all z(0) € R"
and all t € Ry, the following holds (with o as given in )

1. if p >0, then

V(x(0))
Via(t) < 2, 5)
(1 + ﬁaw(mm))t) ¢
i.e. the origin of s nearly fixed-time stable;
4In this paper we consider only strict Lyapunov functions, i.e. those such that 6‘375;) () < 0 for all

z € R™\ {0}.

°In some publications (see, e.g. [42]), this property was called practical fived-time stability or fized-time
convergence to a ball. However, these names are not appropriate for the considered stability property. Indeed,
the practical stability (or convergence to a ball) means the existence of some attractive set, while, in our
case, any neighbourhood of the origin is fixed-time attractive.
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2. if p =20, then
V(x(t)) < V(2(0)) exp(—at), (6)

i.e. the origin of s exponentially stable;
8. if u <0, then V(x(t)) < V(x(t)) where

Vo) = 4 (V7 0) = Srat) 7t < 2V @(0), 7)
0 t> oV (2(0)),

1.e. the origin of 1s finite-time stable.

From Lemma [I} we can see that for y < 0 the convergence time 7'(z(0)) to the origin
is such that T'(z(0)) < %V%( x(0)). On the other hand, for the cases 4 = 0 and p > 0,
the convergence time to the set {x € R" : V(z) < ¢} (with 0 < ¢ < V(x(0))) is such that
T(z(0)) < +1n (M) and T'(z(0)) < ﬁ, respectively.

2.2 Problem statement

As we mentioned in the introduction, we cannot have (in general) an exact discretisation for
a nonlinear system. However, it is expected that a suitable discretisation preserves important
properties of the solutions, for example, the convergence rates described in Lemma [1] Tt is
also expected that if a Lyapunov function is available, then it can be used to improve the
discretisation scheme. For the case of homogeneous systems, a homogeneous Lyapunov func-
tion provides the information about stability and convergence rates, as stated in Lemma
Hence, the problem to be solved in this paper is:

For systems given by , which are r—homogeneous of any degree i € R, and whose origin
15 asymptotically Lyapunov-stable, to construct explicit discretisation schemes such that the
obtained discrete-time system preserves the the asymptotic stability and the convergence rate
(in the sense of Lemma (1)) of the continuous-time system.

This problem is solved by exploiting the information provided by the homogeneous Lya-
punov function of the system, and by considering a homogeneous projection of the system’s
dynamics on the unitary level set of the Lyapunov function. Such a projection is uniquely
defined (see Section (3| for more details), so the original state of the system can always be
recovered from the projected state using the value of the Lyapunov function.

It is important to mention that there exist in the literature some discretisation techniques
based on Lyapunov functions and projections. However, even when they are able to preserve
the Lyapunov function for the discrete-time system, they cannot guarantee the preservation
of the convergence rates, see [19] and the references therein. In fact, an additional advantage
of our proposal (compared with the existent projection techniques) is that the projection is
explicit, therefore, it does not require that a system of algebraic equations must be solved in
each step.



3 Projected dynamics

In this section we develop the fundamentals for the discretisation scheme proposed in Sec-
tion Ml

Let be r—homogeneous of degree p, and V' : R®™ — R be a continuously differentiable
function, which is positive definite and r—homogeneous of degree m. Define the following
auxiliary variable

y:AV%(x)x, Ve e R™\ {0}. (8)

Note that is the homogeneous projection of x over the unitary level set of V', thus,
y € Sy for all x € R™\ {0}. Let us compute the dynamics of the auxiliary variable y. By
differentiating along we obtain

j=A (1= LV @G %) f (@), (9)

m (x)

where [ is the identity matrix, and G := diag(ry, ..., 7). From we see that © = A;L( )y,
m (T
thus, we rewrite @ as follows

;= A" _ Lyl r r v (z)
Yy = AV%(x)f(x) mV (x)Av%(x)GAv%(x)y Gy f(z),
2 Wi(x
= V(@) f(y) + Gy,
mtp
= VE@)f(y) + GGy,
therefore,
y=Vr(x)[fly) + 5 W(y)Gy]. (10)

Equation describes the dynamics projected on Sy. However, observe that we cannot
recover the trajectory of directly from the trajectory of because is not bijective.
To overcome this problem, we proceed to study the dynamics of V', i.e. the derivative of V

along . Thus, from and , we obtain

V= WAL )= VIR @W (). (1)

Now, define the function v : R, — R, such that it satisfies the scalar differential equation

(cf. )

m+tp

0(t) = v (W (2(1)), (12)
with the function z : Ry — R™ being the solution of the system (cf. (L0))
H(t) = v (O [F(=(0) + W (2(0)G=(1)] (13)

From these developments we are ready to state the main results of this section. First, we
verify that Sy is a positively invariant set for the trajectories of .

Lemma 2. Consider with z(0) € Sy, and any continuous function v : Ry — R.

1. If 1 > 0, then z(t) € Sy for allt € R;.



2. If p < 0 and v(t) # 0 for all t € [0,T) for some T € R, then z(t) € Sy for all
tel0,7).

Proof. To verify the positive invariance of Sy, let us compute the derivative of V(z) along
the trajectories of , thus

V(z(t) = vm () [ 252 £ (2) + LW (2) Gz .

If (for 1« > 0) v(t) = 0 then V(2(t)) = 0. Thus, without loss of generality, we assume that
v(t) # 0 (analogously we assume W (z) # 0, since a‘g—f)f(z) = —W(z)). According to the
equalityﬁ

W Gr =mV(z), (14)

we obtain

V(z(t) = om (O)W(z)[ -1+ V(z)].
Hence V(2(t)) = 0 if and only if V/(2(¢)) = 1.

Now, we give a useful result about a solution representation of .
Lemma 3. Let and V' be as in Lemma .

1. For allt € Ry, and any initial condition v(0) € Ry, the function v : Ry — R, given
by

v(t) = v(0) exp(—WO(t)) : for p=0, (15a)

v(t) = v(0) , foru>0, (15b)

(14-%v%anw@@»

=[3

with Wo(t) == [ W(z(r))dr, satisfies (12).

0

2. For any initial condition v(0) € RY , there exists ©(v(0)) € R such that the function
v:Ry — Ry given by

o(t) = <U(0)% B %Wo(t»:t’ %LVT/OU) < U(O)i , forpu <O, (15¢)

satisfies (12)) with v(t) > 0 for all t € [0,0(v(0))), and v(t) — 0 as t — O(v(0)).

Proof. The result is obtained by direct integration of . Nevertheless, we want to clarify
a detail for the second part of the lemma. Since W (z) > 0 for all z € Sy, then v(-) in
is strictly decreasing to zero, hence, for each v(0) € R* there exists a maximal ©(v(0)) € R*
such that Wy (t) < v(0)% for all t € [0,0(v(0))). Note that, [0,0(v(0))) is the time interval
for which the right-hand side of is well-defined. m

6This equality is known as the Euler’s theorem for homogeneous functions, see, e.g. [4, Proposition 5.4].



Note that the function v given in — is continuous for all ¢ € R,. Also note
that v as given in is continuous and v(t) # 0 for v(0) € R and for all ¢ € [0,0(v(0)).
Therefore, — have the properties required for the function v in Lemma [2| for each
case of p. We finalise this section with the statement of the fundamental results for the
discretisation method described in Section [l

Theorem 1. Let be r—homogeneous of degree p, and V : R™ — R be a continuously
differentiable strict Lyapunov function which is r—homogeneous of degree m. Define ( =
v, 2"" € Z, Z =R x Sy. Consider on R"\ {0} and (12)-(13) on Z. The solutions of
and the solutions of (12))-(13)) are equivalent with the homeomorphism ® : R™\ {0} — Z

given by
V(x)
s |-

b(a)=| pr (16)
V= m (x)

Proof. Since V is continuous, we can see that ® is continuous with a continuous inverse
o~':Z — R"\ {0} given by

PN =A", 2. (17)
The rest of the proof is straightforward by noting that ((t) = ®(z(t)) satisfies (12)-(L3) and
z(t) = P(((t)) satisfies (I)). O
Corollary 1. Let be r—homogeneous of degree i, and V : R* — R be a continuously
differentiable Lyapunov function which is r—homogeneous of degree m. Let v and z be solu-

tions of (12), (13), respectively, with initial conditions v(0) = V (z(0)), z(0) = Ar;l(o)x(O),
for any x(0) € R™\ {0}.
1. If p >0, then the function x : Ry — R™ given by

z(t) = AZ%(t)Z(t) , (18a)

18 solution of forallt e R,.
2. If pn <0, the function x : R, — R"™ given by

A, (0, t<O),
x(t)_{ 0. 1> ewo). (150

(with © as given in Lemma@ 1s solution of forallt e R,.

4 Discretisation scheme

The main idea of the discretisation scheme comes from the developments of Section [3, and it
can be intuitively introduced as follows: Since describes the dynamics of projected on
Sy, and v (as given in Lemma describes the decreasing behaviour of V' along the solutions
of , the idea is to obtain a numerical solutionm of on Sy, and expand its values to R"
by using and a discretisation of v.

"We mean by numerical solution a sequence {z}rez, such that zo = z(0), and for some h € RY, 2
approximates z(kh).



Remark 1. Although, a numerical solution of can be obtained by different techniques,
we restrict ourselves in this paper to the explicit (also known as forward) FEuler method.

To construct the discretisation of v, we see from Lemma [3| that for any h € R,

A

v(t+h) =v(t)exp(— W(t)), for p =0, (19a)
v(t+h) = o() - = for p >0, (19b)
y+ﬁvi@nvu»“
(1) — =N S ug Tu
e =] (FO=SEW@O)T WO 0T g g
0’ %W@ 2 Uﬁ(t%
where W (t) := tt+h W (z(7))dr. Thus, for the discretisation of v we only have to define a

discrete-time approximation of W(t) For example, by using the forward Euler method with
an integration step h, we obtain the discrete-time approximation vy € R to v(kh) given by

Vpy1 = U exp< — W(zk)h> , for u =0, (20a)
Vpy1 = :Jk = for u >0, (20b)
(1+ Lopw(zhn)
o —phyy )‘W}“‘ —ehyy K
Vpy1 = (Uk m W) 5 SEW (@) < ka T o for p <0, (20c)
0, _T’WW(zk) >0,

for all k € Z,. The vector 2z, € R" is the discrete-time approximation to z(kh) given by

v .
21 =N Ze
Vm (Zg41) ’

23
Zpig =4k + ho” (f(Zk) + %W(zk)sz), Vpq1 > 0, (21)
' “k Vg1 = 0
) +1 = .

ﬁ
Note that in and for the case p > 0, Z41 simplifies to Zp 11 = 2z + hol" (f(zk) +
%W(zk)sz) Observe that can be seen as the explicit Euler discretisation of (L3)),
including a scaling factor given by A" _, . This scaling is necessary to guarantee that

Ve (Zuq1)
2z, € Sy for all k € Z,, nonetheless, it is also necessary that Z,yq # 0, thus we require the
following assumption.
Assumption 1. Consider (1) and V' as in Theorem . For all z € Sy and all T € RY,
2+ 7(f(2) + TW(2)Gz) £0.

In the following we state some conditions to verify Assumption [I}

Claim 1. 1. Assumption holds if and only if for all z € Sy such that a\g_iz) z =0 we
have that 2" F(z) > 0, where F(z) := f(z) + =W (z)Gz.

2. Assumption[1] holds in any of the following cases:

9



(a) (W Z#Ofor all z € Sy;
(b) the set {z € R™ : V(z) <1} is convex.

Proof. 1. Observe that, if there exist 7 € RY and 2z € Sy such that z + 7F(2) = 0, then the

vector F'(z) is necessarily collinear to z. This holds if and only if there exists w € R™ \ {0}
which is orthogonal to both F(z) and z. Note that the vector w, given by w' = 8‘3—22), is
orthogonal to F'(z) since w' F(z) = 8;—9]”(,2)—1—%14/(2)8?—9(}2 = —W(z)+=W(z)mV(z) =0
(We have used for these equalities). On the other hand, w is orthogonal to z if and only

if w'z = ax{;(;) = 0. Hence, we conclude that 2+ T7F(z) # 0 for all z € Sy and all 7 € RY.

if and only if for all z € Sy such that 2 )z = 0 we have that 2" F(2) > 0 (ie. F(2)
and z have the same direction). 2. From the prev10us analysis it is clear that a sufficient
condition to guarantee Assumptlon I is that X&) - # 0 for all z € Sy, which is satisfied,

for example, if the function z — 8‘(;( 2 2 s p051tlve definite. Item (b) is proven as follows.

If the set {z € R™ : V(z) < 1} is convex, then homogeneity of V' guarantees that the sets
{z € R : V(z) < a} are convex for all @ € R*. Thus, function V is quasi-convex (see,
e.g. [0, Section 3.4.1]). Moreover, since V' is positive definite, z = 0 is a global minimum.
Hence, V is a pseudo-convex function (see, e.g. [11, Lemma 2.1]), therefore (by definition of

pseudo-convexity), 8V( ) 2> 0 for all z € Sy, see also [38, p. 40]. ]

Now, we can state the main result of this section.

Theorem 2. Let be r—homogeneous of degree p with a strict Lyapunov function V :
R™ — R, which is continuously differentiable and r—homogeneous of degree m. Suppose that
Assumptz'on holds. Consider the discrete-time approrimation of given by

ATy zggr, xp #0,
Trpr = Y(a) = ¢ ke, (22)
O, T = 0,
where vpy 1 and ziy1 are given by and , respectively, with vy = V(xy), 2z, =
A:/;l( )xk, and xo = x(0). Then V is a Lyapunov function of , and for all h € R%. and
m (T
all z(0) € R™\ {0}, z, — 0 as k — oo. Moreover (with o as given in ({)):

1. if p =0, then
V(zg) < V(zg) exp(—ahk), VkeZ,,

i.e. the origin of 15 exponentially stable;

2. if u >0, then
V (@o)

(1 + %v%(xo)ah@ "
1.e. the origin of is nearly fized-time stable;

V(xk) S ) VEk e Z-i—a

8. if i< 0, then V(xy) < V(xy) for all k € Z,, where

P = | (V700 = Sramk) 7 k< iV = o)
0, k> Vo (o),

10



Projection to. Sy, \

Expansion
with v,

Continuous-time solution

0

Figure 1: Graphical interpretation of one step of the discretisation scheme.

1.e. the origin of 18 finite-time stable.

Proof. A one-step graphical interpretation of the discretisation scheme is shown in Fig.
Since W (x) > 0 for all z € Sy, and 2z, € Sy, we see from that vy, is strictly decreasing
to zero, thus, from it is straightforward that z;, — 0 as k — oc.

Now, to obtain the convergence rates, we consider whose solution is given by

Uk:voexp(—hWk), for p =20,

Vo
Vg = = for p >0,
n

1+ ﬁvoﬁhWk
(1t it

m

(00" = S2Wa) ™", W <oy,
v = m m g for p <0,

0, _WWVNVIC > vy,
where W, := z;:& W(z;). Now, since z;, € Sy for all k € Z,, we can use (4)) to obtain

v < v exp( — hka) , for u =0, (23a)

v < il _. for 1> 0, (23b)

(1 + g hk:a) "

m
— K

K
m _ H m
(v0" — 5Ehka) ™, k< =Bt

m_
0, k> — a0

v < for 41 < 0. (23c)

On the other hand, note from that (by using homogeneity of V' and the fact that
Viz) = 1),
V(l‘k) = V(Ar% Zk) = UkV(Zk) = Vg . (24)
Yk
Thus, v, = V(zy) for all k € Z,. By substituting this equality in we obtain the three
inequalities of the theorem. O

11



Remark 2. Observe that Theorem [] describes the main properties of the proposed method:
1) the discretisation is consistent in the sense that the stability and the convergence rate of
the continuous-time solution is preserved; 2) the Lyapunov function from the continuous-time
system is preserved, i.e., it is also a Lyapunov function for the discrete-time approximating
system; 3) the discretisation scheme is explicit.

Remark 3. It is known that implicit discretisation methods have proven to be advantageous in
contrast to standard explicit ones, e.qg., for solving stiff problems [24]. However, a drawback of
implicit methods is that the next step value depends on the solution to a (generally nonlinear)
equation [9, p. 96], [23, p. 206]. This disadvantage is overcome in several special cases, where
such an equation can be solved explicitly or by means of relatively simple numerical methods,
e.g., linear systems, and systems with sliding mode controllers [13, [2]. Unfortunately, for
the general nonlinear case, solving the implicit equations is not a simple taslsﬂ. In contrast,
no system of nonlinear equations must be solved for the explicit schemes. In this sense,
explicit methods are generally easier to implement than implicit ones. Thus, explicitness of
the proposed approach may constitute an advantage if we note that we have it in addition to
the useful properties highlighted in Remark [9

Numerical convergence to the solutions

Consider and its solution z : [0,a] — R™ for some constant a € R*. Assume that the
discretisation step h is given by h = a/N, with N € Z7 , thus h — 0 as N — oc.

A fundamental requirement for any discretisation method is that the step-function t —
Z(t) := xy, t € [kh, (k+ 1)h) with {z) }1_, generated by this method converges uniformly on
[0, a] to the solution = as the step size h tends to zero (equivalently, as N tends to infinity).

Thus, the standard technique to verify convergence is to confirm that the global truncation
erroi’| tends to zero as the step tends to zero. This task can be reduced to verify the existence
of a function n € K such that the local truncation errofV| E(t+h) := x(t + h) — 2541 satisfies
(see, e.g. [50] and [23, pp. 37 and 159)])

[E(t+h)| < hn(h).

In this section we verify this local truncation error estimate to guarantee the convergence of
the proposed discretisation method. Observe that in view of Theorem [I, we only have to
prove that v, and 2, do converge to v and z, respectively. Thus, we only need to study the
local truncation errors of v, and zj.

8For example, consider the implicit Euler discretisation of given by zr+1 = zk + hf(zg41), which
requires solving at each step the system of n nonlinear equations (in n variables xyy1) H(zk41) =
Zp+1 — hf(xp41) — 2 = 0. Choosing an algorithm to solve such an equation is already an issue due to
the large amount of available methods and their variations, see, e.g. [41]. Unfortunately, this is not the only
disadvantage: most of the methods impose some smoothness restrictions on H (e.g. methods based on Jaco-
bian Matrix), and usually require a good initial approzimation for xp,1 to guarantee convergence [8, Chapter
10] (this is an important problem of optimization-based methods, which use Trust-Region algorithms [10]).

9The global truncation error is the accumulation of the errors made at each step in a given compact
interval [0, al, see, e.g. [33] or [23 p. 159].

10The local truncation error is the one-step error computed by assuming that E(t) = 0, i.e. x(t) = xy.
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Theorem 3. Assume that the hypotheses of Theorem[3 hold with v(t) = vy and z(t) = 2z for
some t € Ry. Assume also that min{V (x(t + h)),ve41} > b for some b € RY.. Then, there

exist functions n,,n. € K such that in ([20)), (21):
[EY(t+ h)| == [v(t + h) — k4| < hnu(h), (25)
|EZ(t + h)| = [2(t + h) — 2k < hne(h). (26)

For the proof of Theorem |3| we require the following lemma (the i-th element of the vector
Zr is denoted as Z}).

Lemma 4. Consider . Given H € R, under the assumptions of Theorem@ there exist
constants 7;,7, € RY. such that v, < |2, 1| <% for allh < H and alli=1,...,n.

Proof. The existence of 7, is guaranteed by Assumption . On the other hand, from we
can see that for every ¢t =1,...,n,

~i £ = 1 =

|Zeg1| < G+ hop (fi + EOﬁ“iQ) )
where

fi=sup |fi(z)], ¢ =suplz|, a=sup|W().

zESy zeSy zESy

Now, since vy, is decreasing, the hypotheses of the lemma ensure that
T = G+ Hop (fo+ 2ariG), for p>0,
7, =G +Hbﬁ(ﬁ-—|— Lar;), forp<0.

Proof of Theorem [3

First let us study EY given by . From and we have that (denoting EY =
E¥(t+h))

|E¥| < v(t)|exp (- W(t)) —exp (— W(z)h)]|, for p =0,
[B*] < o(t)| (1+ Evm (W () % = (14 £o% (W (a)h) #|,  for >0,
E°| < v(t)‘ (1= ZEof (W) % — (1= Lok (W (z)h) # |, for p<0,

where W (t) := tt+h W (z(1))dr. Note that we have used the hypothesis v(t) = v. Let us

rewrite these inequalities as follows

) lexp (— W(t)) —exp (— W(z)h)|

|EY| < ho(t ; : for p =0,
(1L Zok@W(0) 7% = (L4 Lok (W (2)h) % |

|EY| < ho(t) - , forpu>0,
(1= 2o OW ()5 — (1= 2ok (W (2)h)

|EY| < ho(t) r , for u<0.



Since W is continuous for all z € R™ \ {0} and z(t) = z, it is clear (e.g. by using the
L’Hopital’s rule) that

A

‘ exp (— W(t)) —exp (- hW(zk))|

lim — Y,
h—0 h
(L Zom W) = (1+ Lok (W (z)h)
hm = 07
h—0 h
(1 S OW ) — (1 kW (n) %
i h =0

Observe that W (z) is positive and bounded for all z € Sy, therefore, (for each case of )
there exists a function 7, € I (which does not depend on z; € Sy) such that

ex — W t — eX — hW Zk
| exp ( (1)) - D () < y(h), for p=0,
(L 20RO ()" = (L+ Zok W () ¢ |
, < 7u(h), for p >0,
(1 ok 0) - (- ok OW R S|
. < ny(h), for p <0

Thus, the result is obtained by taking 1, (k) = v(t)7,(h).
Now, we study E* given by (26). Observe from (21) that E*(t + h) = z(t + h) —
AT, Zit1, and this equation can be rewritten as E*(t 4+ h) = z(t + h) — Zp1 + (1 —

Vm (Zg41)

A" )5k+1- Hence, for ¢« = 1,...,n, we have that
Vo (241
Bi(t+h) = 2t + h) = Zy + (1= V7 (Bin)) B (27)
Since z(t + h) € Sy, the term 1 — V=" in can be rewritten as follows
=i, 1 i 1 i 7
L=V (Zn) = o (V7 (B1) = 1) = (V7 (Za) =V (2(t + 1))
7 (Z41) Vi (Z41)

From Lemma , and for any H € R%, we can assure that there exist constants d;,d, € R
such that dy < V(Zxy1) < dy forall h < H. Hence,E|

[V (Ze) = Vo (2(t + h)| < LilV(Gia) = V(z(t + h)| < LiLy|Zh1 — 2(t + h)
for some constants L;, L, € RY. Thus, we obtain ‘1 — V_?”(ékﬂ)} < ci|2k+1 —z(t+ h)‘ with

—r.

C = dlﬁ L;L,. Hence, we can bound as follows
[E7(t+ 1] < |2t + ) = Zp| + cil B — 2(E + )| B
< |Zra1 — 2(t+ h)| + Ci‘ékﬂ —z(t+ h)HE,iH ,
< (14 il Zega]) | Zorr — 2(t + B)|,
<Glok —2(E+h)|, @ =1+c7;, (28)

9

Since [dy,d2] C R is compact and dy > 0, the function g : [di,d>] C R% — R given by g(V) = Vo is
Lipschitz continuous. Also, z; and z belong to a compact subset of R on which V' is Lipschitz continuous.
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with 7, as given in Lemma To analyse the term ‘zkﬂ —z(t + h } define F( ) = f(z) +
LW (2)Gz. Thus, from and (21) we have that z(t + h) = z(t) + ft+h m (T)F(2(7)) dr

and Zp1 = zp + ho" F (zk), respectively. By the Taylor’s theorem, there ex1sts a function
h + R(z(t), h) such that z(t + h) = z(t) +vm () F(2(t))h + R(2(t), h), and +R(=(t),h) — 0
as h — 0. Since z; = 2(t) and v, = v(t),

|Zkp1 — 2(t+ h)| = ‘zk + hv,?F(zk) — 2(t) —vm () F(2(t))h — R(2(t), h)‘ ,

R(z(t), h) ‘ ‘ R(z(t), h)
h ’ h

Therefore, from and we conclude that there exist ¢ € R% and 7, € K such that

lim
h—0

— [R(=(t), )] = =0, (29)

B (4 )| < hna(h), ma(h) = ¢

5 Examples

In this section we illustrate the proposed discretisation method with three different systems.
One of them being continuous and with the property of fixed-time to-a-ball convergence.
The second and the third ones being discontinuous at the origin and with the property of
finite-time stability.

5.1 Example 1

For this example we consider the following system
1= —ki[m1]? a5, @ = —ko[m]?, (30)

which is r—homogeneous of degree = 1 with r = [2,3]". Consider the function V : R> — R
given by . .
V(z) = 2ki|a1|2 — w20 + 2aass .

This functionH is r—homogeneous of degree m = 5, and it can be proven that for any k; € R,
there exist o, ko € RY such that V' is a Lyapunov function for . Then, the origin of is
nearly fixed-time stable. It is important to mention that the standard explicit Euler method
is not suitable to discretise since it produces unbounded trajectories for large initial
conditions [37, [15].

In this case we obtain W(z) = (k [21]% — m2)2 + ko (afz 2 [2a]3 — |2 ). We consider
the parameters: k; = 2, k; = 1, and o = 2. Note that the function given by V(w)x is positive
definite. Therefore, Assumptlon [ holds and we can use the discretisation method described

12This Lyapunov function was obtained by using the design method proposed in [46].
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Figure 2: Norm of the states of the discrete-time approximation of for different initial
conditions.

Thus, the discrete-time approximation to the solution of is given by

2 3 ) 5
2 3 ) L 2, 3, ~
Vi, vk+1)zk+1, with 21 = d1ag<V 5(Zkt1), V75 (Zkt1) ) Zhat,s

in Theorem .

Ty = diag
Uk

(1+ gv,évv(zk))s ’

Vg+1 =

20W (21) — ka[2]7 + 22 ]

1
2 = Z + h'Ug ¥ ) Z =
k1 = Zk R9(2),  g(z) [ 2W (21) — ko[ 2]

where z; denotes the i-th component of the vector z; = A* , zy, and vy = V().

We simulate the system 1.2 seconds by using 12000 stkeps, i.e. with a step length h =
0.0001, for the different initial conditions x2(0) = 0 and z1(0) = 107 with ¢ = 3,4,...,9. The
norm of the system’s states is shown in the logarithmic plot in Fig. 2] there we can appreciate
the fixed-time convergence to the ball {z € R? : |z| < 100}.

5.2 Example 2

In this second example we consider a simple scalar system
&= —pFsign(z)+9, [BeR,, (31)

whose vector field is discontinuous at the origin. The disturbance ¢ is a Lebesgue-measurable
function such that ess sup,ep, [6(t)| < 8. The origin of is asymptotically stable and the
trajectories converge to zero in a finite time for all 3 > 6. We use in this example three
schemes to discretise . The first one is the explicit Euler discretisation given by

Thy1 = 11, — hBsign(xy) + hoy, (32)

where §;, = §(hk), and h € R, is the discretisation step. On the other hand, the implicit
Euler discretisation is given by 1 = xx — hfsign(zyy1) + hdxs1, whose explicit description
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is given by (see, e.g., [13] 2])

P B hfBsign(zk) + hopsr, |z > h(B — driasign(ar)), (33)
k1 0, |z < h(B — dprasign(zy)).

Now, observe that is r—homogeneous of degree y = —1 withr = 1. Moreover, V : R — R
given by V(z) = 2? is a (r—homogeneous of degree m = 2) Lyapunov function for (31]).
Since the function given by aV( IR positive definite, Assumption (1| holds. Thus, for the
undisturbed case, i.e. §(t) =0, We can directly use the Lyapunov-based discretisation method
described in Theorem However, is a non-autonomous equation in presence of the
disturbance 4(t). Fortunately, the Lyapunov-based discretisation scheme is still useful for
this case. Observe (for the disturbed case) that V = —W (z,t), where W (z,t) := 2[5 —
d(t)sign(z)]|x| is r—homogeneous of degree 1 in the variable x. Thus, all the developments
displayed in Section [3]still hold for this case. Now, for the results in Section[d], we only have to
note that in (19) the function W is given by W (t) := e W(z( ), 7) d7. Hence, the forward-

t
Euler approximation of W (used to obtain (20))) is glven by Wy := 2h[B—0ysign(z)]|z|. From

Theorem [2| we have that z, = A* ., 1z, =V~ (xk)xk, thus 2z, = xp/|zk| = sign(zg) and

m (zy,
|zi| = 1. Tt can also be verified from (21)) that sign(zj1) = sign(z;). Thus, the discrete-time
approximation to the solution of is given by

(vor — h[B — 5ksign(xk)])2, v > h2[B — Opsign(z)]?,
0, v, < h2[B — dpsign(zp)]?.
(34)

Tpy1 = /Ukp18ign(xy),  Vkgr = {

with vy = V(2(0)).

For the simulations we consider the parameters § = 3, h = 0.1, and the initial condition
z(0) = 5. Fig. |3| shows the simulation with the three schemes , , and , for the
undisturbed case, i.e., 6(t) = 0. Note that, the explicit Euler discretisation exhibits numerical
chattering in steady state, while the solutions with the implicit Euler and the Lyapunov-based
methods converge exactly in finite-time to the origin. Fig. [4] shows the simulation with the
three schemes (32)), (33), and (34)), for the case with §(¢) = 1/2+2 cos(10¢). Note that, again,
the explicit Euler discretisation exhibits a steady state oscillation produced by the effect of
the disturbance and the numerical chattering. In contrast, the solutions with the implicit
Euler and the Lyapunov-based methods converge exactly in finite-time to the origin despite
the disturbance.

Remark 4. From Theorem[q we have that v, = V (). Hence, we can rewrite as follows
(recall that V(z) = x?)

ka:{ (\/ (xg) — h[B — (5k81gn(:ck)]> sign(zy), V(zy
(

> (h[B — drsign(zy)])?,
< (h[B — drsign(zy)])?,

<

Ty

)
)
| @, — hpsign(zy) + hoy, |xk| > h[S — dpsign(xy)],
N { 0, 2| < h[B — drsign(a)). (35)

Observe that for 6(t) =0, (35)) coincides with . Hence, for the undisturbed case of ,
the implicit discretisation 1s a particular case of the Lyapunov-based discretisation from
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aF — Expli‘cit Euler |
X 2 -_‘_‘_‘_‘_‘_‘_‘_‘_"‘-\—._‘_‘_‘_‘- |
0 1 1 1
6 T T T T
4t = Implicit Euler |
X 2 -_‘_‘_‘_‘_‘_‘_‘_‘_‘_‘_‘_‘_"‘-\—k |
0 1 1 1
6 T T T T T
al = Lyapunov |
. __‘-‘-‘_""\-\_._‘_‘_‘_‘_‘_‘_‘-“ |
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0 0.5 1 1.5 2 2.5 3 3.5 4

Figure 3: Discrete-time approximation of with three different schemes for 6(¢) = 0.

2 r ‘ ‘ ‘ ‘ — Expl{cit Euler |
o f‘-‘-‘\“-\_‘\‘_‘-‘\ i

0 ; ‘ ; e e et

6 T T T T T T

af = Implicit Euler |

0 1 1 1 1

6 T T T T T T

4l —— Lyapunov i
o ,_‘-‘-‘\‘-‘-\_‘\‘_‘-‘\ i

0 1 1 1 1 1 1 1

0 0.5 1 1.5 2 2.5 3 3.5 4

Figure 4: Discrete-time approximation of with three different schemes for §(t) = 1/2 +
2 cos(10t).
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Theorem @ by considering the Lyapunov function V(x) = z%. Now, for the disturbed case,
the right-hand side of only differs from in depending on 0y instead of Opy1. This
difference produces an interesting consequence: as stated in [2], does not coincide with
the zero-order-hold discretisation method, in contrast, possesses this feature.

5.3 Example 3

In this third example we consider the controlled double integrator

T + kQ [$2J2

-k 36
1‘$1|+7€2|$2|2’ (36)

iy =19, dp=u(z), u(r)=
where the controller u belongs to the class of high-order sliding-mode controllers known as
quasi-continuous [36]. This controller is only discontinuous at the origin. The closed-loop

system is r—homogeneous of degree 1 = —1 with r = [2,1]". We consider the function
V :R? — R given by

3
V(.Z') = %O&‘l‘ﬂ? + 2129 + %kQ‘xQP , (37)
which is r—homogeneous of degree m = 3. For this case we have that W (x) = k; % —

a(mlj%xg — 3. It can be proven that for any k, € R* there exist a, k1 € R* such that V
is a Lyapunov function for . Then, the origin of is asymptotically stable and the
trajectories converge to zero in a finite time.

In this example we consider (;c‘l/l(e)parameters ki = 2, ko = 2, and a = 4, which are

such that the function given by =5-~x is positive definite. Therefore, Assumption |1| holds

and we can use the discretisation method described in Theorem [2| ,Thus, the discrete-
time approximation to the solution of is given by xy.1 = diag( v} 1 vP +1> Zk+1, With

Zpp1 = diag(‘/_%(ikﬂ), V_%(§k+1))2k+1»

1 3 1
<v,§ - %W(z@) . hW (z) < 3vg,
Uk+1 = 1
0, AW () > 3vg,
N 5 220W () + 22
3 _ 2k + hv,j’ g(Zk), Vg1 > 0, ) = |: 3%k k k 7
- { 2k, Vg1 = 0, 9(z) s W () + u(zr)

where zi denotes the i-th component of the vector zx = A* , x4, and v, = V(zi). We
v m

simulate 10 seconds with a step h = 0.01, and the initial conditions 21(0) = 0, 22(0) = 3.
Fig. |p| shows the transient of the system’s states converging to the origin. Nonetheless, in
Fig. [6] we can see the exact finite-time convergence of the system’s states to the origin.
Observe that this exact convergence to zero is achieved by the discretisation method, which
is explicit. This contrasts with the standard explicit Euler method, which produces a steady-
state oscillation around the origin [I5]. Now, the controller u(x) is discontinuous at x = 0. In
order to visualize the behaviour of u along the discrete-time solution xj we define u(x) =0
for x;, = 0. In Fig. 7| we can see the signal u(z)) which is bounded, and continuous except at
the point the solutions reach the origin.
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Figure 5: Discrete-time approximation of .

-3

3x1O

72 725 73 735 74 745 75 755 76
hk

Figure 6: Close-up of the discrete-time approximation of .
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Figure 7: Control signal of the discrete-time approximation of .
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6 Conclusion

In this paper we proposed a discretisation scheme for asymptotically stable homogeneous
systems that preserves the stability and the convergence rate of the continuous-time system.
The key ingredient of the method is the exploitation of the information provided by the
Lyapunov function. It is important to mention that the proposed methodology does not
restrict the discretisation of the projected dynamics to the explicit Euler method. Hence, a
different technique could be used in such a process to obtain a different discretisation scheme,
but preserving the main properties proven in this paper. One advantageous feature of the
technique is that the discretisation and projection procedures are explicit, thus, no algebraic
system has to be solved in each iteration.

Some interesting future developments include: the extension of the methodology to sys-
tems with discontinuities outside of the origin; study of different schemes obtained by mod-
ifying the discretisation technique for the projected dynamics; application of the proposed
discretisation method to design sampled-data controllers.
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