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Abstract: The numerical simulation of the equilibrium of the plasma in a tokamak as well
as its self-consistent coupling with resistive diffusion should benefit from higher regularity of the
approximation of the magnetic flux map. In this work, we propose a finite element approach on
a triangular mesh of the poloidal section, that couples piece-wise linear finite elements in a region
that does not contain the plasma and reduced Hsieh-Clough-Tocher finite elements elsewhere.
This approach gives the flexibility to achieve easily and at low cost higher order regularity for
the approximation of the flux function in the domain covered by the plasma, while preserving
accurate meshing of the geometric details in the rest of the computational domain. The continuity
of the numerical solution at the coupling interface is weakly enforced by mortar projection. A new
technique for the computation of the geometrical coefficients is also presented.

Key-words: Tokamak, equilibrium, reduced Hsieh-Clough-Tocher finite element, Newton
method, geometrical coefficients
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Résumé : La simulation numérique de I’équilibre du plasma dans un tokamak et du couplage
avec la diffusion resistive devrait bénéficier d’une plus grande régularité de 'approximation du
flux magnétique. Dans ce travail nous proposons une approche par éléments finis sur un maillage
triangulaire de la section poloidale, couplant éléments finis linéaires par morceaux dans une
region ne contenant pas le plasma et éléments finis de Hsieh-Clough-Tocher réduits ailleurs.
Cette approche permet facilement d’obtenir une régularité d’ordre élevé de I'approximation de
la fonction flux dans le domaine couvert par le plasma, tout en préservant un maillage précis
des structures géométriques dans le reste du domaine. La continuité de la solution numérique
a l'interface de couplage est imposée de maniére faible par projection de mortar. Une nouvelle
méthode pour le calcul des coefficients geométriques du plasma est également présentée.

Mots-clés :  tokamak, équilibre, elements finis de Hsieh-Clough-Tocher réduits, méthode de
Newton, coefficients geométriques
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4 A. Elarif, B. Faugeras and F. Rapetti

1 Introduction

The way a magnetic field influences the transport properties of charged particles is of high interest
for a wide spectrum of physical systems and areas. It is a complex challenging problem that goes
beyond the purpose of the present paper. However, its suggests some key ingredients that need
to be correctly treated from the mathematical and numerical points of view.

Among the ingredients we first have the computation of the equilibrium of a plasma in
a Tokamak (see for example [22] and the references therein). It is a free boundary problem
described by the Grad-Shafranov equation in axisymmetric configuration (see more details in
[6]). The right-hand side of this equation is a nonlinear source, which represents the toroidal
component of the plasma current density. On the numerical side, the use of finite elements (FEs)
enables an accurate resolution of complicated geometric features of realistic tokamak devices,
while Newton methods are involved to solve the resulting nonlinear finite-dimensional systems
thus ensuring fast convergence. The Newton schemes are highly non-trivial, since the domain
covered by the plasma is unknown and depends non-linearly on the poloidal magnetic flux, 1,
the primal unknown. Boundary conditions at infinity are consistently incorporated through
boundary integral equations [I3]. Another ingredient is the correct simulation of the transport
in the plasma which is rather complex due to the presence of turbulence at the plasma edge and
of thermal exchanges with the chamber wall (see [6], [11]).

An aspect linking the two previous ones is the precise computation of the magnetic configu-
ration and of 1D averaged quantities, which is the object of the present work. In tokamaks the
energy and particle transport is anisotropically distributed, that is, along magnetic surfaces it is
much greater than across the magnetic surfaces. We can thus assume that densities and temper-
atures are constant on each magnetic surface. If we label by p the magnetic surface S, we define
the average over S of a given quantity u by (u) = Ov([yudV) = 3 [ u% where V' = 0,V
and V is the volume enclosed inside the surface S. The derivative d,V can be computed once
suitable 1D profiles (such as, for example, 9,9 or 9yp) are known. These 1D profiles, among
which the so-called geometric coefficients have to be computed with care. They are important
functionals of the solution of such equilibrium problems that are essential to incorporate resistive
diffusion effects into plasma evolution modeling [18, 24} [6] 26]. Also many plasma characteristics
(e.g. the so-called safety factor or the average current density profile), important to quantify
stability or for monitoring during the experiment, are defined as integrals involving the gradient
V1 of the poloidal flux.

In order to improve the description of Vi) we wish to introduce in certain parts of the
computational domain, FE functions that are not only continuous, but have also first order
continuous derivatives. For this purpose, instead of relying on composite meshes [23], we consider
a non-overlapping domain decomposition formulation of the physical problem and couple, by
means of mortar projection [3] 4], reduced Hsieh-Clough-Tocher (tHCT) FEs [9][8] in the plasma
domain to piece-wise linear Lagrange FEs in the exterior domain. These rHCT FEs have the
advantage to be defined on triangles and to be less expensive from a computational point of view
than quintic FEs used in [25]. Concerning the computation of geometric coefficients, we propose
and compare two strategies. The first one, rather usual in equilibrium codes, relies on the explicit
computation of iso-contours. The second one which proves to be very efficient is based on the
coarea formula and motivated by results from [I0].

The paper is organised as follows. Section 2] briefly introduces the equations modelizing the
equilibirum of the plasma in a tokamak. In Section [3] we introduce the associated variational
formulation in a non-overlapping domain decomposition framework. Section [4 exposes the finite
elements used and the proposed coupling method. In Section |5 we move to the fully discretized
problem and the implemented Newton method. Section [f] presents the numerical methods pro-
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Tokamak free-boundary plasma equilibrium computation using finite elements of class C° and C'5

posed for the computation of geometric coefficents, and in Section [7] we show numerical results
and as an example apply the method to the computation of an equilibrium in the JT60-SA
tokamak.

2 Free-boundary Grad-Shafranov equation

The equations which govern the equilibrium of a plasma in presence of a magnetic field in a
tokamak are the solenoidal condition and Ampére’s law in the whole space (including the plasma)
and the force balance in the plasma itself, which read, respectively,

1
divB =0, curl-B = J, gradp =J x B, (1)
]

where p is the plasma kinetic pressure, B is the magnetic induction, J is the current density
and p the magnetic permeability. These equations are sufficient for the modeling of the plasma
static equilibrium. To simulate the plasma quasi-static evolution, the set of equations has
to be completed with also Faraday’s law in all the conducting structures, and Ohm’s laws in
the plasma, coils and passive structures. Assuming axial symmetry in the geometry of the
tokamak, we may introduce a cylindrical coordinate system (r, ¢, z), such that » = 0 is the
major axis of the tokamak torus. We recall that the transformation = = rcosp and y = rsiny
allows to pass from cylindrical coordinates (7, ¢, z) to Cartesian ones (z,y, z). Equations are
reformulated in a (poloidal) section ¢ = constant of the tokamak, making the hypothesis that
the scalar field p does not depend on the angle ¢, thus grad p belongs to the poloidal (r, z)-plane.
The classical primal unknowns for toroidal plasma equilibria described by are the poloidal
magnetic flux ) = 1(r, z), the pressure p and the diamagnetic function f. The poloidal magnetic
flux ¢ := rA-e, is the scaled toroidal component (¢-component) of the magnetic vector potential
A, such that B = curl A, where e, denotes the unit vector for the ¢ coordinate. Note that A is
divergence-free (Coulomb gauge) by construction. The diamagnetic function f =B - e, is the
scaled toroidal component of the magnetic induction B. The magnetic induction B can thus be
represented as

1
B= Bpol + Btora Bpol = ; Vﬂ) X €y, Bior = Bapegp = %ew

as it is assumed to be independent of the angle , where V is the gradient operator in the
r, z coordinates. The previous relations show that the magnetic surfaces are generated by the
rotation of the iso-flux lines around the axis of the torus. We refer to standard text books, e.g.
[151, [6], [34], [17], [16] and [26] for the details and state in the following only the final equations.
We introduce Q. = [0, 00] x [—00, 0], the positive half plane, to denote the meridian plane
that contains the poloidal section of the tokamak, centered at the origin. In axisymmetric
coordinates, force balance, the solenoidal condition and Ampére’s law in yield the following
equation for the flux ¥(r, z) in Qu
- A*w = Jtﬂv (2)
where J,e, is the toroidal component of J, and the second order elliptic differential operator
—A* is defined by

o, (M(lwa’"”’) _a, (@@zﬁ) =A%y 3)

where p(¢) is the magnetic permeability, which is equal to pg, the constant permeability of the
vacuum, everywhere except in the possibly existing iron parts of the tokamak (see Figure .
The geometry of the tokamak determines various subdomains (see Figure [1)) which are then used
to specify J, accordingly:
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6 A. Elarif, B. Faugeras and F. Rapetti
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Figure 1: Left: Geometric description of the tokamak in the poloidal plane. Middle and right:
Sketch for characteristic plasma shapes. The plasma boundary touches the limiter (middle) or
the plasma is enclosed by the separatrix, a flux line that goes through an X-point (right).

- Qpe C Qo denotes those parts of 2, made of iron where the permeability p is not constant
and given as a (non-linear) function of 1, namely (1)) = pre(|V|?r=2); if Qpe = 0, then
= po everywhere;

- Qe, C 0, 1 <i< N, denotes the intersection of the ith coil with the poloidal plane. We
suppose that ith coil has n; wire turns and cross section area |€, [;

- Qp C Qu, denotes the domain bounded by the limiter, thus the domain accessible by the
plasma;

-, C Qr, denotes the domain covered by the plasma and the boundary 9€2,, is the outermost
closed 1-isocontour contained within the limiter region €.

The toroidal component of the current density J, is zero everywhere outside the plasma
domain and the poloidal field coils (and possibly the passive structures).
In the coils §).,, we set J, = &—;P where I; is the total current (in At, ampére turns) in the ith
coil. In the static modeling, I; is constant whereas in the quasi-static case I; is related to assigned
tensions v;(t) in the supplies and to mutual and self inductance via electric circuit equations, as
explained in [22].
In the passive structures, we set J, = 0 for static equilibrium computations whereas for the
quasi-static evolution of the equilibrium we need to set J, = —(o/r)0s) where o is the electric
conductivity of the passive structures.
In the plasma domain ), the equations imply that both the pressure p and the diamagnetic
function f are constant on each w-isoline, i.e., p = p(¢)) and f = f(¢)). One then deduces the
so-called Grad-Shafranov-Schliiter equilibrium equation in the plasma [19], [31], [27]

AT =)+ —— (W) (4)
HoT

where the right-hand side of equation @) is the toroidal component J, of the plasma current
density. Functions p’ and ff’, that are zero outside €, are non-linear with respect to . They

Inria



Tokamak free-boundary plasma equilibrium computation using finite elements of class C° and C'7

can be either reconstructed starting from field measures (this is the goal of the inverse equilibrium
reconstruction problem) or supplied as data (in the direct equilibrium problem). In the latter
case, we need to introduce few additional notations.

The plasma domain Q,(¢) is unknown and depends non-linearly on the poloidal flux 1, in
other words, 2, = Q,(¢) is a functional of the poloidal flux ¢ (and we have a free-boundary
problem). The different characteristic shapes of ,(¢) are illustrated in Figure [If the boundary
of Q, (1) either touches 99y, the boundary of €y, (limiter configuration) or contains one or more
saddle points of ¥ (divertor configuration). In the latter case, the boundary of the plasma domain
is named the magnetic separatrix. The saddle points of ¢, denoted by (rx, zx)=(rx(¥), 2x (¥)),
are called X-points of ¢. The plasma domain Q,(¢) is the largest subdomain of {2y, bounded
by a closed t-isoline in Q, and containing the magnetic axis (rq, z,). The magnetic axis is the
point (74, 2q) = (14 (¥), 24(®)), where ¢ has its global maximum (or minimum, depending on
axis positive direction) in . For convenience, we introduce also the coordinates (r4,25) =
(ry(¥), z5(w)) of the point that determines the plasma boundary. Note that (ry, 23) is either an
X-point of ¢ or the contact point with 0.

The domain of p’ and f f” is the interval [¢),, 3], with the scalar values 1, and v being the
flux values at the magnetic azis and at the boundary of the plasma (supposing ¥, < ¥):

Ya (1)) Y(ra(¥), za(¥))
Vo (¥) = P (re(¥), 2p(¢)) -

()

Since the domain of p’ and f f’ depends on the poloidal flux itself, it is more practical to
supply these profiles as functions of the normalized poloidal flux ¢n(r, 2):

_ 7/1(7”7 Z) — wa('l/})
%W) - %(w) ‘

These two functions, subsequently termed S, and S/, have, independently of 1), a fixed domain
[0,1]. They are usually given as piecewise polynomial functions. Another frequent a priori model

is
éywmzxgu—wmm Sy () = AL — B)poro(l — ¥)" | )

Yn(r, 2) (6)

with 7o the characteristic radius (in meters) of the tokamak vacuum chamber and «, 3,7 € R
given parameters. The parameter f is related to the poloidal beta [6, p. 15], whereas a and ~
describe the peakage of the current profile, X is a scaling parameter related to the total plasma
current. In the following we use the formulation

Jo = A AWN) + B(N))

1
with A = r¢S,, and B = ——5 given functions on [0, 1].
Topo
Equilibrium equation can be either considered in the whole poloidal plane Q., with

limy|(y, 2y |—+oc ¥(7, 2) = 0 as boundary condition at infinity and (0, z) = 0 at the axis r = 0, or
in a restricted bounded domain ., as in Figure [2[ (right). In this second case, the boundary of
Q.. can be viewed as a measurement contour I including €2, and possibly some of the coils and
passive structures, with ¢(r, z) assigned for all points (r,z) on the boundary of Q,.. Suitable
initial conditions on ¢ should be added in case we were interested by the quasi-static evolution
problem (see [12]). In this paper, we restrict ourselves to static equilibrium computations for an
iron-free tokamak.

RR n° 9364



8 A. Elarif, B. Faugeras and F. Rapetti

As we are going to present later a discretization scheme for the problem that employs
different approximation spaces on the tokamak poloidal section €., we formulate the variational
problem in a bounded spatial domain 2 C Q. directly in a non-overlapping domain decompo-
sition framework.

3 Variational formulation

There are two possible ways to define a computational domain ©Q C Q. to be triangulated. It
can either be a restricted domain €Q,.. enclosed in the measurement contour I' with Qp, C Q,.,
as in Figure [2| (right), or a sufficiently large semi-circle centered at the origin and containing the
whole poloidal section of the tokamak, as in Figure [2[ (left). The first case is called the bounded
domain case and the second the ABB domain case, that bears its name from Albanase, Blum,
de Barbieri, who first introduced in [I] the boundary integral method on the semi-circle used to
take into account conditions at infinity. In the following, we work with the ABB domain.

Figure 2: The global ABB configuration containing the poloidal section of the JT60SA tokamak
(left), as union of two subdomains, namely the external part not containing €y, (center) and the
internal part containing €y, (right).

To define the ABB domain, we choose a semi-circle v of radius p, surrounding all the coil
domains §2,. The ABB domain 2 C {2, that is used for computations, has boundary 09 =
v U0, where vy := {(0,2), —py < z < p,}. We have now to select the functional space where
the unknown 1) lives. We recall that the coordinates (r, z, ) vary in Q = Q x [0,27] C R? and
Y(r,z) = rAy(r, z) where A = (0,0, A,) " is the magnetic vector potential. The vector potential
A has to be selected in H(curl, Q), the space of vector fields in L?(Q)? with curl in L?(Q)3. We
thus need to have:

(i) [A x n]z = 0, that is the continuity of the tangential trace of A across any interface Z C Q.
This condition is associated with [B-n]z = 0, the continuity of the normal component of B across
Z. Since A = A, e, whereas n, the normal vector to Z, is in the poloidal section €2, it is sufficient
to have A, continuous across Z. The transmission condition [%curlA xn]z = 0, associated with

Inria



Tokamak free-boundary plasma equilibrium computation using finite elements of class C° and C'9

[H x n]z = 0, the continuity of the tangential trace of the magnetic field H = (1/4)B across Z,
is embedded in the variational formulation and can be recovered by integration by parts.
(i) A and curl A in L?(£2)3, therefore

1
/ |Ay|?rdrdzdp = 27/ |Ay|*rdrdz = 27r/ |92 =dr dz < oo
Q Q Q r
and [ |curl A|*r drdz dyp < oo that is
1 ) ,1
27 | IV (rAy)|frdrdz=2m [ [V[]"=drdz < oo.

ol Q r

We thus remark that A € H(curl, Q) if and only if ¢» € H'(Q) where

1
@) ={g: QR glEqi= [ o7 drds <o)
Q

and HY(Q) = {u € L2(Q), Vu € L2(Q)?} is the Hilbert space endowed with the norm ||u||,2Hl(Q) =
[ull o + [ul3 ) being [ulF q) = [10:ull? o +110:ull? o- For ¢ € H'(Q) the trace on o vanishes
in the following sense [21]

1
lim Y(r,z)? = dz=0.
r=0" Sy x[=py 041002 r

To formulate (see Figure [2| (left)) as a variational problem in a non-overlapping domain
decomposition framework, we set Q = Q™ U Q° where Q™ is a bounded domain containing
1, (see Figure [2| (right)) and Q°* is the complement of Q" in Q (see Figure [2| (center)). The
boundary of Q™ is denoted Z, to recall that it is an interface between the two subdomains
Q" Q% on which we will impose, at the discrete level, the continuity of 1, in a weak sense, that
is through a mortar-like L? projection [3]. Note that Z = Q7 NQ". Let us now introduce the
functional space V = {(v,w) € H*(Q) x H (™), v}, = 0, vjz = wiz} . Continuity is required
for ¢ in Q™ in order to have meaningful 1, and 1, that appear in the definition of Q, and ¥n
[7, Remark L.5, page 18]. The weak formulation of (2) is: Find 1) = (tex, %in) € V such that

a(, s) 1= Gex(Yex; V) + @in(Yin, w) = (I,8) Vs= (v,w) € Vo1 (8)
where Vo 7 = Hg(Q) x Hy (). In , we have set
1
Gex (Y, V) 1= / o V- Vodrdz + c(y,v),
1
ain (Y, w) := / — V¢ - Vwdrdz — J(¢,w),
Qin HoT

where
3, (4, w) ::/ Y (TA(wN)Jr TOB(@&N)> wdrdz
Qp(¥) 7o r
Ne o (9)
L1, 8) := Z ﬁ/@ (xqexv + xomw) drdz,
i=11"7¢% i

with £(I, s) containing the expression yqexv + xqoimw to take into account the presence of coils in
Q™ and Q% (here, xp is the characteristic function of a set D).

RR n° 9364



10 A. Elarif, B. Faugeras and F. Rapetti

The bilinear form c(-,-) is defined as

1

1
c(,6) = - / VN GISGOIS () + 5 -

/F / ((x) — B(y)) M (x, y) (E() — E(y)) dS(x) dS(y)
(10)

and accounts for the boundary conditions at infinity [I], with x = (x;,x.), y = (y»,y.) and

k 2— k2
M(x,y) = Y Y Bkyy) — K (kx
(x,y) 2 (xryr )3 (2_2]6)2(7), (kxy) ( ,y))

1 1 1 1
N = — | — _— — ddL = 2 + z2~
=& (5 + 50— 5 ) and bs = VRIT GrE)

Here, K and E are the complete elliptic integrals of first and second kind, respectively, and

P A%y
s (X +yr)? + (x: —y2)?

We refer to [20, Chapter 2.4] for the details of the derivation. Rigorous existence and uniqueness
assertion for the general case are still an open problem. See [33] [2] [7, [30] for some theoretical
work related to such results.

4 Coupling different finite elements on non-overlapping meshes

In the domain containing the plasma, we wish to have a finite element approximation 1, for
the poloidal flux % that is not only continuous but has also continuous gradient V ¢,. This
is possible if we use the reduced or minimal Hsieh-Clough-Tocher (tHCT) finite element space
on a triangular mesh over Q". The rHCT triangular element is one of the simplest elements
which provide continuous differentiability of the approximated solution . For the definition
of a rHCT finite element on a triangle we refer to [9], [§] and to [5] for more details on the
basis functions’ definition. This regularity is not necessary in the external domain therefore we
couple tHCT finite elements in Q™ with continuous piece-wise linear finite elements on a mesh of
triangles of . We thus introduce 7¢* (resp. 7) a mesh of triangles that covers Q°* (resp. Q™).
The two meshes 7°%, 7' are shape regular and quasi-uniform. They are supposed to match at
the common interface Z, that is (7°%);z = (7™)z. We assume that Z is a polygonal with nodes
and edges in 7°* (this is adopted to write the discrete equivalent of the matching condition at
interface Z). We denote by hey (resp. hi,) the maximum element diameter in 7% (resp. 7'*) and
set h = max(hex, Pin)-

4.1 The finite element spaces

Now, let us introduce the finite element spaces, that we use in the simulations. Locally, on one
triangle, they are triples (T, Pioc(T'), £(T')) where T denotes a triangle of the mesh, Po.(T) the
local space of functions defined on that triangle and X(T") a set of unisolvent degrees of freedom
for the functions in the local space (see [8]). The indices 4, ¢ + 1, i + 2, in Definition [2 below,
take values 1,2,3. When ¢4+ 1 > 3 (resp. i + 2 > 3), we replace it by [(¢ + 1) mod 3] 4+ 1 (resp.
[(42) mod 3]+ 1).

Definition 1 Let us denote by T = [V1, Va2, V3] the triangle of vertices Vy,V2, V3. The Py La-
grange finite element associated with T is the triple (T,P1(T),Xo(T)) where Xo(T) = {o; : v —
v(Vi)}iz1,2,3

Inria



Tokamak free-boundary plasma equilibrium computation using finite elements of class C° and C'11

Figure 3: A visualization of the tTHCT reconstruction of the function 1 in a triangle T' € 7'
(left). The mesh triangle T = [V}, V4, V3] is cut into three triangles B;: each B; = [G, V,,, V]
having vertices in V,,,V; with m,¢ € {1,2,3} \ {i} and at the barycenter G (denoted by the
small circle at the interior) of the triangle T. We can thus reconstruct the height N; = ¢, (V;)
of ¢ at the three vertices V; of T" and the tangent plane to the surface v, at the vertices V;, as
generated by 0,¢p(V;), 0,¢n(V;). The coupling with a piece-wise linear element (right).

Definition 2 Let us denote by T = [V1,Va, V3] the triangle of vertices Vi, V2, V3. The triangle
T is divided into three subtriangles B; = [G,Vit1,Viy2] where G is the barycenter of T (see
Figure @ The reduced Hsieh-Clough-Tocher (rHCT) finite element associated with T is the
triple (T, Pioc(T),X(T)), where Poe(T) is the polynomial space of functions w € C*(T) such
that,

wp, € P3(B;) and (O,w)p, € P1(b;) for any edgeb; € 9B; NOT.

Here above, n is the outward normal vector to 0T, b; the edge on JT that does not insist in
the vertex Vi and (Opw)ys, the normal derivative of w at b;, and X(T) is the set defined by the
following functionals:

G0t w = w(V;), (11)
G0t w = (grad w)(V;) - (Vigr — Vi), (12)
Gio1 1w (gradw)(V;) - (Viga — Vi), (13)

where (gradw)(V;) - (Vig1 — Vi) is the directional derivative of w on [V;,Vi41]. Note that
(grad w)(V;) - (Vigr = Vi) = (Onw) b,y (Vi) = (Onw)p, (Vi)

Globally, over the meshes 7 and 7', the finite element spaces are, respectively,

Ve = {’U € CO(QeX), Vlyy = 0, VT € P (T), VT € Tex}
V= {w e CHQ™), wir € Proe(T), VT € 7"}

with the space Pjo(T') defined in Definition [2| . We then denote by V§* (resp. Vi) the trace
space of V** (resp. V™) on the closed polygonal line Z. For functions in V¢, the degrees of
freedom are given in Definition[I]. One degree of freedom is associated with each node V}, € 7°%,
so the total number of degrees of freedom in V* is equal to N°*, the total number of mesh nodes
in 7°%, divided into N§* nodes on the interface Z and the remaining NS nodes on Q°*\ Z. For
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12 A. Elarif, B. Faugeras and F. Rapetti

functions V', the degrees of freedom are given in Definition Three degrees of freedom are
associated with each node Vj, € 7', so the total number of degrees of freedom in V' is equal to
3N™ being N™ = NI + NI the total number of mesh nodes in 7" divided into N nodes on
the interface Z and the remaining NI* nodes on Q" \ Z. By the definition of V** and V' there
are finite element spaces V¥ and VI* such that

VE=VF@EVE and V' =V oV,

where £ denotes the trivial extension operators. The elements of V¥ and V" have vanishing
Dirichlet trace on Z.

4.2 The discrete coupling condition

Let us denote by {v§*};—1 nex the basis of V** in duality with the degrees of freedom of Definition
associated with vertices V; € 7°* and {w;“}jzly;;Nsn that of V™" in duality with the degrees of
freedom of Definition [2| associated with vertices V; € 71", Then, if u®™ and u™ represent the
vectors gathering the values of degrees of freedom of ¥§* € V™ and " € V'™ we have the
decomposition u™ = (ug¥,ug*) and u™ = (uy’,uy') where ug* (resp. ug') and ug* (resp. uy')
are the degrees of freedom in V™ (resp. VJ") and V™ (resp. V3"). Since the differential operator
—A* is only second order, there is no transmission condition on (9,1 )z to be included in the
discrete space [3]. Examples of MEM coupling between tHCT FEs on both subdomains can be
found to solve problems involving four-order operators (we refer to [29] for convergence studies
with application to elasticity). In plasma physics, the requirement of C! continuity all over
could be necessary when discretizing, for example, reduced MHD models which are characterised
by stream function formulations and thus require a proper discretization of four-order operators

(see [6]).
4.2.1 The interpolation case

The imposition of the transmission condition [¢)5]7 = 0 by interpolation means to ask for the
equality

N~ Nip
@)z(V) =D (W) v (V) =Y _(ug)ewt (V) = Wp)z(V), VYV eI  (14)
j=1 k=1

If the meshes 7%, 7' are coincident at Z, then becomes ug® = ug‘. If the meshes 7°%, 70
were not coincident at Z, relation 1' for V=V, e (Te")|z would read Pug® = Duj' where

(P)ij = v7*(Vi) = 05, 4,5 =1, N§* '
(D)iJC :w;cn(‘/l)7 1= 17N§X7 k= 17N('1?n'
By looking at Figure 4] we remark that relation allows to pass the information on the values
of 1y, at the interface Z (left-hand side of the figure) without influencing the value of 0,1
(right-hand side of the figure). Indeed, with matching grids and a point-wise coupling, the block

contained in u}} and associated with the degrees of freedom , of Definition |2(at V; € T
is not involved to define ug*.

4.2.2 The L*-projection case

The imposition of the transmission condition [¢]7 = 0 in a weak sense, by mortar L?-projection,
means to ask that

/ uixzhdlz/ ui,fz;LdI, Yz, € My (15)
Ty Ty
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Figure 4: The profile of ¢y, (left) and 9,1y, (right) at the interface edge mid-points, with point-
wise interpolation on matching grids.

where Z;, denotes the description of the interface in terms of edges of the slave side mesh (this will
become clear with the definition of Mj,) and My, is a space of Lagrange multipliers, the choice
of which is of crucial importance in the error analysis. For simplicity, we omit the foot-index
h on T (also because we consider matching grids at the common interface). The mathematical
rationale behind the imposition of the transmission condition by L?-projection (rather than the
more natural condition of pointwise continuity at a chosen set of grid nodes on 7) becomes
clear from the convergence analysis, shortly presented in Remark [2| This type of condition was
firstly studied by Bernardi, Maday and Patera [3], who introduced the mortar element method
(MEM) to generalize the spectral element method to geometrically nonconforming partitions, to
subdomains with different resolutions (polynomial degrees) on subdomain interfaces, and also to
allow the coupling of spectral element methods with other methods, such as, e.g., the h-version of
the finite element method. Its generality and flexibility go far beyond these two specific examples
(see []).

Here, we define the mortar multiplier space as M;, = {&, € C°(Z) : Enle € Pi(e), Ve €
(7°%)jz}. It coincides with the whole trace space V§¥, due to the fact that 7 is a closed curve.
In the mortar terminology, the choice of M, confers to 2™ the master role (resp. to Q°* the
slave role) with respect to passing the information (value of ¢y) across Z. The left-hand-side of
(15) raises no difficulty to be computed since the two discrete functions ug*, zj live on the same
mesh inherited from Q° on Z. On the contrary, the right-hand-side involves discrete functions
that live on different meshes. Whenever the meshes 7°%, 7" coincide or not at Z, to compute
efficiently the integrals in the coupling condition we rely on numerical quadrature. Relation
links the block ug* to the block ugl by the matrix relation Pug® =D uié,’[1 where this time

(P);; = fI Vg vgs dr dz i,j =1,Ng*, '
D)k = fzvg’,‘i wy'y, drdz i=1,Ng k=1,Ny,

with Z represented in 7°*. Locally, on each edge e € Z, the 2 entries of the block ug* are defined
in terms of the 6 entries of the block ull'.

By looking at Figure |5, we can see that relation allows to pass the information on the
values of vy, at the interface Z (left-hand side of the figure) improving the behavior of 9,1,
(right-hand side of the figure). Indeed, with the relation , the block ug‘ is now completely
involved in defining ug*. We recall that there is no condition imposed on [0,%]|z, however
a good behavior of 0,1y passing through the interface Z is important to keep under control
the consistency error (as explained later in Remark . The behavior of 9,1 at the interface
Z cannot be improved further by considering for example quadratic multipliers. According to
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Figure 5: The profile of ¥, (left) and 9,1, (right) at the interface edge mid-points, with mortar
L2-projection by linear mutipliers.

Definition [2, we have (0,}")|. € P1(e), for all edges for all e € 7.

Remark 1 In order to confer to Q2 the master role (resp. to Q" the slave role) with respect
to passing the information (value of Wy ) across the interface I, in the coupling condition ,
we have to select the space My, = {&, € CH(Z) : Enle € P3(e), Ve € (Tin)|I}. With this choice,
locally, on each edge e € I, the 6 entries of the block w3 would be defined in terms of the 2
entries of the block ug*.

4.2.3 The discrete problem

We set &), = {u, € L?(Q) : Up|oin = u‘}f’ ey, Upjaex = up* € V), where h = max(hex, hin)
and the discrete space

Vi = {un € & @ up},, =0 and }. (16)
The discrete problem to solve reads: Find ¢y € V}, such that

a(Pn,sn) = 0T, s,) Vsp = (g, wp,) € VE x VN, (17)

The bilinear and linear forms a(.,.), ¢(I,.) are defined as for the problem and evaluated in
for the functions in the discrete space.

Remark 2 The presence of the weak coupling condition prevents Vy, from being a subspace
of V, i.e., we are using a non-conforming method to approximate the solution of the problem (@
The second Strang lemma allows to derive the following error bound for such an approzimation

. O 21| 7dT
[lu—unll1 SC{ inf [ju—zp||1 + sup fotr o } (18)
Zn€Vh 2n €V ||Zh||1,*
where ||.||1« is the broken norm |[z47 . = [|27¥]3 gex + ||Z;Ln||%ﬂn In the right-hand side of

@, the first term represents the best approximation error of ¢ (that is, the distance between the
exact solution v and the finite-dimensional space Vi) and the extra error, the second, involving
interface jumps, is known as the consistency error. The consistency error is related to the
“variational crime” on the conformity property, due to the fact of dealing with a discrete space
Vi, & V. The error estimate (@) is optimal if each term on the right-hand side can be bounded
by the norm of local errors arising from the approzimation of ¥ in Q% and O, in an additive
fashion. In this way, we can take advantage of the local regularity of the exact solution as well as
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the approzimation properties enjoyed by the local subspaces. The second term is optimal owing to
the special choice of the mortar. In fact, due to the orthogonality property , we can subtract
from Opt) an arbitrary function z, € My,. It is therefore important that such functions allow for
an optimal approzimation of the normal derivative of ¢ at the interface. In the present cas, with
the choice we made, we have both O, }{‘ € P1(Z) and My, = P1(Z), with T described in the same
way by 7 and 7.

5 The discrete problem in matrix form

Let us first focus on the discrete problem in Q, that reads : Find 1), € V™, with ¢, = gp on
Z, such that

I;

1
/ —vwh-thdrdz—/ Jo(bxpr)wpdrdz= >
Q Qp(wh)

/ wy, drdz , Yy, € Vi,
in T
Ho Q. can Qe

jox

(19)

with J, (YN, r) = /\(TL-AWN) + :ﬂ—OB(wN)) and gp is a given function representing a Dirichlet
0

data. With N'* = Ni» + Nin the space V™ (resp. V") has dimension n = 2N + NI (resp.
3N™ =+ NIM). At a point (r, z) € Q™, we have

in
NB

wh(ﬁ Z) = ij wj (Ta Z) + Z gD, ’UD,Z(T> Z)J
j=1 (=1

where {w;}; (resp., {1;};) is the set of n basis functions (resp., n degrees of freedom) for
the rHCT finite element space VI* and {vp s}, the set of N} basis functions for rHCT finite
elements associated with the values of the discrete function at the mesh boundary nodes of Z.
The reals {gp ¢}, are the values of the Dirichlet boundary condition at the mesh nodes on Z.
The normalized discrete flux is ¥ (7, 2) = (VN (Wn (7, 2)), Yo (¥n), Yo (p)) with

VYa(n) = Un(ras 2a);  Yo(¥n) = (e, 2).- (20)

The critical points (74, 2,) and (rp, 2,) are not necessarily located at nodes of the mesh, as is
the case with piece-wise linear finite elements, and in this work we use a Newton method to find
them by solving Vi), (r, z) = 0.

We use a six-point quadrature rule of order 4 (see [28]) on each sub-triangle for the ap-
proximation of integrals in . A difficulty which arises with rHCT finite elements is the
computation of the iso-contours and therefore of the plasma boundary I',(¢,). Contrary to
what has been done in [22, [12] with piece-wise linear finite elements, we do not compute ex-
plicitely the plasma boundary and do not consider a specific quadrature rule for elements 7' such
that the intersection T' N Q,(¢,) is neither empty nor the whole triangle. We do not look for
such elements T', but rather set A(¢n p(r, 2)) = 0 and B(¢n p(r, 2)) = 0 for points (r, z) outside
the plasma domain. Once (7, 25) and (74, 2,) are known, the plasma domain can be defined as
{(r,2) € 9,0 < Yxa(r,2) <1 and Vapy(r,2) - (ro — 7,24 —2) " > 0}. The integral of the current
density term over the plasma domain is then approximated with the same quadrature rule as for
the linear term.

Let us denote by %) the vector gathering the n degrees of freedom {«;}, and gp the vector of
size N} collecting the values of the Dirichlet boundary conditions. The first term in leads
to the linear expression Ay + Apgp, where A is the n x n stiffnes matrix and Ap is the n x N3’
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matrix associated with the boundary conditions. The second term leads to the definition of a
vector J(v) of size n with components

(J(w))i:/g(w)JW(wN,h,r)widrdz, i—1m, (21)

that depend non-linearly on 1. Using the quadrature method explained above and denoting by
T; the subset of elements T' of 7, to which the node of the mesh associated with the i*" degree
of freedom belongs, and by x4, 17 = (14,1, 2¢,7), Wq,T, the quadrature points and weights in the
element 7', the integral is computed as

=Y > T (Wnn(%q1), o) wiXe,T) Wo - (22)

TeT; q

In order to derive a Newton’s method, we need to compute the Jacobian matrix Jac,, (1) which
follows from the chain rule now that all notations are set:

_ OYN Oy | O Oy OYn Oy
[Jacy (¥)]i; = T;I%:W%Twl Xq,T 1/1 = (UNn(Xq,) g, 1) | 20 du; | 00, 00 (n) + Sy, 00 (¥n)]
1 (x T/)h(Xq7 ) — Vb (%
= 2 e B Gk rar) s ) + AT )
e st

)
where w;(x,) (resp. w;(x)) are null for indices j not corresponding to the element T, (resp., T3)
where x, = (74, 24) (resp., xp = (rp, 2)) lies. Nevertheless Jac, (1) has entries at indices (7, )
not local to an element. Each element T is linked to T, (resp. T3) through the w;(xq r)w;(xq)
(resp. w;(x4,7)w;j(xp)) terms. This is not standard but the matrix can still be assembled element
by element as it is usually done with finite elements. For the right-hand-side of equation ,
we introduce the matrix L™ of size n x N!® with entries

(23
J

Ly = N |/ mdrdz Q, C QM

and the vector UM of size NI holding the currents I; of the coils Q., C Q". Newton’s iterations
for equation in its fully discretized form, say e(¢) = 0 with e(v) := Av+ Apgp — J(¢) —
L™ U, can be written as

P = g ey (5] T e(h),  [ey(®)] = A — Jacy(¥). (24)

In order to write the matrix form of the discrete problem in the whole domain, instead of a
Dirichlet type datum gp on the boundary Z, we have to impose the mortar coupling condition.
We denote by X the reduced variable such that ¥ = Q X with Q the coupling matrix. In detail,
we have

us I 0 0 e
| uwg | _|0oo0 P'D A
Y=l wr | Tlo 1 o o = QX
ul 0 0 I 0

with the matrices P and D defined in the previous section. So, J(¢) = J(QX) = H(X)
and when we derive J(¢) with respect to X we have DxH(X)dX = Jac(9)QdX. Newton’s
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iterations for problem (8) in its fully discretized form, say e(X) = 0 with now e(X) := Q' [(A+
C)QX —J(¥) — LUy], can be written as

X=X~ [ex(X9)] M e(XY),  [ex(X)]=QT[(A+C) — Jacy ()] Q. (25)

Here, L (resp. Uy) now takes into account the contributions associated with all the coils (resp.
all the currents I; of the coils) contained in Q™ and in Q%*. See the section on numerical results
for a convergence history of the proposed Newton’s method.

6 Computation of geometric coefficients

Important outputs of an equilibrium computation are 1D profiles computed from integrals of the
form

Aosl) = [ 1190 1%ds (26)

C’y

defined on iso-contours Cy, = {x € Q,, ¥n(x) = y}, for y € [0,1], in the plasma domain. Note
that the iso-contour C) is a priori not given by an explicit parametrization, but implicitly as
level set of a scalar function. The 1D profiles, such as , are essential to incorporate resistive
diffusion effects into plasma evolution modeling. Also many plasma characteristics (e.g., the
safety factor or the averaged current density profile), that are important to quantify stability or
for monitoring during the experiment, are defined as integrals over iso-contours [6]. These 1D
profiles are used for example in the definition of averaged quantities

Aati,5-
< 12|V |f >= ZELIZL
Al,fl

With P; Lagrange FE, high accuracy in computing these profiles can be achieved only by relying
on a very fine mesh. The use of rHCT FEs enables to compute a smooth poloidal magnetic field
and to locate precisely the position of the magnetic axis and of the X-point independently of the
mesh. At a fixed number of degrees of freedom, it improves the precision of the computation of
these 1D profiles with respect to that with P; Lagrange FEs.

6.1 The iso-contour method

A drawback of using rHCT FE is that the computation of precise iso-contours for v is much
more involved than when using P; Lagrange FEs. Nevertheless, it is possible and we can proceed
as follows: Given the magnetic axis and the point defining the plasma boundary, iterate, until
convergence (up to a fixed threshold), the following steps.
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1. Find a first point xg on the levelset Cy, where ¢y, := 14 + (¢, — 1)y thanks to a Newton’s method
along the ray (xa,Xp)-
2. Construct isocontour points by first following the direction t orthogonal to Vi, with a step a,

namely, set x§+1’0 = x’; + at.
3. Correct x;j"'l’o to obtain a point located exactly on the levelset, with iterations

k41,641 _ k41,6 k41,6
Xy =Xy + s Vbp (xy )

where ds is the Newton’s increment for ¢h(x§+1,z +s V¢h(x§+1’£)) — iy = 0.
I |\x§+1’z+1 — x5+1’z|\2 inferior to a fixed threshold e, stop and proceed with next point,

otherwise go back to step 2 and reduce step size a.

Typically in our numerical tests (see Section [7]) the step a is set to a fraction of hg,, a = 'ﬂ%
the threshold is ¢ = 1072 and the Newton loop in step 3 above converges in 2 iterations.

Once the levelset points are found, the integrals are computed using the trapezoidal
quadrature rule. This method works perfectly well and gives precise results but the computation
of iso-contours can be time consuming. On the other hand these computations are completely

independent one from the other and can thus be easily parallelized.

6.2 The weak formulation method

In [I0] it is proposed to use a weak formulation based on the coarea formula (see Theorem 3.2.12 in
[14]) to compute integrals such as (26). The coarea formula underlines the relationship between
integrals on iso-contours and integrals on Q C R?, here d = 2. Given a function f : Q@ — R
integrable and ¥y : © — [0,1] Lipschitz continuous, the iso-contour integrals are defined as
9fun (y) = ferWN(x):y f(x) dx. The coarea formula states that g¢., € L*(0,1) and

1
| oty = [ 60 90 () x. (27)
0
As done in [10], from the identity gr .,y (¥) Ay) = g5 xwn),wn () and (27), we have
1 1
[ 91w Ay = [ apsmn @y = [ 16 M0n G0 [Ton ol x (2
By combining and (26), we have :

drdz, V€ L*(0,1) (29)

1
/ An ()M y)dy = / PV nlP Ao ) Ve
0 Qp(wh)

In [10], to approximate L?(0, 1), the space of all polynomials of degree less than or equal to P
in [0,1] is used as discrete space, with a basis of Legendre polynomials. This enables to have a
diagonal (P + 1) x (P + 1) mass matrix corresponding to the left-hand side of but on the
other hand requires the use of an expensive high order quadrature formula to compute terms
corresponding to the right-hand side of since Legendre polynomials up to degree 30 or 40
have to be used. In this paper we have succesfully tested the use of a cubic spline basis which
does not require such high order quadrature formulas.

We propose an equivalent formulation of which does not involve anymore the explicit com-

putation of iso-contours. Numerically the method consists in writing A, g(y) = Zafx sAi(Y),
i
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Table 1: Error values in H™ (2")-norm, m = 0, 1, 2, for the linear problem using rHCT FEs
on refined meshes.

|[u — up|[z2

|[u — un|m

Hu—uh||H2

0.44194174e-1
0.22097087e-1
0.11048543e-1
0.55242717e-2

0.99885478e-5
0.12031353e-5
0.14814052e-6
0.18396474e-7

0.15105871e-2
0.37243609e-3
0.92608080e-4
0.23099315e-4

0.33870552e-0
0.16757605e-0
0.83400905e-1
0.41611326e-1

where )\; are basis Legendre polynomials or spline functions on [0, 1], and finding the vector of
coefficients a by inverting the linear system Ma = b where

M, = / () () dy

and
b — / PV P X (o ) Ve | drdz
Qp(wh)

For this last surface integral, as it is done for the equilibrium equation, we do not resolve the
plasma domain €, (1) but only check whether the quadrature points are inside or not.

7 Numerical results

We present some numerical results which highlight the features of the proposed method. We
start by checking the correct implementation of rHCT FEs, then show an example of the use of
the non-overlapping MEM for the JT60-SA tokamak. The section ends with the computation of
several geometric coefficients and 1D output profiles. These last experiments are conducted with
the code NICE, a C++ implementation of the methods for axisymmetric free boundary plasma
equilibria described in [12].

7.1 Validation of rHCT FE implementation

Since our aim is to combine P; Lagrange FEs with rHCT FEs, we can in general only expect
that the global error reduction at each mesh refinement step is comparable to the error reduction
of a solution without MEM, relying on P; Lagrange FEs everywhere. To keep the high-order
precision everywhere, we would have had to combine rHCT FEs on the exterior with high order
rHCT FEs on the interior, with a large increase in the size of the system to solve. On the other
hand, the use of THCT FEs in Q" really improves the quality of the computation of interesting
physical paramaters, as we will see in the following. To validate the precision of the rHCT in
Q" we consider the linear problem

~V-(Vu) = f inQ"=[0,1> w=up onZ=200". (30)
The mesh 7" is a triangular one, satisfying the regularity requirements stated in [8] for the error
estimate ||u — up||,, = O(R3™™), m = 0,1,2, with uj, the rHCT FE approximated solution of
problem (30). The data f and up are consistent with u(r,z) = 2 (y — 1) + y* (z — 1)2 being
the solution of (30). Convergence rates (see Figure [ and the detailed values in Table[l) are in
agreement with the theoretical ones.
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tetf //
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Error || u-up |
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0.0055 0.011 0.022 0.044
meshsize h

Figure 6: Error decay in H™(Q")-norm, m = 0,1,2, for the linear problem using tHCT
FEs on refined meshes.

7.2 JT60-SA tokamak test case

Numerical solution Numerical results for problem are obtained for the configuration
presented in Figure 2] The tokamak JT60SA, where JT60 stands for Japan Torus-60 and SA
indicates the upgraded model with Superconducting coils, is the largest machine before ITER
and is intended to be able to run with the same D-shaped plasma as ITER. The construction of
the JT60SA officially began in 2013 and its assembly was completed between spring and summer
2020. The first plasma in this machine is planned for the end of 2020, it thus constitutes a
perfect benchmark configuration for which numerical simulations can compute and analyse a
plasma equilibrium before this equilibrium is physically generated in the machine.

Starting from the JT60-SA tokamak machine description (coils, limiter, vaccum vessel and
passive structure) and a coupling interface contour , a mesh is generated using the mesh generator
Triangle [32]. It is made of 6123 triangles and 3198 vertices for the external domain and 7275
triangles and 3721 vertices for the internal domain. The coupling interface contour is made of
165 vertices. Computations are initialized with an inverse static computation in the full ABB
domain using P; FE as implemented in the code NICE [12]. It consists in finding the currents in
PF coils which enable to have a desired plasma shape. Functions p’ and ff’ are given through
parameterization where @ = 2, v = 0.8 and § = 0.5. The scaling parameter X is computed
such that the plasma current is I, = 5.5 x 10° A. This provides an initial P; FE equilibrium
from which the coupled rHCT-P; solution is initialized.

It is essential to verify numerically the implementation of the computation of the Jacobian
matrix given by . This is done by comparison with finite differences and we check that

J(¢p +eh) — J(vp)

9

e(e) := || — Jacy(¥)h|| = O(¢) (31)
where the perturbation vector h is chosen randomly. Table [2| gives a typical example of such
a numerical test which enables to make sure that the computation of the Jacobian is correct.
The error e starts by decreasing as ¢ decreases. As it is typical for very small ¢ values, the error
increases due to the accumulation of round-off errors.

This is confirmed by the good convergence of the Newton iterations (see Table|3) for the
resolution of the non-linear coupled problem.

The non-overlapping MEM for the P;-rHCT FEs’ coupling works fine to reconstruct the
plasma equilibrium in the tokamak (see Figure [7)).
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g e

100 1.13214 x 101
1071 | 4.94353 x 102
1072 | 1.32271 x 102
1073 | 3.15033 x 1073
107* | 6.87336 x 107°
107° | 6.61486 x 10~7
10=6 | 7.23428 x 106
10~7 | 7.80983 x 10~°
1078 | 1.21922 x 103
107° | 5.06769 x 1073

Table 2: Convergence of the error e (Eqn (31))) for the computation of the Jacobian Jacy, (¢)

residual relative error
3.47561 x 102
2.91101 x 10~*
3.32183 x 10~ 7
1.96881 x 10~13

B~ W N -3

Table 3: Convergence history of Newton iterations, iteration number n and residual relative error
1 — X=X

With the non-overlapping MEM we are able to introduce FE functions in Q™ that are con-
tinuous with continuous derivatives, hence the location of critical points is no more restricted to
a finite number of points. Indeed, we have that the plasma axis position (74, z,) and the X-point
position (7, 23) are at points other than mesh nodes of 7", as shown with a zoom of the solution
¢y, in Figure [§] left and right, respectively.

To highlight the influence of the continuous derivatives we compare the results with the
MEM that uses piece-wise linear FEs (P;) instead of the tHCT FEs. In Figure[9| the behavior of
the poloidal component %Vi/) x e, of the magnetic induction is shown as a function of r along
the chord {(7,24), "min < 7 < Tmax}, With 7min (resp., rmax) the minimum radius (resp., the
maximum radius) of the tokamak vacuum chamber. The staircase effect associated with the
discontinuity of the derivatives for piece-wise linear FEs is replaced by a smooth profile when
rHCT FEs are adopted in Q.

Geometric coefficients and 1D output profiles After an equilibrium is computed one can
proceed with the evaluation of several output quantities which are used either to characterize
the plasma (e.g the safety factor which plays a role in stating the stability of the plasma) or
geometric coefficients which are use in transport models which are used to compute the quasi-
static evolution of the plasma. Here we concentrate on a few 1D profiles for the computation of
which we show the benefit of using rHCT FE instead of P; FE.

For ¢n € [0,1], f(¥) = S¢(¢n) is computed by integration of B.

1
St(n) = [(Boro)® = 2(¥6 — ¥a) Aptoro g B(x)dx]'/? (32)

where By is the vacuum toroidal field at » = r¢. For simplicity in what follows we will note

f(hn) for Sg(in).
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Let us define a discretization of the unit interval [0,1] by S + 1 values %% = 0,...,9% = 1.
These points are taken as abscissa for all computed 1D profiles. We also note (ys = {x €
Qp, ¥n(x) <Y} the domain bounded by Cyy .

The toroidal flux coordinate is defined and computed as

p(¥X) =/ o(¥R)/mBo

where

Qe r
Again in this last surface integral and as is done for the equilibrium equation we do not resolve
the domain {2yg but only check if the quadrature points are inside or not.

Now that the f(¢%), ¢(1%) and p(y%) profiles are known we can proceed with other quanti-
ties. The safety factor is computed as

N

Q('(/Jlil) = A—l,—1(¢1sil) o

and the v derivative of the plasma volume as

(1/’N) —2mA1 _1(YR)-

1/)
L op s 1 99 ¢
We compute the profile ?pr) as 1/%(1/’@ 5¢ (¢N) 27 Bop O - (¥%) an 31/1 (k) =
—27q(1y;). Once this is known we easily obtain the p derivative of the plasma volume
aVv oY
- (¥R (G (G
o (R0 = 5 (50 5 (05,
1 Vp|?
Two important geometric coefficients are gmg 7< 5 > and gmg :=< —5— > computed as
r
N N () . 2 A-1a(¥y)
gml(wN) - A17,1(¢1ﬁ]) ’ gm?(wN) (a/(/) (¢N)) Al,fl('l/]f\’]).

z[m]
)

Figure 7: Iso-contours of 1, in the whole domain Q (left) and in y, (right), computed by the
proposed non-overlapping MEM to have P; FEs in Q% and rHCT FEs in Q™.
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Figure 8: A zoom of the iso-contours of 1y, in y,, with the plasma axis (left) and X-point (right)
localization.

—r
— HCT

Figure 9: Poloidal magnetic field ||V (r, z,)||/r as a function of r in the vacuum vessel. In black
the Py solution and in red the tHCT solution

Among the many other quantities that can be computed out from an equilibrium configuration
0
we are only going to examine one more, the magnetic shear profile defined as sh := Ba—q which is
q0p
difficult to compute smoothly because of the ¢ derivative. This derivative is approximated using

centered finite differences.

Figure shows these computed profiles for 4 different cases: the P; FE case and three
rHCT cases, using the isocontour method or the weak formulation method with either Legendre
polynomials or splines in order to compute integrals A, g. As expected profiles computed from
the rHCT solution are smoother than those computed from the Py solution. This is particularly
clear for example for gms close to the magnetic axis (¢n = 0) or for the magnetic shear. Profiles
computed from the rHCT solution with three different numerical methods differ very little.
Concerning the computation time it can be noted that these runs were done on a laptop with
two dual cores using OpenMP to parallelize the isocontour computations. Despite this, the weak
formulation method is still faster than the isocontour method.
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8 Conclusion

In this paper we propose a numerical method which enables the computation of a high order
approximation of the equilibrium of the plasma in a tokamak. The method relies on the decom-
position of the computational domain in two subdomains, the external one, not containing the
plasma and in which C° piece-wise linear Lagrange FEs are used, and the internal one, containing
the plasma in which C!' tHCT FEs are used. The coupling between the two subdomains is done
thanks to a mortar element method for which we showed that the L2-projection method enables
to ensure an excellent transmission of information from one domain to the other. At the discrete
level we propose a Newton method to solve the coupled nonlinear problem and give numerical
evidence of its convergence. We also propose two different approaches to compute the geometric
coefficients which are essential outputs of a plasma equilibrium computation. The second one,
based on a variational formulation over the plasma domain is fast and precise. It does not require
the explicit computation of iso-contours as the first method does.
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Figure 10: The profile of %(wN) (top, left), g(vn) (top, right), gmi (¥n) (center, left), gma(¥n)

ov
(center, right), sh(yx) (bottom, left) and of a—p(q/zN) (bottom, right). Black: 101 iso-contours

method from the P; solution. Red: 101 iso-contours method from the rHCT solution. Cyan:
weak formulation method with Legendre polynomials up to degree 40 and a quadrature rule of
order 19. Blue: weak formulation method with 43 splines and a quadrature of order 10.
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