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FREQUENCY-EXPLICIT A POSTERIORI ERROR ESTIMATES FOR
FINITE ELEMENT DISCRETIZATIONS OF MAXWELL’S EQUATIONS

T. CHAUMONT-FRELET*" AND P. VEGA*{

ABSTRACT. We consider residual-based a posteriori error estimators for Galerkin discretiza-
tions of time-harmonic Maxwell’s equations. We focus on configurations where the frequency
is high, or close to a resonance frequency, and derive reliability and efficiency estimates. In
contrast to previous related works, our estimates are frequency-explicit. In particular, our
key contribution is to show that even if the constants appearing in the reliability and effi-
ciency estimates may blow up on coarse meshes, they become independent of the frequency
for sufficiently refined meshes. Such results were previously known for the Helmholtz equa-
tion describing scalar wave propagation problems, and we show that they naturally extend,
at the price of many technicalities in the proofs, to Maxwell’s equations. Our mathemat-
ical analysis is performed in the 3D case and covers conforming Nédélec discretizations of
the first and second family. We also present numerical experiments in the 2D case, where
Maxwell’s equations are discretized with Nédélec elements of the first family. These illus-
trating examples perfectly fit our key theoretical findings and suggest that our estimates are
sharp.

KEY WORDS. A posteriori error estimates, Finite element methods, High-frequency problems,
Maxwell’s equations

1. INTRODUCTION

Maxwell’s equations constitute the central model of electrodynamics [33]. They are ubiqui-
tously employed to describe the propagation of electromagnetic fields, and encompass a wide
range of applications, including radar imaging [25], telecommunications [45], and nanophoton-
ics [31], just to cite a few. In realistic geometries, analytical solutions to Maxwell’s equations
are out of reach, which motivates the development of numerical schemes to compute approxi-
mate solutions. While several approaches, such as finite differences [49] or boundary elements
[6], are available for the problem under consideration, we focus on finite element methods
in this work [41]. The latter are especially suited in the case of heterogeneous media with
complex geometries due to the flexibility of unstructured meshes.

Current computer hardware enables the realization of three-dimensional simulations, which
are of practical interest, but the associate computational costs are still important regarding
power consumption and simulation time. As a result, not only do numerical schemes need
to be accurate and robust, but they also have to be as efficient as possible. In the context
of finite element methods, an attractive idea to limit the computational cost is to adapt the
mesh size and/or the polynomial degree of the basis functions only locally in the areas of the
domain where the solution exhibits a complicated behavior.

These local refinements may be carried out by an iterative refinement process that is
driven by a posteriori error estimators. Besides, error estimators can also be employed to
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2 FREQUENCY-EXPLICIT A POSTERIORI ERROR ESTIMATES FOR MAXWELL’S EQUATIONS

quantitatively estimate the discretization error, which enable practitioners to decide whether
the numerical solution is sufficiently accurate for the application purposes. As a result, a
posteriori error estimators have attracted an increasing attention over the last decades. We
refer the reader to [2, 23, 48], and the references therein.

Early works on a posteriori error estimation have focused on scalar coercive problems [2, 48].
It turns out that there are two key properties an a posterior:i estimator should satisfy. On
the one hand, “reliability” states that the estimator is an upper bound to the discretization
error, i.e., there exists a constant C,¢ such that

(1.1a) lello < Cra

where [|e]| is a measure of the error in the whole computational domain. On the other hand,
“efficiency” refers to the fact that the estimator associated with each element K of the mesh
is a lower bound for the error measured in a small region around K. Specifically, there exists
a constant Ceg such that

(1.1b) nk < Cegtllefl z + oscry

where [|e]| 7 is @ measure of the error in a small area K D K, and 0scTy, 18 a “data oscillation”
term linked to the right-hand side (see Section 2.8).

In the context of scalar elliptic problems with constant coefficients, Cie and Ceg only
depend on the “shape-regularity” parameter of the discretization mesh (see Section 2.4 below).
These results were subsequently extended to scalar time-harmonic wave propagation problems
[13, 27, 46]. It is now well-known that in contrast to the elliptic case, the constants Cle
and Ceg not only depend on the shape-regularity parameter, but also on the frequency.
Specifically, for a fixed mesh, the estimates in (1.1) deteriorate when the frequency increases.

Here, we focus on time-harmonic Maxwell’s equations set in a Lipschitz polyhedral domain
Q) C R3. Namely, for a fixed frequency w > 0, and a given current density J : Q — C3, the
(unknown) electric field E :  — C? satisfies

(1.2) ~w?)eE+V x (WVxE) = iwJ in{,
’ Exn = o on 052,

where 02 is the boundary of €2, and n is the outward normal unit vector to 02. As we
explain in detail in Section 2.1, the complex tensor-valued coefficients € and p represent the
electromagnetic properties of the materials contained in {2. Notice than since € and p are
allowed to take complex values, our model problem (1.2) encompasses a large number of
scenarios, including the presence of conductive materials, as well as perfectly matched layers
[7, 8, 41], that approximate a radiation condition in the context of scattering problems (see
Remark 2.1). We have chosen the boundary condition E x n = o to fix the ideas, and the
other natural condition, namely (V x E) x n = o, can be covered without any difficulty.
However, impedance boundary conditions, (V x E) x n+ AE xn) xn = o (A € C), would
require substantial dedicated work.

Several works deal with a posteriori error estimation for Galerkin discretizations of simpler
versions of (1.2), including the magnetostatic equations (where € := o) [11, 18], and the
case where either € is negative-definite or has a definite imaginary part [5, 21, 43, 47]. In
both scenarios, the sesquilinear form associated with the problem is coercive, which greatly
simplifies the analysis. We are actually only aware of a handful of works where reliability
and efficiency are established for indefinite time-harmonic Maxwell’s equations [19, 40]. In
[19, 40] however, the efficiency and reliability constants implicitly depend on the frequency,
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even asymptotically. The convergence analysis of adaptive schemes for (1.2) is presented in
[34, 50]. There again, the dependence on the frequency is not explicitly analyzed, and as
a consequence, “sufficiently refined” meshes are required to start the adaptive process. As
shown, for instance in [13], the reliability constant may be surprisingly large in some cases,
leading to important underestimation of the error (we also refer the reader to the numerical
experiments presented in Section 4). This is especially problematic when the estimator is
used as a stopping criterion. On the other hand, the convergence speed of adaptive schemes
also depends on these constants. As a result, it is of interest to estimate the size of these
constants and to identify mesh sizes for which the estimator can be trusted.

In this work, we analyze the efficiency and reliability of residual estimators for time-
harmonic Maxwell’s equations (1.2) discretized with Nédélec finite elements. In particular,
we provide a thorough inspection of the behavior of the efficiency and reliability constants
when the frequency is large and/or close to a resonance frequency. Our key contributions are
twofold. On the one hand, we show that the efficiency constant is bounded independently of
the frequency as soon as the number of degrees of freedom (dofs) per wavelength is bounded
below. On the other hand, we establish that the reliability constant may be bounded inde-
pendently of the frequency, assuming the mesh is sufficiently refined, or the polynomial degree
is sufficiently large. Specifically, our findings are summarized by the estimates

(1.3a) w||E = Eplleo + [V x (B = Ep)| 10 < C(1+a)n,

and
whi

(13b) i < Cp* (1 + ) (WIB - Bull, g + IV x (B~ Byl z) +oser,.
K ,min

where hg is the diameter of the element K, p is the polynomial degree, E and FE}, are the
solution to (1.2) and its discrete approximation, cg . is the minimum wavespeed in the patch
around K, and p, is the so-called “approximatiofl factor” that measures the approximation
properties of the finite element space, and that is properly introduced in Section 2.13 below.
We refer the reader to Theorems 3.4 and 3.7.

In (1.3), the frequency appears in the reliability and efficiency constants through the terms
Vba and whi/ (pcl} min). On the one hand, the approximation factor vy, is now standardly
used in the a postém’om’ error analysis of the Helmholtz equation, and we refer the reader
to [13, 27, 46] where the notation o stands for the approximation factor, as well as in the a
priori error analysis of Helmholtz problems [15, 37] and Maxwell’s equations [38, 44], where
the symbol 7 is employed. In general, it is complicated to derive fully-explicit estimates for the
approximation factor [13]. However, at least in the case of scalar wave propagation problems,
qualitative upper bounds are available for several configurations of interest [14, 15, 37]. The
analysis of the approximation factor for Maxwell’s equations is very recent, so that less results
are currently available [17, 38, 44].

On the other hand, since Ak :=cg . /(27w) denotes the minimal wavelength in a neigh-
borhood of K, (th/(pcf(’min))*1 ~ Ak (hi/p)~! is a measure of the number of dofs per
wavelength, locally around K. In particular, the condition whg /(pcgz . ) < C means that
there are “sufficiently many” dofs per wavelength. It is thus natural for this term to appear
in (1.3). In addition, since it is required to have a sufficient number of dofs per wavelength for

approximability reasons, it is expected that whx /(pc . ) is small in scenarios of interest.
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Our main findings are almost identical to recently established results concerning scalar
wave propagation problems modeled by the Helmholtz equation [13, 27, 46]. As a result,
they appear as a natural extension of now well-established results for scalar wave propagation
problems to Maxwell’s equations. However, the proofs are largely complicated by the func-
tional framework based on the H (curl) Sobolev space. In short, the solution to Maxwell’s
equations is only smooth when the right-hand side is H (div)-conforming. On the other hand,
Nédélec finite element spaces are H (curl)-conforming, but not H (div)-conforming. This fact
raises several complications when using the error as a right-hand side in duality arguments,
which is common in the analysis of high-frequency wave propagation problems. Over the past
decade, workarounds have been developed in the context of a priori analysis [12, 16, 30, 51],
but this work is, to the best of our knowledge, the first contribution to use them in the context
of a posteriori analysis.

The remainder of this work is organized as follows. Section 2 presents the model problem
we consider and gathers notations as well as key preliminary results. In Section 3, we derive
our main results, leading to (1.3). We report numerical experiments that illustrate our key
findings in Section 4, and draw our conclusions in Section 5.

2. SETTINGS
Here, we review key notations and preliminary results.

2.1. Domain and coefficients. We consider Maxwell’s equations (1.2) in a Lipschitz poly-
hedral domain Q C R3. We do not assume that € is simply connected, and denote by
b == supy e [T — y| the diameter of (2.

The electromagnetic properties of the materials contained inside {2 are described by two
symmetric tensor-valued functions €, p : Q — S(C3). For the sake of simplicity, we assume
that we can partition 2 into a set &2 of non-overlapping polyhedral subdomains P such that
e|p and p|p are constant for all P € &2. The short-hand notation x := p~! will also be
useful. Notice that the above tensor fields are symmetric, but not self-adjoint.

If ¢ € {e,pn,x} is any of the aforementioned tensor fields, we introduce the notations

¢min(x) := min Re ¢p(x)u - u, ¢max(x) := max max Re ¢p(x)u - v,
ueC3 ueC3 veC?
|ul=1 lul=1|v]=1

as well as ¢p min = ess ilI)If ®min(x) and @p max = €SSSUP Pmax(x) for any open set D C Q.
TEe xeD
Additionally, we assume that ¢ min > 0.

Similarly, we will employ the notations ¢p min := /4D, min/€D,max a0d €D max ‘= \/ /4D, max/€ D min

for the minimum and maximum wavespeed in D.

Remark 2.1 (Conductive materials and perfectly matched layers). The coefficients € and
o are usually meant to represent the electric permittivity and the magnetic permeability of
the materials contained inside the computational domain Q (see, e.g., §4.4 and §6.4 of [33]).
In this case, these tensors are real-valued. As mathematical convenience, we allow complex-
valued tensors to treat additional physical effects in a unified framework.

Since the frequency is fixed, we can for instance handle a material with (real-valued) per-
mittivity €, permeability p and conductivity o, by setting € := € — (1/iw)o and p := p, as
done in [16] for instance. One readily sees that the proposed framework covers this scenario.

Another situation of importance is the case of perfectly matched layers (PML), that are
widely employed to mimic the effect of Silver-Miiller’s radiation condition in unbounded media.
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Considering for the sake of simplicity the Cartesian PML approach [7, 8, 41|, the physical
coefficients € and p are modified as follows. Assuming the region of interest Qg is contained
in the cube (—L, L)3, the Cartesian PML approach consists in selecting a largest computational
domain Qo C (—L, L)% C Q, and for x € Q defining

e:=BlgAa! and p:=B'pAt

where A and B are defined as

d21d3 0 0 dl O 0
A= 0 - 0 and  B:=| 0 dy 0 |,
1
0 0 Zg 0 0 ds

with, for each space dimension 1 < j <3, dj(x) :=1—o(x;)/(iw), o(t) =0 fort € (—L, L)
and o(t) = o, > 0 if |t| > L. Assuming for the sake of simplicity that the physical coefficients
are transverse isotropic (i.e. the tensors are diagonal), straightforward computations reveal

that

~ 02 ~ 0'2

6Q,min > 11— 72 €Q,min and ,Ufﬂ,min >\ 1-— M, min
w (.U

so that this approach fits to our theoretical framework if o, < w.

2.2. Functional spaces. In the following, if D C €2, L?(D) denotes the space of square-
integrable complex-valued function over D, see e.g. [1], and L?(D) := (LQ(D))S. We equip
L?(D) with the following (equivalent) norms

[l = / w2, Jw|?, = Re /D dw-w,  we L(D)

with ¢ := € or x. We denote by (-,-)p the inner-product of L?(D), and we drop the
subscript when D = Q. If F C Q is a two-dimensional measurable planar subset, || - || and
(-,-)F respectively denote the natural norm and inner-product of both L?(F) and L*(F) :=
(L2(F))®.

Classically [1], we employ the notation H'(D) for the usual Sobolev space of functions
w € L*(D) such that Vw € L?(D). We also set H(D) := (Hl(D))3 and introduce the
semi-norms

2
8wj

Oy,

3
IVl =3 /D e

jk=1

vuth = > [ 2]
7,k=1
for w € H'(Q) and ¢ := € or x.
We shall also need Sobolev spaces of vector-valued functions with well-defined rotation and
divergence [32]. Specifically, we denote by H (curl, D) the space of functions w € L?*(D) with
V x w € L?(D), that we equip with the “energy” norm

”’v”‘curlw D = 2HvH2 DT HV X UHX Dy VE H(CUI‘LD).

In addition, if & : D — C? is a measurable tensor-valued function we will use the notation
H(div, &, D) for the set of functions w € L*(D) with V - (§éw) € L?(D), and we will write
H(div®, &, D) for the set of fields w € H(div,&, D) such that V - (éw) = 0 in D. When
¢ = I, the identity tensor, we simply write H (div, D) and H(div’, D).
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For any of the aforementioned spaces 7', the notation % denotes the closure of smooth,
compactly supported, functions into L?(D) (or L*(D)) with respect to the norm #. These
spaces also correspond to the kernel of the naturally associated trace operators [1, 32].

Finally, if 2 is a collection of disjoint sets D C 2 and ¥ (D) is any of the aforementioned
spaces, ¥ () stands for the “broken” space of functions v € L?(Q) (or L?(2)) such that
v|p € ¥(D) for all D € 2. We employ the same notation for the inner-products, norms and
semi-norms of ¥ (2) and ¥ (D), with the subscript Z instead of D.

2.3. Variational formulation. In the remaining of this work, we assume that J € H (div, §2).
Then, we may recast (1.2) into a weak formulation, which consists in looking for E €
H(curl, Q) such that

(2.1) b(E,v) =iw(J,v) Vv € Hy(curl, )

where b(e,v) := —w?(ee,v) + (xV x e,V x v) for all e,v € Hy(curl,Q). It is easily seen
that the sesquilinear form b(-, -) satisfies the following “Garding inequality”

(2.2) lelunw.o = Reble.e) +2u?elZq Ve € Ho(curl, ).

2.4. Computational mesh. We consider a mesh 7T, that partitions €2 into non-overlapping
tetrahedral elements K. We assume that the mesh 7}, is conforming in the sense of [20], which
means that the intersection K, N K_ of two distinct elements K1 € 7T}, is either empty, or a
single vertex, edge, or face of both K_ and K. We further denote by F; the set of exterior
faces lying on the boundary 9§ and by F, the remaining (interior) faces.

We also require that the mesh 7}, is conforming with the physical partition &2. Specifically,
we assume that for each K € Ty, there exists P € & such that K C P. It equivalently means
that the coefficients are constant over each element K € 7T, and that the interfaces of the
partition &2 are covered by mesh faces F' € F, := Fj U .7-",2.

For K € Ty, Fx C JF}, denotes the faces of K, and the notations

hi = sup |z —y|, pr =sup{r>0|3Jx € K: B(x,r) C K},
z,yeK
stand for the diameter of K and the radius of the largest ball contained in K. We write
Br = hi/pKk for the “shape-regularity” parameter of K, and S := maxge7, B for the
global shape-regularity parameter of the mesh. The (global) mesh size is defined as h :=

mMaxgeT, hK. )
We define the jump of v € H'(T},) through F := 0K_ N 0K, € F} by

[v]lF == vi(ny - np) +v_(n- - np),

where vy is the trace of v on F' from the interior of K4 and m4 is the unit normal pointing
outward of K. For exterior faces F' € Fy, we simply set [v]|r := v|p.
If K €7, and F € F},, then

Ten ={K'€Th | KNK'#0}, Ten:={K €Ty|F CoK'},

denote the mesh patches associated with K and F', and we use the symbols K = Int(U K'eTk, hﬁ)

and F := Int(U KeTp,hf)a for the associated open domains.
Finally, if T C 73, and F C Fj, are collections of elements and faces, we write

()7 == Z("')K’ (-, Vo1 == Z<"'>3K’ (-, )F = Z<”'>F'

KeT KeT FeF
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2.5. Polynomial spaces. In the following, for all K € 7}, and for ¢ > 0, Py(K) stands for
the space of (complex-valued) polynomials defined over K and P,(K) := (P,(K))*. We shall
also require the Nédélec polynomial space Ny(K) := Py(K) + & x Py(K). The inclusions
V (Py+1(K)) C Ny(K) C Pyt1(K) hold true.

If T C T, Py(T), Py(T) and N (T) respectively stand for the space of functions that are
piecewise in Py(K), Py(K) and Ny (K) for all K € T.

In the remaining, we consider a fixed polynomial degree p > 1. Then,

Vh = ’Pp('ﬁl) N H(% (Q), Wh = Np—l(’ﬁz) N HO(Curlv Q)

are the usual Lagrange and Nédélec finite element spaces [41]. Remark that we have VV}, C
W ,. We also recall that P,(7,) N Ho(curl, ) is the second family of Nédélec spaces [42].

2.6. Quasi-interpolation. There exists two operators Qy, : H} () — Vj, and Ry, : H(Q) —
W, and a constant %; that only depends on § such that for each K € 7},

(2.3) L Jlw = Quw|lk + /2w — Quwllox < Gl Vw|z
hx hx

for all w € H} () and
p p

(2.4) —llw = Rywl|[k + /7= [[(w = Rpw) x nlox < 6| Vwl|z
hK hK

for all w € H(2). A construction of Qp, can be found in [35, 36]. For Rj, we employ
the interpolation operator introduced in [29] when p = 1. On the other hand, if p > 2,
Ry is defined by employing Qp with degree p — 1 componentwise, which is possible since

(Po—1(Th) N HY(Q))* € W,

2.7. Bubble functions, inverse inequalities and extension operator. Following [27,
39], _we introduce, for each element K € 7j, and each face I’ € F,, bubble functions by €
CY(K) and bp € C°(F), with 0 < bg,bp < %, such that!

(2.50) lwllx < Guplbiwllc, — Ilvle < Gupllbyolr

for all w € Pp(K) and v € P,(F) (see [39, Theorem 2.5]). Here, %, > 0 is a constant
depending on shape regularity parameter 5. Besides, combining the estimate in [39, Theorem
2.5] with the product rule shows that

(2:50) 19 Grcw)llic < Gog 0wl Vw € Py(K).

Finally, [39, Lemma 2.6] guarantees the existence of an extension operator & : P,(F) —

H}(F) such that &(v)|p = bpv and

(2.5¢) phy PIE @) 170, + 0 B2 IV EW) 73, < Gollollr Yo € Py(F).

Identical results hold for vector-valued functions, applying the above estimates component-
wise.

IThe results in [39] are rigorously stated for the two-dimensional case. However, as observed in [27, Theorem
4.12], these results naturally extend to the three-dimensional case.
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2.8. Data oscillation. Classically, our a posteriori error estimates include “data-oscillation”
terms. These terms include a “projected source term” Jp, € Pp(Tx), that is defined element-
wise, for each K € 7T}, as the unique polynomial J}, € P,(K) such that

w?h? h2 w?h? h2
poTK(Jh,’Uh)K + ?g(v I,V vp)g = ]92627[((*]’77}1)}( + p—f;(v -J, V)i
IN(,min IN(,min

for all v, € P,(K). Notice that while other “traditional” projections or quasi-interpolation
operators could be employed, we select this particular definition as it minimizes the terms
appearing in the final error bounds.

We are now ready to introduce the elementwise oscillation terms

0SCo K = p3/2

h 1 h
'uf(,maxw?KHJ — Il O8Cdiv,K = p3/277KHV (J =Tk

vV Ei?,min p
for all K € Tp, as well as their “patchwise” counterparts
2 Z 2 2 Z 2 2 2 2
OSCO,T = OSC07K, OSCdiV,T = OSCdiV,K’ OSCT = OSCOJ’ —+ OSCdiV,T
KeT KeT

for T C Tp. If J is piecewise smooth, this oscillation term decreases faster than the discretiza-
tion error to zero. Specifically, for T C Ty, if J € HI(T) and V - J € H(T) for some

q < p, then
h q+1
oser < p/? <p) ;

see [28].

2.9. Regular decomposition. Following [35, Theorem 2.1], for all 8 € Hy(curl, 2), there
exist ¢ € H}(Q) and r € H}(Q) such that 8 = ¢ + Vr with

(2.6) IVollxa <G (6 10lxe + IV x Olxa),  IVrlen < Gl6]e0,

where %; is a constant possibly depending on the geometry of 2 and, because the results
in [35] are established in non-weighted norms, the material contrasts 597max/597min and

/J/Q,max//-llﬂ,min-

2.10. Weber’s inequality in simply connected domains. In the particular case where
Q) is simply connected, we have

(2.7) (fd
where %, only depends on the geometry of  and 110 max/ (4, min-

2.0 < Cula|V x dllya Vo € Ho(curl, Q) N H(div’, Q)

2.11. Minimal frequency in non-simply connected domains. If ) is not simply con-
nected, we will assume that w > wg > 0. Then, we have

< (.U(]gQ -1
X = - wl ol

,max

(2.8) 0| co Ve LXQ).
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2.12. Well-posedness. In the remainder of this document, we will assume that the (adjoint)
problem we consider is well-posed.

Assumption 2.2 (Well-posedness). For all j € L*(Q), there exists a unique €*(j) € Ho(curl, Q)
such that

(2.9) b(w,e* (7)) = w(w, ej) Vw € Hy(curl, Q).
We can then introduce the notation
(2.10) Yt = sup  [le*(F)[lcurtw,o-
JEH (div0,e,Q)
l7lle, =1

Remark 2.3 (Well-posedness). When e and x are real-valued, it is well-known that (2.9)
is well-posed if and only if w is not a resonance frequency. Hence, the problem is well-
posed except for a countable set of exceptional values in this case. If € and x incorporate a
sufficiently accurate PML, we may then expect that (2.9) is well-posed for all w > 0 since the
scattering problem with a radiation condition always admits a unique solution [4]. Besides,
(2.9) is well-posed for all w > 0 in geophysical applications where € has a definite imaginary
part and x is real [16].

2.13. Approximation factor. We shall also need an “approximation factor”, that describes
the ability of the discrete space W, to approximate solutions to (2.9), and is defined by
(2.11) Vba = Sup inf [le*(j) — enlleurtw,0-
JEH(div0,e,0) €rEWnR
llille,0=1

Recalling (2.10), we clearly have qp,, < 7st, showing that the approximation factor is bounded
independently of the mesh size h and the approximation order p. It does however, in general,
depend on the wavenumber wlq/cq min, the geometry of 2, and the coefficients € and p.

The divergence-free condition of the right-hand side defining 4, shows that e*(j) €
H(curl, Q)N H(div’,g,Q). Then, as long as Q and the coefficients € and p exhibit a regu-
larity shift [10, 22], we have e*(j) € H*(f2) for some 0 < s < 1, and standard approximation
properties of Nédélec spaces (see e.g. [29]) imply that

(212) Yba S C(W7Q7€7“7678) <Z> )

where the constant is independent of A and p. As a result, the approximation factor may
depend on the frequency (and more generally, on the geometry of the domain and the physical
coefficients) for coarse meshes, but is asymptotically bounded independently of the frequency,
the mesh, and the approximation order.

In (2.12), the dependence on w is not specified. In addition, the interest of high-order
schemes is not obvious, as the convergence rate is limited to 1. For Helmholtz problems,
several works giving a precise description of the behavior of the approximation factor are
available [15, 37]. We also refer the reader to [17, 38, 44] for recent works on Maxwell’s
equations.

2.14. Notation for generic constants. In the remaining of this document, if A, B > 0 are
two positive real values, we employ the notation A < B if there exists a constant C' that only
depends on %, 6b, 61, €0max/EQmin, KO max/HQmin, Gw and, if © is not simply connected,
on woln/cq max, such that A < CB. Importantly, C' is independent of w, h, and p. However,
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C may depend on 2 through %; and %, and it may also depend on § through %; and %i.
We also employ the notation A 2 Bif BS Aand A~ Bif AS Band A2 B.

3. A POSTERIORI ERROR ESTIMATES

This section presents our theoretical developments.

3.1. Numerical scheme. We consider a discretization space W, C X}, C P,(Q2)NHy(curl, Q).
In the case where X5, = Wy, the analyzed method corresponds to the usual first family of
Nédélec finite elements, while if X, = P,(2) N Ho(curl, ), the second family of Nédélec
elements is covered. As it does not bring any additional complexity, our analysis also handles
every situation “in between”, where the first family of elements is used in some part of the
mesh, while the second family is employed in the remaining areas.

The discrete method reads: find E;, € X, such that

(3.1) b(Eh,’Uh) = iw(J,'vh)

for all v, € X,. The existence and uniqueness of E}, are ensured provided that Assumption
2.2 holds true and that the mesh is sufficiently refined [12, 16, 30, 51]. For general meshes,
to the best of our knowledge, the well-posedness of (3.1) is an open question.

In the remaining of this section, we will work under the assumption that a discrete solution
E}, satisfying (3.1) has been computed. Importantly, our analysis applies as soon as Ej, € X,
satisfies (3.1) irrespectively of the mesh size or polynomial degree. In particular, unique
solvability is not required. As a consequence of this assumption, we have

(3.2) b(E — Eh,vh) =0

for all vy, € Xy,

We point out that the above assumption is not an important limitation in practice. Indeed,
for the simpler setting of the scalar Helmholtz equation, it was recently established under
similar assumptions that h-adaptive schemes converge optimally starting from arbitrarily
coarse meshes [9]. The idea (see [9, Algorithm 7]) is that if (3.1) is not well-posed, a global
uniform refinement is performed instead of using the error estimator.

3.2. Error estimators. The design of our estimator is “classical” since we largely follow
[5, 43]. However, we take special care to weigh each term of the estimator correctly in terms

of the frequency and the electromagnetic coefficients in the spirit of [21]. Our estimator splits
into two parts, namely, for K € Ty, 7]%( = nfﬁv Kkt nzurl K With

1 h . h
(3.3) M, = ————— | ||V - (J — iweEy)|x +wi|—| [eEL] - nllamo0
\/El?,min p p

and

hi .
(34) MeurLk = \ /I <;szJ +w?eE, — V x (xXV x Ep)||k

h
4/ ?KH [XV x Ey] x n’aK\asz)-
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We also set

2. § : 2 2 § : 2 2 o § : 2
noi= K> Ndiv = ndiv,K? Neurl -= ncurl,K'
KeTy KeTs KeT,

3.3. Reliability. This section is devoted to reliability estimates. The first step consists in
controlling “residual terms”, that is, the sesquilinear form applied to the error and an arbitrary
test function. This is carried out in Lemma 3.1 and 3.2 below.

Lemma 3.1 (Control of the residual). The estimates

(3.5) Ib(E — Ep, Vq)| S wndivlVallea
and
(3.6) I0(E — Ep, )| S Neurt|| VOllx.0

hold true for all ¢ € H}(Q) and ¢ € H ().
Proof. We first establish (3.5). We observe that for any w € H}(f2), we have
b(E — By, Vw) = (iwd +w*eEy, Vw) = iw(J — iweE},, Vw)

so that

1
—b(E — Ep,Vw) = —iw(eE), -n,w)sr, — (V- (J —iweE}),w)T;

w
= —iw([eEL] - n, w};;b —(V - (J —iweEp),w)T;,,
and therefore

1
37) —|b(E — Ej, V)| < E]- V. (J — iweE
(3.7) b V) <w Y |[[B]-nlelwlr+ Y IV - (J —iweBn)|x|wlx

FeF} KeTy
p D
<Y K<||wHK+,/uw||aK )
~ K,min 41V, \oQ2
KeTs, hx hi

Let now ¢ € H} (). Since V(Qrq) € Wy, by Galerkin orthogonality (3.2), we can apply
(3.7) with w = ¢ — Qpq to show that

1 1

p p
< D VR mmiv.K <hKHq — Qnallk + \/EHCI - QhCJHaK\aQ)

KeTy,
= Z VR mindiv, k| Vall g < naiv Vallea,
KeTy,

where we additionally employed (2.3). This shows (3.5).
We now focus on (3.6). We start with an arbitrary element w € H*(T;,) N Ho(curl, Q).
We have

WE — Ep,w) =iw(J,w) +w*(€Ep,w) — (xXV x E, V x w)
= (iwJ +W*E, — V x (xV x Eyp),w)7, + (XV x Ej, x n,w)7,
= (iwd + W’ E), = V x (xV x Ep), w)7, + ([XV x Ep] x n,w) 5
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and
(3.8) B(E - Epw)| < ) liwd +w’Ey -V x (XV x Byl ||wl|x
KeTy,
+ ) 1xV x Ex] x nfpl|w x n|g
FeFi

1
<y ncurm( ol + /i xnramg)
KeT, \/MK max

Then, if ¢ € H{(Q), since R¢p € W, we can employ Galerkin orthogonality (3.2), (3.8)
with w = ¢ — Rp¢ and (2.4), showing that

0(E — Ey, @)| = [b(E — Ep, ¢ — Rud)|

1 p p
D D —— (||</> ~Rudlli + LNl — Rugh) x numm)
KeT, V Ml?,max hx hx

1
S Z 777curl,KHV¢H[? S; Z ncurl,K”V(f)HxK ~ 77cur1HV¢‘

KeTy, v 'u'l?,max KeTy,

X7

Lemma 3.2 (General control of the residual). We have
(3.9) 0(E — Ep, 0)] S 1ll0]lcurrw.0
for all @ € Hy(curl, ).

Proof. Let 8 € Hy(curl,2). We start by introducing ¢ as the unique element of H}(Q) such
that
(qu VU)Q = (03 VU)Q Vv € H&(Q)a

so that 8 := 6 — Vg € Hy(curl, Q) N H(div’,Q), and
w|Valeo Swllen,  10lcuriwa $ 10curtwe-

We then invoke Section 2.9, which yields the existence of r € H(Q) and ¢ € H{(RQ) such
that 8 = Vr + ¢, with

IVrleo S 10llea S 110]e0;
Employing (3.5) and (3.6), we have
‘b(E — Ep, 0)‘ S wndiVHVQHQQ + wndivuvr”E,Q + ncurIHV(pHx,Q
< (@llBllen + 6 18lxo + IV x Bllxa)

QS EélHaux,Q + [V x 8]x.0-

If Q is simply-connected, we employ Weber’s inequality (2.7), and we write that
(MI8lx0 + 1V X Ollxo S (1+E) IV x Ollx0 S 1Blleurtwo S 10]curtwo-

When 2 is not simply-connected, we utilize that

wolo \ ' ~
() wBlen + 19 <8

), max

X821 N mecurl,w,ﬂ =S |||0H’curl,w,Q'

In both cases, this concludes the proof. ]
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The next step of the proof is an “Aubin-Nitsche” type result that we employ to estimate
the error measured in the L?(Q)-norm. This step is required to make up for the lack of
coercivity of the sesquilinear form b.

Lemma 3.3 (Aubin-Nitsche). We have
(3.10) W|E = Epleo < (1+ a)n-

Proof. We first introduce the Helmholtz decomposition of the error. Namely, we define s as
the unique element of H{(€2) such that

(eVs,Vov) = (e(E — Ep,),Vv) Yo e HY(Q),

so that E — Ej, = Vs + 0, with € H(div", e, Q). For the gradient part, thanks to (3.5), we
have

w?|| V|2 g =w’Re(e(E — E}),Vs) = —Reb(E — Ej,, Vs) < wnaiv|| Vs|ea,

so that w|[Vs|leo < ndiv-
For the divergence-free part, let £ be the unique element of H(curl, 2) such that b(w, §) =
w(w, ) for all w € Hy(curl,Q2). Using (3.9), we have

wRe(0,e0) = wRe(E — Ej,,e0) = Reb(E — Ep, &) = Reb(E — Ep, & —&;,) Snll€ — & llcurlwo

for all £, € W,. As @ € H(div®, e, Q), recalling definition (2.11) of the approximation factor,
it holds that

w[|0]IZ 0 = wRe(8,€0) < wartll@lle.0,
and (3.10) follows. O
We close this section with the reliability estimate, that uses Garding inequality (2.2).
Theorem 3.4 (Reliability). The following estimate holds true
IE — Epllcurtwo S (1 + Yba)7.
Proof. Using (3.9), we have
(3.11) Reb(E — Ep, E — Ep) S 1l — Enlleurton.
On the other hand, by using Garding inequality (2.2), we have
(3.12) |E — Bylfuna S Reb(E — By, B - By) +02|E — B2,
and the result follows from (3.11), (3.12), Lemma 3.3 and Young’s inequality. O

3.4. Efficiency. In this section, we focus on efficiency estimates. Classically, the proofs rely
on “bubble functions” and their key properties introduced in Section 2.7.

Lemma 3.5. We have
(3.13) naivic S PPWI|E = By, g +0scaiv e, VK € Th
Proof. Let K € Ty, rg :=V - (Jy, — iweE},) and vk = bgrg. Integrating by parts, we have
103 ricl% = (i, vr) i = —iw(e(E — Ey), Vog) — (V- (J = Jn), vk
< wle(E — Ep) |kl Vorlx + 10,2V - (F = Tl lbil*ric i
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Recalling (2.5a) and (2.5b), we have ||ri |k < pllbs*ric|lx and | Vogllx < (0/h) |10k |
and it follows that

1 h . h
(3.14) ——— K|V - (J —iwEy)||x S pw|E — Enllex + LfKHV (J—=Jn)| k-

gl?gnin p RV 6I?,min p
On the other hand, for F € .7-",11 N Fk, we set rp:=w [eER] - np and vp := &(rp). We have

by 2rel|% = (reyvr)F = |(V - (iweEp), vp) T, + iw(€En, Vorp) 1, |
- ‘(V ) (J - iWEEh)v vF)TF,h + iw(s(E - Eh)? V’UF)TF,}L’

<V - (J —iweEp)|| 7, [lvell g + wle(E — Ep)| 5 Vvrl &

Since |lvr|lz S (\/hp/p)Hb}Lﬂ/szHF and ||[Vor|z S (p/\/hp)Hbllm/QrFHF from (2.5¢), we con-
clude that

1 h 1 h
(315) ————/ LN [eEnl - nplr S ———1 | —plby*rrlr
\/ gl?,min p \/ Elz,min
P1/2 hr . 1/2
S——— V- (J —iweE})| 75, +p/"w||E — Epll, 5
El?,min p ’
Then, (3.13) follows from (3.14) and (3.15). O

Lemma 3.6. We have
h
(316) Tlcurl, K ,S p3/2 (1 + ZJiK

K ,min

> IE — Enll gy iz + 050,75, VK € Th.
Proof. Let K € Ty, 7 := iwJp—V x(xV x Ep,)+w?eE), and v := bxry. After integrating
by parts, we have
1027 k% = (ric, vi) i = (iwd), — V x (XV x Ep) + w’eEp, vi) i
= (xV x (E — E}),V xvg)g — (w?e(E — E}),vi)k — (iw(J —Jp), vi) K
< XV % (B - En)l|x|[V x vil|x +w?(|b e (B — By klloy*ricllx
+wlbi 2T = Ik b *ricll

Thanks to (2.5a) and (2.5b), we see that ||V x vg||x < ||Vvk|x < (p/hK)Hb}(/QTKHK and
lrxllx S p||b}(/2rK||K. Then, we find

,/ug,maX?HTKHK Sp (HV x (E— Ey)| Ko w|E - Ehlls,Kh/Mf(,maxw?HJ - JhllK) :

K ,min

and hence

h
(3.17) /—umaxfnw —V x (XV x Ep) + weEy ||k

K ,min

whg _
<p (1 t o > IE — Eplleurtw.x +p~ "/ oscx .
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On the other hand, for F' € f}lﬂ}}(, we set 7p = [xV X Ep] xnp and vp := &(rp). Then,

Hbl/QTFH% = (TF, 'UF)F

= |(Vx (XV X Ep),vr)15, — (XV X Ei, V X vp)73,|

(VX (XV X (E - Ep)),vr)7p, — (XV X (E — E}),V X 0F) 75,
(

= I(

iwd + w?eE — V x (xV x Ey), ’UF)TF,h — (xV x (E - E}),V x vF)TF,h‘
iwd + w?eE) — V x (XV X Ep),vF)Tp, +w2(s(E — Ep),vr)75, — (XV X (E — E),V x ’UF)TF’h‘.

Recalling (2.5¢), |lvrllz S (\/hp/p)Hb}/?rFHF and |V x vpllz S (p/\/hF)Hbllm/QrFHF, which
leads to

hi hg .1/2
mﬁumw < m\/}\b; rele S

p F "L iwod +weEp — V x (XV % Ep)ll7s, + —|E =Byl 5+ VBV < (B - By,
p \/ﬁpcﬁ,min 7

and it follows that

hi
(3-18) /IR max ?H [XV x Ep] x np|p <

F,min

th
P2 <1+ = )HE EhmcurlwF+p1/2m—\|w+w eE,—V xX(XVXEp)| 75,

Thus, (3.16) follows from (3.17) and (3.18). O

We now state our efficiency estimate, that is a direct consequence of Lemmas 3.5 and 3.6.

Theorem 3.7 (Efficiency). We have

K min

th
nx S p*? <1 - ) IE = Bl e + 057, VK €T

4. NUMERICAL EXPERIMENTS

In this section, we present three numerical examples in 2D with Nédélec elements of the first
family that illustrate our main findings. While the previous analysis was rigorously carried
out in 3D, the key results also apply in 2D with the usual modifications for the curl operator.

In Experiments 4.1 and 4.2, we employ structured meshes. Given h := 1/n, these meshes
are defined by first introducing a n x n Cartesian grid of the domain and then splitting each
square of the grid into four triangles by joining the barycenter of the square with each of its
vertices. On the other hand, Experiment 4.3 relies on unstructured meshes that are generated
using the MMG software package [24].

We employ the LDLT factorization from MUMPS software package to solve sparse linear sys-
tems [3].
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4.1. Analytical solution in a PEC cavity. We consider the square Q := (—1,1)?, with
coeflicients € := I and p := 1. The source term is J := e, and the corresponding solution to
(1.2) reads

1 [ cos(wx
(4.1) E(z) =~ ((2) - 1> er.

w cosw
As the problem under consideration does not feature absorption, there are resonance frequen-
cies for which it is not well-posed. These resonances are attained at w = kx /2, k € N*, which
is in agreement with (4.1). This example is especially interesting since the explicit expression

(4.2) Toa < C(2,p) (wch +5 <”h>p> ,

C

where ¢ is the distance between w and closest resonance, is provided in [17] for the approxi-
mation factor.

We consider two sequences of frequencies to illustrate the influence of the approximation
factor vpa. On the one hand, we consider a sequence of frequencies tending towards the
resonance frequency wy = 37/2. On the other hand, we also study a sequence of increasing
frequencies uniformly separated from the resonance set.

The first sequence of frequencies takes the form ws := wy+0(7/2) withd = 1/2,1/4,1/8,...,1/64.
Figure 1 presents the corresponding results. The second sequence of frequencies reads wy :=
(¢ +3/10) x 27, for £ :=1,2,4,8,16,32. The corresponding results are reproduced in Figure
2.

Considering a fixed polynomial degree p, in both cases, one sees that when the frequency
gets closer to the resonance value or is increased, the reliability constant is larger for coarse
meshes. Asymptotically, when h — 0 as the mesh is refined, the same effectivity index is
achieved for all frequencies. This highlights our key theoretical finding, stating that the
reliability and efficiency constants are independent of the frequency if the mesh is sufficiently
refined.

We also observe that the “asymptotic” effectivity index is achieved faster for higher values
of p. This is in perfect accordance with our analysis (see in particular (4.2)), since the
approximation factor decreases when p is increased for a fixed mesh.

4.2. Analytical solution in a PML medium. For this experiment, we still consider the
square Qg := (—1,1)?, that we surround with a PML of thickness £ := 1/4. Hence, the domain
is Q0 := (=1 —£,1+ ¢)%. Following [7, 8, 41], the coefficients are defined as

_ da/dy 0 _
s_< 0 dl/d2>’ = dida,

where d; := dj(x;) == 1+ 0/(iw)lg;>1 with o = (3/4)w. Notice that € =1 and p = 1 inside
Qo and are only modified inside the PML.

We consider a plane wave travelling in the direction d := (cos ¢, sin ¢) and polarized along
p := (sing, —cos ¢), with ¢ = m/12. We thus let {,(x) := pe~@dT  Then, we separate the
“total” and “scattered” field regions with a cutoff function y(x) := X(|x|), where X is the
unique element of C%(R) such that X(¢) = 1 if ¢ < 0.8, X(t) = 0 if t > 0.9, and X]j0.50.9] Is a
polynomial of degree 5. All in all, the solution reads E := x&,. The corresponding right-hand
side, J := —w?E + V x V x E, is supported in the ring 0.8 < |z| < 0.9.

The effectivity indices obtained for different frequencies w, mesh sizes h and polynomial
degrees p are plotted on Figure 3. The conclusions are similar to the previous experiment and
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FiGURE 1. PEC cavity: near resonance example
perfectly illustrate our analysis. In particular, for a fixed p, the asymptotic effectivity index

is independent of the frequency w. We observe a preasymptotic range where the effectivity
index is higher, which corresponds to a large approximation factor .. As expected, the
asymptotic regime is achieved faster for higher values of p.

4.3. Scattering by a penetrable obstacle. We consider scattering by the penetrable ob-
stacle G := (—1/4,1/4)%. We select ), the PMLs, and J as in Experiment 4.2, we also keep
the definition of € and p in Q \ G, but set

_ 1 _ (8 0
= 7o 32

in G. Here, the analytical solution is unavailable. Given E},, we then compute errors compared
to E where E is computed on the same mesh as Ej; with p = 7. Figure 4 presents the most
accurate approximation of the solution computed for different frequencies.

The goal of this experiment is to analyze the ability of the proposed estimator to drive an
adaptive mesh refinement algorithm. In contrast to the previous experiments, we consider
general unstructured meshes that are generated using the MMG software package [24]. This
package takes as input an already existing mesh and a set of maximal mesh sizes associated
with each vertex of the input mesh. The output is a new mesh, locally refined so that the
prescribed mesh sizes are respected. We use the MMG package, together with Dorfler’s marking
[26], to iteratively refine the mesh.
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FiGURE 2. PEC cavity: high frequency example

Algorithm 4.1 (Adaptive refinements). Specifically, our adaptive algorithm is as follows:

Given a mesh Ty, compute the associated discrete solution and estimators ng .
Order the elements K by decreasing values of ng and constitute a set M C T by
adding the elements in the list until
donk=0> nk
KeM KeTy,
where 6 := 0.1.
Associate with each element K € Tp a “desired size” hi. This is done by setting
?LK :=hg/2 if K € M, and EK := hg otherwise.
Associate with each vertex a € Vi, a “desired size” lNLa that is the minimum of the
desired size of the elements K € Ty, having a as a vertex.
Use MMG with T;, and {Ea}aevh to produce a new mesh T
Perform a new iteration with Ty, := 7~;L

On Figure 5, we present the initial mesh, as well as the meshes obtained after 10 iterations of
Algorithm 4.1 for different values of p and w. In all cases, the regions selected for refinements
are understandable. On the top-right panel, the frequency is rather low, so that the cutoff
function employed to inject the incident wave is the main source of fast oscillations. This
area is clearly refined. Also, one clearly sees that the mesh is strongly refined in the vicinity
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FIGURE 3. PML medium: plane wave in free space

of the corners of the scatterer, which is to be expected, due to singularities [10, 22]. In the
two bottom panels, we observe that the mesh is essentially refined inside the scatterer and
coarser inside the PML. On the one hand, it is perfectly suited for the mesh to be refined
inside the scatterer since the wavespeed is smaller (hence, the solution is more oscillatory) in
this region. On the other hand, it is understandable that the mesh is coarse in the PML, as
outgoing radiations are rapidly absorbed.

Figure 6 provides more quantitative results. On the one hand, we plot the relative error

E—-E
Error := 100 ”| hmcurl,w,ﬂ

IElcurw.0

measured in percentage against the number of degrees of freedom N at each iteration. We see
that asymptotically, the error behaves as O(N -/ 2), which is the optimal rate. This indicates
that the produced meshes are optimal, and thus, adequately refined for all the frequencies
and polynomial degrees considered. On the other hand, we also plot the effectivity index
against the iteration number. The curves we obtain are similar to those presented above for
uniform meshes, comforting our key theoretical findings. Specifically, the error is underesti-
mated on coarse meshes, and this underestimation is more pronounced for higher frequencies.
Asymptotically, however, the effectivity index becomes independent of the frequency.



20 FREQUENCY-EXPLICIT A POSTERIORI ERROR ESTIMATES FOR MAXWELL’S EQUATIONS

LI AN

il
1100000 LRy
UL

111 5 L

-10  -05 0.0 05 10 -10  -05 0.0 05 10
X X
() w=30m (D) w =507

FIGURE 4. Re E, computed at the last iteration of the adaptive algorithm
5. CONCLUSION

We analyzed residual-based a posteriori error estimators for the discretization of time-
harmonic Maxwell’s equations in heterogeneous media. We have focused on (conforming)
Nédélec finite element discretizations of the second-order formulation. The novelty of our
work is that we derive frequency-explicit reliability and efficiency estimates.

Our findings generalize previous results established for scalar wave propagation problems
modeled by the Helmholtz equation. Specifically, we establish that the efficiency constant is
independent of the frequency as soon as the number of degrees of freedom per wavelength
is bounded below. On the other hand, we show that the reliability constant is bounded
independently of the frequency for sufficiently refined meshes, but can become large at high
frequencies (or close to resonances) for coarse meshes and/or low polynomial degrees.

We presented numerical experiments that highlight these key theoretical features. We
produced three different test cases, including interior problems as well as scattering problems
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FIGURE 5. Initial mesh and meshes obtained at iteration 10 of the algorithm

for different polynomial degrees and frequencies in Experiment 4.3
with perfectly matched layers. In all cases, the behavior of the estimator fits the theoretical
predictions. Finally, the estimator has been employed to drive an adaptive mesh refinement
algorithm based on Dorfler’s marking. We obtained optimal convergence rates in terms of the
number of degrees of freedom, indicating that the proposed estimator is perfectly suited for
adaptivity purposes.
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