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STABILIZATION FOR A PERTURBED CHAIN OF INTEGRATORS IN
PRESCRIBED TIME

YACINE CHITOUR, ROSANE USHIROBIRA AND HASSAN BOUHEMOU

ABSTRACT. In this paper, we consider issues relative to prescribed time stabilisation of a
chain of integrators of arbitrary length, either pure (i.e., where there is no disturbance) or
perturbed. In a first part, we revisit the proportional navigation feedback (PNF) approach
and we show that it can be appropriately recasted within the framework of time-varying ho-
mogeneity. As a first consequence, we recover all previously obtained results on PNF with
simpler arguments. We then apply sliding mode inspired feedbacks to achieve prescribed sta-
bilisation with uniformly bounded gains. However, all these feedbacks are robust to matched
uncertainties only. In a second part, we provide a feedback law yet inspired by sliding mode
which not only stabilises the pure chain of integrators in prescribed time but also exhibits
some robustness in the presence of measurement noise and unmatched uncertainties.

1. INTRODUCTION

In this paper, we consider the following problem: for n positive integer and T' positive real
number, the perturbed chain of integrators is the control system given by

(1) () = Jpa(t) + (d(t) + b(t)u(t)) en, tel0,T), z(t)eR" wu(t)eR

where (e;)1<i<n denotes the canonical basis of R™, J,, denotes the n-th Jordan block (i.e.,
Jnei = e;—1 for 1 < i < n with the convention eq = 0), d(-) and b(-) denote respectively a
matched uncertainty and the uncertainty on the control respectively. Moreover we assume that
there exists b > 0 such that

2) b(t) >b, Vtel0,T).

Our goal consists in designing a feedback control u that renders the system fixed-time input-
to-state stable in any time T' > 0 (prescribed-time stabilisation) and possibly convergent to zero
(PTHISS+C) (cf. [18], and Definition |2| given below). Note also that one may ask robustness
properties in the presence of noise measurement d;, for instance, if the feedback control  is static,
it takes the form u = F(x + d;)) and unmatched uncertainty ds, i.e., & = J,x + (d + bu)e, + da.
Here, the feedback law F(x) stabilises the n-th order pure chain of integrators.

It is clearly more difficult to address the issue of prescribed time stabilisation rather than the
issue of finite time stabilisation, cf [20] [1, 15, 21]. In missile guidance [22] and other applications,
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the issue of prescribed time stabilisation has a long history and two main approaches for solving
this problem have been considered: (a) proportional navigation feedback (PNF), which is a
feedback linear in the state x and with time-varying gains blowing up to infinity towards the
prescribed fixed time; (b) optimal control with a terminal constraint, where the dependency of
the gains with respect to the state is implicit. Stemming from the PNF design for second order
chains of integrators, a general approach is proposed in [I§] for n-th order perturbed chains of
integrators, i.e., in (I)). The feedback law has the form u(t) = KT Py(75)(x(t) + Pa(75),
where P; and P, are polynomials (either matrix or real valued) and the vector K must be
chosen in a rather involved way. The first term in the feedback is definitely of PNF type but
the second one is only necessary for the convergence argument and does not appear for second
order models for instance. Anyway, the controller in [I8] does tend to zero as t tends to T even
though the gains blow up and it exhibits excellent robustness properties in the case of matched
uncertainties. However, the authors only suggest that it behaves poorly in case of measurement
noise or unmatched uncertainties and also claim that all known techniques (including theirs) do
not work in case of unmatched uncertainties. Finally, due to the rather complicated stability
analysis as well as the involved construction of the feedback, it is not clear how to measure
quantitatively the limitations of that feedback (see Section 3.2 in [I8]) and to possibly improve
its results.

The first part of the present paper aims at revisiting PNF design with a new perspective.
We show that it can be naturally seen as a particular instance of weighted-homogeneous control
systems (cf. [I7] for instance) with the usual homogeneity coefficient not anymore constant but
being equal to an appropriate time-varying function. Indeed, recall that a PNF has the form

i kil'i(t)

3 =S U0y e ),

( ) UPNF( ) ; (T — t)n_H_l [ )

where K = (k1,--- ,kn) € R™. Let r = (n — i + 1)1<i<p be the weight vector and set, for A > 0,
D% to be the diagonal matrix made of the A"~""1’s. Rewriting upyr(t) = KTDK(t)x(t) with
A(t) = 7 suggests at once to consider the new state y(t) = Dj, z(t) for which upyp simply
reduces to KTy. Now, the dynamics of y with respect to the time scale s(t) = In(7;) turns
out to be given by

dy

(4) = = (Det Ju)y + (b(s)u(s) + d(s))en, s>0,

where D, is the constant diagonal matrix made of the n —i+ 1’s. Hence, the original problem of
prescribed time stabilisation of in time T > 0 has been reduced to the asymptotic stabilisation
of an n-th order perturbed chain of integrators with the extra term D,y in (4] with respect to .
Note that, to the best of our knowledge, it seems to be the first time that one considers a time-
varying homogeneity coefficient in the context of stabilisation of weighted-homogeneous systems
in that general manner. Usually, the homogeneity coefficient, when non constant, is state-
dependent (cf. [16] as the pioneering reference for fixed-time stabilisation of linear systems, then
[5] and [8] for instance, in the case of second order and n-th order perturbed chains of integrators
respectively.)

With the previous viewpoint, it is immediate to see that PNF (and its variant given in
[18]) is nothing more but the stabilisation of with a linear feedback. As a consequence,
we recover all the results of [I8] with much simpler arguments and the limitations (as well as
the advantages) of such a feedback appear in a transparent way. In particular, our convergence
analysis easily reduces to the verification of a Linear Matrix Inequality (LMI), see Proposition
below, whose solution is essentially given in [4]. Moreover, the fact that measurement noise and
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unmatched uncertainties in cannot be handled with that linear feedback is obvious since the
corresponding disturbances become amplified by Di(t) in and one can measure explicitly
their destabilising effect.

One can then turn to other types of stabilisation for . If the settling time of the system
associated to some feedback law u = F(s,y) is infinite (i.e., the supremum over the initial
conditions xqg of the time needed to reach the origin for the trajectory of fed by u = F(s,y)
and starting at x), then we will unavoidably face the numerical challenge of plotting y(s(t)) =
D3z (t)) in ([, with D ;) growing unbounded as ¢ tends to T. Therefore, we should aim
at feedback laws u = F(s,y) providing fixed-time convergence for the y variable. On the other
hand, recall that the n-th order perturbed chain of integrators is the basic model for sliding mode
control, cf. [I7], for which there exist plenty of efficient finite time stabilizers with eventually
good robustness properties. At the heart of these stabilizers, lies the technique of weigthed-
homogeneity with constant homogeneity coefficient. We will show that this technique easily
extends to handle and its extra linear term D,y to produce fixed-time stabilizers for
under the assumption that bounds on b and d in are known a priori. In particular, under
that assumption, this resolves in a satisfactory manner one of the issues raised in [I8], namely
that of avoiding a gain growing unbounded without sacrifice on the regulation accuracy in x.

The second objective of the paper consists in addressing the difficult issues of robustness with
respect to measurement noise and unmatched uncertainties for prescribed time stabilisation
of . As mentioned earlier regarding time-varying homogeneity approach, the disturbances
corresponding to these perturbations become, at the best, amplified by Dﬁ(t) in . It is not
clear at all how to handle with disturbances growing unbounded. This is why we present in
the second part of the paper a feedback design that does not involve any time-varying function
A(+). This will allow us to provide partial robustness results in case of measurement noise and
unmatched disturbances on the feedback. Here, robustness must be understood in the ISS setting
of Definition [4] and not anymore according to Definitions [2] and Our construction is based
on fixed-time stabilisation with a control on the settling time in the case of an unperturbed
chain of integrators and then on the use a simple trick to extend that solution to prescribed-time
stabilisation. To perform that strategy, one must get an explicit hold on several parameters. To
be more precise, the fixed-time stabilisation design relies on sliding mode feedbacks with state-
dependent homogeneity degree. This idea was first considered in [8] and [9] with a completely
explicit feedback law. The latter bears a serious drawback since it is discontinuous. This
defect has been removed in a subsequent work in [I3], relying on an appropriate perturbation
argument. However that latter solution does not bear an explicit character, which is an issue
in order to estimate the settling time, and hence it requires important extra work for practical
implementations. Moreover, it can be adapted only to a restricted set of perturbations.

Our feedback design for fixed-time stabilisation relies on the sliding mode feedback laws
proposed by [I0] for finite-time stabilisation of an n-th order pure chain of integrators . Recall

that, in that reference, it is proved that, for every homogeneity parameter x € [f%, %], there

exists a control law u = w (x) which stabilizes # = J,z + u e, and a Lyapunov function Vj
. 242k

for the closed-loop system satisfying V,, < —C'V,.**" | for some positive constant C, independent

of k. One of the main avantages of these feedbacks and Lyapunov functions is that they admit
explicit closed forms formulas computable once the dimension n is given. In order to first obtain
fixed-time stabilisation, we choose, as in [9], a feedback law of the type u = w,ﬁx) (z), where the
homogeneity parameter is a state function and, by using the smart idea of [13], we can also make
x +— k(z) continuous. We finally use a standard homogeneity trick to pass from fixed-time to
prescribed-time stabilisation.
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The structure of the paper goes as follows. In Section [2] general stability notions and homo-
geneity properties are recalled. In Section [3| time-varying weighted homogeneity is considered
for n-th order perturbed chains of integrators: Subsection studies thoroughly linear time-
varying homogeneous feedbacks while in Subsection [3.2] we provide sliding mode based feedbacks
with uniformly bounded gains. We gather in Section [4 a new design of a sliding mode inspired
feedback for which we characterise explicitly the parameters and we give some ISS properties in
presence of measurement noise and unmatched disturbances. Finally we collect in an appendix
the proofs of technical results used in the text.

2. STABILITY DEFINITIONS

In this paper, we will consider various non autonomous differential equations = = f(x,t),
where © € R™ and f : R” x Ry — R™ is a vector field. When it exists, the solution of & = f(x,t)
for an initial condition xg € R™ is denoted by X(t,zg). We recall the main stability notions
needed in the paper, see [12].

Definition 1. Let Q be an open neighborhood of the origin assumed to be an an equilibrium
point of fE| At 0, the system is said to be:

(a) Lyapunov stable if for any xg € Q the solution X (t,xo) is defined for all t > 0, and for
any € > 0, there exists § > 0 such that for any xo € Q, if ||zo|| < 6 then || X (¢, zo)| < e,
V¢ > 0.;

(b) asymptotically stable if it is Lyapunov stable and for any k > 0, € > 0 there exists
T(k,€) > 0 such that for any xo € Q, if [|[zoll < K then || X (L, z0)|| <€, VE > T(k,¢€);

(c) finite-time converging from  if for any xo € Q there exists 0 < T < +oo such that
X(t,x0) =0 for allt > T. The function T(xg) = inf {T >0 | X(¢t,29) =0, Vt > T} is
called the settling time for xg of the system;

(d) finite-time stable if it is Lyapunov stable and finite-time converging from SQ.

(e) fixed-time stable if it is finite-time stable and sup, cqT(ro) < +oo and the latter is
referred as the settling time of the system.

Furthermore, for prescribed-time stability and robustness issues, we consider disturbances
d : [0,00) — RP which are measurable functions where ||d||;;, +,) denotes the essential supremum
over any time interval [to,t1) in [0,00). If [to,t1) = [0, 00), we say that d is bounded if ||d||o :=
lld||[0,00) is finite. We have the following two definitions (cf. [18] and [13]).

Definition 2. A system & = f(x,t,d) is prescribed-time input-to-state stable in time T (PT-
1SS) if there exist functions 8 € K[ﬂ v e X and X : [to, to+T) — R such that X tends to infinity
ast tends to to+T and, for allt € [to,to+T) and bounded d, ||z(t)|| < B (|[zoll, M)+ ([|d]ljt0,1) -

Definition 3. A system @ = f(x,t,d) is fixed-time input-to-state stable in time 7" and conver-
gent to zero (PT-1SS-C) if there exist functions B, By € KL, v € X and X : [to,to +T) — R
such that A tends to infinity as t tends to to + T and, for all t € [to,to + T) and bounded d,
l(t, d, zo)|| < By (B ([lzollst = to) +7 (Idllfto,n) - A?))-

Definition 4. A system & = f(z,t,d) is input-to-state practically stable (ISpS) if, for any
bounded disturbance d, there exist functions 8 € XL, v € X and ¢ > 0 such that, for allt > 0
and bounded d, ||z(t,d,zo)|| < B (||zoll,t) +7 (lldllo,y)) + c. The system is input-to-state stable
(1SS) if ¢ = 0.

IMeaning that for f(t,0) = 0 for all ¢ > 0.

2A function ~v: R4 — Ry is said to belong to a class K if it is strictly increasing and continuous with v(0) = 0.
A function « is said to belong to a class Koo if a € K and it increases to infinity. A function f: Ry xRy — Ry
is said to belong to a class KL if for each fixed ¢t € Ry, B(-,t) € Koo and if for each fixed s € Ry, B(s,t) tjo 0.
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Note that (PT — I.5S) is a much stronger property than ISS.

Remark 5. Deﬁnitions and@ have been given in [I8] but with the explicit choice A(t) = Tt+_t§07t'

Next, basic definitions of homogeneity are collected.

Definition 6.

(i) A function f : R™ — R is said to be homogeneous of degree m € R with respect to the
weightst = (r1,...,7,) € RY if for everyx € R™ and A € R, f (D} x) = A™ f(x), where
D% = diag (\")_, defines a family of dilations. We also say that f is r-homogeneous
of degree m.

(b) A vector field ® = (f1,..., fn) : R" = R™ is said to be homogeneous of degree m € R
if for all 1 < k < n, for all x € R" and X\ € RY, fi (D} ) = A" fi(x), ie.,
each coordinate function fy is homogeneous of degree m + ry. We also say that F is
r-homogeneous of degree m.

(c) Let @ be a continuous vector field. If ® is r-homogeneous of degree m, then the system
& = ®(x), x € R" is r-homogeneous of degree m.

The next lemma is important in the proof of our results in Section [4] (see for instance [13]).

Lemma 7. [14] Let & = f(x,t) be a r-homogenous system of degree k. asymptotically stable at the
origin. Then at the origin, the system is globally finite-time stable if k < 0, globally exponentially
stable if Kk = 0 and globally fixed-time stable with respect to any open set containing the origin if
K> 0.

3. TIME-VARYING HOMOGENEITY

Let n be a positive integer, (e;)1<i<n the canonical basis of R™ and J,, the n-th Jordan block,
ie. Jpe; = e;_1, 1 <14 < n, with the convention that ey = 0. For A > 0, using the notation
above for DY (see also [4]), set, for r;:=n—i+1,1<1i<mn,

(5) Y = diag(\"*)",, D5J, (D5) "' = AJ,, Dien = Aen.

(The second relation above simply says that the linear vector field induced by J, on R™ is
r-homogeneous of degree —1.)

In the literature devoted to prescribed time stabilization (see [I8] and references therein) and
as clearly stated in Deﬁnltlons I an ‘l the quantity Tt to -~ is a new time scale which tends
to infinity as t tends to the prescribed convergence time T. This fact suggests to consider the
homogeneity parameter A depending on the time ¢ in such a way that, if one sets the new time

to be equal to

(6) s:[0.7) S5 RY, s(t) = /0 A(E)de,

then s(t) tends to infinity as ¢ tends to T. If z(t) denotes a trajectory of (1)), it is natural to
consider the change of coordinates and time given by

(7) y(s) = Dypyz(t), V¢ €[0,7).

In order to analyse the dynamics of i, we use y’ to denote the derivative of y with respect to
the new time s. Using , and @, we obtain:

. OD%
oA

(8) Ay =9g= AD) 'Y+ (Jny+bue,+dey).
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For every p > 0, we also have that

aDZ ry—1 1 . .
o (D )u = ;Dr, with Dy = diag(r;)1<i<n-
Then becomes
A
9) y = </\2Dr + Jn> y+ (b(s) u(s) +d(s)) en.

Here we consider the control v and both b and f as functions of the new time s.
Let a : [0,T] — R be a non negative continuous function so that the C* function A : [0,7] — R
defined by A(t) = [ a(s) ds is positive on [0,T). Setting
1

(10) At) = an

ok tel0,7),

one gets that
At)
A2(t)
It is then immediate to see that the function A : [0,T") — R is increasing, tends to infinity
as t tends to 7" and the time s defined in @ realizes an increasing C! bijection from [0,7") to
[0, 00).
We still use a(s) to denote a(t). With this choice, (9) becomes

(11) Y = (a(s)Dr + Jn) y + (b(s) u(s) + d(s))en.

To solve the original problem of designing a feedback control u that renders the system FT-
ISS-C in time T > 0, the idea consists in choosing

(12) u=F(y(s)),

where F : R™ — R is a continuous function to be chosen later.

—a(t), tel0,7).

Remark 8. An important feature in stabilisation of control systems is the fact that one usually
requires the feedback law to remain bounded and ideally, to tend to zero as the state x tends to
zero, even if in presence of disturbance. In the context of prescribed time stabilisation of ,
this feature is automatically guaranteed by our view point of time-varying homogeneity since the
feedback law takes the form : bounding u(t) uniformly on [0,T] simply reduces to bound the
artificial state y(s) uniformly on R.

Remark 9. For the stabilisation of , one can of course rely on linear feedback laws, as done
in the next section (and already done in [18]) but also on sliding mode type of feedbacks which
insure fized time stabilisation (in the scale s) with robust properties, see Subsection below.

3.1. Linear feedback. We now revisit the results obtained in [I8] at the light of the time-
varying homogeneity introduced in the previous section. To establish the connection with that
reference, one must compares our change of variable defined in and the one considered in
[18]. At once, one can see that the function pu(-) = % in Eq. (31) of [I8] corresponds, up
to a positive constant, to the time-varying homogeneity parameter A(-) where a(t) is chosen as
a(t) = (T —t)™~! (with m > 2 integer). In opposite to [18], in our approach one does not have
to take time derivatives of A(-) (or equivalently of u(+)), and hence our computations are simpler
(in particular no need of Lemmas 2 and 3 in [18]).

As for the feedback control in [I8], it is given by u = —3 (d+ Lo + L1 + kz) (cf. Eqs. (42)
and (50) in [18]), where Lg is a linear combination of successive derivatives of p and the state
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components, L, contains a gain matrix K, _1, k is a scalar gain and z is a change of variable of
the n-th coordinate of the state. The above expression of the feedback u shows that this choice
of feedback can be essentially reduced to a linear one (realized by the constant k and the R"~!
vector K,,_1 in [18]). This is the reason why we take here F(y) = — Ky for some vector K € R"
to be fixed later. In that case, after replacing v in , it follows

(13) y = (a(s)Dr + J, — b(s) enKT) y+d(s) en,

that is an equation of the type ¥’ = M(s)y + f(s) e, where M(s) = a(s)Dy + J,, — b(s) e, KT
with b(s) subject to (2). In [], such systems were considered (without the term a(s)D;) and it
was proven that there exists a positive constant p > 0, a real symmetric positive definite n x n
matrix S > 0 and a vector K € R" such that

(14) (Jn —benKT>TS+S(Jn—b enKT) < —pld,, Vb<b<b,

where Id,, denotes the n x n identity matrix and S, K and p depend on b and b.

A careful examination of the argument shows actually that one can remove the upper bound
on the parameter b. We thus get the slightly stronger result, whose proof is given in Appendix,
for sake of completeness.

Proposition 10. Let n € N and b > 0. Then there exists a positive constant p > 0, a real
symmetric positive definite n x n matriz S and K € R™ so that

(15) (Jn b enKT>TS n S(Jn —b enKT> < —pld,, Vb>b.

With an obvious perturbation argument, we immediately derive the following proposition:

Proposition 11. Using the notation of Proposition there exist pg, Co € R, a real symmetric
positive definite n X n matriz S and K € R™ so that

T
(16) (aDr - enKT) S+ S(ULD,r +Jp—b enKT) < —poldy, Ya€[~Co,Col, b>b.

We apply the above proposition to derive ISS properties of and we prove the following
proposition.

Proposition 12. Consider the dynamics given in and Dy, defined in . Then there exists

K € R" and ny; > 0 such that, for n > ny, the state feedback u = —KTD;y provides the following
estimate:

max(1, ")
nnfi

where C's and py are positive constants only depending on the lower bound b.

C
exp(—Csp1n 8)ly(0)[|+ — =75 max [d(r)|, Vs>0, 1<i<n.

S
17 i\ S S
(17) lyi(s) e

Proof. Fix n > 0 and set z, = Dyy. From (13), with u = —K,y = —Kz,, one gets that z,
verifies the following dynamics, after setting the time & := 5s,
dzyg _ D 0y _

(18) (“(577/ " D+ T — b(E /) enKT) 2+ d(E/n) en.

dg§ n

Set Cy = supg>q |a(s)| = max.epo 1) |a(t)]-
One takes the Lyapunov function V(z,) = 2I'Sz, and takes its time derivative along (L8).
Then, by taking n > %Z and using Proposition one gets
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dV (z,(€)) 2 T
Tz < —pollz (O + 2|z, (§)S€”|r$?§m |d(r)]|
(19) < —pollzy(OII* + Cs |z € x| |d(r)],

where C's stands for ”any” constant only depends on S, i.e. on b and C,,.
One deduces that there exists constants C's such that

20 () < exp(=Cispg)llzn(0)]| 4 Cs hax |d(r)

We now write the previous inequality in terms of y(s). After noticing that
1" ()] = ()i (€ < Nzn(@, 1< <my [lz(0)]] < pmax(1,7"~)][y(0)]],

one gets .

; VE=0.

O

One can rewrite the previous argument using an LMI formulation. For that purpose, one
needs a result similar to Proposition [TI} which involves the extra parameter 7. More precisely,
one easily shows the following proposition.

Proposition 13. Letn € N and b € R’.. Then there exist a positive constant p, a real symmetric
positive definite n X n-matriz S and a vector K € R™ such that, for every C > 0 there exists n;
so that, the following holds true,

(20)

T
(aDr+Jn_b ean;) Sn"'sn (aDr+Jn_b ean;) < —pam (Dr)fp ac [—C, C]; nzm b>Db,
where S, = Dy SDy and K, = Dy K.

To see that, simply take K, = Dy K7 and multiply the LMI on the left and on the right

by Dy. That yields .
Using Proposition [I2] and the fact that

A ()] < |yi(s)], 1<i<n, t>0,

we deduce PT-ISS-C for x in any time T > 0.
We gather in the following corollary our findings, which are similar to Theorem 1 in [18].

Corollary 14. Consider the dynamics given in . Let a : [0,T] — R any non negative
continuous function such that ftT a(§)d € >0 fort € [0,T). Then set

1 t

(21) A= s = [ Medg, 0<t<T.
S/ al€)de 0

There exists K € R™ such that, for every n > 1, the state feedback

(22) u=—K"Dypz(t), t>0,

where DY is defined m, provides the following estimate, for everyt >0 and 1 <i<n,
1

23 it <7,( 1,1t -C t 0)||+C d(t )

@) [rlt)] € porsrr (1max (L) esp (~Copn (1) (0] + Cs mae [d(r)

where C's and p are positive constants only depending on the lower bound b.

Remark 15. The case where a(t) = (T —t)™ with m positive integer corresponds to [18] and one
can choose another a which goes faster to 0 as t tends to T, for instance exp(—1/T —t)/(T —t)?,
which yields to A(t) = exp(—1/(T —t)) and then faster rates of convergence.
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One should now refer to Section 3.2 in [I8] which provides the advantages and limits of such
a feedback regulation. In the sequel, we only insist on what we believe are the advantages of our
approach with respect to that of [I8] as well as the inherent limitations in terms of robustness
of feedback strategies based on time-varying homogeneity.

Remark 16. The disturbance we consider here has a simpler expression than that of [18], the
latter being bounded by |d(t)|v(x), with d any measurable function on [0,00) and 1 > 0 a known
scalar-valued continuous function. To lighten the presentation, we do not consider the function
Y since the analysis in this case is entirely similar to the above by using Eq. (25) in [I8].

Remark 17. Let us compare our results with those obtained in [18]. First of all, we recover at
once the main result of that reference (Theorem 2 and Inequality (79)) by choosing the function
a(-) appearing in the theorem to be equal to C(T — t)™ where C is a positive constant and
m a positive integer. We have though slightly better results since we can prescribe the rate of
exponential decrease as well as the estimate on the error term modeled by f(-) thanks to the
occurence of the parameter n in our findings. Indeed the choice of the function A(-) in [1§]
(called p(-) in Equation (30) of [I8]) must be specific because it relies on the fact that time
derivatives of u(-) must be expressed as polynomials in A(-), c¢f. Lemmas 2 to 4 in the reference
therein. Instead, using our presentation, it turns out there is more freedom in the choice of .
More importantly, our presentation yields simpler proofs of convergence with a unique time scale
for variables and everything boiling down to LMIs. Another advantage of the more transparent
structure of the feedback is given in the subsequent remarks, where we are able to explain in a
very explicit manner the limitations of the present feedback law, as they are suggested in the
discussion 3.2 in [I8], as well as in the conclusion of that reference.

Remark 18. As noticed in [I8], the linear feedback defined in is not suitable if it is subject
to measurement noise on xz(-). More precisely, this amounts to have instead of a feedback
u given by

i(t) = =KDy (x(t) + d(t)) = u(t) — K" Dy yd(t), t>0,

i.e., with a disturbance d in of the form nA(t) max(1, (n\)"~1(¢))||d(t)||. We can only derive
from Corollary[I7) the following estimate, for everyt >0 and 1 <i < n,

(24)
(o) < 1L max(1, ()"~ (1)) maxecpo ) 140
(A (R) (A= (2)
The right-hand side blows up as t tends to T, except for i = 1, with a loss of regulation accuracy
(we do not have anymore convergence to zero but to an arbitrary small neighborhood).

On the other hand, by choosing n of the amplitude of \(t) as t tends to T, we deduce at once
from the following corollary.

Corollary 19. With the notations of Corollary[I4, assume that one feeds the dynamics given
in with the pertubed feedback w(t) = — K DF )(a:(t) +d(t)). Then for every time T' < T,

") exp (~Cisun s()) [#(0) + Cs

nA(t
there exists n > 0 such that, one gets that
25 () < 0 Cr dit)], vt>0, 1<i<n,
(25) i [0 < nla0)] + Cror max (D), ¥e20, 1<i<n

where Cpr 1 is a positive constant, tending to infinity as T tends to T.

The previous result of semi-global nature has been already suggested in [18] and has been
obtained in the present paper thanks to the extra parameter n. In particular, it follows the idea
that in order to obtain estimates for prescribed time control in time T', one can use the previous
strategqy of prescribed time control in a time T > T’ and then use . This estimate is a
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direct result of the use of the time-varying function A(-) but, as regards measurement noise it is
definitely not satisfactory.

Remark 20. Looking back at , the most natural choice is a linear feedback and it has
been (essentially) first addressed in [18] and revisited here. One can also use other feedback laws,
especially those providing finite-time stability (in the scale time s). If there is measurement noise,
i.e., of the type x +d, the feedback implemented in will be u(s) = F(y(s) + D3 4)d(s)) and
it is likely that one can find appropriate perturbations so that the last coordinate of x will become
unbounded as t tends to T. Already, in the linear case, for a double integrator for instance,
it is easy to choose bounded disturbances d in the case where a(t) = 1 such that y2(s) has the
magnitude of \2(s), and then xo(t) has the magnitude of \(t) as t tends to T. It is not difficult
to extend that remark to any feedback law F which is differentiable at zero. Such a fact prevents
to get any type of ISS results and it indicates that no property such as (PT — ISS) can hold in
presence of measurement noise. This is why time-varying homogeneity based feedbacks are not,
in our opinion, well-suited for prescribed-time stabilization in presence of measurement noise.
One must to follow another approach and this is the purpose of the next section.

3.2. Fixed-time feedbacks. We now consider feedback laws in which will provide fixed-
time stabilisation for under the assumption of a priori knowledge on the uncertainties
bounds. More precisely, we will simply show that the feedback law provided in [9, Theorem 5]
does the job and we have the following.

Proposition 21. Set ¢ = . Assume that there exists « € (0,1/n), ¢ > 0, two continuous
feedback laws u. : R™ — R and two C' functions V. : R® — R, which are positive definite,
r-homogeneous of degree larger than one and such that the following holds true:
(a): u. stabilizes the n-th order pure chain of integrator & = J,x + ue, in finite-time and
along the trajectories of the corresponding closed-loop system, one has

(26) V. < —evite
(b): for every x € R™, the following geometric condition holds true:
27 avsugx §Oandu5m:0:>av‘€:0.
oz ox
Define the feedback law wg : R™ — R as
C{w), i V@)1,
(28) wo() = { u_(z), if V_(z)<1.

Consider the dynamics (L1) and assume that b(-) verifies and ||d||cc < D for some positive
constant D. Then the feedback law w : R™ — R defined as

(29) w(z) = %(wo(x) + Dsgn(wo(:v))),

where wg is defined in and sgn stands for the set-valued function “sign”, globally stabilises
in fixed-time.

Here the sgn function makes the closed-loop system corresponding to and © = w a
differential inclusion and its trajectories must be understood in the Filippov sense, cf. [6]. Note
also that examples of feedbacks u. and the Lyapunov functions V. verifying Items (a) and (b)

are also provided in Definition [23] and Proposition [24] given in the next section.

Proof. First of all notice that, by multiplying by D}, with > 1 and considering the new
state D} y(s/p), Co = sup,s |a(s)| becomes C,/p and hence arbitrary small.
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Set E := miny_(;)—1 V() > 0 and consider the sets
Si={zeR" : Vi(z)<E}, So={zeR" : V_(z) <1}.
By definition of E, we have that S; C S5. We claim that the closed-loop system corresponding

to and u = w is globally fixed-time stable with respect to S,. For that purpose, we compute
the time derivative of V. along the trajectories outside Sy and get

. oV.
= N i bw+d
Vi a(VVi(y y+z Jﬂ+1+ x( +d),
oV b
< _ 1+a . _
< a(VVa(0), Dey) — VIR + S5 (G = o+ sgnlawn) (1D — [d)).
(30) < §V+ —evite < fgvfa.
To get the above we have used Item (a), i.e.,
n—1
oV o
8 a (CL’) < _CV-&JF )

P
Item (b), and the fact that the function (VV, (y), Dyry) having the same degree of r-homogeneity
as V is smaller than SVHO‘ outside S for C, small enough. The claim is proved by using
Lemma, [7l
As soon as a trajectory x of the closed-loop system corresponding to and u = w reaches
Sa, it verifies V_(z) = 1. Morever for trajectories in Sy, a computation entirely similar to
yields the differential inequality V_ < f%V_l_o‘, which proves that any trajectory starting at
V_(z) = 1 enters in So, remains in it for all subsequent times and, again according to Lemmalzl,
converges to the origin in a uniform finite-time. That concludes the proof of Proposition
O

Remark 22. Note that the feedback w defined in ezhibits a discontinuity at V_ = 1. By
using the feedback law of Theorem[28, one can remove that discontinuity, if in addition, an upper
bound for b is assumed to be known.

4. ROBUST PRESCRIBED-TIME STABILISATION

In the previous section, a linear feedback u = K7y was considered but this choice faces a
pernicious problem as soon as there is some noise measurement on the state. We propose in
this section an alternative feedback law for prescribed-time stabilisation with ISS properties in
presence of measurement noise and unmatched uncertainties. The construction of this feedback
runs in two steps, the first one deals with the fixed-time stabilisation in the unperturbed case
and the second addresses the ISS issue in the perturbed case.

4.1. A special fixed-time stabilisation design. The unperturbed case associated with ,
namely

(31) &= Jpx + u ey,

which is referred in the sequel as the n-th order pure chain of integrators.

To proceed, we rely on the original idea of [9] and use the perturbation trick of [13] to provide
an explicit and continuous feedback law.

We next provide the necessary material needed to describe the feedback design given in [9].
The following construction, which is based on a backstepping procedure, has been given first in
[10] and we will modify it to handle the present situation.
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Definition 23. Let £; > 0, j = 1,--- ,n be positive constants. For xk € [—1 l], define the

n’n

weights (k) = (r1,--- ,1m) byr; =1+ (j— 1)k, j=1,--- ,n. Define the feedback control law
(32) u=wl(z):=uv,,

where the v; = v;(x) are defined inductively by:
rj+~
(33 vo =0, 0y = ~€;[Tag =" = [P |0,
and where the B;’s are defined by fo =12, (B; + )1j41 =00 +1>0,j=1,...,n—1.
For 1 < j <mn, we also consider the union of the homogeneous unit spheres associated with r,
11

K€ [_%, %}, i.e.,

(34) S = U {a:e]Rj | ‘x1|%+---+|xn|%:1}_
we[—z 3]
Then S7 is clearly a compact subset of R? and dealing with this set constitutes the main difference
with [10].
We have then the following proposition.

Proposition 24. There exist positive constants {; > 0, j = 1,--- ,n such that for every x €
[—ﬁ, %], the feedback law u = wl (z) defined in stabilizes the system . Moreover,
there exists a homogeneous C'-function V,, : R™ — R, given by

o (lay P~ a5
35 Vi.(z) = — v (z; —vi_1),
(35) @ =2, Bt [0-1)%7" (25 = v-1)
which is a Lyapunov function for the closed-loop system with the state feedback wt | and it
satisfies

y < _ 14+a(k) — K
(36) VK — CVK ’ Oé(li) 2 + :‘i’

for some positive constant C, independent of k. Moreover, V, is r(k)-homogeneous of degree
(2 + k) with respect to the family of dilations (D;(K))

A>0°

Remark 25. (i): The previous proposition is essentially Theorem 3.1 of [10], except that
the gains {; are uniform with respect to k € [—ﬁ, ﬁ} The choice of ﬁ has been made
because the previous proposition actually holds true for k € [—%, %] at the exception that
V% is not C' on R".

(it): The critical exponent 1+a(k) appearing in is larger than one if k > 0 and smaller
than one if k < 0.

(#it): For k = 0, one gets a linear feedback and Vy is a positive definite quadratic form,
hence there exists a real symmetric positive definite n X n matriz P such that Vo(x) =
2T Px for every x € R"™. Finally, the time derivative of Vy is associated with the n x n
matrizc LT P + PL where L is the companion matriz associated with the coefficients
—ly, -+, —l, on the last line. We deduce at once that L is Hurwitz since the differential
inequality for k = 0 is equivalent to the LMI, ATP + PA < —CP. We set
Q = —(ATP + PA), which is a real symmetric positive definite n x n matrir.

Proof. The argument follows closely that of Theorem 3.1 of [I0], but we will bring some technical
changes to obtain the required uniformity with respect to x € [f%, ﬁ] Moreover, in order to

show in the next section the explicit character of our construction, we will provide quantitative
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estimates on the several constants involved in the construction, which are new with respect to

[10].
Let k € [—i, %] and set, for 1 < j <n, ) = (xq,--- L)),

Wesa®) = [ (1977 — Loy s

Vj—1
1 , .
(37) = o1 (L%‘lﬂj_ﬁrl 01| 1+1) — (w1177 (@ — vj1),
and
(38) V/{,O = 0, Vm,j = Wm]‘ + Vn’jfl.

It holds that Vi, (x) = Vi, n(z™) = Y7 W, ;j(z()). The choice of the ¢; is made recursively at
each step 1 < j < n by considering, as in [I0], the following expression

—1
d d ) — W W, j
(39) avﬁﬁj = %Vn,jfl + W(l'j — Ujfl) + ; 81‘1‘ Ti+1 + axj Uy,

where %VK j—1 is used to denote the time derivative of V; j_; is taken along the (j — 1)th pure

chain of integrators. Note that the functions 8(,;/ L and 8?;’1’-7 are continuous.
We also get that, for 1 < j < n, one has
OV, i—1 oW, -1 o .
(10T oy vym) = Z5 B ay = 0gm0) = (L2117 = Log-2] 7 )y — vyo)
J= i=
an‘ i 1 12(14kK) /T Bi—
(41) aleyj = —AjZj, Zn;= ’ ij‘lﬂJ 1 LUjfl-‘BJ 1‘ iBi-1
J

We will need the following elementary fact: for every « in a compact set of R} and M > 0,
there exists two positive constants A, B such that, for every real numbers |z|, |y| < M,

(42) A|{E _ y|max(l,a) < | Lljla B Ly~|a‘ < B|£L’ _ y|min(1,a)'
We next prove by induction on 1 < j < n, that there exists positive real numbers £1,--- , £,
such that
d 1 1 . . l
_ — ) __
(43) max{ V,j | 2n§l€§2n7 xV) e 8} < 51

By homogeneity and for j = n, one immediately gets and the conclusion of the proposition.
In the rest of the argument, we use Kj;, M;, L; to denote positive constants depending on SJ
and ¢y, ---,¢;_; but independent of ¢;. For j =1, reduces to %V&l = —[; and any positive
1 does the job. For the inductive step with 2 < j < n, assume that ly,--+,¢;_1 have been built
with the required properties, in particular we have jt Vij—1 < — 2] =i on SI7L,
From . we get,

OV i1

(44) | 52— D,

(33]‘ —vj-1)| < Kjlzj —vj_1].

For 1 <i < j — 1, the continuous function 8;‘;@ is r(k)-homogeneous of degree (2 + k) with

respect to the family of dilations ( §(”“))E>O. (Actually, one restricts this homogeneity to 2(/).)

Moreover, it is equal to zero if x; = v;_1. Hence, by using repeatedly and noticing that
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V1, ,vj—1 do not depend on ¢;, one deduces that there exists LJ7 M > 0 such that, for every
(@) € 89, if B; = min(1, B;_1), then, for every x € [—5=, -] and 2() € 7,
j—1
oW, ; 3.
(45) | Z aT.JSUm! < Lyla; —via%,
i=1 !

(46) | Z 5l > Mjlaj —vj_q|*He/7ibs

(Note that we used in the above that |:vj\ <lforl<j<mnand z) € 89 as well as a bound on
the v; obtained with an immediate inductive argument based on (33)).)

Inserting (44)), and in (43), one deduces that,

d L
(47) Vi S —5

Set & = (W)l/ﬁf. By definition, one gets that 4V, ; < —shr if [2; —v;_1| < . Now,

if |z; —vj_1| > &;, one chooses [; such that

+ (K;+ Lj)|z; —vj_ 1|ﬁg — M|z — v 1|2(1+,§ /rifs

K, + L,
(48) 0> 2<1J+ €)1~.
Mjgj( +r)/TiB;—1/B;

This is possible since the right-hand side of the above inequality does not depend on ¢;. In that

case, LV, ; < — . This concludes the proof of the inductive step.

) dt
O

Remark 26. One can notice in the above argument a difference with respect of that of [I0] which
consists in introducing the constants Kj;, L; and M;. The latter provide an explicit choice in
order to be as explicit as possible in view of numerical determination of the constants £1,--- ,£,.

We next consider a state varying homogeneity degree given next.

Definition 27. For m € (0,1) and ko € (O,ﬁ), define the following continuous function
k:R™ = [—ko, ko] by

Ko, if VO(JS) >14m,
(49) k(z) = ,{0(1 + W), if 1—m<Vy(z) <1+m,
—KQ, if Vo(@)<l—m

We also need the following notation. For x € [— and a,b non negative real numbers,

2n’ 2n]

let By, BZ, and BY, respectively be the subsets of R" defined respectively by
wy = {reR" | a<Vi(z)<b},
BZ, = {zeR", | Vi(z)<al,
5 = {zeR", | b<Vy(z)},
By = {zeR" |Vi(z)=a}.

The last set corresponds to the weighted spheres associated with the positive definite functions
V.

In the spirit of [13], we are now able to consider the feedbacks which will ultimately yield
prescribed time stability, which is described next.

Theorem 28. Assume that the uncertainty b is bounded, i.e.,

(50) b>b(t) >b, t>0,
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for some positive constants b,b. Then, there exists m € (0,1) and ro € (0, 2%) such that, the
undisturbed n-th order chain of integrators defined by
(51) @(t) = Jnax(t) + b(t)u(t), b>b(t)>b, >0,
together with an adapted feedback law given by wf )(x), with k(-) defined in is globally

K(z
fized-time stable at the origin in at most time T (m, ko) upper bounded as

(52) T(m, kg) < —2In(2m) +

1 (r(m,fﬁo)_“(’m)

1 r(m, —ro) = (=0 )
C a(kop) ’

—a(—ko)

where r(m, ko) > 0 (and r(m, —kg) > 0) is the largest (smallest) number r > 0 such that BZS.
(BZr°) is contained in (contains) B2, ,, (B%,_,,) and the constant C has been introduced in

(36)-

By adapted, we mean the following: strictly speaking, we must choose the feedback law
wﬁx) (z)/b. However, we can replace ¢,, by either ¢,,/b or by b¢,, in order to satisfy . Hence,
with no loss of generality, we assume b = 1.

Proof. For this result, we follow the perturbative argument considered in the proof of Lemma 2
n [13]. For that purpose, the time derivative of Vj along non trivial trajectories of System
closed by the feedback law given by wf(x)(x) can be written as

(53) Vo = 22T P(Jpx + bl (2)e,) < —2zTQx + 2|27 Pe,|6(x), d(z) == B|wf(w)(x) —wll(2)).

(@)

We have to first to show that trajectories of
(54) T =Jpx + wﬁx)(x) €n,s

are well-defined and second that trajectories starting in BY, ., reach By, in finite time, then
"cross” it till reaching BY_,, in finite time and finally remain in BY%,_,, for all larger times,
while converging to zero in finite time.

Since the right-hand side of is continuous, there exist solutions from any initial condition
defined at least on a non trivial interval. Clearly, there exists R > 0 such that trajectories
starting at any xzo € BL% stay in the compact set BZOV (z0) and hence are defined for all times.

RO

Both the convergence parts of the claim follow from the arguments of [2] and Lemmal[7] where
one proves the following

e the closed-loop system is r(Ko)-homogeneous of degree 2 + kg in BY, ., and hence
converges in finite-time to BY,,,,

e the closed-loop system is r(—ro)-homogeneous of degree 2 — kg in B, _, and hence
converges in finite-time to the origin.

For the remaining part of the argument, it amounts to show that, for m € (0, 1) and k¢ € (0,1/n)
small enough, the time derivative of V4 along trajectories of is negative in By ,, 1 ,,,. To
see that, it is enough to notice that the function ¢ defined in is continuous and tends to
zero if either m or kg tends to zero.

It remains to provide a first quantitative estimate of the ”fixed-time” part of the theorem.
The time needed for the closed-loop system to converge to BY m 18 at most equal to the
time T (m, ko) needed to converge to B™° ) By integrating , one derives that

<r(m,ko

1
T < .
+(m,/€0) —= CO[(KJO)T’(m, HO)Q(KO)
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—Ko

A similar reasoning yields that the time T_(m, ko) needed to converge from B <r(m

origin verifies the following

ko) to the

1

T < .
(m7 K,O) = —CO[(—HQ)’I"(m, —Ho)a(_ﬁ’o)

(Recall that a(—ro) = 5727 < 0.) It remains to upper bound the time To(m, ro) needed to

“cross” B(ljfm,l +m- For that purpose, choose m and ko small enough so that

(55) Ms(m, ko) == max |é(x)] < M

ajeB(l]—m,l-}—m 2

In that case, becomes V < —CV/2 and one gets
—21n(2m)
C

We conclude that the closed-loop system is globally-fixed time stable with respect to the
origin in settling time less than or equal to T'(m, ko) given by

T(m, ko) := Ty (m, ko) + To(m, ko) + T—(m, ko).
One derives and this concludes the proof of the theorem.

To(m, ko) <

O

Remark 29. The above result is the counterpart of Lemma 2 in [13] for our feedback law w.

Note that in that reference, the statements of Lemma 2 and Theorem 4 as well as the argument
of Lemma 2 consider the euclidean norm ||z|| instead of BY in the definition of r(-). As one can
see from the above argument, using that norm cannot not provide the required results. However
[13] does consider the correct controller in Lemma 3 and in the last section of the corresponding
reference.

It remains to use a standard time rescaling technique with homogeneity (cf. [I1I] and [9]) to
pass from the result of fixed-time stability contained in Theorem 28| to a result about prescribed-
time stability.

Theorem 30. Let m € (0,1), ko € (0,1/n) defined in Theorem and the feedback law wﬁw)(z)
defined in which renders System globally fized-time stable at the origin in settling time
less than or equal to T(m,kg) defined in . Then, given any T > 0, the the feedback law

wf(Dw)(D‘;\x) renders System globally fized-time stable at the origin in settling time less
than or equal to T as soon as X\ > T(m, ko) /T

Proof. For A > 0, one sets y(s) = Dyz(t) with the time scale s = At. One deduces at once that
y converges in finite time to the origin with a settling time upper bounded by T'(m, kg) as well
as x, with a settling time upper bounded by T'(m, ko)/\. To guarantee that the latter is less
than or equal to 7', it is enough to choose A as stated.

O

4.2. Explicit determination of the main parameters. In order to fully compare our con-
troller u = wf(w), with & — k(z) given in Definition [27| with the controller provided in [I3], we

must explain how to choose the parameters m € (0,1) and &g € (0, ﬁ) introduced in Defini-
tion[27] We also have to estimate the quantities r(m, xo) and r(m, —kg) in order to get a hold on
the upper bound T'(m, ko) of the settling time to reach precise estimates of the rescaling factor
A appearing in Theorem

For that purpose, we first need an explicit bound on the coordinates of z € Bf_,, ;,, with
-3 <K<

i. This is the content of the next lemma.
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Lemma 31. Let m € (0,1). Then, there exists an explicit positive constant X,, (depending on
m and the £;’s) such that, for 0 < j <n,z € BY_,, 1., andf— <k < 1 szl v < X,

Proof. Fix m € (0,1), x € BY_,, 1,,, and *ﬁ <k < i The proof of the lemma goes by

induction on j, where we prove the statement with a constant X; explicitly depending on m and
the ¢;’s.

This is clearly true for j = 1 since |v1| = £1|z1[*T* and ‘ml‘ < Vi(z) <14 m. Assume

that the thesis holds true for j — 1 > 1. One then deduces from the definition of Wy ; in
and the induction hypothesis that

g [ < 24 B X A (L Bim) X2 g+ (L ) (L m).
Since 3;_1 > 0, one deduces at once a first explicit bound for z; and then for v; by using .

O
The following lemma provides the required differences between useful quantities evaluated at
any Kk € [—%, %] and k = 0. For 0 < j < n, we introduce the notation v := v;, where the

latter has been defined in .

Lemma 32. Let m € (0,1). Then there exists explicit positive constants C:,C? (depending on
m and the £;’s) such that,

1 1 mln 3T
(56) max{|wf($)—wéq(w) | _% SHS %7 {EEB m1+m} <Cl| ‘ 1 n)
and

1 1 K 2| ,.|min(1,r,)
(57) max{|V,.§(x) - VO(‘T) ‘ _% SKk< %’ (S Bl—m,l-{—m} < On“‘d T
Proof. Fix m € (0,1). We will actually prove by induction on 1 < j < n, that there exists an
explicit positive constant C; (depending on m and ¢y, --- ,¢;) such that,

K 1 1 j K min(1,r;

(58) mwﬂ%(yﬂq)|435<K<Z?ﬁﬂe%m}ng|<La

where Bf  is the set of 2U) € R for which 1 —m <V, ;(2)) <1+ m.

The result is immediate for 5 = 0 and hence we turn to the inductive step for 1 < j < n,
assuming that the hypothesis holds for j7 — 1.

Let —ﬁ <k < ﬁ and z() € Bﬁm. Then

U5 (@) = o0(@) =~ 0P = [y 5 T 4 (= o)) = —G(F +G),
Fo= [Tl = oy P [50mr — [ag)mt — [ofy Pm | ,
G = HQCJ‘JBFI_f“go'—lJﬂjflJm—(%_ i1)-

By applying with o = T:é“ then with o = 8;_1 and A, B depending on X,, obtained in
Lemma [31] we get

rite
min(1 7 ﬁ )

j—1 2 0 v
< Bvj_y —vj_4]7,

(59) [Pl < Blfvyy )P = oy 5=
ritk )S 1.

where v; := min(1, 8;-1) min(1, -5
I =
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To bound G, we consider

M = max(|z], [v)_,]), €= sign(z;0)_,) € {~1,1},
0
max(|z;|, |[v5i_ )
T WE[M],N:HetW,

where we have assumed with no loss of generality that M > 0.

An easy computation yields that

T+l +1

(60) G=(M" — MNP + M(N5HT — N +e(th ).

We now use the following elementary fact: for x > 0 and a > 0,

|z — z| < |o — 1| In(z)z™ (1),
By applying that fact to , we deduce that there exists an explicit positive constant D;
(depending on m and ¢4, - - - ,£;_1) such that |G| < |Dj;|x|. From and the previous inequality,
we get that
o () — 05 ()| < &(B?|vf_y —vj_4|"" + Djlsl).

By applying the induction hypothesis on |Uf_1 — v?_1|, we prove the inductive step with C} =
l; (BQCVJ ' + D;). This concludes the proof of (58).

We now turn to the proof of . It is enough to prove the result for one single W,, ;. Hence
let ——n <k < 5. and () e B;:m On gets

/83 1

Wiy (@) = Wo (o)) = p S (et = )
J—

b3l =2 (o = 60,)2)
Rl (R (R L (R )
+ |Uf—1‘ﬁjfl+1 - (”?—1)2)-

Following the same type of estimates used to derive 7 one gets .

O
We can now provide explicit bounds on kg, for the results of the previous section to hold.
Proposition 33. Let m € (0,1). Then there is an explicit ro(m) € [—5-, — 5] such that, for

every ko € (0,k0(m)), the statements of Theorem [28 and Theorem [30] hold true.
Proof. To determine kq(m), we rewrite as follows,

Vo < =CVp + 2¢/Vo/Vo(en)|8(2)
The constant C' above has been characterized in .
Along trajectories of System closed by the feedback law given by wf(z) () inside BY _,, 1,

one gets by using 1 —m < Vy(z) <14 m and ) that
CVo > C(1—m), 2/Vo/Vo(en)d() | < 2T+ my/Vo(en)Cliy "0/,
One chooses then kq(m) > 0 so that Vo < —% inside Blfm,1+m7 which yields that

ko(m) = ( ca-m )"27rl
4T+ m\/Vo(en)CL

As for Theorem [30] the only task to complete for an explicit characterization of the parameter
A appearing in the statement consists in estimating explicitly lower bounds for r(m, kg) and
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r(m, —ko). We provide indications for only r(m, ro). By definition, every x € BZ | belongs
to B2y, There exists x € B¢, N B2, and then [r(m, ko) — (1 +m)| < C2l-(-1/2n
according to . One deduces immediately an explicit lower bound for r(m, kg)

O

4.3. ISS-type of result. In this section, we provide the second step for our partial solution
of the prescribed-time stabilization of the n-th order chain of integrators in presence of distur-
bances. More precisely, the aim consists in stabilizing with a static feedback law u = F(z),
in a robust manner, i.e., with respect to measurement noise and external disturbances. The
corresponding n-th order perturbed chain of integrators is given by

(61) &= Jpx +b(x)F(x +d1) e, + da,

where d; € R"™ is the measurement noise and do € R™ the external perturbation. We set
d = (dy,dy) € R?" and we refer to it as the perturbation. Note that we are allowing unmatched
uncertainties.

We now provide an ISS type of result regarding the robust properties of the perturbed system
stabilized with k(z) = wf(gﬂ)(x) given by

(62) T = Jna:—&-bwf(m+dl)(x) en +do, ,dy,d2 € R",
where b verifies . As before, we can assume with no loss of generality that b = 1. We have

the following result.

Theorem 34. With the assumptions of Theorem System is (ISS) for any bounded
d = (di,dz2). If di = 0 and dy is parallel to e,, (matched uncertainty), then convergence occurs in
fized time. The same conclusion holds for any prescribed time T by using the feedback k,(x) =
wﬁD;w) (D},z) with p >0 depending on T.

Remark 35. This result improves [13], Corollary 1] where only the property (ISpS) was obtained.

Remark 36. Using k, instead of ki will modify the gain functions in Definition |Z| since the
disturbance d = (dy,da) must be modified to (D},dy, D} d2 /).

To prove the theorem, we are not able to exhibit an ISS-Lyapunov function but, by taking
into account Theorem [28 and using the characterization of (ISS) provided by [19, Theorem 2.1],
it is enough to prove the following proposition.

Proposition 37. There exists a function F' of class KL such that, for every bounded disturbances
di,ds : Ry — R™ and any trajectory of , the following holds true

(63) limsup Z(2(t)) < F(ldilloc + Id2lloc),
— 00
where
(64) Z(z) = min (Vo(x), vlratso) (g, vj;;‘“o)(x)), z €R™.

Proof. The argument is similar to Item (S —o0) in [3, Proposition 2]. It is based on the following
three inequalities, whose proofs are given in Appendix.

(i): On the open set B2, . the time derivative VHO of V,, along trajectories of
verifies almost everywhere

(65) Viy < —%

where F is a function of class KL.

Vi @) 4 Fy(llda|oo + [ldalloc)
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(ii): On the set BY_,, ,,,, the time derivative V; of V; along trajectories of verifies
almost everywhere

. C
(66) Vo < =5 Vo + Fa(lldilloc + [ldzl0),

where Fj is a function of class KL. )
iii): On the open set B, _ . the time derivative V_,, of V_,, along non trivial trajecto-
<l-m 0 0 g J
ries of verifies almost everywhere

. C _
(67) Vg < =5 VESC 4 Fa(ld] oo + [l dalloo).
where Fj3 is a function of class KL.

Let z(-) be a non trivial trajectory of (62).
Assuming that we have at hand the above inequalities. Suppose first that there exists a time
to > 0 such that one of the following situations occurs:

(a): for every t > to, z(t) € BY,,,,. By using (65), one gets that
2F1(]|d1]| 0o da|| oo
hmsupVKlJra(no)(x(t)) < 1(” 1” + ” 2” );
t—o0 ° C

(b): for every t > to, z(t) € BY_,, 1,,,- By using (66)), one gets that

2F5(|1d1 ]| oo + l1d2]lco
lim sup Vo (z(t)) < 2(lld1loo + lld2 ]| >;
t—00 C

(c): for every t > to, z(t) € BY,_,,. By using (67), one gets that

2F5(]|d1]| 0o da|| oo
lim sup V'30+a(*no)(x(t)) < 3(lld1 ]l + [|d2loo) '
t—o0 C

Let I (I_ respectively) be the set of times ¢ such that z(¢t) € B, (z(t) € B%,_,, respec-
tively). If such a to does not exists, either Iy or I_ is an infinite (countable) union of disjoint
non trivial intervals (sg,tx), & > 0, where limy_,o S = co. We analyse only the case where
I+ = Ug>o(sk, tx) since handling the other case is entirely similar.

Set Cy :=max,epy, Vi,. For k >0, consider the trajectory x(+) on [tk, Sk+1]. Recall that

Vo(z(ty)) = Vo(z(sgr1)) = 1 + m by definition of ¢, s,+1. Then, there exists tp € [tg, Spr1)

such that Vo(z(t)) < Vo(z(sk+1)) and Vo(z(t)) > 1 —m on [tk, sk41]. Integrating from £,
to spp1 yields that CE) < Fy(|[dy |l + [|dallo). Set now L := limsup,_, . Vig " (2(t)). Tf
L< C‘l;ra(no), then

201+a(/{g)
L<==2VY Fy(lldilles + lldallas)-
SCh—m) 2(ld1 ]l + [ld2]lo0)
Otherwise, assume that L > C’%;La(m)). Consider then the non empty set of v > Cxl/+a(”°) for

which there exist two sequences t; < b < Sk+1 < Sk such that
Virelso) (p(f,)) = VA0 (2(5k41)) = v and VAR (a(t)) > v, t € [th, Sxpa]-

Clearly L is the supremum of such v’s. Integrating between fj, and 3j4, yields at once that

v < 2F1(||d1”°5+”d2‘|°°). We deduce at once that the content of Item (b) above holds true. By
collecting all the cases, we conclude the proof of Proposition [37]

O
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5. CONCLUSION

In this paper, we have addressed the issue of prescribed-time stabilisation of an n-chain of
integrators, n > 1, either pure or perturbed. We have first recasted the results obtained in
[18] within the framework of time-varying homogeneity and hence provided simpler proofs. As
noticed in [I8], the feedback laws (linear or finite time) arising from this time-varying approach
do not perform well when the n-chain of integrators is subject to perturbations (especially
measurement noise), even if one stops before the prescribed settling time. We instead propose
to rely on feedback laws handling fixed-time stabilisation and to apply a standard trick of time-
scale reparametrisation and homogeneity to render the modified stabilisers fit for prescribed-time
stabilisation of an n-th order chain perturbed of integrators. We perform that strategy in two
steps. The first one consists in using feedbacks similar to those of [9] and then by relying on a
nice deformation argument proposed in [I3]. In a second step, we obtain an ISS type of result in
the presence of measurement noise for prescribed-time stabilisation of an n-th perturbed chain
of integrators. However, such an approach is meaningful if one can get an explicit hold on the
various parameters involved in the above construction. This is why we devoted a section for
such an objective.

6. APPENDIX

6.1. Proof of Proposition[I0} We next prove the result for n = 1 and the argument is inspired

from the proof of Lemma 4.0 of [7], and partly given in [4]. Given a vector K = (ky,--- ,k,)T €
R™ with positive entries, we consider the invertible n x n matrix My defined by
ki ke - kn
0 ki - kpg
(68) Mg=1. . . .
0 0 - Kk
Note that

Mge, = K, Me; = K, MgJ,Myg' = J,.
The last equation comes from the fact that My is a polynomial function of J,,, namely My =
ZZ’L:I ki J:l;l .
Multiplying the LMI on the left and on the right by (M%)~! and M;" respectively yields
the following LMI

(Jn —b KelT)Tsl + 8 (Jn - bKelT) < —pMIMyg, Wb>b.

where S; = (M}G)_lSMI;I. Let p. > 0 such that pMI:’;MK > pild,.
We are left to prove that there exists p, > 0, S7 symmetric positive definite and a vector
K € R"” so that the following LMI holds true,

(69) (Jn b KelT)Tsl + 5 (Jn b KelT) < —p.dd,, b>b.

Forn =1, reduces to —2bkS < —pu,. By taking S = 1/2 and k = 1/b we get the result with
P = 1.

Let n be a positive integer larger than or equal to two. Set é; = (1,---,0)T € R*™! and
K = (k1, LT)T with L € R"~! to be determined. Notice that

~bky &
_ T 1 1
Jn—b Kel = (_b 5 Jn1>'
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For ) € R™~!, consider the n x n matrix Aqg given by

10
A = (Q Idnl)’

We make the linear change of variable y = Aqx and we require the following condition on (k1, L),
ie., k1Q2+ L =0. One gets that

Aa(Jn —b KeT)Ag! = ( —(b R+ & >

—(Jp—1 + Qé{)Q In—1+ Qé{
This linear change of variable amounts to multiply on the left by (AL)~! and on the right
by Ag' and we still denote by S the matrix (AL)"*SA,'. We now pick Q so that J,,_; + Q&7

is Hurwitz and there exists a positive constant g > 0 and a real symmetric positive definite
(n—1) x (n — 1) matrix S,,—1 > 0 such that

(Jn—l + Qé,{)TSn—l + Sn—l(Jn—l + Qé{)_ < p*Idn—l-

1

After choosing S = (O Sy

>, one simply finds k; > 0 large enough to get the result.

Remark 38. One must notice the similarity of the argument which is essentially that of [7] and
[, with the corresponding one in [I8]. The one given here is more transparent and also allows
to use the extra degree of freedom given by 7.

6.2. Proof of Equations , and . For k € {—ko,0, Ko}, taking the time derivative
V.. of V,,, along a trajectory of yields the inequality

Vi < ~CVEF0 (@) 4+ 0(TVi(@), ) (0 0y (0) — 0, (@) + (VVi(@), da).

We will prove that in each region of interest, there exists L functions Fy, F5 such that

@) BTVl ) (6han o) — ol @) | £ TVEO @) + Filaa] ),
and
(71) [(VVila), )] < SV @) 4 Bo(d]o).

Once this is established, one gets the conclusion by taking F' = F} + Fj.

We start by proving . For k € {—ko, 0}, the region of interest is bounded. Hence one
immediately concludes by applying Cauchy-Schwartz inequality and taking an upper bound for
the continuous function ||[VV,|| on the region of interest. For k = kg, we recall that, for 1 < i < n,
(VVi(x),e;) is r(kg)-homogeneous of degree (2 + ko) — r; with respect to the family of dilations

r(r0)
(DA ’ )A>0' N
[(VVi (), e:)] < CZ-V;O_W over R™. One deduces that

It is therefore immediate to see that there exists a positive constant C; such that

(72 [(FVio (), )| < S CiVig 77| ()il
i=1

T4

Since every r; is positive and hence 1 — 5 T

weighted Holder inequality to get (71)).

We know turn to an argument f. We provide an argument only for k = k¢ since for the
other cases it is similar. If k(z + dy) # Ko, then Vo(z +dy) < 1+ m implying that ||z| < Cy||d4]]
for some positive constant independent of x,d;. Hence one can bound the left-hand side of
by Fi(||d1]|) for some KL function Fy, and then conclude. We now treat the case where

< 1+ a(kg), one can apply an appropriately
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k(x +d1) = Ko. Recall that wf is r(ko)-homogenecous of degree 7,41 := 14 nko with respect to

the family of dilations (D;(”O)) A>0" For non zero x € R™, we define the normalized vector
T
[x}ﬁo — . c Bfo
VI

Then one gets on B .,

(VVio (), en) (wg) (x+dy) — wg) (x)) =
__™n Tn+1 Tn41

Vg 70 (@) (VWi (2]), e0) (Vi ™ (& + di)eofh (1 + da)™) = V™ (@)l () )
(73) = Vi @) (VWi ([2]0), €)M (2, ),

where

(Vmo (4 dl)) 2+'»o
Voo (@)

Moreover, we have the following result: there exists a positive constant B such that, for every

x,d € R™ with ||z||, ||d|| < 1, one has

M(x,dy) := Wrg ([ + da]™) — wif ([2]™).

(74) Jwig (x + d) —wig (2)] < Bl|d|"+*,

which is an immediate consequence of .
Consider p > 0 to be fixed small later. Assume first that

Vio (z)

We rewrite M (x,d;) as

(75) M(x,dl):[(W)”“Mq (o + da]) + (wf ([ + di]™) = ol ([2])).

The term in brackets in can be written as

VKO (33 + dl) 2+KO — Ko dl Ko
(W) — 1=V, ([z] +VH?%0)_VKD([Z‘] ),

Notice that [z]"° and belong to the compact set BZY and hence, since Vj, is of class

<
V2+”0 1+m

C', there exists a positive constant Cy independent of x, d;, such that

. d
Vo ([2]% + ——=) = Viey ([2]™)
Vn2o+n0 VHQOJrnO

By using , we can bound the term in parentheses in as follows,
jwiy ([ + di]™) — wgg ([2]%)] < Bl[[x + di]™ — [a] ||+

< CyViy(—2m) T < Cop™i,

In turn, one deduces that

Tn+1
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Using the homogeneity property of V., one gets that there exists a positive constant C'3 inde-
1
pendent of z,d; such that M (xz,d;) < C3p?Fr0. Since w is bounded on BY, one gets

‘<vvﬁ(m)’en>(“ﬁx+d1)(”§) —wl, (fﬂ))‘ < ¢

7V @),
for p small enough, and hence .
We now assume that
Vﬁo (dl)
Vfio (‘T)
In that case, the conclusion follows if one can prove that there exists C; > 0 independent of
x,dy such that

(77) Vieo (T +d1) < CuVigo(dr) + Fi(|ldal]),

for some K £ function Fy. Indeed, in (73)), the term in parentheses becomes bounded by F5(||d;||)
for some KL function F» and then one gets after using Holder’s inequality with appropriate
weights.

We are then left to prove (77). For that purpose set f(s) := Vi, (z + sdi) for s € [0,1] and
let s* €€ [0, 1] such that f(s*) = max,e[o 1) f(s). We will prove with f(s*) on the left-hand
side and hence the conclusion. We can therefore assume with no loss of generality that s* = 1.
One obtains that

f(1) = £(0)

(76) > p.

IN

/1|f’(s)|ds:/1|<VVHO(x+sd1),d1>|ds
0
< Z/\ 2 sy ) (),

O3 Vi o4 ()| < f”

i=1
for some XL function F3. In the above, we have used , the definition of s* = 1 and for the

final inequality, Holder’s inequality with appropriate weights. Combining the previous inequality
with (76), one concludes the argument for and hence that of (70).

24+Kg—T;

o x + $d1)|(d1)1|d8

IN

+ CF([|d]]),
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