N
N

N

HAL

open science

Terminating Non-Disjoint Combined Unification
(Extended Abstract)
Serdar Erbatur, Andrew M Marshall, Christophe Ringeissen

» To cite this version:

Serdar Erbatur, Andrew M Marshall, Christophe Ringeissen. Terminating Non-Disjoint Combined
Unification (Extended Abstract). UNIF 2020 - 34th International Workshop on Unification, Temur

Kutsia; Andrew Marshall, Jun 2020, Paris, France. hal-02962869

HAL Id: hal-02962869
https://inria.hal.science/hal-02962869
Submitted on 9 Oct 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-02962869
https://hal.archives-ouvertes.fr

Terminating Non-Disjoint Combined Unification

(Extended Abstract)

Serdar Erbatur!, Andrew M. Marshall?, and Christophe Ringeissen®

! University of Texas at Dallas, USA
serdar.erbatur@utdallas.edu
2 University of Mary Washington, USA
marshallQumw.edu
3 Université de Lorraine, CNRS, Inria, LORIA, F-54000 Nancy, France
Christophe.Ringeissen@loria.fr

1 Introduction

Unification is a critical tool in many fields such as automated reasoning, logic programming,
declarative programming, and the formal analysis of security protocols. For many of these
applications we want to consider equational unification, where the problem is defined modulo
an equational theory FE, such as Associativity-Commutativity. Since equational unification is
undecidable in general, specialized techniques have been developed to solve the problem for
particular classes of equational theories, many of high practical interest. For instance, when
the equational theory E has the Finite Variant Property (FVP) [3, 7], there exists a reduction
from F-unification to syntactic unification via the computation of finitely many variants of the
unification problem.

Another ubiquitous scenario is given by an equational theory E involved in a union of
theories F'U E. To solve this case, it is quite natural to proceed in a modular way by reusing
the unification algorithms available for F' and for E. There are terminating and complete
combination procedures for signature-disjoint unions of theories [10, 2]. However, the non-
disjoint case remains a challenging problem. One approach to the non-disjoint combination
problem that has been successful in some cases is the hierarchical approach [5]. In this approach,
F U E-unification can be considered as a conservative extension of F-unification. Then, a new
inference system related to F, say Ug, can be combined with an FE-unification algorithm to
obtain a F'U E unification algorithm. While this hierarchical approach won’t work for every
F U FE it can be a very useful tool when applicable. However, up to now it could be complex
to know if a combination F'U F could be solved via the hierarchical approach. For example,
there is no general method for obtaining the inference system Ug, and the resulting hierarchical
unification procedure may not terminate.

In this paper, we consider “syntactic” theories F'U E where U can be defined as a system
of mutation rules, and we present new terminating instances of the hierarchical unification
procedure.

2 Preliminaries

We use the standard notation of equational and term rewriting systems [1]. An equational
theory E is regular if for any axiom [ = r € E, [ and r have the same set of variables. An
equational theory E is collapse-free if for any axiom [ = r € E, | and r are non-variable terms.
An equational theory E is subterm collapse-free if for all terms ¢ it is not the case that t =g u
where u is a strict subterm of . A subterm collapse-free theory is necessarily regular and
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collapse-free. An equational term rewrite system, equational TRS for short, is a pair (R, E)
where R is a set of rewrite 3-rules and E is an equational ¥-theory, ¥ being a signature. An
equational TRS (R, E) is said to be E-convergent if the rewrite relation — g g, defined via
E-matching, is F-convergent, meaning that =g o =g g o =g is terminating and — g g is
Church-Rosser modulo E. A function symbol that does not occur in {l(€) | I — r € R} is called
a constructor for R. Let ¥y be the subsignature of ¥ that consists of function symbols occurring
in the axioms of E. An E-convergent TRS (R, E) is said to be E-constructed if all symbols in
Yo are constructors for R. Given two rewrite rules g — d and [ — r, the E-Forward inference
generates a new rewrite rule when [ and d overlap. It is formally defined as follows:

E-Forward g—d[l'], l—>r F (g—=dr])o
where g — d[l'],1 — r € R,l’ is not a variable,oc € CSUg(I' =" 1).

An E-convergent TRS (R, E) is forward-closed if any application of E-Forward generates a rule
which is redundant in (R, E) when the premises are rules in (R, F), following an appropriate
definition of redundancy [8]. It can be shown that for any E-constructed TRS (R, E) where E
is regular, collapse-free and F-unification is finitary, (R, ) has the FVP if and only if it has a
finite closure by E-Forward.

An alien subterm of a ¥p-rooted term ¢ is a ¥\ Xg-rooted subterm s such that all superterms
of s are ¥gp-rooted. A set of equations G = {z; =1, ..., &, = t,} is said to be in tree solved
form if each z; is a variable occurring once in G.

3 Hierarchical Unification

Consider now a union of theories R U E where E is regular and collapse-free and (R, E) is
assumed to be E-constructed. Thanks to this assumption, R and E are “sufficiently separated”
and thus we can envision the problem of building a RUFE-unification algorithm using an approach
based on combination. A hierarchical unification procedure is parameterized by an E-unification
algorithm and a mutation-based reduction procedure U. It applies some additional rules given
in Figure 1: Coalesce, Split, Flatten, and VA are used to separate the terms, U is used to
simplify the 3\ Xg-equations, and finally, Solve calls the E-unification algorithm.

Coalesce {z=y}UG + {z=y}U(G{z—y})
where z and y are distinct variables occurring both in G.

Split {f(v) =t}UG F {z=f(0),z2=t}UG
where f € ¥\X, t is a non-variable term and z is a fresh variable.

Flatten {v=f(...,u,...)}UG F {v=f(..,2,...),2=u}UG
where f € ¥\X, v is a variable, u is a non-variable term, and x is a fresh variable.

VA {s=tu]}UG F {s=t[z],z=u}UG
where t is Yg-rooted, u is an alien subterm of ¢, and x is a fresh variable.

Solve GUG() [ \/ODECSUH(G[))GU&O
where G is a set of ¥\Xp-equations, Gy is a set of Yg-equations, Gy is E-unifiable and not in
tree solved form, d¢ is the tree solved form associated with og, and w.l.o.g for any « € Dom(oy),
zog € Var(Gy) if zoy is a variable.

Figure 1: Hg rules
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Definition 1 (Hierarchical unification procedure). Assume a Xg-theory E for which an E-
unification algorithm is known to compute a finite CSUg(Go) for all E-unification problems
Go, a X-theory FUE for which E-unification is complete for solving the ¥qg-fragment of FUE-
unification, and an inference system U satisfying the following assumptions: U transforms only
equations of the form xg = f(x1,...,x,) where xo,x1,. .., T, are variables and f is a function
symbol in X\Xg; U is sound and complete; and U is parameterized by some finite set S of FUE-
equalities such that the soundness of each inference -y follows from at most one equality in S.
Under these assumptions, the Hg(U) inference system is defined as the repeated application of
some inference from Hg (cf. Figure 1) or U, using the following order of priority: Coalesce,
Split, Flatten, VA, U, Solve. A F U E-unification problem is in separate form if it is a
normal form with respect to Hg\{Solve}.

Note, that when we speak of an inference system, U, this is not just a set of rules but also
a strategy for applying those rules. This could include, as in the £4¢ case of Proposition 3,
methods for detecting errors such as occur-checks and non-termination [6].

Proposition 1. Let (R, E) be any E-constructed TRS such that an inference system U following
Definition 1 is known for the equational theory RU E, in addition to an existing E-unification
algorithm. Then E, RUE and U satisfy the assumptions of Definition 1, and the Hg(U)
inference system provides a sound and complete RU E-unification procedure if the normal forms
w.r.t Hg(U) are either the dag solved forms or problems that are not RU E-unifiable. If Hg(U)
is terminating, then it is a R U E-unification algorithm.

3.1 Subterm Collapse-Free Theories

Hierarchical unification algorithms are known for particular subterm collapse-free theories of
particular interest for protocol analysis.

Proposition 2. ([11, 6]) Let E be the empty Xo-theory where o only consists of a binary
function symbol *. Consider Rp = {h(z xy) — h(x) * h(y)} and Rpy = {f(z *x y,2) —
f(z,2) * f(y,2)}. The equational TRSs (Rp, E) and (Rp1, E) are E-constructed. Moreover,
RpUE (resp., Rpr UE) is a subterm collapse-free theory admitting a unification algorithm of
the form Hg(Up) (resp., Hg(Up1)).

Proposition 3. (/6]) Let AC = AC(®), Rs = {exp(exp(z,y),z) — exp(x,y ® z), exp(z *
y,z) — exp(x,z) * exp(y,z)} and Rr = {enc(enc(z,y),z) — enc(z,y ® z)}. The equa-
tional TRSs (Rg, AC) and (Rx, AC) are AC-constructed. Moreover, E4c = Reg U AC (resp.,
Fac = Rr U AC) is a subterm collapse-free theory admitting a unification algorithm of the
form HAc(Ug) (resp., HAc(U]:)).

3.2 Forward-Closed E-Constructed TRSs

For any forward-closed E-constructed TRS (R, E) such that F is regular and collapse-free, a
R U E-unification algorithm of the form Hpg(U) can be obtained by defining some inference
system U based on the Basic Syntactic Mutation approach initiated for the class of theories
saturated by paramodulation [9], and already applied in [4] to a particular class of forward-
closed equational TRSs.

Let BSM g be the inference system given in Figure 2. One can notice that each inference rule
in BSM p generates some boxed terms. This particular annotation of terms, detailed in [9, 4],
allows us to control the rules application in such a way that BSM g is terminating.
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mit U {z = f@)}UG - {o=[f@fuUdg=n}UG

where f € ¥\Xg, ¢ > 1, § are fresh variables and there are no more equations z = f(...) in G.

MutConflicty {z = f(®)}UG  {z=[t}[5]=7}UG
where f € ¥\X, f(5) — t is a fresh instance of a rule in R, f(?7) is unboxed, and (there is
another equation = u in G with a non-variable term u or = f(¥) occurs in a cycle).

ImitCycle {z=f(©)}UG F {z=|f(p)|5=1} UG

where f € ¥\Xg, f() is unboxed, § are fresh variables and x = f(¥) occurs in a cycle.

Figure 2: BSM g rules

Lemma 1. Assume E is any regqular and collapse-free theory such that an E-unification algo-
rithm is known. Let (R, E) be a forward-closed E-constructed TRS and BSM g the inference
system given in Fig. 2. Then Hg(BSMg) is a RU E-unification algorithm.

Example 1. Consider R = {m(z.y) — x,m(z.y) — y,dec(enc(x,y),y) — z} and E =
{enc(z.y,z) = enc(x,z).enc(y,z)}. E-unification algorithms are know for this type of one-
sided distributivity [11] and can be used in a hierarchical unification procedure of the form
Hg(BSMR). Since (R, E) is forward-closed and E-constructed, Hg(BSM g) provides an RUE-
unification algorithm.

4 Combined Hierarchical Unification

We are now interested in combining hierarchical unification algorithms known for F-constructed
TRSs. Given two E-constructed TRSs, say (R1, F) and (R, F), the problem is to study the
possible construction of a (combined) hierarchical unification algorithm for (Ry U R, E) using
the two hierarchical unification algorithms known for (Ry, E') and (Rs, E).

4.1 Combining Subterm Collapse-Free Theories

Let us first consider a technical lemma which is useful to get a hierarchical unification procedure.

Lemma 2. Let (R1,E) and (R, E) be two E-constructed TRSs sharing only symbols in E
such that, fori = 1,2, R; UE admits a sound and complete unification procedure of the form
Hg(U;). Assume that Ry U Ry U E is subterm collapse-free, and for any ¥1\Xg-rooted term t,
and any Yo\ Xo-rooted term to, t1 cannot be equal to to modulo RyURyUE. Then, Hg(U; UU3)
is a sound and complete Ry U Ry U E-unification procedure.

We study below a possible way to satisfy the assumptions of Lemma 2.

Definition 2 (Layer-preservingness). Let (R, E) be an E-constructed TRS over the signature
Y. A X-term t is said to be Xg-capped if there exist a constant-free Yo-term u and a substitution
o such that t = uo, Dom(c) = Var(u) and Ran(o) is a set of ¥\Xg-rooted terms. The TRS
(R, E) is said to be layer-preserving if RU E is subterm collapse-free and any normal form of
any X\ Xo-rooted term is 3g-capped.

Remark 1. The assumption that rules in R are ¥\Xg-rooted was used in [5], and layer-
preservingness generalizes this assumption.

4
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The property of being E-constructed and layer-preserving is modular.

Lemma 3. Assume E is subterm collapse-free, for i =1,2, (R;, E) is an E-constructed layer-
preserving TRS whose signature is 3;, and X1NXg = 3. If =g 0 =g ,ur, © =F s terminating,
then (R1U Ry, E) is an E-constructed layer-preserving TRS, and for any X1\ Xo-rooted term t,
and any Yo\ Xo-rooted term ta, t1 cannot be equal to to modulo Ry U Ry U E.

By Lemma 3, the two assumptions of Lemma 2 can be satisfied, and this leads to a hier-
archical unification procedure for the combined TRS. In the following, we consider a notion of
decreasingness in order to study the termination of this unification procedure.

Definition 3 (Decreasingness). Consider a complexity measure defined as a mapping C from
separate forms to natural numbers. A Hg(U) inference system is said to be C-decreasing if
for any separate form G U Gy we have that (1) for any G' such that GU Gy by G' U Gy, the
separate form of G' UGy does not increase C; (2) for any Gy, such that G U G Fgowe G U GJ,
then either the separate form of G U Gy, is in normal form w.r.t Hg(U), or it decreases C.

Consequently, Hg(U) is terminating if there exists some C such that Hg(U) is C-decreasing.

Theorem 1. Assume E is a subterm collapse-free theory such that an E-unification algorithm
is known, and C is a complexity measure defined on separate forms. Let (R, E) and (Ra, E)
be two E-constructed TRSs sharing only symbols in E such that, for i = 1,2, (R;, E) is layer-
preserving, and R; U E admits a C-decreasing unification algorithm of the form Hg(U;). If
=g O —R,UR, © =g IS terminating, then (Ry U Ra, E) is an E-constructed TRS such that
(R1 U Ry, E) is layer-preserving, and Ry U Ry U E admits a C-decreasing unification algorithm
of the form Hg(Uy UUs).

Example 2. Consider the theories Eac and Fac introduced in Proposition 3 and the corre-
sponding hierarchical unification algorithms Hac(Ug) and Hac(Ur) where the mutation rules
defining Ug and Ux can be found in [6]. Let SV C' be the complexity measure defined as follows:
given a R U E-unification problem in separate form G U Go, SVC(G U Gy) is the number of
equivalence classes of variables shared by G and Gy that are variables abstracting X\ Xq-rooted
terms.

One can check that the unification algorithms Hac(Ug) and Hac(Ur) are both SVC-
decreasing. By Theorem 1, we get that Eac U Fac admits a SV C-decreasing unification al-
gorithm of the form Hac(Ug UUx). We suspect that this complexity measure, SVC, could be
useful for proving termination in other theories.

4.2 Combining Forward-Closed E-Constructed TRSs

The union of two forward-closed E-constructed TRSs remains a forward-closed E constructed
TRS. Thus, a hierarchical unification algorithm can be constructed in a modular way in unions
of forward-closed E-constructed TRSs.

Theorem 2. Assume E is a reqular and collapse-free theory such that an E-unification algo-
rithm is known. Let (R1,E) and (Rg, E) be two forward-closed E-constructed TRSs sharing
only symbols in E. Then Ry URyUE admits a unification algorithm of the form Hg(BSM g, U
BSMg,).
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