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GLOBAL LINEAR CONVERGENCE OF EVOLUTION STRATEGIES
ON MORE THAN SMOOTH STRONGLY CONVEX FUNCTIONS

YOUHEI AKIMOTO *, ANNE AUGER t, TOBIAS GLASMACHERS ¥, AND DAIKI
MORINAGA §

Abstract. Evolution strategies (ESs) are zeroth-order stochastic black-box optimization heuris-
tics invariant to monotonic transformations of the objective function. They evolve a multivariate
normal distribution, from which candidate solutions are generated. Among different variants, CMA-
ES is nowadays recognized as one of the state-of-the-art zeroth-order optimizers for difficult problems.
Albeit ample empirical evidence that ESs with a step-size control mechanism converge linearly, the-
oretical guarantees of linear convergence of ESs have been established only on limited classes of
functions. In particular, theoretical results on convex functions are missing, where zeroth-order and
also first-order optimization methods are often analyzed. In this paper, we establish almost sure lin-
ear convergence and a bound on the expected hitting time of an ES family, namely the (1 4 1).-ES,
which includes the (1+1)-ES with (generalized) one-fifth success rule and an abstract covariance ma-
trix adaptation with bounded condition number, on a broad class of functions. The analysis holds for
monotonic transformations of positively homogeneous functions and of quadratically bounded func-
tions, the latter of which particularly includes monotonic transformation of strongly convex functions
with Lipschitz continuous gradient. As far as the authors know, this is the first work that proves
linear convergence of ES on such a broad class of functions.

Key words. Evolution strategies, Randomized Derivative Free Optimization, Black-box opti-
mization, Linear Convergence, Stochastic Algorithms

AMS subject classifications. 65K05, 90C25, 90C26, 90C56, 90C59

1. Introduction. We consider the unconstrained minimization of an objective
function f : R? — R without the use of derivatives where an optimization solver sees
f as a zeroth-order black-box oracle [12,47,48]. This setting is also referred to as
derivative-free optimization [15]. Such problems can be advantageously approached
by randomized algorithms that can typically be more robust to noise, non-convexity
and irregularities of the objective function than deterministic algorithms. There has
been recently a vivid interest in randomized derivative-free algorithms giving rise to
several theoretical studies of randomized direct search methods [25], trust region [9,26]
and model-based methods [13,49]. We refer to [40] for an in-depth survey including
the references of this paragraph and additional ones.

In this context, we investigate Evolution Strategies (ES), which are among the
oldest randomized derivative-free or zeroth-order black-box methods [16,50,53]. They
are widely used in applications in different domains [4, 11, 20-22, 27, 39, 44, 56, 57].
Notably a specific ES called covariance-matrix-adaptation ES (CMA-ES) [30] is among
the best solvers to address difficult black-box problems. It is affine-invariant and
implements complex adaptation mechanisms for the sampling covariance matrix and
step-size. It performs well on many ill-conditioned, non-convex, non-smooth, and non-
separable problems [29,52]. ES are known to be difficult to analyze. Yet, given their
importance in practice, it is essential to study them from a theoretical convergence
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2 Y. AKIMOTO, A. AUGER, T. GLASMACHERS AND D. MORINAGA

perspective.

We focus on the arguably simplest and oldest adaptive ES, denoted (1+1)-ES. It
samples a candidate solution from a Gaussian distribution whose step-size (standard
deviation) is adapted. The candidate solution is accepted if and only if it is better
than the current one (see pseudo-code Algorithm 2.1). The algorithm shares some
similarities with simplified direct search whose complexity analysis has been presented
in [38]. Yet the (141)-ES is comparison-based and thus invariant to strictly increasing
transformations of the objective function. Simplified direct search can be thought of as
a variant of mesh adaptive direct search [1,6]. Arguably, in contrast to direct search,
a sufficient decrease condition cannot be guaranteed. This causes some difficulties
for the analysis. The (1+1)-ES is rotational invariant, while direct search candidate
solutions are created along a predefined set of vectors. While the CMA-ES should
always be preferred for practical applications over the (1+1)-ES variant analyzed here,
this latter variant achieves faster linear convergence on well-conditioned problems
when compared to algorithms with established complexity analysis (see [54, Table 6.3
and Figure 6.1] and [8, Figure B.4] where the random pursuit algorithm and the
(141)-ES algorithms are compared, and also Appendix A).

Prior theoretical studies of the (1+1)-ES with 1/5 success rule have established
the global linear convergence on differentiable positively homogeneous functions (com-
posed with a strictly increasing function) with a single optimum [7,8]. Those results
establish the almost sure linear convergence from all initial states. They however
do not provide the dependency of the convergence rate with respect to the dimen-
sion. A more specific study on the sphere function f(z) = %||z[/* establishes lower
and upper bounds on the expected hitting time of an e-ball of the optimum in
O(log(d|jmg — z*||/€)), where z* is the optimum of the function, mg is the initial
solution, and d is the problem dimension [3]. Prior to that, a variant of the (1+1)-ES
with one-fifth success rule had been analyzed on the sphere and certain convex qua-
dratic functions establishing bounds on the expected hitting time with overwhelming
probability in ©(log(ksd||mo — z*||/€)), where k¢ is the condition number (the ra-
tio between the greatest and smallest eigenvalues) of the Hessian [33-36]. Recently,
the class of functions where the convergence of the (1+1)-ES was proven has been
extended to continuously differentiable functions. This analysis does not address the
question of linear convergence, focusing only on convergence as such, which is possibly
sublinear [23].

Our main contribution is as follows. For a generalized version of the (1+41)-
ES with one-fifth success rule, we prove bounds on the expected hitting time akin
to linear convergence, i.e., hitting an e-ball in O(log|me — z*||/€) iterations on a
quite general class of functions. This class of functions includes all composites of
Lipschitz-smooth strongly convex functions with a strictly increasing transformation.
This latter transformation allows to include some non-continuous functions, and even
functions with non-smooth level sets. We additionally deduce linear convergence with
probability one. Our analysis relies on finding an appropriate Lyapunov function with
lower and upper-bounded expected drift. It is building on classical fundamental ideas
presented by Hajek [28] and widely used to analyze stochastic hill-climbing algorithms
on discrete search spaces [42].

Notation. Throughout the paper, we use the following notations. The set of

natural numbers {1,2,...,} is denoted N. Open, closed, and left open intervals on R
are denoted by (,), [,], and (,], respectively. The set of strictly positive real numbers
is denoted by Rs. The Euclidean norm on R? is denoted by || ||. Open and closed
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GLOBAL LINEAR CONVERGENCE OF EVOLUTION STRATEGIES 3

balls with center ¢ and radius 7 are denoted as B(c,7) = {z € R : ||z — ¢|| < r} and
B(e,r) = {x € R%: ||z — || < r}, respectively. Lebesgue measures on R and R? are
both denoted by the same symbol p. A multivariate normal distribution with mean
m and covariance matrix ¥ is denoted by A (m,X). Its probability measure and its
induced probability density under Lebesgue measure are denoted by ®(-;m, ) and
©(-;m,X). The indicator function of a set or condition C' is denoted by 1{c}. We
use Bachmann-Landau notations: o(-), O(-), ©(-), Q(-), w(+).

2. Algorithm, Definitions and Objective Function Assumptions.

2.1. Algorithm: (1+1)-ES with Success-based Step-size Control. We
analyze a generalized version of the (141)-ES with one-fifth success rule presented in
Algorithm 2.1, which implements one of the oldest approaches to adapt the step-size
in randomized optimization methods [16, 50, 53]. The specific implementation was
proposed in [37]. At each iteration, a candidate solution z; is sampled. It is centered
in the current incumbent m; and follows a multivariate normal distribution with mean
vector m; and covariance matrix equal to af[d where I; denotes the identity matrix.
The candidate solution is accepted, that is m; becomes x;, if and only if x; is better
than my (i.e. f(zy) < f(my)). In this case, we say that the candidate solution is
successful. The step-size o, is adapted so as to maintain a probability of success to be
approximately the target success probability denoted by prarget = %. To do
s0, the step-size is increased by the increase factor a4 > 1 in case of success (which is
an indication that the step-size is likely to be too small) and decreased by the decrease
factor ay < 1 otherwise. The covariance matrix ¥; of the sampling distribution of
candidate solutions is adapted in the set S, of positive-definite symmetric matrices
with determinant det(X) = 1 and condition number Cond(X) < k. We do not assume
any specific update mechanism for ¥, but we assume that the update of ¥ is invariant
to any strictly increasing transformation of f. We call such an update comparison-
based (see Lines 7 and 11 of Algorithm 2.1). Then, our algorithm behaves exact-
equally on f and on g o f for all strictly increasing functions ¢ : R — R (i.e.7 g(s) §
g(t) & s = t). This defines a class of comparison-based randomized algorithms and

>
we denote it as (1+1)-ES,,.. For x = 1, it is simply denoted as (1+1)-ES.

Algorithm 2.1 (141)-ES, with success-based step-size adaptation

1: input mg € R%, 09 >0, X9 = I, f : R? —» R, parameter ar>1>ap >0
2: for t =1,2,..., until stopping criterion is met do
3:  sample z; ~ my + o N(0,%;)

4. if f(xt) < f(mt) then

5: Mpy1 < Ty > move to the better solution
6: Ot41 & 010 > increase the step size

7: i1 € Sk > adapt the covariance matrix
8: else

9: Myg1 — My > stay where we are

10: Ot41 +— 00y > decrease the step size

11: Y1 € Sk > adapt the covariance matrix

Note that a4 and « are not meant to be tuned depending on the function prop-
erties. How to choose such constants for ¥; = I; is well-known and is related to
the so-called evolution window [51]. In practice, ay = o /% is the most commonly
used setting, which leads to pearges = 1/5. It has been shown to be close to optimal,
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Fig. 2.1: Convergence of the (1+1)-ES (left) and the (1+1)-CMA-ES (middle) on 10

dimensional ellipsoidal function f(z) = %Zle HF&’% with r; = 10°,10%,...,106.
The y-axis displays the distance to the optimum (and not the function value). We
employ the covariance matrix adaptation mechanism proposed by [5], where o is
adapted as in Algorithm 2.1 with ay = %! and o = ¢7%9%5. Note the logarithmic
scale of the time axis of the left plot vs. the linear time axis of the middle plot.

Right: Three runs of (1+1)-ES (ay = €% and ay = e %9%) on 10 dimensional
spherical function f(z) = }|lz — 2*||? with initial step-size o9 = 1074, 1, and 10* (in
blue, red, green, respectively). Plotted are the distance to the optimum (dotted line),
the step-size (dashed line), and the potential function V'(#) defined in (4.5) (solid line)

with v =4/d, £ = a;lo, and u = oleO.

which gives nearly optimal (linear) convergence rate on the sphere function [16, 50].
Hereunder we write § = (m, 0,X) as the state of the algorithm, 0; = (my, o¢, %) and
the state-space is denoted by ©.

Figure 2.1 shows typical runs of the (1+1)-ES and a version of (1+1)-ES,, pro-
posed in [5], which is known as the (1+1)-CMA-ES, on a 10-dimensional ellipsoidal
function with different condition numbers ~ of the Hessian. It is empirically observed
that X; in the (14+1)-CMA-ES approaches the inverse Hessian V2 f(m;) of the objec-
tive function up to the scalar factor if the objective function is convex quadratic. The
runtime of (141)-ES scales linearly with x; (notice the logarithmic scale of the hori-
zontal axis), while the runtime of the (1+1)-CMA-ES suffers only an additive penalty,
roughly proportional to the logarithm of k. Once the Hessian is well approximated
by ¥ (up to a scalar factor), it approaches the global optimum geometrically at the
same rate for different values of ;.

In our analysis, we do not assume any specific 3 update mechanism, hence it does
not necessarily behave as shown in Figure 2.1. Our analysis is therefore the worst
case analysis (for the upper bound of the runtime) and the best case analysis (for the
lower bound of the runtime) among the algorithms in (1+1)-ES,.

2.2. Preliminary definitions.

2.2.1. Spatial Suboptimality Function. The algorithms studied in this paper
are comparison-based and thus invariant to strictly increasing transformations of f. If
the convergence of the algorithms is measured in terms of f, say by investigating the
convergence or hitting time of the sequence f(m;), this will not reflect the invariance
to monotonic transformations of f because the first iteration to such that f(m;,) < e
is not equal to the first iteration ¢, such that g(f(my )) < € for some € > 0. For this
reason, we introduce a quality measure called spatial suboptimality function [23]. Tt
is the dth root of the volume of the sub-levelset where the function value is better or
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GLOBAL LINEAR CONVERGENCE OF EVOLUTION STRATEGIES 5

equal to f(z):

DEFINITION 2.1 (Spatial Suboptimality Function). Let f : R? — R be a measur-
able function with respect to the Borel o algebra of RY (simply referred to as measurable
function in the sequel). Then the spatial suboptimality function f, : R — [0, +oc] is
defined as

21)  fule) = Vu(f (=00, f(2)]) = {'/u {yeR!|f(y) < f@)}) -

We remark that for any f, the suboptimality function f, is greater or equal to zero.
For any f and any strictly increasing function g : Im(f) — R, f and its composite
go f have the same spatial suboptimality function such that hitting time of f, smaller
than € > 0 will be the same for f or go f. Moreover, there exists a strictly increasing
function g such that f,(z) = g(f(z)) holds p-almost everywhere [23, Lemma 1].

We will investigate the expected first hitting time of ||m; — z*| to € > 0. For
this, we will bound the first hitting time of ||m; — «*|| to € by the first hitting time
of fu.(my) to a constant times e. To understand why, consider first a strictly convex
quadratic function f with Hessian H and minimal solution z*. We have f,(z) =
Va[2(f(z)— f(2*))/ det(H)4]"? for all € R, where Vi = 71/2/TH4(d/2+1) is the
dth root of the volume of the d-dimensional unit hyper-sphere [2]. This implies that
the first hitting time of f,(m;) translates to the first hitting time of \/f(m;) — f(z*).
We have v/ Amin|lz — 2*|| < /f(2) — f(2*) < VAmaxllz — 2*||, where Apin and Amax
are the minimal and maximal eigenvalues of H. E.g., consider f(z) = ||z — z*||* + 1.
Then the above condition also translates to the first hitting time of ||m; — z*||. More
generally, we will formalize an assumption on f later on (Assumption Al), which
allow us to bound ||z — z*|| by a constant times f,(z) from above and below (see
(2.6)), implying that the first hitting time of ||m; — 2*|| to € is bounded by that of
fu(my¢) to e, times a constant.

2.2.2. Success Probability. The success probability, i.e., the probability of
sampling a candidate solution z; with an objective function better than or equal
to that of the current solution my;, plays an important role in the analysis of the
(141)-ES,, with success-based step-size control mechanism. We present here several
useful definitions related to the success probability.

We start with the definition of the success domain with rate r and the success
probability with rate r. The probability to sample in the r-success domain is called
success probability with rate r. When r = 0 we simply talk about success probability.!

DEFINITION 2.2 (Success Domain). For a measurable function f : R? — R and
m € RY such that f,(m) < oo, the r-success domain at m with r € [0,1] is defined as

(2.2) Sp(m) = {z € R? | fu(z) < (1 —r)fu(m)} .

DEFINITION 2.3 (Success Probability). Let f be a measurable function and let
mo € R be the initial search point satisfying fu(mo) < oo. For any r € [0,1] and any
m € So(myg), the success probability with rate r at m under the normalized step-size

IFor r = 0, the success domain So(m) is not necessarily equivalent to the sub-levelset Sh(m) ==
{z € R? | f(x) < f(m)}, where it always holds that S}(m) C So(m). However, since it is guaranteed
that p(So(m) \ Sj(m)) = 0 by [23, Lemma 1], due to the absolute continuity of ®(;0,X) for ¥ € Sk,
the success probability with rate r = 0 is equivalent to Pr, a(o,x) [m + fu(m) -6z € S} (m)]7 with
& defined in (2.3).

This manuscript is for review purposes only.
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o is defined as

(2.3) oy m, X)) = ZNAI/’(%VE) [m+ fu(m)oz € S,.(m)]

Definition 2.3 introduces the notion of normalized step-size ¢ and the success
probability is defined as a function of & rather than the actual step-size o = f,,(m)a.
This is motivated by the fact that as m approaches the global optimum z* of f, the
step-size o needs to shrink for the success probability to be constant. If the objective
function is f(z) = %[|z — 2*||? and the covariance matrix is the identity matrix, then
the success probability is fully controlled by ; = o/ fu.(m:) o< o¢/||my — ¥ and is

independent of m;. This statement can be formalized in the following way.

LEMMA 2.4. If f(z) = 1|z — 2*||%, then letting e; = (1,0,...,0), we have

pr(em D) = Pr o fmt fu(m)oz € S,(m)] = Pr ley+ Varz] < (1)

Proof. The suboptimality function is the d-th rooth of the volume of a sphere of
radius ||z — z*||. Hence f,(z) = Vyllx — 2*||. Then, the proof follows the derivation
in Section 3 in [3]. d

Therefore, ¢ is more discriminative than o itself. In general, the optimal step-size is
not necessarily proportional to neither ||m; — «*|| nor f,(my).

Since the success probability under a given normalized step-size depends on m
and X, we define the upper and lower success probability as follows.

DEFINITION 2.5 (Lower and Upper Success Probability). Let X2 = {z € R? :
a < fu(z) < b}. Given the normalized step-size G > 0, the lower and upper success
probabilities are defined as

1 ri=\ __ - . _. N\ _.
PR (@) = inf, Jof pF@im.T) . pIET@) = sup sup g5t (asm,E) .

A central quantity for our analysis is the limit for & to 0 of the success proba-
bility p§°¢(a;m, ). Intuitively, if this limit is too small for a given m (compared to
Dtarget ), Decause the ruling principle of the algorithm is to decrease the step-size if the
probability of success is smaller than pgarget, the step-size will keep decreasing, caus-
ing undesired convergence. Following Glasmachers [23], we introduce the concepts of
p-improbability and p-criticality. They are defined in [23] by the probability of sam-
pling a better point from the isotropic normal distribution in the limit of the step-size
to zero. Here, we define p-improvability and p-criticality for a general multivariate

normal distribution.

DEFINITION 2.6 (p-improvability and p-criticality). Let f be a measurable func-
tion. The function f is called p-improvable at m € R under the covariance matriz
Y € S, if there exists p € (0,1] such that

. 3 SUucCcC (—.,
(2.4) p= ltl?rgﬁ)fpo (G;m, %) .

Otherwise, it is called p-critical.

The connection to the classical definition of the critical points for continuously dif-
ferentiable functions is summarized in the following proposition, which is an extension
of Lemma 4 in [23], taking a non-identity covariance matrix into account.

This manuscript is for review purposes only.
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GLOBAL LINEAR CONVERGENCE OF EVOLUTION STRATEGIES 7

Fig. 2.2: The sampling distribution is indicated by the mean m and the shaded orange
circle, indicating one standard deviation. The blue set is the sub-levelset So(m) of
points improving upon m. Left: Illustration of property Al in Subsection 2.3. The
blue set is enclosed in the red (outer) ball of radius C, f,(m) and contains the dark
green (inner) ball of radius Cy f,(m). The shaded light green ball indicates the worst
case situation captured by the bound, namely that the small ball is positioned within
the large ball at maximal distance to m. Right: Illustration of property A2 in
Subsection 2.3. Although the level set has a kink at m, there exists a cone centered
at m covering a probability mass of p'™* of improving steps (inside Sy(m)) for small
enough step size o (green outline). It contains a smaller cone (red outline) covering a
probability mass of ptareet,

PROPOSITION 2.7. Let f = goh be a measurable function where g is any strictly
increasing function and h is continuously differentiable. Then, f is p-improvable with
p = 1/2 at any regular point m where Vh(m) # 0 under any ¥ € S,;. Moreover, if
h is twice continuously differentiable at a critical point m where Vh(m) = 0 and at
least one eigenvalue of V2f(m) is non-zero, under any ¥ € S., m is p-improvable
with p = 1 if V2h(m) has only non-positive eigenvalues, p-critical if V2h(m) has only
non-negative eigenvalues, and p-improvable with some p > 0 if V2h(z) has at least
one strictly negative eigenvalue.

Proof. Note that pi*(a;m,X) on [ is equivalent to p§"“®(c;m, I4) on f'(z) =
f(m 4 VE(x —m)). Therefore, it suffices to show that the claims hold for ¥ = I; on
f’, which is proven in Lemma 4 in [23]. O

2.3. Main Assumptions on the Objective Functions. Given positive real
numbers a and b satisfying 0 < a < b < +00, and a measurable objective function,
let X? be the set defined in Definition 2.5.

We pose two core assumptions on the objective functions under which we will
derive an upper bound on the expected first hitting time of [0, €] by f,(m¢) (Theo-
rem 4.5) provided a < € < fu(mp) < b. First, we require to be able to embed and
include balls of radius scaling with f,(m) into the sublevel sets of f. We do not
require this to hold on the whole search space but, for a set X”.

Al We assume that f is a measurable function and that there exists X’ such
that for any m € X2, there exist an open ball B, with radius Cyf,(m) and a
closed ball B, with radius C,, f,,(m) such that it holds B, C {z € R? | f,(z) <
fu(m)} and {z € RY | f,(2) < fu(m)} C B

This manuscript is for review purposes only.
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We do not specify the center of those balls that may or may not be centered on an
optimum of the function. We will see in Proposition 4.1 that this assumption allows
to bound pl(znﬁr(ﬁ) and p?igfr(ﬁ) by tractable functions of & which will be essential
for the analysis. The property is illustrated in Figure 2.2.

The second assumption requires that the functions are p-improvable for p which
is lower-bounded uniformly over X?.

A2 Let f be a measurable function, we assume that there exists X” and there

exists plimit > ptarget guch that for any m € X% and any X € S, the objective

function f is p-improvable for some p > p'™it ie.,
(2.5) lirErrlliOnfpl((;‘:’gj‘r(&) > plimit

The property is illustrated in Figure 2.2. This assumption implies in particular for
a continuous function that X’ does not contain any local optimum. This latter as-
sumption is required to obtain global convergence [23, Theorem 2] even without any
covariance matrix adaptation (i.e. with x = 1) and it can be intuitively understood:
If we have a point which is p-improvable with p < piarger and which is not a local
minimum of the function, then, starting with a small step-size, the success-based step-
size control may keep decreasing the step-size at such a point and the (141)-ES, will
prematurely converge to a point that is not a local optimum.

If A1 is satisfied with balls centered at the optimum z* of the function f, then it
is easy to see that for all z € A?

(2.6) Cefulz) <lo— 2| < Cuful@) .

If the balls are not centered at the optimum, we have the one-side inequality ||z—z*| <
2C, f,(z). Hence, the expected first hitting time of f,(m;) to [0, €] translates to an
upper bound for the expected first hitting time of ||m; — z*|| to [0,2C€].
We remark that Al and A2 satisfied for a = 0 allow to include some non-
differentiable functions with non-convex sublevel sets as illustrated in Figure 2.2.
We now give two examples of functions that satisfy A1 and A2, including function
classes where linear convergence of numerical optimization algorithms are typically
analyzed. The first class consists of quadratically bounded functions. It includes all
strongly-convex functions with Lipschitz continuous gradient. It also includes some
non-convex functions. The second class consists of positively homogeneous functions.
The levelsets of a positively homogeneous function are all geometrically similar around
T*.
A3 We assume that f = g o h where g is a strictly increasing function and h is
measurable, continuously differentiable with the unique critical point z*, and
quadratically bounded around z*, i.e., for some L, > L; > 0,

(2.7) (Le/2)l|lz — 2*||* < h(z) — h(a™) < (Lu/2)]Je — 2> .

A4 We assume that f = goh where h is continuously differentiable and positively
homogeneous with a unique optimum z*, i.e., for some v > 0

(2.8) h(z™ +~zx) = h(z*) + v (h(z* + x) — h(z™))

The following lemmas show that these assumptions imply A1l and A2. The proofs
of the lemmas are presented in Appendix B.1 and Appendix B.2, respectively.

LEMMA 2.8. Let f satisfy A3. Then, f satisfies A1 and A2 with a =0, b = oo,

1 [Ly — 1 [Ly
Cy = 7RV and C,, = v\ T
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LEMMA 2.9. Let f be positively homogeneous satisfying A4, then the suboptimality
function f,(x) is proportional to h(z) — h(z*) and satisfies A1 and A2 for a =0 and
b= oo with C,, = sup{||lz — 2*|| : fu(z) =1} and Cp = inf{||z — z*| : fu.(z) =1}.

3. Methodology: Additive Drift on Unbounded Continuous Domains.

3.1. First Hitting Time. We start with the generic definition of the first hitting
time of a stochastic process {X; : ¢ > 0}, defined as follows.

DEFINITION 3.1 (First hitting time). Let {X; : t > 0} be a sequence of real-
valued random variables adapted to the natural filtration {F; : t > 0} with initial
condition Xg = By € R. For B < By, the first hitting time Tg( of X to the set
(=00, (] is defined as Tg" =inf{t: X; < 5}

The first hitting time is the number of iterations that the stochastic process
requires to reach the target level 8 < [y for the first time. In our situation, X; =
lms — x*|| measures the distance from the current solution m; to the target point
x* (typically, global or local optimal point) after ¢ iterations. Then, 8 = ¢ > 0
defines the target accuracy and T-X is the runtime of the algorithm until it finds an
e-neighborhood B(z*,¢). The first hitting time 7% is a random variable as m; is a
random variable. In this paper, we focus on the expected first hitting time E[TX]. We
want to derive lower and upper bounds on this expected hitting time that relate to
the linear convergence of X; towards x*. Such bounds take the following form: There
exist O, Cr € R and Cr > 0, Cr > 0 such that for any 0 < e < Sy

61 Gy UM/ i o lon(lmo — /0
CR CR

That is, the time to reach the target accuracy scales logarithmically with the ratio
between the initial accuracy ||mo — «*|| and the target accuracy e. The first pair of
constants, Cr and Cr, capture the transient time, which is the time that adaptive
algorithms typically spend for adaptation. The second pair of constants, C'r and Chr,
reflect the speed of convergence (logarithmic convergence rate). Intuitively, assuming
that Cz and Cg, are close, the distance to the optimum decreases in each step at a rate
of approximately exp(—Cg) = exp(—C’R). While upper-bounds inform us about the
(linear) convergence, the lower-bound helps understanding whether the upper bounds
are tight.

Alternatively, linear convergence can be defined as the following property: there
exits C' > 0 such that

1 _ *
(3.2) lim sup — log lome = "

< —C almost surely.
tooo t o [lmo — ¥

When we have an equality in the previous statement, we say that exp(—C) is the
convergence rate.

Figure 2.1 (right plot) visualizes three different runs of the (1+1)-ES on a function
with spherical level sets with different initial step-sizes. First of all, we clearly observe
linear convergence. The first hitting time of B(z*, €) scales linearly with log(1/¢) for
a sufficiently small € > 0. Second, its convergence speed is independent of the initial
condition. Therefore, we expect to have universal constants C'z and Cr independent
of the initial state. Last, depending on the initial step-size, the transient time can
vary. If the initial step-size is too large or too small, it does not produce progress in
terms of ||m; — z*|| until the step-size is well adapted. Therefore, Cr and Cr depend
on the initial condition, with a logarithmic dependency on the initial multiplicative
mismatch.

This manuscript is for review purposes only.
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3.2. Bounds of the Hitting Time via Drift Conditions. We are going to use
drift analysis that consists in deducing properties of a sequence {X; : ¢ > 0} (adapted
to a natural filtration {F; : ¢t > 0}) from its drift defined as E[X;+1 | Fi] — Xt [28].
Drift analysis has been widely used to analyze hitting times of evolutionary algorithms
defined on discrete search spaces (mainly on binary search spaces) [10,18,19,31,32,45].
Though they were developed mainly for finite search spaces, the drift theorems can
naturally be generalized to continuous domains [41,43]. Indeed, Jagerskiipper’s work
[33,35,36] is based on the same idea, while the link to the drift analysis was implicit.

Since many drift conditions have been developed for analyzing algorithms on dis-
crete domains, the domain of X; is often implicitly assumed to be bounded. However,
this assumption is violated in our situation, where we will use X; = log ( fﬂ(mt))
as the quality measure, which takes values in R U {—oc0}, and is meant to approach
—o0. We refer to [3] for additional details. In general, translating expected progress
requires bounding the tail of the progress distribution, as formalized in [28].

To control the tails of the drift distribution, we construct a stochastic process
{Y; : t > 0} iteratively as follows: Yy = X and

(33) K+1 = Yrt + max {Xt+1 — Xt, —A}]. {T§(>t} — B1 {ngt}

for some A > B > 0 and 8 < By with Xy = Bo. It clips Xty1 — X¢ to some constant
—A (A > 0) from below. We introduce the indicator 1 {7} >t} for a technical reason.
The process disregards progress larger than A, and it fixes the progress of the step
that hits the target set to B. It is formalized in the following theorem, which is our
main mathematical tool to derive an upper bound of the expected first hitting time
of (141)-ES,; in the form of (3.1).

THEOREM 3.2. Let {X; : t > 0} be a sequence of real-valued random variables
adapted to a filtration {F; : t > 0} with Xo = By € R. For 8 < Py, let TBX =
inf {t : X; < B} be the first hitting time of the set (—oo, §]. Define a stochastic process
{Y; : t > 0} iteratively through (3.3) with Yo = X for some A > B > 0, and let
Tg = inf {t : Y; < B} be the first hitting time of the set (—oo, f]. If Y; is integrable,
i.e. E [|Y}H < 00, and

(3.4) E [max {Xi41 — Xy, — A} 1{r>1} | F] < —=Bl{rF>1}
then the expectation of Tg( satisfies

A+ By —p .

(3.5) E[TF ] <E[T}] < 3

Proof of Theorem 3.2. We consider the stopped process X; = Xmin{t’Tg}. We
have X; < X, for t < TBX and X; < Ymin{t,Té‘} for all ¢ > 0. Therefore, we have
Tgf = Té( < TBY. Let V; = Ymin{tyng}. By construction it holds Y; < Y; for ¢ < Tg’
and T/g/ = Tg. Hence, T[g( < Tﬁy < Tg/.

We will prove that

(3.6) E[Y}H | Fi] < Y, — Bl {T¥ >t} .
We start from

(3.7) EYit1 | Fe] = EYipa 1 {77 <} | o] + E[Yiqa 1 {7} >t} | F]

This manuscript is for review purposes only.
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and bound the different terms:
(3.8) EfVinl {13 <0} | Fi] = B[V {1} <} | Fi) = Vil {23 <1}

where we have used that 1{T[§( St}s Y:, 1{ng St} and Y; are all Fi-measurable. Also

(3.9) E[Yinal{zy >t} | Fi] = E[Yir | FJ1{Ty >4}
< Yy — Bl {rF>t} — Bl {rF<e})1 {1y >t} = (Vs — B)1 {1y >t} ,

where we have used condition (3.4). Hence, by injecting (3.8) and (3.9) into (3.7),
we obtain (3.6). From (3.6), by taking the expectation we deduce E[Y;1] < E[Y;] —
B Pr[Tg/ > t]. Following the same approach as [43, Theorem 1], since TBY is a random

variable taking values in N, it can be rewritten as E[Tﬁy 1= ;03 Pr[TBY > t] and thus
it holds
. i 7
00 S 5 5 S
BE [1)] '€= BPr (1) >1] <} (EIYi] ~ E[fin]) = E[o] - E[¥y] -
t=0 t=0

Since Yi41 = Y: — A, we have YTﬁy > B — A. Given that Yg > YTE/’ we deduce that
E[Y;] > B — A for all . With E[Yy] = 3y, we have

E[T3] <(A/B)+ B (60— B) .

Since E[TBX | <E[T, 5Y ], this completes the proof. |

This theorem can be intuitively understood: we assume for the sake of simplicity a
process X; such that X;11 > X; — A. Then (3.4) states that the process progresses in
expectation by at least —B. The theorem concludes that the expected time needed to
reach a value smaller than 8 when started in 3 equals to (8o — §)/B (what we would
get for a deterministic algorithm) plus A/B. This last term is due to the stochastic
nature of the algorithm. It is minimized if A is as close as possible to B, which
corresponds to a highly concentrated process.

Jagerskiipper [35, Theorem 2] established a general lower bound of the expected
first hitting time of the (14+1)-ES. We borrow the same idea to prove the following
general theorem for a lower bound of the expected first hitting time, which generalizes
[36, Lemma 12]. See Theorem 2.3 in [3] for its proof.

THEOREM 3.3. Let {X; : t > 0} be a sequence of real-valued random variables
adapted to a filtration {F; : t > 0} and integrable such that Xo = Bo, Xi11 < X¢, and
E[Xi11 | Ft]) — Xy = —C for C > 0. For g < By we define TBX = min{t: X; < g}.

Then the expected hitting time is lower bounded by E {Tg} > —(1/2)+(4C)"Y(Bo—1).
4. Main Result: Expected First Hitting Time Bound.

4.1. Mathematical Modeling of the Algorithm. In the sequel, we will an-
alyze the process {6; : t > 0} where 0; = (my, 04, %) € R" x Ry X S,; generated by
the (141)-ES,; algorithm. We assume from now on that the optimized objective func-
tion f is measurable with respect to the Borel o-algebra. We equip the state-space
X =R" x Rs x S, with its Borel o-algebra denoted B(X).

This manuscript is for review purposes only.
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4.2. Preliminaries. We present two preliminary results. In Assumption A1, we

assume that for m € X?, we can include a ball of radius Cyf,(m) into the sublevel

set Sp(m) and embed Sy(m) into a ball of radius C, f,(m). This allows us to upper
bound and lower bound the probability of success for all m € X?, for all ¥ € S,,
by the probability to sample inside of balls of radius Cyf,(m) and C;f,(m) with
appropriate center. From this we can upper-bound p?{ffg]e "(5) by a function of &.

Similarly we can lower-bound pl(C;“’bﬁr(c_r) by a function of . The corresponding proof

is given in Appendix B.3.

PROPOSITION 4.1. Suppose that f satisfies Al. Consider the lower and upper

success probabilities p?f;g]er and pl((;WbT defined in Definition 2.5, then

= C
upper / — d/2 u .
an e < (8 (0555 ) 0)
_ _ 1/2 1/2
(42) pl(c;wbejr(a_) > Klfd/2q> (B ((2Cu 708)/1 e, Ce’f > ;O,I) ’
H o g

where e; = (1,0,...,0).

We use the previous proposition to establish the next lemma that guarantees the
existence of a finite range of normalized step-size that leads to the success probability
into some range (py,pe) independent of m and X, and provides a lower bound on the
success probability with rate » when the normalized step-size is in the above range.
Its proof is provided in Appendix B.4.

LEMMA 4.2. We assume that f satisfies A1 and A2 for some 0 < a < b < o0.
Then, for any p, and py satisfying 0 < p, < ptaet < p, < p™it the constants

T¢ = sup {6 >0 :pl(‘;fvlfjr(c’r) > pg} and Gy = inf {5 >0: p‘(fgfr(ﬁ) < pu}
exist as positive finite values. Let £ < &y and u > G, such that u/f > as/ay. Then,

forr €10,1], p¥ defined as

(4.3) pr o= dof = inf , Jnf p(a;m, %)

is lower bounded by a positive number defined by

Y (I G = S PR IEE T I

1<6<u o o

4.3. Potential Function. Lemma 4.2 divides the domain of the normalized
step-size into three disjoint subsets: & € (0,¢) is a too small normalized step-size
situation where we have p8i¢(a;m,¥) > py for all m € X2 and ¥ € S,; 7 € (u,0)
is a too large normalized step-size situation where we have p§'¢(g;m, %) < p,, for all
m € X’ and X € S,; and & € [/, u] is a reasonable normalized step-size situation where
the success probability with rate r is lower bounded by (4.4). Since Piarget € [Pu, Do),
the normalized step-size is supposed to be maintained in the reasonable range.

Our potential function is defined as follows. In light of Lemma 4.2, we can take
¢ < gy and u > 7, such that u/¢ > ar/a;. With some constant v > 0, we define our
potential function as

(45)  V(9) = log(f.(m)) + max {o, vlog {aW(m)} ,vlog [U(m)} }

I
g

This manuscript is for review purposes only.
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The rationale behind the second term on the right-hand side (RHS) is as follows.
The second and third terms inside max are positive only if the normalized step-size
& = o/ fu(m) is smaller than foy and greater than uc, respectively. The potential
value is log f,,(m) if the normalized step-size is in [foy, ucr)]| and it is penalized if the
normalized step-size is too small or too large. We need this penalization for the follow-
ing reason. If the normalized step-size is too small, the success probability is close to
1/2 for non-critical points, assuming f = goh where h is a continuously differentiable
function, but the progress per step is very small because the step-size directly controls
the progress for instance measured as [[m¢y1 — me|| = o¢|IN (0, 5) 111 £ (me 1)< f(me)}-
If the normalized step-size is too large, the success probability is close to zero and
produces no progress with high probability. If we would use log f,,(m) as a potential
function instead of V'(#) then the progress is arbitrarily small in such situations, which
prevents the application of drift arguments. The above potential function penalizes
such situations, and guarantees a certain progress in the penalized quantity since the
step-size will be increased or decreased, respectively, with high probability, leading to
a certain decrease of V(). We illustrate in Figure 2.1 that log(f,(m)) cannot work
alone as a potential function while V' (#) does: when we start from a too small or too
large step-size, log(f,,(m)) looks constant (doted line in green and blue). Only when
the step-size is started at 1, we see progress in log(f,(m)). Also, the step size can
always get arbitrarily worse, with a very small probability, which forces us to handle
the case of badly adapted step size properly. Yet the simulation of V() shows that in
all three situations (small, large and well adapted step-sizes compared to the distance
to the optimum), we observe a geometric decrease of V().

4.4. Upper Bound of the First Hitting Time. We are now ready to establish
that the potential function defined in (4.5) satisfies a (truncated)-drift condition from
Theorem 3.2. This will in turn imply an upper bound on the expected hitting time of
fu(m) to [0, €] provided a < e. The proof follows the same line of argumentation as the
proof of [3, Proposition 4.2], which was restricted to the case of spherical functions. It
was generalized under similar assumptions as in this paper, but for a fixed covariance
matrix equal to the identity, in [46, Proposition 6]. The detailed proof is given in
Appendix B.5.

PROPOSITION 4.3. Consider the (1+1)-ES,, described in Algorithm 2.1 with state
0y = (my,04,%;). Assume that the minimized objective function f satisfies A1 and
A2 for some 0 < a < b < oo. Let p, and p; be constants satisfying 0 < py < Drarget <
pe < P and pp 4+ p, = 2Dtarget- Then, there exists £ < o, and w > 7, such that
u/l > ar/ay, where 5o and G, are defined in Lemma 4.2. For any A > 0, taking v

satisfying 0 < v < min{l, m, ﬁ}, and the potential function (4.5), we
have

(46) E [maX{V(9t+1) — V(@t), —A}l {mte){g} | ]:t] < —B1 {mtEXé’}

where

(4.7 B = min {Ap: —vlog (aT) , Pt " Pu log (%)} ’
Q) 2 o

and p; = infze(py) inf,cxo infses, pri(a;m, X) withr = 1—exp (— 1fv) . Moreover,

for any A > 0 there exists v such that B < A is positive.

This manuscript is for review purposes only.
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14 Y. AKIMOTO, A. AUGER, T. GLASMACHERS AND D. MORINAGA

We apply Theorem 3.2 along with Proposition 4.3 to derive the expected first
hitting time bound. To do so, we need to confirm that it satisfies the prerequisite of
the theorem: integrability of the process {Y; : t > 0} defined in (3.3) with X; = V(6,).

LEMMA 4.4. Let {6; : t > 0} be the sequence of parameters 0y = (my, o, %t)
defined by the (1+1)-ES, with the initial condition 6y = (mg,00,X0) optimizing a
measurable function f. Set Xy = V(0;) as defined in (4.5) and define the process Y;
as defined in Theorem 3.2. Then, for any A > 0, {Y; : t > 0} is integrable, i.c.,
E[|Y:]] < oo for each t.

Proof of Lemma 4.4. The drift Yy 11 = Y;+max {V(0;41) =V (6;), —A}1 {15 >t} —
B1{r¥<t} is by construction bounded by —A from below. It is also bounded by a
constant from above. Indeed, from the proof of Proposition 4.3, it is easy to find
the upper bound, say C, of the truncated one-step change, A; in the proof of Propo-
sition 4.3, without using A1l and A2. Let D = max{A,C}. Then, by recursion,
[V(6:)] < V()] + |V(0:) — V(6o)| < |Yo| + Dt. Hence E[|Y:]] < |Yo| + Dt < oo for
all ¢. ]

Finally, we derive the expected first hitting time of log f,,(m;).

THEOREM 4.5. Consider the same situation as described in Proposition 4.3. Let
Te = min{t : fu(my) < €} be the first hitting time of f,(m:) to [0,€]. Choose a <
€ < fu(my) < b, where a and b appear in Definition 2.5. If mg € X2, the first hitting
time is upper bounded by E[T.] < (V (6o) — log(e) + A)/B for A > B > 0 described in
Proposition 4.3, where V(0) is the potential function defined in (4.5). Equivalently,
we have B[T.] < Cr + Cx'log(f.(mo)/e), where

A w arl f(mo) oo
= =4 —= 1 —— =21 _— =B .
Cr 5 + 5 max {0, og < - ,log arufu(mo) , Cg

Moreover, the above result yields an upper bound of the expected first hitting time of
[lme — || to [0,2Cye€].

Proof. Theorem 3.2 with Proposition 4.3 and Lemma 4.4 together bounds the
expected first hitting time of V'(6;) to (—oo, log(e)] by (V(6y) — log(e) + A)/B. Since
log f,.(m¢) < V(6), T. is bounded by the first hitting time of V(6;) to (—oo,log(e)].
The inequality is preserved if we take the expectation. The last claim is trivial from
the inequality ||z — 2*|| < 2C, f,(z), which holds under Al. d

Theorem 4.5 shows an upper bound on the expected hitting time of the (1+1)-ES,
with success-based step-size adaptation for linear convergence towards the global op-
timum z* on functions satisfying A1l and A2 with a = 0. Moreover, for b = oo, this
bound holds from all initial search points mg. If a > 0, the bound in Theorem 4.5
does not translate into linear convergence, but we still obtain an upper bound on the
expected first hitting time of the target accuracy € > a. This is useful for under-
standing the behavior of (141)-ES, on multimodal functions, and on functions with
degenerated Hessian matrix at the optimum.

4.5. Lower Bound of the First Hitting Time. We derive a general lower
bound of the expected first hitting time of ||m; — z*|| to [0,€]. The following results
hold for an arbitrary measurable function f and for a (141)-ES, with an arbitrary
o-control mechanism. The following lemma provides the lower bound of the expected
one-step progress measured by the logarithm of the distance to the optimum.

LEMMA 4.6. We consider the process {0; : t > 0} generated by a (1+1)-ES,; algo-
rithm with an arbitrary step-size adaptation mechanism and an arbitrary covariance

This manuscript is for review purposes only.
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matriz update optimizing an arbitrary measurable function f. We assume d > 2
and k; = Cond(X;) < k. We consider the natural filtration Fy. Then, the expected
single-step progress is lower-bounded by

d
(4.8) Emin(log([|me+1 — 2™/ llme — 2*(]),0) | ] =2 =i /d .

Proof of Lemma 4.6. Note first that log(||msr1 — a*||/||me — 2*|]) = log(||z: —
x*||/llms — 2*||)1 {f(z0)<f(ms)}. This value can be positive since f(x:) < f(m:) does
not imply ||z; — 2*|| < |m: — 2*|| in general. Clipping the positive part to zero,
we obtain a lower bound, which is the RHS of the above equality times the indica-
tor 1{||z;—z"||<|lms—a*||}. Since the quantity is non-positive, dropping the indicator
1{f(z:)<f(m)} only decreases the lower bound. Hence, we have min(log(||ms11 —
a*[|/llme = 2*[1),0) = log(||zs — &*[|/[lms — 2*[)1 {lles =2~ <]l ~2"]I}. Then,

E[min(log(|[m¢y1 — 2*||) — log(|lm; — z™]),0) | F]
> Eflog([lz: — [|/llme — ™)1 {lwe—2*I<me—a*11} | Fe]

We rewrite the lower bound of the drift. The RHS of the above inequality is the
integral of log(||z — x*||/||m¢ — 2*||) in the integral domain B(z*, |m; —x*||) under the
probability measure ¢ (; my, 0?2,5). Performing a variable change (through rotation
and scaling) so that m; —z* becomes e; = (1,0, -+ ,0) and letting 6; = o¢/||m: —x*||,
we can further rewrite it as the integral of log(||z||) in B(0,1) under @ (;e1,67%:).
With x¢ = Cond (%), we have ¢ (;e1,57%;) < nf/Qgp (;e1,/.571), see Lemma B.1. Al-
together, we obtain the lower bound E[log(||z; — z*||/||m: — 2*||)1 {|jz:—=* lI<Ime—a* ||} |
Fi| = /{f/Q fB(o,U log([lz|)¢ (;e1,£:671) dz. The RHS is equivalent to —/{fﬂ times
the single step progress of the (14+1)-ES on the spherical function at m; = e; and
o = /K&y, which is proven in the proof of Lemma 4.4 of [3] to be lower bounded by
1/d for d > 2. This completes the proof. ]

The following theorem proves that the expected first hitting time of (1+1)-ES, is
Q(log(||mo —x*||/€)) for any measurable function f, implying that it can not converge
faster than linearly. In case of k = 1 the lower runtime bound becomes Q(d(log(||mo —
x*||/€))), meaning that the runtime scales linearly with respect to d. The proof is a
direct application of Lemma 4.6 to Theorem 3.3.

THEOREM 4.7. We consider the process {0; : t > 0} generated by a (1+1)-ES,
described in Algorithm 2.1 and assume that f is a measurable function with d > 2. Let
T. = inf{t : ||m; — x*|| < €} be the first hitting time of [0, €] by ||m; — x*||. Then, the
expected first hitting time is lower bounded by E[T] > —(1/2)—}—4’;% log(||mo—a*||/€).
The bound holds for arbitrary step-size adaptation mechanisms. If A1 holds, it gives
a lower bound for the expected first hitting time bound of f,,(my) to [0,2Ce].

Proof of Theorem 4.7. Let X; = log|jm; — «*|| for ¢t > 0. Define Y; iteratively as
Yy = Xo and Y41 = Y; + min(X¢41 — X4, 0). Then, it is easy to see that Y; < X; and
}/;H_l < )/t for all ¢ > 0. Note that E[}/t-‘rl — }/t | ‘Ft] = E[min(XH_l — Xt,O) | Ft] =
E[min(log(||mey1 — z*||/||me — z*||), 0) | Fi], where the RMS is lower bounded in light
of Lemma 4.6. Then, applying Theorem 3.3, we obtain the lower bound. The last
statement directly follows from ||z — 2*|| < 2C;f,(z) under Al. O

4.6. Almost Sure Linear Convergence. Additionally to the expected first
hitting time bound, we can deduce from Proposition 4.3, almost sure linear conver-
gence as stated in the following proposition.

This manuscript is for review purposes only.
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PROPOSITION 4.8. Consider the same situation as described in Proposition 4.3,
where a =0 and 0 < b < oo. Then, for any mg € X8, 09 > 0 and ¥ € S,., we have

. 1 _ 1 y
. — t) S — = — — < — = s
(4.9) Pr (limsup — log fu(m:) < B} Pr {hmsup log||m: —2*|| < —B 1

t—oo t—oo T

where B > 0 is as defined in Proposition 4.3. Hence almost sure linear convergence
holds at a rate exp(—C') such that exp(—C) < exp(—DB).

Proof of Proposition 4.8. Let V be defined in (4.5). Let Yy = V(6p) and Y41 =
Y: + max(—A,V(0;41) — V(6:)). Define Z; = Y; — E;_1[Y;] for t > 0. Then, {Z;} is
a martingale difference sequence on the filtration {F;} produced by {6;}. We hence
have 1 log f.(m;) < $V(6;) < Y3, and from Proposition 4.3 we obtain

Vi=E Y+ Zi =Y, +E Y - Y]+ 2 <Y1 —B+Z; .

By repeatedly applying the above inequality and dividing it by ¢, we obtain %Y} <
—B+ %YO + % 22:1 Z;, where lim;_, o %YO =0and 25:1 Z; is a martingale sequence.
In light of the strong law of large numbers for martingales [14], if ;2 E[Z7]/t? < oo,
we have limy_, oo % ZE:I Z; = 0 almost surely. By the definition of V(6;) and the
working mechanism of the (14+1)-ES,;, we have V(0;)—V (6;_1) < vlog(as/ay). Hence,
E[Z?] = E[(Y; —E;—1[Yi])?] = E[max(—A, V(0;) =V (0i-1))?] < max(A4, viog(at/ay))?.
Hence, we have limsup,_, %log fu(my) < =B +limy—, o %YO + limy 00 % 22:1 Z; =
—B almost surely. Along with ||z — 2*|| < 2C, fu(x), we obtain Equation (4.9). O

4.7. Wrap-up of the Results: Global Linear Convergence. As a corollary
to the lower-bound from Theorem 4.7, the upper bound from Theorem 4.5, Proposi-
tion 4.8 stating the almost sure linear convergence and the fact that different assump-
tions discussed in Section 2.3 imply Al and A2, we summarize our linear convergence
results in the following theorem.

THEOREM 4.9 (Global Linear Convergence). We consider the (1+1)-ES, opti-
mizing an objective function f. Suppose either

(a) f satisfies A1 and A2 for a =0, pi™it > ptareet and mgy € AY; or

(b) f satisfies either A3 or Aj, pt*&¢® < 1/2, and mg € RY.
Then, for any g > 0 and Xg € Sy, the expected hitting time E[T.] of ||m, — z*| to
[0, €] is ©(log(|lmo — x*||/€)) for all € > 0. Moreover, both f,(m) and |m; — z*|
linearly converge almost surely, i.e.

Pr limsup1 log f,.(m¢) < —B] =Pr [limsup 1 log||m: —2*| < =B| =1,
t—soo L t—oo L

where B > 0 is as defined in Proposition 4.3. The convergence rate exp(—C) is thus

upper-bounded by exp(—B).

4.8. Tightness in the Sphere Function Case. Now we consider a specific
convex quadratic function, namely the sphere function f(z) = 3||z||* where the spa-
tial suboptimality function equals f,(x) = Vg||z|. In Theorem 4.9 we have formu-
lated that the expected hitting time of a ball of radius e for the (1+1)-ES,; equals
O(log |[mo — x*||/€). Yet, this statement does not give information on how the con-
stants hidden in the ©-notation scale with the dimension. In particular the conver-
gence rate of the algorithm is upper-bounded by exp(—B) where B is given in (4.7),
see Theorem 4.5. In this section, we estimate precisely the scaling of B in Proposi-
tion 4.3 with respect to the dimension and compare it with the general lower bound
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of the expected first hitting time given in Theorem 4.7. We then conclude that the
bound is tight with respect to the scaling with d in the case of the sphere function.
Let us assume s = 1, that is, we consider the (141)-ES without covariance matrix
adaptation (X = I). Then, pl(‘;fvlfjr(6) = p?fi]er(ﬁ) = p5U“(g;m, ¥), where the right-
most side is independent of m and ¥ as described in Lemma 2.4. This means that
the success probability is solely controlled by the normalized step-size &.
The following proposition states that the convergence speed is (1/d), hence the

expected first hitting time scales as O(1/d). The proof is provided in Appendix B.6.

PROPOSITION 4.10. For A = 1/d, piarget € O(1) and log(ay /) € w(l/d), we
have B € Q(1/d).

Two conditions on the choice of ay and ay: prarget = log(1/cv))/log(oy/ar)) €
©(1) and log(ay/ay) € w(1l/d), are understood as follows. The first condition implies
that the target success probability piarget must be independent of d. In the 1/5 success
rule, a4 and « are set so that parget = 1/5 independent of d. The second condition
implies that the factors of the step-size increase and decrease must be log(a4) € w(1/d)
and log(1/a;) € w(1/d). Note that on the sphere function the normalized step-size
g x of|lm — z*|| is kept around a constant during the search. It implies that the
convergence speed of ||m—x*|| and o must agree. Therefore the speed of the adaptation
of the step-size must not be too small to achieve ©(d) scaling of the expected first
hitting time.

Proposition 4.10 and Theorem 4.5 imply E[T,] € O(dlog(|jmol|/€)) and Theo-
rem 4.7 implies E[T,] € Q(dlog(||mol//€)). They yield E[T¢] € O(dlog(||mol|/€)). This
result shows i) that the runtime of the (141)-ES on the sphere function is propor-
tional to d as long as log(ay/a)) € w(l/d), and ii) that from our methodology one
can derive a tight bound of the runtime in some cases. The result is formally stated
as follows.

THEOREM 4.11. The (1+1)-ES (Algorithm 2.1) with k = 1 and p*&* < 1/2
converges globally and linearly in terms of log||m: — x*|| from any starting point mg €
Re, 09 > 0, and X9 = I on any function f(z) = g(||lx — z*||), where g is a strictly
increasing function. Moreover, if p*'¢°t € O(1) andlog(ar/a) € w(1/d), the expected
first hitting time T, of log||my—z*|| to (—o0,log(e)] is ©(dlog(||mo||/€)) and the almost
sure convergence rate is upper-bounded by exp(—0(1/d)).

Since the lower bound holds for an arbitrary o-adaptation mechanism, the above
result not only implies that our upper bound is tight, but it also implies that the
success-based o-control mechanism achieves the best possible convergence rate except
for a constant factor on the spherical function.

5. Discussion. We have established the almost sure global linear convergence
of the (141)-ES, and also expressed as a bound on the expected hitting time of an
e-neighborhood of the solution. Assumption A1l has been the key to obtaining the
expected first hitting time bound of (1+1)-ES, in the form of (3.1). The convergence
results hold on a wide class of functions. It includes

(i) strongly convex functions with Lipschitz gradient, where linear convergence

of numerical optimization algorithm is usually analyzed,

(ii) continuously differentiable positively homogenous functions, where previous

linear convergence results had been introduced, and

(iii) functions with non-smooth level sets as illustrated in Figure 2.2.

Because the analyzed algorithms are invariant to strictly monotonic transformations of
the objective functions, all results that hold on f also hold on go f where g : Im(f) — R
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is a strictly increasing transformation, which can thus introduce discontinuities on the
objective function. In contrast to the previous result establishing the convergence of
CMA-ES [17] by adding a step to enforce a sufficient decrease (which works well for
direct search methods, but which is unnatural for ESs), we did not need to modify
the adaptation mechanism of the (141)-ES to achieve our convergence proofs. We
believe that this is crucial, since it allows our analysis to reflect the main mechanism
that makes the algorithm work well in practice.

Theorem 4.11 proves that we can derive a tight convergence rate with Propo-
sition 4.3 on the sphere function in the case where x = 1, i.e., without covariance
matrix adaptation. This partially supports the utility of our methodology. However,
its derivation relies on the fact that both the level sets of the objective function and
the equal-density curves of the sampling distribution are isotropic, and hence does
not generalize immediately. Moreover, the lower bound (Theorem 4.7) seems to be
loose even for k = 1 on convex quadratic functions, where we empirically observe that
the logarithmic convergence rate scales like ©(1/ Cond(VVf)), see Figure 2.1, while
its dependency on the dimension is tight.

A better lower bound of the expected first hitting time and a handy way to
estimate the convergence rate are relevant directions of future work. Further directions
of future work are as follows:

Proving linear convergence of (141)-ES,; does not reveal the benefits of (1+1)-ES,
over the (1+41)-ES without covariance matrix adaptation. The motivation of the intro-
duction of the covariance matrix is to improve the convergence rate and to broaden
the class of functions on which linear convergence is exhibited. None of them are
achieved in this paper.

On convex quadratic functions, we empirically observe that the covariance matrix
approaches a stable distribution that is closely concentrated around the inverse Hes-
sian up to a scalar factor, and the convergence speed on all convex quadratic functions
is equal to that on the sphere function (see Figure 2.1). This behavior is not described
by our result.

Covariance matrix adaptation is also important for optimizing functions with non-
smooth level sets. On continuously differentiable functions, we can always set o4 and

oy so that p = % < plimit = 1/2. This is the rationale behind the 1/5 success
rule, where p = 1/5. Indeed, p = 1/5 is known to approximate the optimal situation on
the sphere function where the expected one-step progress is maximized [50]. Therefore,
one does not need to tune these parameters in a problem-specific manner. However,
if the objective is not continuously differentiable and levelsets are non-smooth, then
p™it is in general smaller than 1/2. For example, it can be as low as p''™i* = 1/29 on
f(z) = ||z||cc = max;—1,. n|z;|. Without an appropriate adaptation of the covariance
matrix the success probability will be smaller than p = 1/5 and one must tune a4 and
o in order to converge to the optimum, which requires information about plimit By
adapting the covariance matrix appropriately, the success probability can be increased
arbitrary close to 1/2 (by elongating steps in the direction of the success domain) and
oy and o do not require tuning.

To achieve a reasonable convergence rate bound and broaden the class of functions
on which linear convergence is exhibited, one needs to find another potential function
V that may penalize a high condition number Cond(VV f(m:)%;) and replace the
definitions of p"PPe" and p'°"*" accordingly. This point is left for future work.
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Appendix A. Some Numerical Results.

We present experiments with five algorithms on two convex quadratic functions.
We compare (141)-ES, (141)-CMA-ES, simplified direction search [38], random pur-
suit [54], and gradientless descent [24].

All algorithms were started at the initial search point xg = %(1, .., 1) eRY We

implemented the algorithms as follows, with their parameters tuned where necessary:
The ES always uses the setting oy = exp(4/d) and o) = vy’ V4 for step size adaptation.
We set the constant ¢ in the sufficient decrease condition of Simplified Direction
Search to %, and we employed the standard basis as well as the negatives of these
vectors as candidate directions. In each iteration we looped over the set of directions
in random order. Randomizing the order greatly boosted performance over a fixed
order. Random Pursuit was implemented with a golden section line search in the range
[—20, 20] with a rather loose target precision of /2, where o is either the initial step
size or the length of the previous step. For Gradientless Descent we used the initial
step size as the maximal step size and defined a target precision of 10~1°. This target
is reached by the ES in all cases. The experiments are designed to demonstrate several
different effects: (a) We perform all experiments in d = 10 and d = 50 dimensions to
investigate dimension-dependent effects. (b) We investigate best-case performance by
running the algorithms on the spherical function ||z||?, i.e., on the separable convex
quadratic function with minimal condition number. The initial step size is set to
oo = 1. All algorithms have a budget of 100d function evaluations. (c) We investigate
the dependency of the performance on initial parameter settings by repeating the
same experiment as above, but with an initial step size of gg = ﬁ. All algorithms
have a budget of 700d function evaluations. (d) We investigate the dependence on
problem difficulty by running the algorithms on an ellipsoid problem with a moderate
condition number of x;y = 100. The eigenvalues of the Hessian are evenly distributed
on a log-scale. We use gy = 1 like in the first experiment. All algorithms have a budget
of 500d function evaluations. The experimental results are presented in Figure A.1.
Interpretation. We observe only moderate dimension-dependent effects, besides
the expected linear increase of the runtime. We see robust performance of the ES, in
particular with covariance matrix adaptation. The second experiment demonstrates
the practical importance of the ability to grow the step size: the ES is essentially
unaffected by wrong initial parameter settings while the gradientless descent and the
simplified direct search are (which can be understood directly from the algorithms
themselves). This property does not show up in convergence rates and is therefore
often (but not always) neglected in algorithm design. The last experiment clearly
demonstrates the benefit of variable-metric methods like CMA-ES. It should be noted
that variable metric techniques can be implemented into most existing algorithms.
This is rarely done though, with random pursuit being a notable exception [55].

Appendix B. Proofs.
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Fig. A.1: Comparison of (14+1)-ES with and without covariance matrix adapta-
tion with three well-analyzed derivative-free optimization algorithms on two convex
quadratic functions. The left column of plots shows the performance on the sphere
function ||z||? in dimensions 10 (top) and 50 (bottom). The middle column shows the
same problem, but the initial step size is smaller by a factor of 1000 (and the horizontal
axis differs), simulating that the distance to the optimum was under-estimated. The
right column shows the performance on the ellipsoid function (defined in Figure 2.1).
The plots show the evolution of the best-so-far function value (on a logarithmic scale),
with five individual runs (thin curves) as well as median performance (bold curves).

B.1. Proof of Lemma 2.8. Since f, is invariant to g, without loss of gener-
ality we assume f(z) = h(z) — h(z*) in this proof. Inequality (2.7) implies that
fy) < f@) = (Le/2)ly — 2*|* < f(x), meaning that {y : f(y) < f(z)} C

B(z*, . /ii%) Since f,(x) is the dth root of the volume of the left-hand side

of the above relation, we find f,(z) < i (B(:c*, 5%)) =V % Analo-

gously, we obtain B(x*,\/£25) € {y 1 f(y) < f(@)} and fu(@) > Vay 1S

From these inequalities, we obtain {y : f(y) < f(x)} C B(m*, %f”v—gﬂ)) and

B(m*, f—if“v—(:)> C{y: f(y) < f(x)}. This implies Al for X§°. A2 is immedi-

ately implied by Proposition 2.7. This completes the proof.

B.2. Proof of Lemma 2.9. We first prove that A1 holds for a = 0 and b = oo
with C,, = sup{||lz — «*|| : fu(z) = 1} and Cp = inf{||x — 2*|| : fu(x) = 1} and they
are finite.

It is easy to see that the spatial suboptimality function f,(x) is proportional
to h(x) — h(z*). Let fu(x) = c(h(x) — h(z*)) for some ¢ > 0. Then, f, is also a
homogeneous function. Since it is homogeneous, Al reduces to that there are open
and closed balls with radius Cy; and C,, satisfying the conditions described in the
assumption with f,(m) = 1. Such constants are obtained by C, = sup{||z — z*|| :
fulz) =1} and Cp = inf{|jx — 2*|| : fu(z) =1}

Due to the continuity of f there exists an open ball B around z* such that
h(z) < h(z*) + 1/c for all x € B. Then, it holds that f,(z) < 1 for all x € B. It
implies that Cy is no smaller than the radius of B, which is positive. Hence, Cy > 0.
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We show the finiteness of C, by a contradiction argument. Suppose C, = oo.
Then, there is a direction v such that f,(z* + Mv) < 1 with an arbitrarily large
M > 0. Since f, is homogeneous, we have f,(z* + v) < 1/M and this must hold for
any M > 0. This implies f,(z* +v) = ¢(h(xz) — h(z*)) = 0, which contradicts the
assumption that x* is the unique global optimum. Hence, C,, < oc.

The above argument proves that Al holds with the above constants for a = 0 and
b = oo. Proposition 2.7 proves A2.

B.3. Proof of Proposition 4.1. For a given m € X?P, there is a closed ball B,
such that So(m) C B,, see Figure 2.2. We have

u T —\2
PIERET(8) = SUD e vy WP, fi oy © (3 m, (Fu(m)2)? 2 de

< SUPy,exe SUPses, [, (T5m, (fu(m)3)? 2)dz .
(*1)
The integral is maximized if the ball is centered at m. By a variable change (z +
€ — m)7
_\2
(1) < i< pim) @ (50, (fu(m)8)" Z)dr = [ <o, /5 (230, E)da
< w120 (B (0. ;%) 10.1)
Here we used ®(B(0,7));0,%) < £¥2® (B (0,x71/%r);0,1) for any r > 0, which is
proven in Lemma B.1 below. The right-most side (RMS) of the above inequality is

independent of m. It proves (4.1). B
Similarly, there are balls B, and B, such that B, C Sy(m) C B,,. We have

lower

Pla,b] (6) = inf,,cxp infres, fSO(m) %4’(95? m, (fu<m>5)2 Z)dm
> infmGX(f infEGSH fBz 4.0(557 m, (fﬂ(m)a)z E)d.’b :
(+2)

The integral is minimized if the ball is at the opposite side of m on the ball B, see
Figure 2.2. By a variable change (moving m to the origin) and letting e,, = m/||m||,

_\2
(42) 2 [ja(@Cu—Co) fu(m)em I <Cety(my P (%3 0: (Fu(m)a)” T)da

= Jle—(@Cu-co/orem<crso 9330, E)de
> k29 (B (((2(7«‘,—52)”1/2) €m,s CU;I/Q) ;O,I)

Here we used ®(B(c,7);0,%) > k~42®(B(r'/2¢, k1/%r);0,1) for any ¢ € R and r > 0
(Lemma B.1). The RMS of the above inequality is independent of m as its value is
constant over all unit vectors e,,. Replacing e,, with e;, we have (4.2).

LEMMA B.1. For all ¥ € S, k=% (x;O,FflI) < 90(:10;0,2) < kY20 (230, KI)
and k=2® (B(y/ke, /rr);0,1) < ®(B(c,7);0,%) < 6¥2® (B(c//k,r//K);0,1).

Proof. For ¥ € S, we have det(X) = 1 and Cond(X) = Amax(Z)/Amin(E) <
k. Since det(¥) = 1 and det(X) = Hle Ai(2), we have Apax(X) = 1 = Apin(2).
Therefore, we have Apnin(3) = Amax/k = £~ 1 and Apax(X) < £Amin(A) < 5. Then we
obtain k 12Tz < 2T 1z < k2 Tlz. With this inequality we have

@(2;0,%) = (2m) Y2 exp(—2TE 1 2/2) < (27) V2 exp(—2T1z/(2K)))
= k2 (27K) "2 exp(—2T1z/(2K))) = k¥ %p(2;0, K1) .
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Analogously, we obtain tp(:c;O,E) > /{7‘1/2(,0(:8;0,/@*11). Taking the integral over
B(c,r), we obtain the second statement. d

B.4. Proof of Lemma 4.2. The upper bound of p?(fpbfr given in (4.1) is strictly

decreasing in & and converges to zero when & goes to infinity. This guarantees the
existence of 7, as a finite value. The existence of g, > 0 is obvious under A2.
Al guarantees that there exists an open ball B, with radius C¢(1 — ) fu(m) such
that B, C {z € R? | fu(x) < (1 —r)f.,(m)}. Then, analogously to the proof of
Proposition 4.1, the success probability with rate r is lower bounded by

(Bl) p7sﬂucc(a.;7n7 E) > Kl_d/Q(I) (B (((2(7“—(1—67‘)0051/2) e1, (1—r)§en1/2> 70’1) .

The probability is independent of m, positive, and continuous in & € [¢, u]. Therefore
the minimum is attained. This completes the proof.

B.5. Proof of Proposition 4.3. First, we remark that m; € &, ; is equivalent
to the condition a < f,(my) < b. If f,(m¢) < aor f,(my) > b, both sides of (4.6) are
zero, hence the inequality is trivial. In the following we assume that m; € X?.

For the sake of simplicity we introduce log™ (x) = log(z)1 {z>1}. We rewrite the
potential function as

(B.2) V(0r) =1og (fu(my)) +vlog* (2elmd) 4 v10gt (s )

apufu(ms)

The potential function at time ¢ + 1 can be written as

V(0y41) = log fu(mes1) +vlog™ %ﬂzt“)l {ovi150:} +vlogt @rbtulmdy o o}

Q| ot
Pz P3
+ +
+ v 10g %1 {Ut,+1 >at} —+v log ml {0'1,+1 <<7t}
Py P5

We want to estimate the conditional expectation
(Bg) E [maX{V(9t+1) — V(Gt) ; —A} | 0,5] .

We partition the possible values of 6; into three sets: first the set of ; such that

ot < Lf,(my) (o4 is small), second the set of 6, such that oy > uf,(m¢) (o is large),
and last the set of 6, such that £f,(m;) < o, < uf,(m,) (reasonable ;). In the
following, we bound (B.3) for each of the three cases and in the end our bound B will
equal the minimum of the three bounds obtained for each case.
Reasonable o, case: %’:”) € %, %] In case of success, where 1{o,11>0.} = 1,
we have f,,(mit1)/ot41 < fu(me)/(aror) < 1/(aqf), implying that P is always 0.
Similarly, in case of failure, f,(miy1)/0t41 = fu(me)/(apor) > 1/(ou) and we find
that Ps is always zero. We rearrange P3; and P, into

Q| 0t

Pu= o flog (s ) —tos (S5 1 { =tz b1 oo

Py =wvlog" (M> H{otpi<oe}
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Then, the one-step change A; = V(6;41) — V(6;) is upper bounded by

(B4) A, (1 — ol {Mq} 1 {mlm}) log (%)
—+ ’UlOg (m> 1 {O't+1<dt} —+ U10g+ (&) 1 {O't+1>o't}

aoy apuf,(me)

< (1—v)log f“(Tt*)l) tologh @bulmd £ oY fulogt —2% 1 {o11150} .

ay oy ayufy(me)

The truncated one-step change max{A;, —A} is upper bounded by

(B.5) max{A,, —A} < (1_U)max{1og (M) A }

Fu(my) 1—v

+vlogt <m) 1{owi<o} +vlogh (&) Howi>o} -

ay ot apuf,(my)

To consider the expectation of the above upper bound, we need to compute the

expectation of the maximum of log (%) and —%. Let a < 0Oand b € R

then max(a,b) = al {a>b} + bl {a<s} < bl{a<s}. Applying this and taking the
conditional expectation, a trivial upper bound for the conditional expectation of

max {log (%) , —%} is —£- times the probability of log (%) being

2. The latter condltlon is equivalent to fy,(muy1) < (1—7)f.(me)

corresponding to successes with rate r = 1 — exp (—%) or better. That is,

(B.6) (1-v)E [max {log (%) , — 1év H —Apguee (%, ms, Zt)

Note also that the expected value of 1{o,11>0,} is the success probability, namely,

Succ

20
max{A;, —A} in the case of reasonable o, as

(%; mg, Et). We obtain an upper bound for the conditional expectation of
" t

(B.7) E[max{A,, —A}|6;] < —Apsce ( . (mf),mt,Et)

e >+log<w>) (=5 (i)
—_————
<0

(log( ) +10g( fat ) Upsoucc s mt,zt) < —Ap: +vlog (3—1)

—_———
<0

Small oy case: f“(mt) > . If €f,(my) > oy, the 2nd summand in (B.2) is positive.
Moreover, if o411 < at, we have £f,(mi11) = £f,(my) > oy > o441 and hence the
2nd summand in (B.2) is positive for V(641) as well. If o441 > 0y, any regime can
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happen. Then, V(9t+1) — V(@t) =

:log M — log %ﬁn” + ’UlOg ef#(:it%»l)l {Zflt(?;t{»l) >1} 1 {0’t+1>0’t}

fu(mi)
Y lo o bf,(my) 1 aplfp(my) 141 { }
3 ooy Tayor > ot+1<0¢

ayufu(meyr) aret
—1og (fu(Tnt;)l)) [1 4 (1 {Zf/—b(Zt+l)>1} -1 {QLH{IMT(;Zt+1)<1}> 1{0'1,+1>0't}:|

—vlog (7%”“(%)) 1 {7%“{,‘}(:?“) <1} 1{oir1>04}

Q10

—v log (éf“(mt)) {1 —1 {qu(::ﬁrfl) >1} 1 {Ut+l>0’t} -1 {7(1?1?;;”” >1} 1 {Ut+1<ot}]
—v (log(aT) —log (3—1) 1 {%x} 1 {O’t+1<0’t})

On the RMS of the above equality, the first term is guaranteed to be non-positive
ayufy(me)
Q1 0¢

Z“Z}l and Zf“(mt) > 1. Replacing the indicator 1 {mx} with 1 in the last

+vlog —F 1 { ayelpmegn) <1} 1{ois1>0:}

since v € (0,1). The second and third terms are non-positive as well since

ajog

term provides an upper bound. Altogether, we obtain

Ay = V(8r41) — V(6,) < —v (log(a) — log(ar /)1 {ovs <o })

Note that the RHS is larger than —A since it is lower bounded by —vlog(as) and
v < A/log(at). Then, the conditional expectation of max{A,, —A} is

(B8) Emax{A,, ~A}|F] < ~ov (log (&) pie (%,mt,zt)ﬂog(ao)

—v (1og (£2) pe + log(ay) ) = —vlog (&) (pe — Prarger) = —v252 log (&)

Here we used E[1{oy+1 < 01} | Ft] = 1 —pgce ( 73 M, Et> for the first inequality,

gt
Fu(my)?
P (% my, Et) > py for the second inequality, and prarget = 10g ( ) / log (31) :I
H

(pu + pr)/2 for the last equahty
fu(mt) <

Large oy case: . Since fulmi+1) < fulme) —L_the 3rd summand in
Ot41 Q| o QLU

(B.2) is positive in both V(Qt) and V(0y41). For the 2nd summand in (B.2), recall that
arlfu(mye) /oy < opl/u < ay < 1 since we have assumed that u/¢ > a4/a;. Hence,
for V(6;) the 2nd summand in (B.2) is zero. Also, arf||mt1||/oi1 < apl/(au) =
(a4/a)l/u > 1 and thus for V(6y41) the 2nd summand in (B.2) also equals 0. We
obtain

V(0ri1) = V(0:) = (1 — ) (log (fu(mis1)) —log (fu(me))) + vlog (or41/04) -

The first term on the RHS is guaranteed to be non-positive since v < 1, yielding
A; < wvlog(opy1/ot). On the other hand,

vlog(01+1/01) = v (log(a)1 {or1>a} + log(ay)1 {ms1<or})
— v (log(ar/ay)1 {rri>a} — log(1/a,))
> —vlog(L/ay) > —4
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where the last inequality comes from the prerequisite v < A/log(1/a). Hence,
max{A;, —A} < max{vlog(oii1/0¢), —A} = vlog(ory1/0t) -

Then, the conditional expectation of max{A;, —A} is

(B9) Efmax{A,, —A}o] <v(loglay) +log (42) piee (5553 me 20 )

<w (log(ai) + log ( )pu) =vlog (%) (—Prarget + Pu) = —v252 log ( )

Here we used pg*cc (%, me, Et) < Pu-

Conclusion. Inequalities (B.7)—(B.9) together cover all possible cases and we
hence obtain (4.7).

Finally, we prove the positivity of B for an arbitrary A > 0. Lemma 4.2
guarantees the positivity of p for any choice of A since r = 1 — exp(—A/(1 —
v)) € (0,1) for any A > 0 and v < 1. Therefore, Ap} > 0 for any A and v <
min(1, A/log(1/ay), A/log(ay)). Moreover, for a sufficiently small v, p¥ is strictly
positive for any A > 0. Therefore, one can take a sufficiently small v that satisfies
Ap? > vlog(aq/ay). The first term in the minimum in (4.7) is positive. The second
term therein is clearly positive for v > 0. This completes the proof.

B.6. Proof of Proposition 4.10. Consider d > 2. We set A = 1/d. We bound
B from below by taking a specific value for v € (0, min(1, A/log(1/ay), A/log(ay))

instead of considering sup for v. Our candidate is v = where

Ap 2
110:‘;(04?/0%) (24pe—pu)’
p' = infsep) P (0) and ' = 1—exp (7A(17m)* ). Tt holds v <
and hence r’ > r, from which we obtain p’ < p*.

1
dlog(aq/ory)

We bound the terms in (4.7) as: Ap* — vlog(ar/ay) = & (1;—, - m) >

’

B (M) and v PP 10g< ) = B Pi=Pu_ Therefore, we have B > B ;PL—Pu

24+pe—pu d 2+pe—pu d 24pr—pu’
Note that one can take De—Pu € @( ) since the only condition is piarges = (Pe+pu)/2 €
©(1). To obtain B € Q(1/d), it is sufficient to show p’ € ©(1) for d — oo.
Fix py and p,, independently of d. In the light of Lemma 3.1 in [3], we have that
o : Rs — (0,1/2) is continuous and strictly decreasing from 1/2 to 0 for all d € N.
Therefore, for each d € N there exists an inverse map py* : (0,1/2) — R~. Define
&;l = dVapy ' (pe) and 62 = dVypy*(p,) for each d € N. Tt follows from Lemma 3.2
n [3] that pi™ : & — limg_,o po() is also strictly decreasing, hence invertible. The
ex1stence of limg—,00 po(+) is also proved in [3]. We let 62° = (pi™)~*(py) and 6° =
(pim™)~1(p,). Because of the pointwise convergence of po(¢ = 6/(dVy)) to pi™ (& ) we
have ¢ — 63° and 6¢ — 62° for d — oo. Hence, for any @ > 62° and i < 0y° with
u/l > ay/ay, there exists D € N such that for all d > D we have @ > 6% and £ < &é
Now we fix @ and £ in this way. This amounts to selecting u = dVy@ and ¢ = dVd€
We have limg_,o dr’ = 1 since limg_, o, dlog(ay/a)) = co and hence according to
Lemma 3.2 in [3] we have

liminfy oo p’ = liminfg, oo mingep ) {pr(0)} = liminfy o0 minﬁe[é’ﬁ] Dy (d;“/-d)

® _ R
2 min g g limasoe (pr (7)) = mingeq ¥ (-3 %) -
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where the equality (x) follows from the pointwise convergence of p,r to limg_ o pr
and the continuity of p,» and limg_,cc prv.2 This completes the proof.

2Let {fn : n > 1} be a sequence of continuous functions on R and f be a continuous function such
that f is the pointwise limit limy, fr, (z) = f(z) of the sequence. Since they are continuous, there exist
the minimizers of f, and f in a compact set [{,u]. Let z,, = argmin f,(z) and z* = argmin f(z),
where argmin is taken over € [{,u] and we pick one if there exist more than one minimizers.
It is easy to see that fn(zn) < fn(z*), hence liminf, fn(zn) < liminf, frn(z*) = f(z*). Let
{n; : ¢ > 1} be the sub-sequence of the indices such that liminf, fn(xn) = lim; fn,(zn;). Since
{zn; : i > 1} is a bounded sequence, Bolzano-Weirstra theorem provides a convergent sub-sequence
{xnik : k > 1} and we denote its limit as z«. Of course we have liminf,, fn(zn) = limy fnik (xnik ).
Due to the continuity of {f,, : » > 1} and the pointwise convergence to f, we have limy, f"ik (:cnlk ) =
limy fn;, (z+) = f(x«). Therefore, liminf, fn(zn) = f(z+) < f(z*). Since z* is the minimizer of f
in [¢,u] and z« € [£,u], it must hold f(z«) = f(z*). Hence, liminf, fn(zn) = f(z*).
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