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CURVE VALUATIONS AND MIXED VOLUMES IN THE IMPLICITIZATION OF RATIONAL
VARIETIES

ALICIA DICKENSTEIN, MARIA ISABEL HERRERO AND BERNARD MOURRAIN

ABSTRACT. We address the description of the tropicalization of families of rational varieties under parametrizations
with prescribed support, via curve valuations. We recover and extend results by Sturmfels, Tevelev and Yu for generic
coefficients, considering rational parametrizations with non-trivial denominator. The advantage of our point of view is
that it can be generalized to deal with non-generic parametrizations. We provide a detailed analysis of the degree of the
closed image, based on combinatorial conditions on the relative positions of the supports of the polynomials defining
the parametrization. We obtain a new formula and finer bounds on the degree, when the supports of the polynomials
are different. We also present a new formula and bounds for the order at the origin in case the closed image is a
hypersurface.

1. INTRODUCTION

A classical question that has thrived research in Computational Algebraic Geometry is the problem of implicitization.
The aim is to describe the prime ideal of polynomial relations among the coordinates of a rational map f. We
concentrate on sparse elimination and we consider a family of rational maps of the following form: the input is a field

K of characteristic zero, n + 1 finite sets Ao, ..., A, of lattice points in Z¢ and n + 1 non-zero Laurent polynomials in
d variables fq,..., fn € K[mlﬂ, e ,xf] supported on these sets. More precisely,
(1.1) fi= Z Ci o = (21,...,24), ¢iq €K, forall i € {0,...,n},

acA;

and our parametrization is of the form

(1.2) f: (K% -—-s (K" f= (flf") :
Jo fo

As the ideal of relations among the coordinates of f is defined over any subfield containing the coefficients, we assume
in what follows without loss of generality that K is algebraically closed. We can think of the implicitization problem
as a moduli question, as the answer differs depending on the genericity of the coefficients (¢; )i, We consider K
with the trivial valuation. In [21], Sturmfels, Tevelev and Yu approached this question with tools of tropical geometry,
thus exploiting the combinatorial nature of the problem. Instead of finding the ideal of relations, we can compute
its tropicalization. This is a rational weighted balanced polyhedral fan in R™ that captures the combinatorics of this
ideal. Tropical implicitization techniques are well suited to study the generic points of this space via the theory of
Geometric Tropicalization developed by Hacking, Keel and Tevelev [4, 11]. These techniques are hard to address for
special choices of coefficients, since they depend on the process of resolution of singularities.

We approach this question from a different perspective. Namely, we go back to the valuative approach to tropical
geometry, manifested in the Fundamental Theorem of Tropical Geometry [6, 7], and we reinterpret tropical implic-
itization in this elementary language. The main advantage of this approach is that we recover in Theorem 2.8 a
straightforward generalization of the description of [21, Theorem 2.1] for generic parametrizations, while developing
tools that could be further refined to study the non-generic case. In fact, Theorem 2.8 can be deduced from their
result, as we discuss in Section 2.6.

We also study in detail the degree of the closed image of f (that is, the closure of the image of f) which we denote
by S, in case it has dimension d. When S is a hypersurface (that is, when d = n — 1), one can get the direction and
the length of the edges of the Newton polytope N(H) of a defining equation H for S from the description of the cones
in the tropicalization of the image of £ and their multiplicities. Then, N(H) can be algorithmically reconstructed,
see for instance [13]. We could then from this information extract the degree deg(H) = deg(S). In the case of lattice
polygons, there is a clear description of N(H) in [5]. If fo = 1 and all supports are equal, deg(.9) is computed in [22] by
means of resultants. In case fj is a monomial, the description of the Newton polytope of H was also studied in general
by Esterov and Khovanskii in [9], where they develop an elimination theory of polytopes via mixed fiber polytopes in
the sense of McMullen. This gives the Newton polytope N (H) only for generic coefficients, from which deg(S) can be
read in this case. We give a precise description in Theorem 3.3.

There is a straightforward upper bound for deg(S), given by the lattice volume of the convex hull (conv(U?_yA;))
of the union of the supports (see for instance [8] in case d = n — 1). The divergence from this upper bound for
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generic coefficients is related to the following question. Given Ag,..., A, and Laurent polynomials fy,..., f, in d
variables with these supports respectively and generic coefficients, when d generic linear combinations ¢ ofp + -+ +
binfn, - Laofo+ -+ Lanfn with generic coefficients ¢; ; € K, have generic coefficients with respect to the support

7_0A;? In Theorem 3.3 we give conditions on the relative positions of Ay, ..., A, under which this upper bound
and some refined ones are attained. The conditions are similar to the conditions of monotonicity of the mixed volume
studied in [2] for the case of n sparse polynomials in n — 1 variables, but they are in fact different as Example 3.9
shows.

When S = (H = 0) is a hypersurface, we also compute by means of curve valuations the order at the origin
ordg(S) = ordg(H). Again, if the Newton polytope N(H) is known, this information can be extracted from it. Under
our hypotheses, the origin is never in the image of £, but it could be in its closure. We compute ordg(S) in Theorem 4.2
under a condition on the family of supports that holds in many cases. This order can be greater than one (that is,
the origin is a singular point of the closure of S in K™) even for generic coefficients, depending again on the relative
positions of the supports Ag,...,A,. We also give along the paper examples not satisfying the hypotheses of our
results, but where we can still compute degree and order adapting the arguments in our proofs.

In Section 2 we describe the tropicalization of S. We prove the basic Theorem 2.4 and the main Theorem 2.8. We
also show in § 2.5 how this result and its proof can be used in generic and non-generic cases. Section 3 deals with
the degree computation for any d. Our main result there is Theorem 3.3 and in § 3.1 we give different conditions for
equality in the inequalities in its statement, in case d = n — 1. Section 4 deals with the computation of the order of .S
at the origin for d = n — 1. We present our main result Theorem 4.2 and we discuss examples that show how its proof
can be used to study cases in which the hypotheses are not satisfied.

Acknowledgements: We are very grateful to M. Angélica Cueto, who worked with us at an earlier stage of this
project. In particular, she suggested to us the example we present in Section 2.5 and provided the first picture in
Example 2.14. We thank the two referees for their constructive comments to improve our article and Paco Santos for
his immediate help with a polytope question.

2. THE TROPICALIZATION OF THE IMAGE OF f

We fix a family of finite integer sets Ao, ..., A, C R? and we take n + 1 Laurent polynomials f, ..., f, asin (1.1)
with these respective supports and coefficients in K. The goal of this section is to describe the tropicalization of the
closure im(f) of the image of f in (1.2) in case the coefficients of fy,..., f,, are generic. Since the parametrization
is invariant under multiplication of all the f;’s by the same monomial, that is under a common translation of the
supports, we assume all along, without loss of generality, that our supports Ag,..., A, lie in the positive orthant
(Z0)?, that is, that fo,..., fn € K[z1,...,74].

Our main result in this section is Theorem 2.8, which describes the tropicalization of the closure of the image of
f as a set. It extends [21, Theorem 2.1] to the case of rational functions. Our proof is built from Theorem 2.4 and
Lemma 2.11 below using curve valuations. The main advantage of this approach is that it only involves elementary
techniques and it hints on how to proceed in case the coefficients fail to be generic. We develop this idea in § 2.5. In
Section 2.6 we recover the associated multiplicities from the results in [20].

2.1. Tropical varieties. In this section, we present some basic definitions and notation. In particular, we give
an introduction to useful statements on tropical geometry from the valuative perspective and recall the connection
between initial ideals, tropicalizations and power series solutions to Laurent polynomial equations. Our main result
here is Theorem 2.4.

We start by recalling the definition of the tropical variety of an ideal from the point of view of Grébner theory. We
consider an algebraically closed field K of characteristic zero with trivial valuation. As usual, we set K* = K\ {0} and
we call (K*)? the d-torus.

Definition 2.1. For any nonzero Laurent polynomial g = Y g,a® € K[zlﬂ, e ,a:j:l]
in, (g) the subsum of those terms g,x® in g for which g, # 0 and (w, ) is minimum.

We denote by in, (I) the ideal generated by all the initials in,,(h) with respect to w of all nonzero polynomials

and w € R”, we denote by

h € I. Given an ideal I C K[xlil, e ,xfiﬂ], the support of the associated tropical variety or tropicalization T (I) of I
is the set:
(2.1) T(I) = {w € R? |in,,(I) does not contain a monomial},

that is, in,,(h) contains at least two nonzero terms for any h € I\ {0}.
Given an algebraic variety V C (K*)4, we set T(V) = T(I(V)), where I(V) denotes the ideal of Laurent polynomials
vanishing on V.

By Hilbert’s Nullstellensatz, 7 (I) records all points w such that the associated variety Vi« (in,(I)) is nonempty.
When the ideal I is principal, generated by a Laurent polynomial h, the set T (I) consists of all directions w for which
the initial form in,(h) is not a monomial. Thus, 7 (I) consists precisely of the codimension one cones in the inner
normal fan of the Newton polytope N (h) of h, that is, of the convex hull of the exponents of the monomials occuring
in h with nonzero coefficient.

Tropical geometry can be approached from the perspective of valuations, when we think of them as Bieri-Groves’
sets [3]. To state explicitly the link between equality (2.1) in Definition2.1 and the characterization of the tropicalization
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of T(I) via curve valuations, we introduce the algebraically closed field of power series with real exponents and well-
ordered supports L = K{{e®}}, introduced by Hahn in 1907. These series form the ring of generalized Puiseuz series,
also known as the Mal’cev-Neumann ring (see e.g. Example 2.1.7 in [15] and [17]).

Definition 2.2. An element ¢ € L* has the form o = bge® + h.o.t.(¢), where by € K*, ap € R and h.o.t.(¢) is a
sum of terms of the form b; £% with b; € K and «;41 > «; for all ¢ > 0. We call in(o) := by e®® its initial term and
val(o) := ayg its order. We extend these notions to tuples in ¢ coordinatewise.

Note that in particular val(c) = 0 for all ¢ € K*.

The Fundamental Theorem of Tropical Geometry [6, 7, 15] asserts that given an ideal I in the Laurent polynomial

ring K[z, ..., x3'], the tropical variety 7 (I) is the set of all valuations of nonzero generalized Puiseux series solutions
to I:
(2.2) T(I) = {val({) | ¢ € VL+ (I)}.

Note that by choosing the field of generalized Puiseux series I which is algebraically closed and complete [17] with
value group R, it is not necessary to take closure on the right side [16].

The tropicalization 7 (I) is a rational polyhedral set that can be given a (non-unique rational polyhedral) fan
structure and any such fan can be refined to a tropical fan structure.

Definition 2.3. The multiplicity of a maximal cone o in a fan structure of 7 (1) is defined as the sum over all minimal
associated primes P of the initial ideal iny (I), of the multiplicities:

mult(o) = Z mult(P, iny (T)),
where w is any point in the relative interior of o.

These multiplicities satisfy a balancing condition. We refer the reader to [20] for details.

Consider now nonzero Laurent polynomials f, ..., f, and the map f from (1.2). Denote by fy, : (L*)? —-s L" the
extension of f to L. If Iy € K[yF',...,yF"] is the ideal that defines the variety imf and Jp C L[y, ..., 4], the
ideal that defines the variety im fy,, then Jp = Ir ®g L. That is, any system of generators of It over K is also a system
of generators of Jg over L via the inclusion K — L. Given a set X, denote by cl(X) its closure in the Euclidean
topology. The next result, which is an easy consequence of (2.2), shows the connection between the tropicalization of
the variety parameterized by the rational map f and the valuations of points in its image.

Theorem 2.4. Let fo, ..., fn be nonzero Laurent polynomials in d variables with coefficients in K and let £ : K¢ --»
(K*)™ be the rational map they define as in (1.2). Then,
(2.3) T(If) = cl{val(fL(0)) | o € (L*)%, fi(0) € (L*)"}.

Proof. Let V = {val(fL(0)) | o € (L*)4, f.(0) € (L*)"}. The Fundamental Theorem of Tropical Geometry implies that
val(fi. (o)) € T(I¢) for every o € (L*)? in the preimage of the torus (L*)" belonging to the domain of fi,. As tropical
varieties are closed in the Euclidean topology, we have the inclusion cl(V') C T (If) in (2.3). Moreover, since V is dense
in 7 (It), we have equality in (2.3) by Theorem A in [3]. Indeed, Bieri-Groves Theorem A asserts that all maximal
cones in 7 (I¢) have dimension equal to dim(imfy). Let Y C imfy be an algebraic variety of codimension 1 such
that imfy, \ Y C imfy C (L*)". Then, all maximal cones in 7 (I(Y)) have dimension equal to dim(Y) < dim(im fy.).
Consequently, 7 (I¢) \ T(I(Y)) is dense in 7 (If), as well as V. O

2.2. Defining the cones and the statement of Theorem 2.8. We present in Definition 2.7 the cones that occur
in the tropicalization of the image of f. We first need some notation concerning supports and polytopes. Let B be a
finite set in Z? and h € L[z, ...,z4] a polynomial h = > qeB Cqx? with support B with ¢, # 0 for all ¢ € B. For any

a € R, we define

(2.4) meq(h) = min{val(c,) + (o, ¢)} and in,(h) = E in(eq)z.
qeB
i (h)=val(cq)+(aq)

In particular, if h € K[z1,...,zq4], ma(h) does not depend on its coefficients and we have

2.5 ozB:ah:. ; d.ah: q’

(25 olB) = ma8) =il ) i) = e
Mo =(a,q

as at the beginning of § 2.1.
Let Q C R? be a lattice polytope and o € R%. We call face,(Q) the face of Q which has « as an interior normal
vector, that is, were the inner product with « is minimized:

(2.6) facea(Q) = {7 € Q | (o, 9) = ma(Q)}-

If B C Z% is a finite set, we denote by face,(B) the intersection of the face of the convex hull of B defined by a with
B (and we say that it is a face of B). Thus, for any nonzero Laurent polynomial g, the Newton polytope of in,(g) is
faceq (N (g)).
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Given a lattice polytope Q C R, we use the notation vol(Q) for its normalized volume with respect to the lattice
7% (so vol(Q) equals d! times its Euclidean volume vol.(Q)). Given a family of polytopes Q1,...,Qq € Z¢, we denote
by MV(Qyq,...,Qq) their d-dimensional mixed volume

(2.7) MV(Qi,...,Qa) = > (-1 #vol (D> Q).

Ic{1,...,d} jel
If By,..., By are finite sets, the mixed volume MV (By,...,Bq) of By,..., By is defined as the mixed volume of their
convex hulls conv(By),...,conv(Bg). Recall that, by Bernstein’s Theorem [1], this is an upper bound for the number
of isolated common zeros in (IL*)? of any system of polynomials with support set By, ..., Bg. Moreover, equality holds
for generic polynomials with those supports.

We denote by [n]o the set [n]o = {0,...,n} and by [n] the set [n] = {1,...,n}.
Definition 2.5. Given B = (Bi,...,B,) a family of finite sets in R? (or convex polytopes) and F; a face of B,

for all j € [r], we say that F' = (Fy,...,F,) is a coherent collection of faces of B if there exist a € R? such that
F; = face,(Bj) for all j € [r].

Definition 2.6. A family of finite sets By, ..., B, in Z¢ is said to be essential if for any subset J C [r] of size at most
d, it holds that
(2.8) dim() ~ conv(B;)) > |J].
icJ
With the previous notation, given a set J C [r], we say that a coherent collection F' = (Fy,....F,.) of faces of B is

adapted to J if |J| < d and the family {F}};c is essential.

Consider again the family of supports Ag,..., A, C Z%O. Given any o € R¢, we define
(2.9) Yi(a) = ma(4i) —ma(do), i€ nl,
and we consider the map v : R? — R" defined by
(2.10) Pla) = (Yi(a), ..., Pn(a)).

We next define the cones on which the description of 7 (imf) is based. We use the notation 1 = (1,...,1) € R™.
Given a subset J C [n]o, we use the standard notation (R>q)” to denote the real vectors y € R™ satisfying y; > 0 for
all j€Jandy; =0for j&J.

Definition 2.7. Given a set J C [n]o and a coherent collection F' = (Fy,..., F,) of faces of (Ay,...,A,) adapted to
J, we define the following cones in R":

*if 0 ¢ J,

(2.11) CF = {y(a) +u | F; C face,(4;) for all i€ [n]o, and u € (Rso)’},
*if0eJ,set J=J— {0} and

(2.12) CT .= {(a) +u— 1| F; C face,(A;) for all i€ [n]o, u € (RZO)'I/ and A € R>o}.

Note that coherent collections (Fy, ..., Fy,) of faces of Ay, ..., A, correspond to faces Z;‘l:o F; of Z;L:O A;, which
are in bijection with cones of the inner normal fan of conv(Z?zO Aj).

We now present Theorem 2.8. Our statement is a direct generalization of [21, Theorem 2.1], which applies to the
case when fj is a monomial (Ag consists of a single point). Our proofs are different, based on curve valuations, and
give a hint on how to describe with this tool the tropicalization of the image when the coefficients are not generic.

Theorem 2.8. Consider the rational map £ as in (1.2) where fo,..., fn € Klxy,...,24] have supports Ay, ..., An
and generic coefficients. Then, the following subsets of R™ coincide:
(i) the tropical variety T (imf),
(i3) the union of the cones C¥, for all J C [n]o such that |J| < d and all coherent collections F of faces of
(Ao, ..., A,) adapted to J.

The proof is given in § 2.4 below.
We give a simple example of the statement of Theorem 2.8

Example 2.9. Denote by P; the convex hull of A; for any ¢ € [n]y. For instance, in the unmixed case when all P; are
dilations of a fixed polytope P € R?, that is, when there exists positive integers do, ..., d,, such that P; = d; P for all
i € [n]op [21, Section 3.2], we have that

Y(@) = ma(P) - va,
where vy denotes the integer vector (dy — do, . ..,d, — do). The image of ¢ varies as in [21] according to whether P
contains the origin or not.

When P contains the origin, the image of 1 is the half-line R<pvq and the tropical variety 7 (imf) is then the
union of the cones R<gug + (Rxo)” over all [J| = dim(P) — 1 such that 0 ¢ J, RZ, if 0 ¢ J and [J| = dim P,
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R<gvg + (R0)” MO + Rso(—1,...,—1) over all |J| = dim(P) — 1 such that 0 € J and RQ){O} + Rso(—1,...,-1) if
0€Jand |J| =dimP. -

When P does not contain the origin, the image of 1/ is the line R vg and 7 (im f) is the union of the cones R vg+(R>q)”
over all |J| = dim(P) — 1 such that 0 ¢ J, and Rvg + (R>o)”M% 4+ R5¢(—1,...,—1) over all |J| = dim(P) — 1 such
that 0 € J, R, if 0 ¢ J and |J| = dim P, and R‘Q){O} +R>o(—1,...,—1)if 0 € J and |J| = dim P.

Note that the cones in our description overlap and a cone in the tropicalization can be equal to the union of some
of them, as in Example 2.13.

We could use Theorem 2.8 to compute the dimension of the variety parameterized by f, which equals the maximal
dimension of a cone C, because the tropical variety 7 (imf) and im f have the same dimension by [3]. For instance,
let d = n — 1. If there exists a subset Jo C [n]o with |[Jo| = n — 1 and Cj, = UpCY # 0, then f parameterizes a
hypersurface. Note that the reciprocal is not true. For instance, consider the rational map f : (C*)? --» (C*)3 defined
by f(z1,72) = (c171,com1,T2),with c1,ca # 0. Then, f parameterizes a hypersurface but C; = @ for all J # 0, in
particular those with cardinal 2. This is not a contradiction because in this case dim(Cp) = 2.

We next show that Theorem 2.8 can be seen as a consequence of [21, Theorem 2.1]. Consider again finite sets
Ao, ..., A, C Z¢ and polynomials fy,..., f, with these respective supports such that the closure of the image of the
associated rational map f has dimension d.

Let p be the homomorphism of tori with its corresponding linear map A of lattices:

po (K" s (K™ Azt zn

_>
(20y-+y2n) — (i—é,,z—;) (wo,...,wp) — (w1 —wp,..., W, —wp)

(2.13)

Denote by F' the rational map:
(2.14) F: (K% (K" F = (fo, f1,-, fn)-

Then, f = poF and thus 7 (imf) = A(7T(imF)) (see Remark 1.2 in [20]). The cones of the tropical variety 7 (im f)
can be deduced from the description of the tropical variety 7 (imF).

As we show in Section 2.5, our direct and simple approach via curve valuations can be extended to deal with
non-generic parametrizations. Also, curve valuations are used in Section 4 to give a formula for the order at the origin

of S.

2.3. Two auxiliary results. We first recall Hensel’s lemma. The valuation ring of L is O = {0 € L| val(s) > 0},
with maximal ideal m. Here O* = O ~ m denotes the units in O, i.e. those elements with valuation 0. Given a
sequence of polynomials h = (hy,...,h,) € L[z1,...,24], let us denote by Jy,(z) € L(x)%*" its associate Jacobian
matrix. Observe that the field L is algebraically closed, and so Hensel’s lemma [14] holds in L:

Hensel’s lemma: Let h = (hy,...,hq) € Olz1,...,24] be a family of non-zero polynomials. Assume that there
exists b= (by,...,bs) € O% such that

val(h;(b)) > 0 for 1 € [d] and val(det J}, (b)) = 0.
Then, there exists a unique o € O% such that h;(c) = 0 and val(o; — b;) > 0 for all i € [d].

The following lemma for polynomials with nonnegative exponents is straightforward.

Lemma 2.10. Let B C Zio be a finite set and h € L[xy,...,xzq4] be a non-zero polynomial supported on B. For any
o € (L) with in(o) = be® = (b1e™, ..., bge“), b; € L*, a; € R, we have
(2.15) h(o) = ing (h)(b) e™ M + h.o.t.(e).

Notice that, a priori, we could have in,(h)(b) = 0 so Lemma 2.10 implies that val(h(c)) > mq(h), with equality if and
only if in, (h)(b) # 0.

Lemma 2.11 below gives conditions which ensure that a vector w can be realized as the (coordinatewise) valuation
of a point in im(ff).

Lemma 2.11. Let ¢1,..., g, be non-zero polynomials in Klz1,...,24] with r < d and call By,...B, in Z%o their

respective supports. Given a € R, assume the initial polynomials ing(g1), .. .,ina(g,) have a common zero b € (K*)4

such that their Jacobian matriz Ji, 4y (b) has mazimal rank r. Then,
(i) for each w € R werifying that w; > mq(B;) for all j € [r], there exist o € (L*)¢ with in(c) = be® such that
val(g;j(0)) = w; for all j € [r].
(it) if g1,. .., gr have generic coefficients, for each w € R" verifying that w; > mq(Bj) for all j € [r], there exist
o € (L") with val(o) = « such that val(g;(c)) = w; for all j € [r].

Proof. Given a, write e®x = (e x1,...,6%xq). For any g; = Y cp ciaz® i = 1,...,n, we denote g;(z) =
g=ma(Bi)g,(e®x). These polynomials now lie in Ozy,...,24. By Lemma 2.10, we know that ing(g;) = in,(g;)
for all i € [r] and Jiny ) = Jin,(g)- Therefore, we can assume that o = 0 and mq(g;) = 0, with g; € Olxy, ..., z4] for

all i € [r].
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To prove item (i), under these assumptions on « and the polynomials g¢i,...,g,, consider the polynomials h; =
g; — €™ for every i € [d] and w € (Rsg)". By Lemma 2.10, val(h;(b)) > 0 for all < € [r]. Since ing(h;) = ing(g;)
and Ji,(g)(b) has rank r, for any d — r generic affine linear forms £1,...,0q—, € K[x1,...,24] that vanish on b, the
Jacobian matrix Jin ), of the family of polynomials ing(h1),...,ing(hr), f1,...,€a—r is invertible when evaluated at
b. Consider now the Jacobian matrix Jj,; of the family of polynomials hq,..., k., ¢1,. .., L4—r. Since det(Jy (b)) =
det(Jing(n,1(b)) + h.o.t.(e) and det(Jin,(n),i(b)) € K*, val(det(Jp,(b))) = 0. Then, by Hensel’s Lemma there exist
o € O™ such that in(o) = b and h;(c) =0 for all ¢ € [r], and so g;(o) = &“i.

To prove item (ii), note that for a generic point ¢ € (K*)¢ we have val(g;(c)) = 0 for all i € [r], thus w = 0 € R"
satisfies the statement. Consider now any w € (Rso)". We need to show that there exists a point o € (L*)?
with val(o) = 0 and such that val(g;(c)) = w; for all i € [r]. Consider the set I = {i € [r] | w; > 0}. Since
ing(g1),...,ing(g-) are generic polynomials and have a common zero b € (K*)?, the solution set in (K*)? is an
equidimensional variety of dimension d —r. If we denote by (Bj)o, ..., (By)o the supports of these initial polynomials,

Ay ={0,e1,...,eq} the set with e; the i-th vector of the canonical basis of R? and A((idﬂ) when it is repeated d — r

times, then the mixed volume MV ((Bj)o, ..., (BT)O,ASFT)) is a positive integer. By the monotony of the mixed
volume, MV ({(B;)o}icr, {(Bi)o U {O}}igI,AE{dﬂ)) is also positive. Given f1,...,fq_, generic affine linear forms in
Klzy,...,zq] and {A;}igr C K* generic numbers, denote by g7 the following polynomials

gi(x) for every i € T

gi(x) = gi(x)+ X\ foreveryi g I,i <r

li_r(z) for every r < i < d.
Then, the initial polynomials ing(g$), . ..,ing(g5) have an isolated simple common zero ¢ € (K*)¢. Consider now the
polynomials hq,...,hqg € O[z1,...,x4] defined as h;(x) = g9 (x) — v if ¢ € I and h;(z) = g7 (z) otherwise. Since
c € (K4 c O satisfies val(hi(c)) > 0 for all i € [d] and Jinn)(¢) = Jing(g),1(c), then val(Jy(c)) = 0. Then, by
Hensel’s Lemma there exists o such that in(o) = ¢ and h;(c) = 0 for all ¢ € [r], or equivalently, g;(c) = "¢ for all

w; > 0 and g;(0) = —=\; € K* for all w; = 0. O
2.4. The proof of Theorem 2.8. We first show that 7(I) is contained on the union of the cones C¥'. We consider
for any J C [n]o the cone C;; = UpC¥| where the union is over all coherent collections F of faces of (Ao, ..., A,) that
are adapted to J.! Then,

*if0é¢J,

CJ = {'Q[J(Ck) + u, xeTy, and u € (RZO)J}a
*if0eJ,set J'=J— {0} and

Cy:= {’lﬁ(a) +u—Al,a€T5,uE (Rzo)‘ﬂ? and \ € R20}7

where 77 := {a € R? | dim (3¢ i faceq (conv(4;))) > |K|, for all K C J}.

By the Fundamental Theorem of Tropical Geometry, it suffices then to show that val(fy,(¢)) lies in one of the cones C';
for o in (L*)\{[]}_, f; = 0}, where we simply denote fi; = f;. Let a = val(c), with ¢ = (b1 e** +h.o.t.(¢),...,bge*+
h.o.t.(¢)) and b = (by,...,bg) € (K*)?. Consider the initial forms in,(f;). If in, (fo)(b) # 0, take J as the subset of [n]
of those indices for which in,(f;)(b) = 0. Since the polynomials f; are generic, in,(f;)(b) = 0 for ¢ € J implies that
a € 77. We deduce from Lemma 2.10 that val(f;(c)) = m;(a) for all i € [n]o\J and val(fi(c)) > m;(a) for all i € J,
so val(f,(¢)) = ¥(a) + u € Cy where a € 7; and u € RZ,,. This shows that val(fy,(c)) € C}.

On the other hand, if in,(fo)(b) = 0, this means that val(fo(c)) = mo(a) + A > mo(a). Take J’ be the set of
indices j > 1 satisfying in, (f;)(b) = 0 and J = J' U {0}, it follows by the same argument that val(fy.(c)) € C.

This shows the inclusion 7(imf) C U;Cy = UF adapted to 3 CE .

Our next task is to prove that the cones C; lie in T (I) if the polynomials f; have generic coefficients. Let o € 7.
Since the polynomials f; are generic, we may assume that there exists b € (K*)¢ with in, (f;)(b) = 0 if and only if
J € J, with the additional property that the Jacobian matrix Jac(in, (1;));c, (b) associated to those initial polynomials
has maximal rank. In particular, in,(f;(b)) # 0 for every i € [n]o\J and, by Lemma 2.10, val(f;(c)) = mq(F;) for
every o with in(o) = be®.

First, assume 0 ¢ J and consider ¥ (a) +u € Cy where u € (Rsg)’ and w € R"™ defined as w = ¥(a) + u +
ma(Po)(1,...,1). Applying Lemma 2.11 to the polynomials (and coordinates of w) indexed by J, there exists o € (L*)4
with in(o) = be® and val(fi(0)) = w; for every i € J. Hence, val(fL(0)) = w — mo(Fo)(1,...,1) = ¥(a) + u. Since
T(I) is a closed set, we deduce that Cy € T(I). In case 0 € .J, consider ¢(a)+u—A(1,...,1) € C; where u € (Rso)”’
and A > 0 and w = (wo, ..., wn) = (Ma(Po) + A\, ma(Pr) + ui,...,ma(Py) + u,) € R*1. Applying Lemma 2.11
to the polynomials {f;};cs (and the corresponding coordinates of w), there exists o € (L*)? with in(c) = be® and
val(fi(o)) = w; for all ¢ € J. Then val(fy(0)) = ¢¥(a) +u— A(1,...,1).

Remark 2.12. For any choice of coefficients, the Newton polytope of an equation of imf lies inside the Newton
polytope corresponding to the case of generic polynomials. However, this need not induce an inclusion in any direction
between the cones in the corresponding tropicalizations, as in Example 2.14 below. We show in this example how to
use the arguments in our proof of Theorem 2.8 to extend them beyond the case of generic coefficients.

1Unlike the cones Cf, the cones C; are not necessarily convex.
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Our combinatorial definitions in Def. 2.6 and Def. 2.7 are simplified by appealing to the generic behaviour of the
coefficients to make them independent of the particular polynomials. We can modify the definition of the cones
CY depending not only on the supports but also on the given fo,..., f, to get one containment as follows. Given
(Fo, ..., Fy,) a collection of faces of (Ao, ..., A4,), we call Tf’f the cone of those v € RY such that F; = face,(A;) for
all j, and there exists a simple common zero b € (K*)? of in,(f;) for all j € J, such that in, (f;)(b) # 0 for any i ¢ .J.
Simple means that the associated Jacobian matrix has maximal rank. So, Tf’f is empty for every J unless there exists
a € R? such that F; = faceq(A;) for all j. For such directions we are requiring that the initials of fo,..., f, with

respect to a behave as in the generic case. We then define the cones Cf’f as follows:
*ifoéeJ,
C’f’f ={¢Y(a)+u,ac Tf’f, and u € (R>g)”},

*if0eJ,set J'=J— {0} and
Cf’f ={Y(a) +u—-A1,ac Tf’f,u € (REO)JI, and A € R>o}.

Then, Cf;’f C T(imf).

2.5. An example. We apply Theorem 2.8 to an example with generic coefficients (Example 2.13 below) and we
then consider in Example 2.14 polynomials with the same supports but non-generic coefficients. These examples are
addressed in terms of geometric tropicalization in Examples 4.3 and 5.3 in [4].

In both cases, we consider polynomials fo,..., f3 with the following respective supports: Ao = {(0,0)}, A3 =
{(2,0),(3,0),(0,2)}, A2 = {(0,2),(0,3),(2,0)}, 43 = {(1,1),(0,3),(1,2),(2,1),(3,0)}. We depict the corresponding
Newton polytopes P; = conv (4;) for i = 1,2, 3:

3+ 3+
2+ P, 2 P,
1+ 1+
| | |
[ [ [
1 2 3 1 2 3

Example 2.13 (Generic coefficients). Consider the parametrization f : (C*)? --» (C*)3 defined by the polynomials

fo = 1
f aw% + bla?% + a:‘;’
fo agxg + bgl‘% + xg

3 2 2 3
fs = zixo+ asx] + bszizre + csvix; + dsxs,

where a1, by, as, b, as, bs, c3, d3 are generic nonzero elements of K. It is straightforward to check that in this case the
cones in the statement of Theorem 2.8 are as follows:

e For J C [3]o with at least 3 elements, there is no possible coherent collection of faces adapted to J.

e For #.J = 2 the only coherent collection of faces adapted to J is (Ao, A1, A2, A3) and the associated cones are:
Ci = Rz(ﬂ“l —|—R20T2, Cy = Rzorl —|—R20T3, C3 = Rzorz +R20T3, defined by the rays r; = (1, 0, O), ro = (0, 1, 0)
and r3 = (0,0,1).

e For #.J = 1 we obtain the cones Cy = R>gr3 + R>074,Cs = R>071 + R>075, Cs = R>o72 + R>075, where we
define the rays ry = (—1, -1, —1) and r5 = (1, 1, 1), and Ca,l = Ronl + RZOTG, Ca,g = RZOTQ + RZOTW Ca’g =
R>or3 + R>ors, where r¢ = (=2, -3, -3), r7 = (—3,—-2,-3) and rs = (2,2, 3).

e Finally, for J = @, the image of 1 give us the cones Ob,l = R20T4 + Rzo’l‘ﬁ, Cb72 = R20T4 + Rzo’/‘?, Cb73 =
R>o7rs5 + R>grg. Here, the union of cones C,; U Chy; = Ciye for @ = 1,2,3 yields the cones C7 = Rxory +
R207"4, Cs = RZOT‘Q + R20T4, Cy = Rong + R207’5.

In fact, the Newton polytope of a (reduced) polynomial H that defines the closure of the image of f is a truncated
simplex with vertices {(4,0,0),(0,4,0),(0,0,4),(9,0,0),(0,9,0),(0,0,9)}. The cones C; to Cy correspond to the 9
edges of N(H). We explain how to compute a priori the multiplicities (the lengths of the edges) in § 2.6.
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¥(0,1) = (0,0,0) ¥(1,2) = (2,2,3)
$(1,1) =(2,2,2)

¥(2,1) =(2,2,3)

(—9,-6,-9) /

W(—2,~3) = (~6,-9, ~9)
W(=1,-1) = (=3,-3,-3)

FIGURE 1. The image by v of the cones spanned by {(-3,2),(0,1)}, {(0,1),(1,2)}, {(2,1),(1,0)},
{(1,0),(—2,—3)} is one dimensional. The black ray corresponding to ¥ (1,1) is both red and green.

Example 2.14 (Non-generic coefficients). Consider now the rational map f : (C*)? --» (C*)? associated to the
polynomials

fo = 1

fi = af—af—a}

fo = af—at-ua}

fs = dxizs — (31 + 32)°

The union of the zeros of these f;’s (that is, the base locus of f) has a highly singular point at the origin:

Let H be a (reduced) polynomial that defines the hypersurface parameterized by f. Its Newton polytope N (H) is the
pyramid in (Z>¢)? with equation X +Y +Z < 9 cut by the two half-spaces 3 X +3Y +27 > 12and 2 X +2Y + Z > 7.
Note that it is contained in the convex hull P of the support in the generic case in Example 2.13. We depict N(H)
on the right and P on the left:

The tropicalization 7 (H) is not equal to the union of cones of Theorem 2.8. The cones corresponding to the
edges on the top face coincide but looking at the facets of the polytopes P and N(H) visible from the origin, it is
straightforward to check that there is no inclusion of 7 (H) and the cones occurring in the case of generic coefficients
in any of the two directions. However, we can describe some of the cones in 7 (H) by considering the approach in the
proof of Theorem 2.8 and using it as a recipe to find the tropicalization.

In Theorem 2.8, to prove that a cone C lies in T (I), the genericity condition is used to ensure that there is a
common zero b € (C*)"~1 of in, (f;) if and only if j € J and that it satisfies all hypotheses from Lemma 2.11. But this
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Lemma does not require that the polynomials are generic. Using this idea, we consider for all possible J the common
zeros of {in,(f;)}jes that are not zeros of any polynomial in {in,(f;)};¢s. If either 0 € J or #J > 3, then there is
no possible a such that {in,(f;)};es have common zeros. If J = (), for all o € R? there are points b € (C*)? that are
not zeros of any in, (f;). Then, as in the generic case (see Example 2.13),

(2.16) w(RQ) =Cp1UChaUCh3

and this set is included in 7(I). If Je{{1,3},{2,3}} the only vector a € R? for which there are common zeros of
{ina(fj)}jes that are not zeros of any in,(f;) for all j & J or of det(T(in,(f;)},c,) is @ = (0,0). For J = {1,2}, a
possible vector is a = (0,0) (although is not the only one). Then, C; U Cy U C5 C T(I). These 3 are in fact the cones
associated to the edges of N(H) lying in the coordinate axes.

When looking at J={1,2}, we also need to consider o = (1,1). There is no zero of in(; 1)(f1) that is not a zero of
in(1,1)(f2). Consider o = (€”(1 + s1),e"(1 + 1)), where v > 0, (s1,¢1) € L? and val(s1), val(¢1) > 0. Then

filo) = €2V(2s1 —2t; + 57 —t7 —£'(1 +51)°)
fg(O’) = —€2U(281 —2t1 + S% - t% + Ev(l + t1)3)
f3(0') = 527)(4(1—1—81)(14—“) —61)(24—81 —l—tl)g).

If 257 — 2t; + 82 — 12 # 0 and we choose s = ag® + s9,t; = be¥ + t5 with 0 < w < v = w + v’ with v/ > 0, then
val(fi(0)) = val(f2(0)) = 2v" 4+ 3w and val(f3(0)) = 20" 4+ 2w. Thus, the cone R>o(1,1,1) + R>¢(3,3,2) is contained
in 7(I). The union of this cone with Cy C T(I) gives the entire cone corresponding to the edge (4,0,0)(0,4,0). If
J = {1}, we analyze those « such that face, (A1) has dimension 1. When a = (0, 1) we obtain the cone R>((1,0,0) C
Cy which we already have. When a = (—2,—3) there are zeros of in(_y _3)(f1) = 23 + «} that are not zeros of
in_a _3)(f2) =in_2,_3)(f3) = 23 or Tin(_a_z(f1) = (3% 25) and we get the cone C,, ;. Recall that (with the notation
of Example 2.13) C, ; U Cy; = Ce+;. Interestingly and as in the generic case, since we already obtained in (2.16) the
cone Cj 1 we have that C, 1 UCp1 = C7 C T(I). In the same way, for J = {2} we obtain that Cs C 7(I). These cones
correspond to the edges [(9,0,0)(0,0,9)] and [(0,9,0)(0,0,9)] of N(H). The set J = {3} is a bit more complicated
to analyze. If we consider all faces facey (A1) with dimension 1, both a = (1,2) and a = (2,1) gives the cone C, 3.
Via the cones obtained in (2.16), Cy C T(I). As we mentioned before, joining Cy with R>0(1,1,1) + R>¢(3,3,2) we
obtain the cone R>(0,0,1) +Rx>¢(3,3,2) C T(I) associated to the edge [(4,0,0), (0,4,0)].

Finer computations are required to find the other five cones associated to the edges of the two new faces of the
Newton polytope of H, as it is necessary to consider higher order terms in o.

2.6. The multiplicities. We complete the description of the tropicalization of the closure of the image of f with the
computation of the multiplicities of the maximal cones in Theorem 2.8.

Recall that as the variety imf is irreducible of dimension d, 7 (imf) is a polyhedral set that can be given the
structure of a pure d-dimensional fan. Theorem 2.8 gives a description of 7 (imf) as a set, and as in [21], this
description does not have a natural fan structure. However, every maximal dimensional cone ¢ in 7 (imf) has a
multiplicity mult(o) € Z~¢. This multiplicity can be computed at any regular point w in the cone, by means of [20,
Theorem 3.12] and [20, Theorem 5.1].

Consider again the homomorphism of tori p in (2.13). Given a regular point w in a maximal cone o of 7 (imf)
such that the preimage f~!(w) is a finite set of regular points in 7 (imF), m,, = mult(c) equals the sum over all
v € f~1(w), of the quantities

1 . n . d
mmv -index (]LW NZ: A(L,NZ )) ,

where LL,, denotes the Q vector subspace which coincides with 7 (im f) near w, and the multiplicity m,, of the regular
point v in 7 (imF) is as computed in [20, Theorem 5.1].

Consider the map 9T (a) = (mq(Ao), ..., ma(A,)) defined as in (2.9), but for the rational map F). For every
J C [n]o with |J| > d and every coherent collection of faces F' = (Fy,...,Fy,) of (Ay,...,A,) adapted to J, define
index(F, J) as the index of the lattice W57 (CF NZ?) + Z7 in its saturated lattice, when both have rank d. Otherwise,
index(F, J) = 0. With this notation, the multiplicity m,, of the regular point v in 7 (im F) is equal to the sum of

1
———index(F,J) - MV (F; | i
deg(F)m ex(F,J) -MV(F; | 1€ J)
over all sets J C [n]o and all coherent collection F of faces of Ay, ..., A, adapted to J such that ¥(CF) —HRéO contains
v. Here, MV(F; | i € J) denotes the |J|-dimensional mixed volume.
We give a simple example of the multiplicity computation via this formula.

Example 2.15. Let fo, f1, f2 € K[z] be the polynomials
fo=a3+3x, fi=2"+52> and fy =2+ 222 + 17x.

The rational map f has degree 2 and the cones in the tropicalization of its image are C1y = ¥(R>0) = R>((1,0); Cyoy =
R>0(0,1) and Cyoy = ¥(R<o) = R>o(—1,~1). The map F has degree 1 and the tropicalization of its image has 5
cones. The following table shows the multiplicity m,, of a regular point w in each of them (and the data used to
compute it):
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w v € p L(w) | my | index(Ly NZ? : A(Ly, NZ3)) | my

(2,0,0) | 2 1

(=, =) 2
(3,5,5) | 1 2
(0, X,0) 1

(A, 0) 2

2(1,3,1) | 1
0, 1) 0,0,N) | 4 1 2

For example, take a regular point w = (X\,0) € R%,. The set f~!(w) has two points in 7(imF): the point
v; = (0,A,0) which is in a cone of multiplicity 2 and the point vy = ()\/2,3X/2,1/2)} which lies in a cone of
multiplicity 1. Since A(0,1,0) = (1,0), the index is 1, but since A(1,3,1) = 2(1,0), the corresponding index is 2. By
equation (2.6), m,, = 2.

3. DEGREE OF RATIONAL VARIETIES UNDER SPARSE PARAMETRIZATIONS

As before, we consider n+1 supports Ay, . . ., A, which lie in the nonnegative orthant (Z>()? and generic polynomials
fos -, fn with respective supports Ao, ..., Ay, such that the rational map from (1.2)

(LI
= (5 %)

is generically finite and thus rationally parameterizes an irreducible variety S of dimension d. We give in Theorem 3.3
an explicit formula for its degree in terms of the supports when the coefficients are generic, and which is an upper
bound in any case. Our sharp bound for the degree of S in Theorem 3.3 for generic coefficients is similar to the bound
in Proposition 4 in [12] in case fo = 1. The upper bound given by the volume of the convex hull of the union of the
supports appears in Section 3 in [8]. We give conditions for equalities in the chain (3.5) of inequalities in Theorem 3.10,
and we also show in Example 3.6 that all the inequalities can be strict.

Consider the open set U = {z € (K*)® : ]I, fi(x) # 0}, the incidence variety

(3.1) W =A{(z,y) €U x (K") : fo(x)y1 — fi(z) = = fo(x) yn — fu(x) = 0},
and the projection
(3.2) m: W x (K)" — (K*)™, m(x,y) =y.

Then, S coincides with the closure of the image 7(WW). Moreover, this map is finite iff f is finite and both have the
same degree. Observe that the polynomials defining W don’t have in general generic coefficients with respect to their

supports even if fo,..., f, have generic coefficients (so the results in [9] do not directly apply). In fact, we compute
deg(S) in Theorem 3.3 studying the following similar genericity question: given a subset I of [n]y, with cardinality d
and generic coefficients (¢;;,7 = 1,...d,j = 0,...n), when do the polynomials Z;.L:O cijfj, i =1,...,d, have generic

coefficients with respect to their support? If not, which is the number of their common zeros in the torus (K*)4?
In order to state our main result in this section, we need to introduce two definitions.

Definition 3.1. Given a subset A C Z% and a natural number j, denote by A7 C Z%+7 the finite subset
(3.3) Al = {(a,0) € Z" | a€ Ay U{eas1, - earj}s
where 0 € Z7 and e; denotes the i-th canonical basis vector.

We also define new lattice subsets associated to a collection of finite subsets.

Definition 3.2. Let Ay, ..., A, C Z% with d < n, be a collection of finite lattice subsets. Given I = {iy,...,iq} C [n]o
with |I| = d, for any ¢ € [d] we denote

(34) Ai,I = Az U (Uj%[Aj) C Zd,
and we define d; as the mixed volume d; = MV (A;, 1,...,Ai 1)
We then have

Theorem 3.3. Consider Laurent polynomials fy, ..., fn in d variables and coefficients in K with respective supports
Ao, ..., A, CZ%, such that the rational map £: (K*)% ——» (K*)" defined as in (1.2) by f = (%, ce %), is generically
finite with deg(f) = 6. Then,

(3.5) deg(S) -6 < MV(ARFTI=d  Anti=d) < miny—qdr < max|—qds < vol(conv(UiLyA;)).

Moreover, the left equality holds when fq, ..., fn have generic coefficients.

Proof. As we mentioned, we can assume without loss of generality (possibly after a common translation of the supports)
that all exponents are nonnegative. The degree of S equals the number of intersection points of S with the zero set of
d generic linear forms in n variables with coefficients in K, which we write as follows:

(3.6) U =ai1y1+ -+ GinlYn +aio, ©€[d.
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Since ¢4, ..., ¢4 are generic, we can assume that every intersection point lies in f(U), and it is enough to consider all
common zeros of the form z = f(o) for some o in the domain of f (that is, such that f;(¢) # 0 for any ¢ € [n]o). Such
o belongs to the variety defined by the following polynomials g1, ..., 94 € K[z1,...,z4]:

:Zai,jfj7 1€ [d]
=0

These polynomials have support U}_;A; and so, the number of isolated common zeros in the torus is bounded by
Vol(conv( _oA;)) by Bernstein’s theorem with equality in case g1, ..., gq are generic polynomials with this support.
But, dependmg on the relative positions of Ay, ..., A,, this need not be the case.

A first refinement of this bound is given by the following observation. As the coefficients (a; ;) iem), are generic, for

J€ld]

every set I = {iy,...,iq} C [n]o with |I| = d, the system g1 = ...gq = 0 is equivalent by means of row operations to
a system of the form
M o= fi + ng;]ﬂ{jfj = 0
(3.7) s
hfi = Jia + nglﬂ“éj fi =0
where the coefficients ,ul-[j € K are generic. These polynomials h]I- have supports A;, ; for any j € [d]. By the

BKK bound, the system (3.7) has at most d; isolated common zeros in (K*)% and by the monotony of the mixed
volume, dy < MV(ULgAj, ..., UiLyA;)) = vol(conv(UiyA;)). But still, depending on the original supports Ay, ..., Ay,

hi, ..., h need not have generic coefficients with those supports, even if f; are generic for their support A;.
Take I = [d] and consider the following polynomials in K[z1, ..., Zp41]:
d n+1 .
nY o= fir Y e, 1<i<d,
(3.8) h[d] = fi — an, d+1<j<n,
d
hL]ﬂ = Jo— Tnt1

Denote by U the complement in (K*)? of the union of the zeros of fo,..., fu+1, that is, the domain of definition of
f. Clearly, there is a bijection between common zeros in U x (K*)"*t1=4 of h[d] ,hﬂ_l and common zeros in U

of g1,...,94, so deg(S) deg(f) is bounded above by the mixed volume of their supports. But, for generic fo, ..., fn

and generic linear forms /¢4, ...,¢,, these new polynomials h[d] .. h[:-]u have generic coefficients. Moreover, they
do not have common zeros in common in (K*)"*! with any fl. Indeed no f; with ¢ = d+1,...,n can vanish if
(Tai1,--sTns1) € (K¥)"H1=4. Take any i € [d], for instance i = 1. Then, if + = (z1,...,%,11) is a solution in the
torus of system (3.8) and fi(x1,...,24) = 0, then z is also a solution of the system of n 4+ 2 generic polynomials in
n + 1 variables:

n+1

d d d
S ey = = Al =0,
j=d+1

which is a contradiction. So the number of common zeros in U x (K*)"*1=9 is the mixed volume of their supports,
MV, (AT AR (A 0) U {east ), -+, (An, 0) U {en}, (Ag, 0) U {eny1}), where 0 € Z"+H1=¢ as in Defi-
nition 3.1. Note that replacing (2441, ..., Zn+1) by a generic linear combination, we would get the same number of
solutions in the torus, and thus, this mixed volume coincides with the mixed volume MV(A8+17d, ceey AE+1_d), as
stated in (3.5), and the first inequality follows.

To prove that MV(ARTI =4 ... Antl-d) < min|g—qdy, observe that MV (AR Art1=d) ig the number of
solutions of a generic system of equations (3.8), which coincides with deg(S) deg(f). As proved using system (3.7),
we have deg(S) deg(f) < dy for all I C [n] with |I| = d, we deduce the second inequality in (3.5), which concludes the
proof. O

We deduce from the proof of Theorem 3.3 that the generic value MV (AR =4 . Ant1-d) of deg(S) - deg(f) equals
MVn+1 (Alll+1_d7 s 7A3+1_d7 (Ad-‘rla 0) U {ed+1}7 ceey (Arn O) U {en}7 (AOa 0) U {en+1}) .
Moreover, we could replace the choice of indices [d] by any subset I of [n]y of cardinal d.

Remark 3.4. Note that the inequalities involving mixed volumes in (3.5) in the statement of Theorem 3.3 that we
proved for lattice polytopes, are also valid for arbitrary convex sets. All the terms are homogeneous of degree d, in
the sense that if we multiply all the supports A; by a factor of k, the (mixed) volumes are multiplied by &%, including
MV(ASHfd, ..., AMHI=d) Tf the vertices are rational numbers, we could scale the supports by a natural number k to
turn them into integers. Therefore, our inequalities apply and we can then divide by d* everywhere. Moreover, as the
(mixed) volumes vary continuously, one could approximate the (mixed) volumes by considering approximations of the
convex sets by rational polytopes.

Example 3.5. Consider the mapping f given by the generic polynomials from Example 2.13. Theorem 3.3 proves the
known fact that deg(S) = 9. Moreover, in this case the first inequality in (3.5)

deg(S) - deg(f) = MV (Ag7 e ,Ag) < minjp—ods
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in the statement is actually an equality. In fact, we can consider the steps in the proof of Theorem 3.3 to verify that
deg(S) - deg(f) = dy1,2;. We see below that for general supports the equalities in (3.5) can be strict.

3.1. Sufficient conditions for equality. With the notations from Theorem 3.3, if Ag = A; = --- = A, = A and
fos ..., fn are generic, the inequalities in (3.5) are all equalities and deg(.S)-deg(f) equals vol(conv(A)). But in general,
even for generic polynomials, the inequalities may be strict, as we show in the next example.

Example 3.6. Let d = 2,n+ 1 = 4, so S is a hypersurface in dimension 3. Consider the generic polynomials in
K[z, zo]:
fo(w1,22) = 2172, fi(z1,72) = 122 + b173 + 12129,
fa(z1, ) = agxy + bow? + compxe and  f3(21,22) = azri2o + barizy + 3 2h.
Let Ag, A1, A, A3 be their supports sets. We draw their respective convex hulls P;, i € [3]o.

2t 2 2t
Py Py Py
I+ e 1 1T
| | | |
| l l l
1 2 1 2 2
3+ P = conv(U3_yA;)
2__
1Ak
| | |
| | |
1 2 3 1 2 3
The closure S C K? of the image of the associated rational map f = ?7 ;2, ;3 is a hypersurface. Let H be a
o Jo Jo

reduced polynomial defining S. We observe that the degree of the map f is 1, and we can compute deg(S) = deg(H) =
MV (AG, ..., A3) = 5, vol(conv(U}_,4;)) = 11 and

5<6= d{l,g} = d{2,3} < d{o,g} < d{l,g} < d{O,l} = d{o’g} =10 < 11.
In fact, there exists a unique monomial in H of maximal degree 5.

In what follows we present conditions on the supports Ay, ..., A, for which some of the inequalities in the statement
of Theorem 3.3 are actually equalities in case d = n — 1. We need some preliminary results, which include equivalences
due to Bihan and Soprunov (see [2]), and the notion of an essential collection of subsets in Definition 2.6, which was
originally introduced in [19]. Conditions for strict monotonicity were previously determined in [18], but the approach
in [2] is different (see Example 3.9).

Lemma 3.7. Let By,...,B,_1 and Bj,...,Bl,_; be finite sets in (Z>o)" ! such that B; C B} for everyi € [n —1].
Then, the following statements are equivalent:
(i) MV(By,...,Ba_1) < MV(B},...,B._,).

» “n—1
(i) There exists a coherent collection of proper faces F' = (Fy,...,Fy,_1) of the collection BY,..., Bl _; such

that the collection B p, ..., B, _, p is essential, where

, _JF ifBiNEF #0
CETAB i BNF =10

(ii1) There exists a coherent collection of proper faces F = (Fi,...,Fn,_1) of the collection B},..., Bl _; such
that the collection {B; N F; | B; N F; # (0} is either empty or essential.

Proof. The equivalence between items (i) and (ii) follows from [2, Theorem 3.3]. To see that item (i) is equivalent
to item (iii) we apply Bernstein’s Theorem. Let g1,...,gn—1 be generic polynomials with support sets Bi,..., Bn_1.
Write g;(z) = >_,ep, Ciar®. Then MV(By,...,By_1) < MV(B],...,B]_;) if and only if there exists a coherent
collection of proper faces I' = (F1,...,F, 1) of (Bj,...,B;_;) such that the polynomials {} cp5 r Cia 7}
have a common zero with all non-zero coordinates. But, since g¢1,...,g9,—1 are generic, this is equivalent to the set
{B; N F; | B;NF; # ()} being empty or essential. a

Corollary 3.8. Let By,...,B,_1 be finite sets in (Z>o)"~'. Then, the following statements are equivalent:
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(i) MV(By,...,By_1) = vol(conv(Ul'By)).
(ii) For everyr € [n—1] and every face F of Ul B; of codimension r, the cardinality of the set {i | B;NJF # ()}
is at least n — r.
(iii) For every proper face F of U;L:_fBi there exists a nonempty subset J C {i | B; N F # 0} such that
dim (32, (B; N F)) < |J].

Proof. The equivalence between items (i) and (ii) follows from applying [2, Corollary 3.7] using the polytope conv(U?:_llBi).
Item (iii) follows from negation of item (iii) in Lemma 3.7. O

Example 3.6, continuation. Recall that by Definition 3.2, for any I = {j, k} C [3] with 2 elements and 4 the index
in its complement, dy = MV(AjUAqUA;, Ax UAUA;) and both supports are contained in the union U?:OAi. It can
be checked that item (iii) in Corollary 3.8 holds and so d; < vol(conv(U3_yA;)) for all I.

The following example shows that the conditions given in items (ii) and (iii) in Lemma 3.7 are different.

Example 3.9. Consider the finite sets in (Z>¢)?

B, ={(0,0,0),(1,0,0)}, B ={(0,0,0),(2,0,0),(0,2,0),(0,0,2)},
B, ={(0,1,0),(1,1,0),(0,2,0)}, B, ={(0,0,0),(2,0,0),(0,2,0)},
B; ={(0,1,0),(1,1,0),(0,2,0)} and Bj;={(0,0,0),(2,0,0),(0,2,0)}.

z z z z z A
/ ! 7
y y Ty Yy y Yy
xr X X X X X

Clearly 0 = MV(B1,B2,B3) < MV(B],Bj, B%). If we take the coherent collection of faces of B, B}, B4 associated
to the interior normal vector (1,1,0), the collection from item (ii) in Lemma 3.7 is essential. However, the collection
from item (iii) is not. On the other hand, if we consider the coherent collection of faces associated to the interior
normal vector (0,1, 1), the collection from item (iii) Lemma 3.7 is essential but the collection from item (ii) is not.

Therefore, it is not straightforward to prove in a direct way the equivalence of items (ii) and (iii) in Lemma 3.7. It
would be interesting to see a direct combinatorial proof without going through item (i).

The following theorem provides a necessary and sufficient condition for the equality d; = VOI(COHV(U?ZOAJ'» for
some I C [n]p with |I| =n — 1. We denote by I¢ the complement of I in [n]y.

Theorem 3.10. Let Ay,..., A, be finite sets in (Z>o)"~'. Fiz I C [n]o with |I| =n — 1. The following statements
are equivalent:
(i) For every r € [n—1] and every face F of Uj_yA; of codimension r and every J C [n]o such that [J| =1 +2
that contains I¢, we have (Uje A;) NF # 0.
(i) vol(conv(UT_oA;)) = d;.

Proof. For every set J C [n]p that contains 1€, we can define J=1J \I¢ C I. Then item (i) happens if and only if for
every face F of UJ_yA; of codimension r > 0 and every J C I with |J| = r, (U;c7(4; U (Uier=A;)) N F # 0. Using
item (ii) of Corollary 3.8, this is equivalent to item (ii). O

The next theorem provides a sufficient condition for the equality deg(S) - deg(f) = d; for some I C [n]y with
[I| =n—1.

Theorem 3.11. Let Ao,..., A, be finite sets in (Z>o)" . Let fo,...,fn be generic polynomials with support
Ap, ..., A, and coefficients in K such that the rational map £ from (1.2) is generically finite. Assume I C [n]o
with |I| = n — 1 satisfies that for every coherent collection of proper faces F of (A; U (UjercAj))icr, there exists J
nonempty subset of Prp={i € I | A; N F; # (0} such that

i€J
Then, deg(S) - deg(f) =dr = MV(Ay,,...,Ai,_,).

Proof. Denote I = {iy,...,in,—1} and I¢ = {ip,i,}. As in the proof of Theorem 3.3, take generic coeflicients
{/Lj,[,l/j)]}?;ll so that the system hj; = fi, + pj 1 fio +vj1fi, = 0 for j € [n — 1] has deg(S) deg(f) common
isolated zeros, all of them in the open set {x € (K*)"~' | T[j_, f;(z) # 0}.

Consider the polynomials {f;; +t ;1 fio +tvs1 fi,, j=1,...,n—1,t € K}. For all but finitely many values of ¢,
the system given by these polynomials has deg(.S) - deg(f) isolated common zeros with all non-zero coordinates, and
MV (A, ..., A;,_,) when ¢t = 0. Then, using Theorem 3.3, MV (A;,,...,A;,_,) < deg(S)-deg(f) < dj = MV(A;; UA; U
A ... A, UA;  UA; ) common zeros with all non-zero coordinates. By Lemma 3.7, MV(A;,,...,A;, ,)=di. O
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Example 3.12. Let d € N be an even number. Consider the hypersurface S parameterized by the rational map f as
in (1.2), where fo,..., f3 are generic polynomials with two variables, coefficients in K and supports
Ao = {(Ov 0)7 (17 0)7 (07 1)5 (d/27 d/2)} = As, A1 = {(070)7 (15 0)7 (07 d)}v Az = {(07 0)5 (dv 0)7 (07 1)}

Then the conditions of Theorem 3.11 are satisfied for I = {1,2} and we have that deg(f) = 1, so the degree of the
hypersurface equals deg(S) = d? = MV (Ag U Ay U A3, Ag U Aa U A3).

4. ORDERS OF RATIONAL HYPERSURFACES UNDER SPARSE PARAMETRIZATIONS

In this section, we assume that d = n—1 and S is a hypersurface in (K*)™. We study its order at the origin ordy(.5),
which is defined as follows. Let H be a (reduced) polynomial such that S = (H = 0). Then,

ordy(S) = max{m € Zsq | 9°(H)(0) = 0, for all 8 € (Z>0)",|8| < m}.

We compute ordy(.S) in Theorem 4.2 under an additional condition on the family of supports. As we remarked in the
Introduction, depending on the relative positions of the supports Ao, ..., A, it could happen that ordy(S) > 1 (that
is, the origin is a singular point of the closure of S in K™) even for generic coefficients, We end with two examples
where our proofs can be extended to other cases not falling into the hypotheses of Theorem 4.2.

Before stating Theorem 4.2, we need to introduce a definition.

Definition 4.1. Let Ag,..., A, be a family of finite sets in (Z>o)""'. Given a € Q"!, we call J, = {j €
[n]o | Mma(Aj) < max;cp),{ma(A:)}}. We say that the family is tame if for any a such that J, # () and |Jo| # n, the
family {face,(A;)}jes, in (Z>0)" ' is not essential (see Definition 2.6).

Note that in case all A; are equal for all ¢ € [n]g or if all 4; are equal for ¢ € [n] and Ay consists of a single point
(thus f;/fo are Laurent polynomials with the same support, the case studied in [22]), the family is always tame.

Recall that by Theorem 3.3 the degree of S for generic coefficients satisfies deg(S) - deg(f) = MV(A3,...,A2),
where the notation A7 C Z"*! is given in Definition 3.1.

Theorem 4.2. Let Ag,...,A, be a tame family of finite sets in (ZZO)”’l. Let fo,..., fn be generic polynomials
with respective supports Ag, ..., A, and coefficients in K such that the map £ from (1.2) is generically finite and
parameterizes a hypersurface S in K™. Then,

ordy(S) - deg(f) = MV(A2,...,A2) —MV(Al,...Al) > MV(AZ,...,A2) - _m[i%{MV({Ai U A} )}
JEN i#j

Proof. Consider ¢; = a;1y1 + - - - + a; nYn generic linear forms with coefficients in K, and generic constants a; ¢ € K*
for all i € [n — 1]. As before, consider the open set U = {x € (L*)"! | [Tj=o fi(x) # 0}. We can assume that
H,l1 —aj08,...,ln—1 — an_1,0¢c have D = MV(A3,...,A2)/deg(f) common roots, and that they all lie in fi,(U).

To compute the order at the origin of H, we consider the line in L™ defined by the generic affine linear forms
ly —ai0€,...,0h—1 — ap—1,0¢. Notice that this line can be parameterized as

{x eL" | t1(x) = a10¢,...,bn—1(x) = an—1,0e} = {Au+cv | A €L},
with u,v € K”. The common zeros of the polynomials H, {1 — a1 0¢, ..., ln—1 — an—1,0¢ in £, (U) are exactly the points

o = (fl(Uk(€)) fn(on(€))
folow(€))" " folow(e))
for which H(A; u+ve) = 0. If we consider the polynomial H(AU + ¢ V) € K[U, V,¢][\], we have

(4.1) HOAU +¢V) = Ho(UIAP + Hy(U,V,)AP ™" + -+ Hp(V,e),

where for all j € [D]y, H;(U,V,¢) is a polynomial of degree at most j in .

By genericity of ¢; and a;, we can assume that u,v € (K*)", Ho(u) # 0 and Hp(v,e) = H(ve) # 0. Note
that val(Ho(u)) = 0 and val(H;(u,v,¢)) > 0 for all j € [D — 1. Hence, if we consider the coefficients of H(u\ +
ve) = Zio Hp_;(u,v,e)A" € L[)\] as elementary symmetric functions of the roots {\;}2_; C L, we can easily see
that val(Ax) > 0 for all k& € [D]. Indeed, assume that val(\;) < O for some k and consider the non-empty set
J ={k € [D] | val(\x) < 0}. Then, the elementary symmetric function Hy ;(u,v,€) has the same negative valuation
as Ho(u) [,c; Ak, which is a contradiction. Moreover, the minimum power of A with a coefficient of valuation 0 is
D — #{k | val(\x) = 0}. On the other hand, if we now consider H as a sum of homogeneous terms of degree ordy(.5)
to D and we evaluate it at uX + ve, the minimum power of A with a coefficient of valuation 0 is ordy(S). Therefore,

(4.2) ordy(S) = D — #{k | val(\) = 0}.

) =Mu+ve, kel[D],

We focus in what follows on bounding the number of points {wy, }2_; for which val(A) = 0. Let wy, = (%, cey %

be one of them. Since m = val(f;(ox)) is fixed for all ¢ € [n]p and the supports are tame, let us prove that this im-
plies that if o = bge® + h.o.t.(¢) with by € (K*)™, then necessarily « = 0. Assume first that o # 0 and recall the
notation in (2.5): ma(A;) = minye 4, (@, p). Since ing(f1),...,ina(fn) are generic, they do not all vanish on by. Also,
m = mq(A4;) if and only if in,(f;)(bx) # 0 for all j € [n]o. However, since the supports are tame, {in,(f;)};es,
can only have common zeros with all non-zero coordinates when J, = (), and so in,(f;)(bg) # 0 for all j € [n]o. As
ai1fi(og) + -+ + ainfalor) — aiofolor)e = 0 for all i € [n — 1], by € (K*)"~! is a common zero of the polynomials

)
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li(ing (f1()),...,ina(fr(x))) € Klx1,...,2y_1] for all i € [n —1]. The convex hull of the support of any linear combi-
nation of ing, (f1(z)), ...,ine(fr(z)) has dimension at most n — 2 because all supports are contained in the hyperplane
with equation (a,p) = m. Then, the variety W, C (K*)" parameterized for all © € U by (in,(f1(2)),...,ina(fn(x))
has dimension at most n — 2. The space of lines from a point in W, through the origin has then codimension at least
one in the space of lines in K™ through the origin. Thus, the intersection of W, with a generic line ¢ =0,...,¢,_1 =0
is empty. Therefore, o = 0.

Consider then o) = by, + h.o.t.(¢) with b, € (K*)"~1. The polynomials

gZZEZ(fl(‘r)7afn(x))7 (S [n_l]a
have finitely many common zeros in (K*)"~!, b, being one of those zeros. As in the proof of Theorem 3.3, by taking
linear combinations, we can tranform them into polynomials of the form f1 + p1fn, ..., fn1 + pn—1fn with generic
coefficients g1, ..., pn—1, and thus its number of common zeros is bounded above by min;ecp, {MV({A; U Aj}i-j0)}
Moreover, one can take an extra variable z,, and define an associated generic system h; = --- = h,, = 0 where

hi = fi+pizn €Klxy,...,z,] for alli € [n— 1], and h,, = fr, — 2.

By the genericity of their coefficients, f1,..., f, do not have common zeros, and hence common zeros of g1, ..., g,—1 in
(K*)"~! correspond to common zeros of the polynomials Ay, ..., h, in (K*)". By Bernstein’s Theorem, the number of
common roots of g1, ... g,—1 equals MV({Al}} ). Since U is smooth, [10, Corollary 6.7.2] ensures that the Jacobian
matrix of g1,...,g,—1 has nonzero determinant when evaluated at a common zero b € U C (K*)"~!. This implies
that the Jacobian matrix of ¢;(f1(x),..., fn(x)) — ai0fo(z)e has valuation zero when evaluated at the common roots
be (K*)"!of g1,...,9,_1 and, by Hensel’s Lemma, each of these common zeros b can be lifted to a unique common
zero o of a;1f1 + -+ + ainfn — aiofoe, for all i € [n — 1]. We deduce that the number of A, with val(Az) = 0 is
deg(f)~1 - MV({Al}}1,) and the result follows from (4.2). O

Remark 4.3. Asin Remark 3.4, the inequality about mixed volumes in the statement of Theorem 4.2 that we proved
for lattice polytopes, also holds for arbitrary convex sets.

The tameness condition of Theorem 4.2 is sufficient but not necessary as shown by the following examples. Indeed,
we expect that the equality in the statement of Theorem 4.2 holds in general even if the supports are not tame.

Example 4.4. Let
0= 1 — 1 — T2, f1 =T (1’1 “+ X2 +2£L’1$2), f2 =T (CEl +3£U2 —le'g), f3 =T (2 —3£U1 +5.’E2)

with the following supports:

-
2

The implicit equation of the parametric surface S:

9yd — 42ty +60y1y3 — 2493 — 15yTys + 32y192ys — 4y3ys — 5113 + 18 yy2y3 + 343
—84y? + 116 y1y2 + —96 92 — 8y1ys — 84 yays + 20 Y2 + 120y; — 40 y2
is of degree 3 and order ordg(H) = 1. We have degf = 1, MV(A3,...,A3) = 3 and MV(A],...,A}) = 2 so that
ordg(H) = MV(A3,...,A%) — MV(A},...,A}) = 1. However, the family is not tame since for a = (1,0), J, = {0}
and the family {face,(A4p)} is essential.

Example 4.5. Consider the family of lattice sets 4q = {(0,0,0)}, A1 = {(2,2,0),(1,1,1)}, 4> = {(1,1,0),(1,2,1)},
As = {(2,1,0),(2,0,1)}, Ax = {(2,1,0),(1,0,0)}. It is easy to check that this family of supports is not tame: for
a = (—1,1,1), the set J, from Definition 4.1 is J, = {3,4}. However, the family {face,(As),face,(A4)} is essential.
Even in this case, for generic fo, f1, f2, f3, f4 with those supports, we still have (as in the statement of Theorem 4.2)
that

ordg(S) - deg(f) = MV(A2,...,A2) - MV(AL, .. A}) > MV(AZ,... A% — mﬁ]l{MV({Ai UAj}iem)}
je i#]

Moreover, the inequality above is an equality. It can be computed that for generic polynomials, deg(f) = 1, deg(S) =9,
OI‘do(S) = 4, and MV({AII ;1:1) = mini€[4]{MV({Aj U Ai}’j;&i)}’ = 5.

Example 4.6. Consider again Example 2.14 with non-generic coefficients. As in Example 4.8, by applying Bernstein’s
Theorem to the polynomial systems in the proof of Theorem 3.3, we can see that all inequalities in Theorem 3.3 are
actually equalities and the degree of the surface S'is 9 = Vol(conv(U?:OAj)). The polytope conv(U?zlAj) with vertices
(2,0),(0,2),(3,0),(0,3) € (Z>0)* has volume vol(conv(U?:lAj)) = 5. Theorem 4.2 predicts the lower bound 4 for
generic systems with those supports, which is also true in this case. To see that, we can follow the steps in its proof,
and first verify that there are no oy = bre® + h.o.t.(¢) € C{{e®}} with a # 0 and val(\z) = 0. Then, we can check

that the polynomials /;(f1, fa, f3) for i € {1,2} have exactly 5 common zeros in (K*)? by means of the genericity
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conditions in Bernstein’s Theorem. Finally, applying [10, Corollary 6.7.2] and Hensel’s Lemma, the order at the origin
is exactly 9 — 5 = 4.

The following proposition presents a sufficient condition for the inequality in the statement Theorem 4.2 to be an
equality. This allows us to compute the order in an easier way.

Proposition 4.7. Under the hypotheses and notation of Theorem 4.2, if there exists jo € [n] such that for all coherent
collection of proper faces F' of (A; U Aj, )iy, there exists a nonempty subset J of Pp = {i € [n]\{jo} | AiNF; # 0}
such that dim(3 ;. ; A; N Fy) < |J]|, then

(43) OI‘do(S) . deg(f) = MV(A%, .. ?A121) — 1\/[\/V(A17 PN 7Aj0—17 Aj0+1, . ,An).
In particular,

(4.4) MV (A},...AL) = MV({A; U Ajo}{i[jn]) =MV(A1, ..., Aj—1, Ajot1s -+, Ap).
i#jo

Proof. Denote MV;, = MV (A1,...,A;_1,Aj,+1,.-.,An). As the polynomials fo,..., f, are generic with respect to

their supports, we have by Theorem 3.3 that deg(S) - deg(f) = MV(A3, ..., A2). Because the supports are tame, we

saw in the proof of Theorem 4.2 that ordy(S) - deg(f) = MV (AZ,...,A2) — #{k | val(\c) = 0} - deg(f) and that we

can compute N = #{k | val(\;) = 0} - deg(f) as the number of common zeros in (K*)"~1 of £;(fi(z),..., fa(z)) for

i € [n — 1]. Taking linear combinations, this system is equivalent to f; + u;f;, = 0 for alli € [n], i # jo. Thus, N

is bounded above by MV ({A; U Ajo}i_i['r.] ). Now, as in the proof of Theorem 3.11, we introduce a new variable ¢ and
i%io

consider the polynomials:

(4.5) fi+tpifj, =0 forallie [n], i # jo, t € K.
For almost all ¢, their number of common zeros in (K*)"~1 is N. As fi,..., f, are generic polynomials, they have
MV(A1,..., A} -1, 4,41, ..., Ay) common zeros with all non-zero coordinates. Since these zeros are isolated, each is

in a germ of curve of zeros of (4.5) not contained in {¢ = 0}. This implies that MV (A1,..., 4j;—1,4jo+1,- .., An) < N.
Therefore,
MVj, < N<MV(A;UA;,...,A

Jo>
But now, it follows from Lemma 3.7 that MV (A1,...,Aj 1, Ajy41,...,An) = MV;,, and hence ordy(S) deg(f) =
MV (A3,...,A2) — MV}, as claimed. The remaining equality in (4.4) follows from the computation of ordy(S) in the
statement of Theorem 4.2. O

jo—1 UAj[),AjOJrl UAJO,...7An UAJ’O).

Example 4.8. Consider again the mapping f given by the generic polynomials from Example 2.13. Since fo, f1, fo, f3
are generic, the conditions in Proposition 4.7 are realized for any jo € [3] and we deduce that ordg(S) = 4 because
deg(f) = 1.
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