N

N

Data-Free Likelihood-Informed Dimension Reduction of
Bayesian Inverse Problems
Tiangang Cui, Olivier Zahm

» To cite this version:

Tiangang Cui, Olivier Zahm. Data-Free Likelihood-Informed Dimension Reduction of Bayesian Inverse
Problems. 2020. hal-02938064v1

HAL Id: hal-02938064
https://inria.hal.science/hal-02938064v1

Preprint submitted on 14 Sep 2020 (v1), last revised 1 Mar 2021 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-02938064v1
https://hal.archives-ouvertes.fr

Data-Free Likelihood-Informed Dimension Reduction of
Bayesian Inverse Problems

Tiangang Cuil, Olivier Zahm?

School of Mathematics, Monash University, VIC 3800, Australia
2Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, 38000 Grenoble, France

E-mail: tiangang.cui@monash.edu, olivier.zahm@inria.fr

Abstract. Identifying a low-dimensional informed parameter subspace offers a viable path to
alleviating the dimensionality challenge in the sampled-based solution to large-scale Bayesian
inverse problems. This paper introduces a novel gradient-based dimension reduction method
in which the informed subspace does not depend on the data. This permits online-offline
computational strategy where the expensive low-dimensional structure of the problem is detected
in an offline phase, meaning before observing the data. This strategy is particularly relevant
for multiple inversion problems as the same informed subspace can be reused. The proposed
approach allows to control the approximation error (in expectation over the data) of the posterior
distribution. We also present sampling strategies which exploit the informed subspace to draw
efficiently samples from the exact posterior distribution. The method is successfully illustrated on
two numerical examples: a PDE-based inverse problem and a tomography problem with Poisson
data.

1. Introduction

The Bayesian approach to inverse problems builds a probabilistic representation of the parameter
of interest conditioned on observed data. Denoting the parameter and data by = € R? and y e R™,
respectively, the solution to the inverse problem is encapsulated in the posterior distribution, which
has the density function

1
Wdata(y)

where 7, () denotes the prior density, £Y(x) is the likelihood function, and 7,4, (y) is the marginal
density of the data y that can be expressed as

Tpos(T) =

LY (2 (), (1)

Taaal) = [, £ (@)mpe(o) o @)

This way, one can encode the posterior into summary statistics, for example, moments, quantiles,
or probabilities of some events of interest [24, 40, 41], to provide parameter inference and associated
uncertainty quantification.

In practice, computing these summary statistics requires dedicated methods to efficiently
characterize the posterior distribution. Markov chain Monte Carlo (MCMC) methods [7, 28],
originating with the Metropolis-Hastings algorithm [22, 31], and sequential Monte Carlo methods
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[16] have been developed as workhorses in this context. However, many inverse problems have
high-dimensional or infinite-dimensional parameter space, which present a significant hurdle to the
applicability of MCMC, SMC, and other related sampling methods in general.

The efficiency of these sampling methods, measured by the required number of posterior density
evaluations, may deteriorate with the dimension of the parameter space, see [37, 38] and references
therein. Even with the rather strong log-concave assumption, start-of-the-art MCMC methods can
still be sensitive to the dimension of the problem, see for instance [15, 18, 19].

One promising way to alleviating the challenge of dimensionality is to exploit the effectively
low-dimensional structures of the posterior distribution. Such low-dimensional structures can be
used to construct certified low-dimensional approximations of the posterior distribution [39, 43]
and efficient MCMC proposals that are robust in the parameter dimension [4, 5, 13, 12, 25]. There
exists several ways to detect low-dimensional structures. A widely accepted method is to utilize
the regularity of the prior, in which the dominant eigenvectors of the prior covariance operator
[30] can be used to define such a low-dimensional subspace. This prior-based dimension reduction
also plays a key role in the analysis of high-dimensional integration methods such as [20, 21]. In
addition to the prior regularity, the limited accuracy of the observations and the ill-posed nature
of the forward model often allow one to express the posterior as a low-dimensional update from
the prior. Methods such as the active subspace (AS) [10, 11] and the likelihood-informed subspace
(LIS) [14, 43] utilize gradients of the forward model and/or of the likelihood function in order to
better identify the low-dimensional structure of the problem. We refer to [43] for an overview and
a comparison of the existing methods.

The success of AS and LIS relies on the computation of the gradient or the Hessian of the
log-likelihood function. Since the likelihood function depends on the observed data, the resulting
subspaces need to be reconstructed each time a new data set is observed. This can add a significant
computational burden to the solution of inverse problems. In this paper, we present a new data-
free strategy for constructing the informed subspace in which the computationally costly subspace
construction can be performed in an offline phase, meaning before observing any data sets. In
the subsequent online phase, the data set is observed and the precomputed informed subspace is
utilized to accelerate the inversion process. This computational strategy is particularly relevant for
real-time systems such as medical imaging where multiple inversions are needed.

The rest of the paper is organized as follows. To begin, we introduce the problem setting in
Section 2. In Section 3, we present a new data-free likelihood-informed approach to construct
the subspace. Denoting the Fisher information matrix of the likelihood function by Z(z) =
(Vg £Y(z))(Vlog £Y(x)) " £Y(x)dy, this approach defines the informed subspace as the rank-
r dominant eigenspace of the matrix

H= / () mpp(2)de, (3)

with r < d. This definition makes no particular assumption on the likelihood function, so it can be
applied to a wide range of measurement processes, e.g., Gaussian likelihood and Poisson likelihood.
It also does not involve any particular data set y, and hence can be constructed offline. Given the
informed subspace, we approximate the posterior density ﬂgos(x) by

%gos(x) = %gos(xr)ﬂ-pr(xjjxr): (4)
where z, and x| denote respectively the informed and the non-informed components of . We prove
that the expected Kullback-Leibler (KL) divergence of the full posterior from its approximation is
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bounded as
E[DKL(FE)/OSH%E/OS)] < K’ZAl(H)’ (5)
i>r
where the expectation is taken over the data Y ~ mg..(y), being x the subspace Poincaré constant
of the prior [42, 43] and \;(H ) the i-th largest eigenvalue of H. This way, a problem with a fast decay
in the spectrum of H yields an accurate low-dimensional posterior approximation in expectation
over the data.

In Section 4, we restrict the analysis to Gaussian likelihood. In this case, we show that
the vector-valued extension [42] of the AS method [9], which reduces parameter dimensions via
approximating forward models, also leads to the same data-free informed subspace as that obtained
using (3). We can further show that, although the likelihood-informed approach and AS employ
different approximations to the posterior density, the resulting approximations share the same
structure as shown in (4) and follow the same error bound as in (5).

As suggested by (4), the factorized form of the approximate posterior densities allows for
dimension-robust sampling. One can explore the low-dimensional intractable parameter reduced
posterior 7p,s(x,) using methods such as MCMC, followed by direct sampling of the high-
dimensional conditional prior 7, (x |2, ). This strategy has been previously investigated, see [14, 43]
and references therein. We provide a brief summary to this existing sampling strategy in Section 5.
Despite the accelerated sampling offered by the informed subspace, the resulting inference results
are subject to the dimension truncation error that is bounded in (5). In Section 6, by integrating
the pseudo-marginal approach [1, 2] and the surrogate transition approach [8, 28, 29] into the
abovementioned sampling strategy, we present new exact inference algorithms that can enjoy the
same subspace acceleration while target on the full posterior. Our exact inference algorithms only
require minor modifications to the sampling strategy of [14, 43].

We demonstrate the efficacy and various aspects of the proposed data-free LIS and the new
sampling strategies on a range of inverse problems. These include the identification of the diffusion
coefficient of a two-dimensional elliptic partial differential equation (PDE) in Section 7 and Positron
emission tomography with Poisson data in Section 8.

2. Problem setting

For high-dimensional ill-posed inverse problems, the data are often informative only along a few
directions in the parameter space. To detect and exploit this low-dimensional structure, we
introduce a projector P, € R™? of rank 7 < d such that Im(P,) is the informed subspace and
Ker(P,) the non-informed one. This splits the parameter space as

R? = Im(P,) ® Ker(P,),

where the subspaces Im(P,.) and Ker(P,) are not necessarily orthogonal unless P, is orthogonal.
The fact that the data are only informative in Im(P,) means there exists an approximation to the
posterior density mh.s(2) o< LY (x)m,, () under the form

Thos () o< L7 (Py) e (), (6)

in which the likelihood function = — £Y(z) is replaced by a ridge function z — LY(P,z). A
ridge function [36] is a function which is constant on a subspace, here Ker(P,). Let x, = P.x
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and x; = (I; — P,)x be the components of z in Im(P,) and Ker(P,), respectively. We have the
parameter decomposition
r=x,+x,.

Using a slight abuse of notation, we factorize the prior density as 7, (x) = . (,.) 7, (2| |,.), where
,/Tpr(mr) = / (P.) ﬂ—pr(xr + xl)dxl and ﬂ-pr(xl|x7‘) = ﬂ_pr(xr + xl)/ﬂ-pr(xr)
Ker(P,

denote the marginal prior and the conditional prior. The approximate posterior (6) writes

%gos(xr + ‘rl) X (Zy(‘rr)ﬂ—pr(mr)) 7Tpr(xler)'
[ ——
Tpos ()

This factorization shows that, under the approximate posterior density, the Bayesian update is
effective on the informed subspace Im(P,) (first term 7 .(x,)), while the non-informed subspace
Ker(P,) is characterized by the prior (second term 7, (z, |x,)). This property will be exploited
later on to design efficient sampling strategies for exploring both the approximate posterior and the
full posterior.

The challenge of dimension reduction is to construct both the low-rank projector P, and the
ridge approximation £Y such that the KL divergence of the full posterior from its approximation

] e (2)
Di (sl ) = [ 1o ( T8 )
pos

can be controlled. In this work, we specifically focus on constructing a projector P, which is
independent on the data y and which allows to bound Dgr, (7o || Thos)-

3. Dimension reduction via optimal parameter-reduced likelihood

In this section, we first briefly review the optimal parameter-reduced likelihood and the data-
dependent LIS proposed in [43], and then we will introduce the data-free LIS.
8.1. Optimal parameter-reduced likelihood using a given projector

As shown in Section 2.1 of [43], for a given data set y and a given projector P,, the parameter-
reduced likelihood function

‘C*’y(l‘r) = / ‘Cy('rr + IJ_)ﬂ'pr(xJ_"rr) de.? (7)
Ker(P,.)

is an optimal approximation in the sense that it minimizes £ — D1, (mhos]|Thos)- We denote by

Tpos(@) o< L7 (Px)my, (),
*,Y *

the resulting approximate posterior density. The marginal density mym(z,) = fKer( P )ﬂpgys(xr +
x, )dz can be expressed as

* * (7) (1)
”Tpgé(xr) x L 7y(:L.'r‘)7T[>1r(x7“) X / ( )ﬁy(x'r + xL)ﬂ—pr(xr + xL)de X ’/Tgos(xr)v (8)
Ker(P,
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for all z, € Im(P,), where ms(,) = fKer(P.) TYos(z, + 2’ )da’, is the marginal density of the full

posterior. Thus, for any projector P. and any data y, the approximate posterior ﬂ;gys and the full
posterior mh,s have the same marginal density on Im(P,). In summary we have

Y

7Tpos(x) = ﬂ—gos(xr)ﬂ—gos(xl |IL'T),

, (8)
7"-;;oys(x) = 71-gos(xr)ﬂ'pr(xl_ ‘JJT),

which shows that the optimal approximation W;;,Z(sc) to Wgos(l‘) replaces the conditional posterior

Thos(2 1 |,) with the conditional prior 7, (z, |z,).

3.2. Data-dependent dimension reduction

We denote by P. = PY a projector built by a data-dependent approach. Ideally, we would like
to build PY that minimizes Dy, (m5s]|mpas) over the manifold of rank-r projectors. However, this
non-convex minimization problem can be challenge to solve. Instead, the strategy proposed in [43]
minimizes an upper bound of the KL divergence obtained by logarithmic Sobolev inequalities, in

which the following assumption on the prior density is adopted.

Assumption 3.1 (Subspace logarithmic Sobolev inequality). There exists a symmetric positive
definite matrix I' € R”*? and a scalar x > 0 such that for any projector P, € R and for any
continuously differentiable function A : R? 5 R the inequality

2 Lx)z Vi x)ax K — T X 2 T, X X
[ e 1°g<hpr<x>2> or(@)de < 26 [ | [(Ts = P)TVh(z) |1 mpe (o),

holds, where h?}r is the conditional expectation of h® given by hp, (z)* = fKer(P.) h(P,x +

zJ_)prr(xJ_|PTz) dz | . Here the norm || - || -1 is defined by Hv||12,_1 =o' T for any v € R%.

[
Theorem 1 in [43] gives sufficient conditions on the prior density such that Assumption 3.1

holds. In particular, any Gaussian prior 7, = N (Mpy, Xpp) wWith mean my, € R? and non-singular

dxd

covariance matrix 3, € R satisfies Assumption 3.1 with k =1 and I' = Z;rl.

Proposition 3.2. Suppose 7, satisfies Assumption 3.1 and the likelihood function LY is

pr
continuously differentiable. Then, for any projector P, € RdXd, the posterior approximation
Thm(z) o (L7Y(z,)7p (%)) 7 (z 1 |2,) induced by the optimal parameter-reduced likelihood as

in (7) satisfies

D (mhesllmyh) < 5 trace (17 (I = PO H(y)(La — P)). (9)

where the matrix H(y) € R*** is defined by
H(y) = / (Vlog £(2))(Vlog £ (x)) s} (10)
Proof. See the proof of Corollary 1 in [43]. O

Proposition 3.2 gives an upper bound on Dy, (75s]|mpas). The minimizer of this bound

PY e argmin  trace (F_l(Id —POYHy)(I, - P))),
P eRdxd 2
rank—);" projector
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can be obtained from the leading generalized eigenvectors of the matrix pair (H(y),T), see [42,
Proposition 2.6]. Let (\/,vY) € Ry x R? denotes the i-th eigenpair of (H(y),T) such that

H(y)v! = NT'v!, with (vf)TFvé’ = and A} > AY for all i < j. The image and the kernel

70
of PY are respectively defined as

,J

Im(PY) = span{vy,...,vY},

11
Ker(P!) = span{vy ,,...,v5}. (11)

The resulting projector PY yields an approximate posterior density W;Oyg that satisfies

d
K
Dyp (mhoslTpos) < 3 Z AL
i=r+1

The above relation can be used to choose the rank r = rank(PY) to guarantee that the
DKL(ﬂ'gosHﬂ';gé) is bounded below some user-defined tolerance. A rapid decay in the spectrum
(MY, \Y,...) ensures that one can choose a rank r that is much lower than the original dimension d.
Note that the projector P may not be unique, unless there exists a spectral gap Ay > A, which
ensures the r-dimensional dominant eigenspace of (H(y),I') is unique.

Because of the dependency on the data set y, the projector PY must be built after a data set has
been observed, see Algorithm 1. For scenarios where one wants to solve multiple inverse problems
with multiple data sets, the matrix H(y) and the resulting projector have to be reconstructed for
each data set. This can be a computationally challenging task. In addition, H(y) is defined as an
expectation over the high-dimensional posterior distribution, which further raises the computational
burden.

Algorithm 1: Data-dependent dimension reduction.
Requires: ,, satisfying Assumption 3.1, tolerance € > 0 and maximal rank 7,
Online phase: given the data y do:

Compute the matrix H(y) using (10).

Compute the generalized eigendecomposition H (y)vy = A\/Tv!.

Find the smallest r such that % Z?:r+1 N <e IEr > 1oy, set 7= rpa.

Assemble the projector PY using (11).
Define the conditional expectation £*¥(x,.) defined in (7).
Return: Approximate posterior my%(z) oc LY (PYx)m, ().

8.8. Data-free dimension reduction

To overcome the abovementioned computational burden of recomputing the data-dependent
projector for every new data set, we present a new data-free dimension reduction method. The
key idea is to control the KL divergence in expectation over the marginal density of data. We
introduce an m-dimensional random vector

Y ~ Tdata (y)a
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where 74,4, is the marginal density of data defined in (2). Note that the observed data y corresponds
to a particular realization of Y. For a given projector P, independent on the data, replacing y with
Y in (9) and taking the expectation over Y yields

E [ Dk (mpos|Tpos )] < gtrace (I (Ia = POEHY))(I; — B,))- (12)

Here, the approximate posterior W;;}S/ depends on Y via the optimal likelihood £*Y. Similar to
the data-dependent case, the leading generalized eigenvectors of the matrix pair (E[H(Y)],T) can
be used to obtain a projector that minimizes the error bound. However, in this case, the matrix
E[H(Y)] is the expectation of H(y) over the marginal density of data, and thus it is independent
of observed data. Let (\;,v;) € Rsg X R? denotes the i-th eigenpair of (E[H(Y)],T) such that
E[H(Y)]v; = A\;[v;, with viTij = 9;; and A} > Y for all i < j. The data-free projector P, that
minimizes the right-hand side of (12) is given by

Im(PT) = Span{vh te 7”1‘}3 (13)
Ker(P,) = span{v, 1,...,0q}-

When using this projector for defining the approximate posterior 71';235/, the expectation of the KL
. Y *,Y
divergence D, (p0s/|Tpos ) can be controlled as

d

E[DKL(WKOSHWSBZ)] Sg Z A (14)
i=r+1

Remark 3.3 (Bound in high probability). Inequality (14) gives a bound on DKL(W;/OSHW;;)Z) in
expectation. In order to obtain a bound in high probability, let us use the Markov inequality
P{DKL(F;/OSHTF;;};) <ep>1- 5_1E[DKL(71'§05H7T;;,§)] for some £ > 0. Thus, for a given 0 < n < 1,

the condition % s

i=r41 M < 5 s sufficient to ensure that

Y Y
DKL(”pos' |7r;;’os ) S &

holds with a probability greater than 1 — 7.

Now we show that the matrix E[H(Y)] admits a simple expression in terms of the Fisher
information matrix associated with the likelihood function. This leads to a computationally
convenient way to construct the data-free projector. Recall that the likelihood £Y(z), seen as

a function of y, is the probability density function of the data y conditionned on the parameter
z € R%. The Fisher information matrix associated with this family of density is

I(z) = /Rm (V log L£Y(z))(V log Ey(x))T LY (x)dy. (15)
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= /m H(y)ﬂ—data(y)dy
R

(19 /R ) ( /R (Vlog £¥(2))(Viog £%(x)) | gos(:od:c) Taata(y)dy

W og LY (z og LY () L2 (@)mpn (@) 7r
8 /RR (Viog £7(@)(Viog £(2)) g 2 s T

We can write

(y)dady

—~

2 [ (Vi) (Viog£'(2) £ @)y
R™ xR

(1% /R T(@) Ty (2)de, (16)

which shows that the matrix E[H (Y)] is the expectation of the Fisher information matrix over the
prior. This expression does not involve any expectation over the posterior density, which is a major
advantage compared to the expression (10) of the data-dependent matrix H(y). The methodology
presented here is summarized in Algorithm 2.

Algorithm 2: Data-free dimension reduction

Requires: 7, satisfying Assumption 3.1, Fisher information matrix Z(x) of £, tolerance
€ > 0, and maximal rank r ..
Offline phase

Compute the matrix E[H(Y)] = [pa Z(2) 7, (x)dz.

Compute the generalized eigendecomposition E[H (Y)]v; = A;Tv;.

Find the smallest r such that % ZLTH N<e Ifr>r
Return: Projector P, defined by (13)
Online phase: given the data y do:

| Define £ as the conditional expectation defined in (7).
Return: Approximate posterior mp%(z) o LY (P.x)m,, (2)

setr=r

max?’ max-*

Example 3.4 (Gaussian likelihood). Consider the parameter-to-data map is represented by a
smooth forward model G : RY — R™ and corrupted by an additive Gaussian noise ;s ~ N (0, Xgps)
with non-singular covariance matrix 3., € R™*™, i.e.,
Yy= G(x) + 50bs7 where gobs ~ N(Ov 2obs)'
The likelihood function takes the form £Y(z) = Z' exp(—3[|G(z) — yH;—l ), where Z =
obs

(2m)™ det (X, ) is a normalizing constant. The Slepian-Bangs formula gives an explicit expression

for the Fisher information matrix Z(z) = VG(z) ' £,5VG(z), where VG(z) € R™*? denotes the
Jacobian of the forward model G(z). By relation (16) we obtain

/VG ) SHLVG () 7 (z)da (17)

A similar matrix was considered in [14] in the context of data-dependent dimension reduction. The
major difference with (17) is that, in [14], the expectation is taken over the posterior density rather
than over the prior.
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4. Dimension reduction via parameter-reduced forward model

In the previous Section 3, the detection of the data-free informed subspace is based on an
approximation of the likelihood function. In this section, we present an alternative strategy which,
under Gaussian likelihood assumption, consist in approximating the forward model instead of the
likelihood itself. This approach is similar to the vector-valued extension of the AS method [42] and
still yields error bounds for the expected KL divergence.

As in Example 3.4, let us start with a Gaussian likelihood of the form

£) = g oo (5166 -yl ). (15)

where x +— G(z) is a continuously differentiable forward model, ¥, € R™*™ is a non-singular
covariance matrix and Z = 4/(27)" det(X,},s) a normalizing constant. Our goal is to build a
low-dimensional approximation to the likelihood (18) by replacing the forward model with a ridge
approximation x —» é(PTx). That is, we look for a likelihood approximation of the form

- 1 1 ~
2(P) = o (—51G(P0) 1 ) (19)

where P, is a low-rank projector and where G is some parameter-reduced function defined over
Ker(P,). In general, this approximate likelihood (19) is different than the previous one £ see
(7), and therefore LY might not be optimal with respect to the KL divergence as discussed in Section
3.1. The following proposition will guide the construction of the approximate forward model.

Proposition 4.1. Consider the posterior density wpos( x) o< LY (z)m, (z) with a Gaussian likelihood
as in (18) For any approxunate forward model G : R? — R™, the resultlng approx1mate likelihood
LY(z) = 7 exp(—§||G( x) — y||Z ) defines an approximate posterior density 7. (z) o LY(x)m T ()
such that
~ 1
E [ Dict (sl [Fpes) | + Dict (aasal[Fanca) = 5 / ,N6(@) = G@)5 1wy (@)

Here the expectation is taken over Y ~ Tgata and Taqaa(y) = fRd LY (x)m,,(x) dz is the approximate
marginal density of data.

Proof. See Appendix A. O

Using an approximate forward model in the form of CAv'(x) = G(P,), Proposition 4.1 ensures
that the approximate posterior T,s(x) o< LY(P,z)m,,(x) with £LY(P.x) as in (19) satisfies

B (sl )] < 5 [, 166) = Py ) (20)

This suggests to construct a ridge approximation G (P.x) to G(x) in the Lfrpr sense. To accomplish
this, we follow the methodology proposed in [42] for the approximation of multivariate function
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using gradient information. First, for any projector P,, the optimal function G* that minimizes the
right-hand side of (20) is the conditional expectation

G = [ Glay o mlale,) o (21)
Ker(P,.)

Then, similarly to Assumption 3.1, we assume that 7, satisfies the following subspace Poincaré
inequality.
Assumption 4.2 (Subspace Poincaré inequality). There exists a symmetric positive definite matrix

I € R™ and a scalar k > 0 such that for any projector P, € R and for any continuously
differentiable function h : R? — R the inequality

/ (hl@) = hp, (@) (@) < / (La = P)TVh@)[2 1 m(2)da,
R R

holds, where hp is the conditional expectation of h defined by hp (v) = fKer h(P.z +
/ /
xJ_)T(pr(mJ_ |Prx)dxj_'

Assumption 4.2 is weaker than Assumption 3.1, in the sense that any distribution which satisfies
the subspace logarithmic Sobolev inequality automatically satisfies the subspace Poincaré inequality
with the same x and the same I". Using similar arguments as in the proof of Proposition 2.5 in [42],
we have that

/Rd 1G(x) = G (P[> mye(w)da < i trace (T (I — PTYHC (I = P,)). (22)

holds for any projector P,, where the matrix H ¢ e R™? is defined by

1% = [ | V6(@) S3LVG () mynla)da, (23)
R
with VG(z) the Jacobian matrix of G(x) given by
@ .. G
VG(z) = : : :
Som(x) ... Gm(a)

Again, the projector P that minimizes the right—hand side of (22) can be constructed via the

generalized eigenvalue problem HC v = )\ F
Im(PY) = span{le7 T
€] €] e} (24)
Ker(P,”) = span{v,’yq,...,v4 }.

Using this projector to construct the approximate forward model G* in (21) and the approximate
likelihood as in (19), Proposition 4.1 and the inequality in (22) yield

d
K G
IE[l)KL( pos||7Tpos S 5 Z )‘z (25)
1=r+1
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The methodology is summarized in Algorithm 3.

The matrix H used in this case takes the same form as the matrix E[H(Y)] in Section 3.3
with the Gaussian likelihood (cf. Example 3.4), and hence results in the same data-free projector.
However, the resulting approximate likelihood functions are not the same. Indeed in Section 3.3,
the optimal approximate likelihood LY is given as the conditional expectation of the likelihood
function (cf. (7)), whereas here, £V is defined by the conditional expectation of the forward model
G* (cf. (21)). Using either the parameter-reduced likelihood in (7) or the parameter-reduced
forward model in (21) results in the same parameter truncation error bound in terms of expected
KL divergence.

Algorithm 3: Data-free dimension reduction via forward model approximation

Requires: 7, satisfying Assumption 3.1, Jacobian VG(x), tolerance ¢ > 0 and maximal
rank T = Tmax-

Offline phase

Compute the matrix H defined in (23)

Compute the generalized eigendecomposition H GviG = )\iG I‘viG

Find the smallest r such that g Zf:rﬂ N<elfr>r set r=r
Assemble the projector PTG defined in (24)
Define G* as the conditional expectation (21)

Return: Approximate forward model x — é*(PTG x)

max?’ max

Online phase: given the data y do:
| Assemble £Y(Pz) as in (19)
Return: Approximate posterior 7. (x) o< LY(P,.x)m,, ()

Remark 4.3. Despite the similarity between the approximate likelihood functions given in (7)
and (19), these two approaches offer different computational characteristics. Given the data-free
informed subspace, the optimal parameter-reduced forward model x, — G*(x,) can be further
replaced by a surrogate model z, — GROM(.TT) constructed in the offline phase. The surrogate
model can be obtained using tensor methods [6, 32], the reduced basis method [34], polynomial
techniques [26], etc., just to cite a few. All these approximation techniques do not scale well
with the apparent parameter dimensions d, and thus parameter reduction can greatly improve the
scalability of surrogate models. In contrast, the conditional expectation of the likelihood function
in (7) cannot be replaced with offline surrogate models because of the data-dependency of the
likelihood.

5. Sampling the approximate posterior

Given a data-free informed subspace, the approximate posterior density has the factorized form

7ngos(J;) X 7ngost (xr)ﬂ'pr(xlmr)’ (26)
with either 7] (z,.) = gost(ccr) in the optimal parameter-reduced likelihood approach of Section

3, or with 7 ¢ (z,) = LY ()7l (), LY (2,) o exp(—3]|G*(x,) — y||271) in the optimal parameter-
reduced forward model approach of Section 4. The factorlzatlon (26) naturally suggests a dimension
robust way to sampling the approximate posterior. The key is to assume that samples from the
conditional prior 7, (2 |z,) can be drawn easily. This is usually the case as the prior often has a
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rather simple structure, such as Gaussian priors. The sampling method consists in first drawing
samples x(l) (2) sy & (K) from the low-dimensional density 7p,s(x,) using either MCMC or SMC

(7) (J))

method. Then, for each sample z,”’, we simulate a conditional prior sample z! L ) from T (21 |2

In the end, x(] ) = (J ) + x(] ) are samples from the approximate posterior Wgos(a?).

Remark 5.1. If the end goal is to compute expectation of some function h over of the approximate
posterior, the factorization (26) leads to

/ h(;t) pos( )dSC - / (/ h(xr + xj_)ﬂ-pr(xj_xr)dzJ_> %pos(xr)dxr
R? Im(P,) \ JKer(P,)

Z/ ad) + T )m, $L‘x(1))d$¢7
Ker (P, )

where x(l) . £K> are samples from the approximate marginal posterior %gos(xr). This way, if

the expectation over the conditional prior mp,(z J_|x(J)) can be carried out analytically, one can

can simply avoid using conditional prior samples Alternatively, the K conditional expectations
[ h(x U 4 g )T (2 J_|x7(nj ))da: | can also be approximated via other accurate quadrature rule for

Tpr (T L|x(3)). Either way, we assume that integration with respect to the conditional prior is
tractable

In Algorithm 4 we provide the details of an MCMC-based sampling procedure in which
the approximate likelihood (defined by either optimal parameter-reduced likelihood or optimal
parameter-reduced forward model) can be obtained as sample averages over the conditional prior
Tpr (21 |7,). To make these approximations generally applicable, we replace the conditional prior
with the marginal prior 7, (2 ) in computing those conditional expectations in (27) and (28). Note
that the typical class of inverse problems equipped with a Gaussian prior Tpr = N(mp,, X, is a
special case. Since the projector P, is orthogonal with respect to ¥, the marginal prior ﬂpr(l‘ 1)
coincides with the conditional prior 7, (2, |z,).

A remaining question is how to choose the sample size N for computing the conditional
expectations in (27) and (28). The following heuristic is developed based on the optlmal parameter-
reduced forward model. Consider the exact parameter-reduced forward model G* (Px) = G (z,)
and its sample-averaged approximation G ~(P.x) = G ~(z,). The sample-averaged approximation

defines an approximate posterior density

pra

o 1~
Fros(@) o< exp (= S G (P) = yllis ) (@),
that satisfies
(20)

E[Dyc, (el [Fhes)] < EB / IG(@) — Cx(Pa) 2o (e )dw}
1 ~. -
= 5E { / NG(@) — G (Pa)Es + G (Pa) — Cy(Pra) | mo(a)da

_ (1 n }V) 3 [ 16(@) = G ()l () (30)
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Algorithm 4: MCMC-based approach for sampling the approximate posterior.

Requires: A projector P,, a sample size N for approximating the likelihood, a total
posterior sample size K, and a proposal density ¢(-|z,) on Im(PT).

Sample-averaged likelihood approximation

Draw N i.i.d. samples x( ) - ,x(LN) from the marginal 7, ()

if optimal pammeter-reduced likelihood s used then

N
1 i
=% Z LYz, + xﬁ_)) (27)
for any z, € Im(P,) i=1
end
if optimal parameter-reduced forward model is used then
N
- 1 ~
L) ocexp (= 31 (@) —ylld ). Gn Z roall) (28)
for any z, € Im(P,)

end
Return: a sample-averaged approximate likelihood function EZJ’V (z,)
Subspace MCMC sampling
for j=1,2,...,K do

Given the Markov chain state Xr(jfl) = z,., propose a candidate z! ~ ¢(-|z,)
Evaluate the approximate likelihood function Bj’v(xl)
Compute the acceptance probability

a(z!|z,) = min {1

LY (el )y (21) a(a, )
: 29
Ly (@, )mp () (Iilfcr)} =

(G) _

With probability (J;:[|x ), accept z|. by setting XY = 2!, otherwise reject = by

setting XV =

end

Return: a Markov chain XV, X, ..., X% with invariant density Thos ()
Approximate posterior sampling

for j =1,2,...,K do

Given the state X, ) = x( 7) , draw a conditional prior sample x @)

~ (o)
Compute the i-th approximate posterior sample 2 = xg? ) 4+ xi)

end

Return: approximate marginal posterior samples x(l), x(Q), e 7

Here, the expectation is taken jointly over the data Y and the sample {z J_)}Z 1- The above

inequality directly follows from Proposition 4.1 and the fact that G*(P.z) is the conditional
expectation of G(x) over Ker(P,). We refer to Theorem 3.2 in [9] for more details on this derivation.
Inequality (30) implies that the random approximate posterior 7},s(x) can be used in place of

Tpos(2), as the bounds on the expected Kullback-Leibler divergence in (20) and (30) are comparable.
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In addition, this suggests that the sample size N in (28) does not have to be large. Even with N = 1,
(20) and (30) differs only by a factor of 2. For the optimal parameter-reduced likelihood function,
it is not obvious how to obtain a similar bound for the sampled-averaged conditional expectation
n (27), see for instance the result [43, Proposition 5]. In this case, we adopt the identity (30) as a
heuristic.

6. Sampling from the exact posterior

In this section, we present new strategies for sampling the exact posterior by adding minor
modifications to Algorithm 4.

6.1. Pseudo-marginal for the optimal parameter-reduced likelihood

For the optimal parameter-reduced likelihood approach, Algorithm 4 replaces the optimal likelihood
LY (x,) with the sample-average L% (z,) defined by (27) using frozen (fixed) samples {z J_)}Z 1-
This way, Algorithm 4 produces samples from an estimation to the posterior approximation

Tl () = Tpos(@,)Tpp () |2,). In this section, we first show that replacing the frozen samples

with freshly drawing samples {xﬁf)}fil at each MCMC iteration yields a pseudo-marginal MCMC
[1] which samples exactly from 77;;;”5 (z). In addition, we also show that an appropriate recycling of
the data generated by this modified algorithm allows obtaining samples from the exact posterior
Thos (1) itself.

We propose to modify Algorithm 4 by replacing the acceptance rate oy (x7t|xr) in (29) with

o) (% L £ (ah + x1<”>) a(a,|o})
(@) (% 20 £, +20)) a(allary)

ay(zlz,) =min{ 1, (31)

Here, {x l)}l 1 are ii.d. samples from 7, (2 |z,) conditioned on the current state of the chain

x, and {xL )}Z 1 are i.i.d. samples from 7, (ml|x ) conditioned on the proposed candidate :rT

Compared to the previous acceptance rate (29) where {z J_)}Z 1= E_(Z)}Z 1 where frozen the
new acceptance rate (31) requires to redraw fresh samples at each proposal candidate x . This is
summarized in Algorithm 5.

In the next proposition we apply the analysis of pseudo-marginal MCMC [1] to show that
wgos(xr) is the invariant density of the Markov chain constructed by Algorithm 5. The key step is
to interpret Algorithm 5 as a classical Metropolis-Hastings algorithm that operates on the product
space Im(P,) x Ker(P,)™

Proposition 6.1. Algorithm 5 constructs an ergodic Markov chain {(Xr(j), {Xj_j’i)}fil)}jg on the
product space Im(P,.) x Ker(Pr)N with invariant density

i (2, {2 0Y) o, (Zﬁy )me zP)z,). (32)

The marginal of this target density satisfies 7% (z,.) = Thos () 80 that the sequence {X }j 1 s

an ergodic Markov chain with the invariant density 7}, (,).
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Algorithm 5: Pseudo-marginal MCMC for sampling the exact marginal posterior.

Requires: A projector P,, a sample size N for approximating the likelihood, a total
posterior sample size K, and a proposal density ¢(-|z,.) on Im(P,).

for j=1,2,...,K do

Given the previous state of the Markov chain Xr(j b= x, and the associated set of
conditional prior samples {Xﬁ_jfl’i)}f\il = {:C(Jf)}fil

Propose a candidate z!. ~ ¢(-|z,)

1(1), ...,xTL(N) ~ 7Tpr(90¢|$7t)

Compute the acceptance probability @(z!|z,) as in (31)

With probability a(z!|z,), accept X\ = 2] and {X(fl)}fil = {xfz)}iil Otherwise
reject and set XV = 2, and {X(l“)}fil = {x(j)}fvzl

Draw N independent samples x

end
Return: the Markov chain {(X,Ej), {X(ﬁ’i)}ﬁv:l)}f:l

Proof. See Appendix B. O

Remark 6.2 (Choosing N in Algorithm 5). The statistical performance of pseudo-marginal methods
depends on the variance of the sample-averaged estimate + Zf\;l LY(x, +:1:5f)). This variance being
inversely proportional to the sample size N, a larger N may result in better statistical efficiency
of the MCMC chain. However, the computational cost per MCMC iteration increases linearly
with IV, while the improvement of the statistical efficiency will not follow the same rate. We refer
the readers to [3, 17] for a detailed discussion on this topic and only provide an interpretation as
follows. With N — oo, the Markov chain constructed by the pseudo-marginal MCMC converges
to that of an idealized standard MCMC, which has the acceptance probability defined by the same
proposal density and the exact evaluation of £*Y(z,). This way, even with a very large N, the
statistical efficiency of the pseudo-marginal MCMC cannot be improved further beyond that of
the idealized standard MCMC. As suggested by [17], the standard deviation of the logarithm of

the parameter-reduced likelihood estimate, var[log Ezjv]%, can be used to monitor the quality of the
sample-averaged estimator.

It is remarkable to observe that, for N = 1, the target density (32) becomes the true posterior
N, x,) = Thos (€ + 21 ). This means that Algorithm 5 actually produces samples © =z, + x|

from m,(x). For N > 1, we propose to recycle the Markov chain {Xf’“}ﬁil, ey {X(LK’i)}lN:l
produced by Algorithm 5 in order to generate samples from the exact posterior Wgos(.’b). This
procedure is summarized in Algorithm 6 and a justification is provided in the following proposition.

Proposition 6.3. Let {(X,gj)7 {Xf7i)}£i1)}j21 be a Markov chain generated by Algorithm 5. For
any j > 1 we randomly select Xj_j) € {Xj_j’i)}i]\il according to the probability

£/(xP + x )

N j i)y’
S, £+ X2

P (X1 = X7V X (xPL) = 1<k<N, (33)

and we let XU = Xﬁj) + XY). Then {X(j)}jZI is a Markov chain with the exact posterior 7 ()
as invariant density.
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Proof. See Appendix C O

Algorithm 6: Recycling the Markov chain generated by Algorithm 5 to generate exact
posterior samples
Requires: MCMC chain generated {(X,gj)7 {X(l“)}fil)}f;l by Algorithm 5
for j=1,2,...,K do
Subsample X(f) € {X(f’z)}fil according to the probability (33)
Assemble X = x0) 4 Xi])
end

Return: the Markov chain {XU )}jK:l with invariant density 7} .s(z)

6.2. Delayed acceptance for the optimal parameter-reduced forward model

For the optimal parameter-reduced forward model, the marginal density of the resulting
approximate posterior does not coincide with that of the exact posterior in general. However,
we can still modify the approximate inference algorithm 4 using the delayed acceptance technique
[8, 28, 29] to explore the exact posterior. The delayed acceptance modifies Algorithm 4 by adding
a second stage acceptance rejection within each MCMC iteration. Here we consider the sample-
averaged likelihood L% (z,) defined by either (27) (the optimal parameter-reduced likelihood) or
(28) (the optimal parameter-reduced forward model), where the marginal prior sample set {x(j) W
is prescribed. The following Proposition and Algorithm 7 detail this modification.

Proposition 6.4. Suppose we have a proposal distribution ¢(-|x,.) defined in the parameter reduced

subspace Im(P,). We consider the following two stage Metropolis-Hastings method. In the first

stage, we draw a proposal candidate :ci ~ q(+|z,.). Then, with the probability

Che(a)mpe(2]) gl f2]) }
| Ly (o) mp(a,) a(e]|,)

a(z}|z,) = min {1 (34)

we move the proposal candidate a:i to the next stage. In the second stage, we draw a proposal

candidate Wpr(xj_\xi) in the complement subspace Ker(P,) and then accept the pair of proposal

candidates (z/, xl) with the probability

1 N
LY(x, +x,) LY ()

ﬂ(xlvxz_|xme) = min (35)

c¥(al +2t) LY (2 )]

Then, the above procedure constructs an ergodic Markov chain with the full posterior m},(x) as
the invariant density.

Proof. This result can be derived from the standard delayed acceptance [8]. For completeness, we
provide the proof in Appendix D. O
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Algorithm 7: Delayed acceptance MCMC for sampling the exact posterior.

Requires: A projector P,, a sample-averaged likelihood approximation defined in
Algorithm 4, a total sample size K, and a proposal density ¢(-|x,.) on Im(P,.).
for j=1,2,...,K do
Given the Markov chain state XY™ =z + 2, propose a candidate = ~ q(+|x,.)
Compute the parameter-reduced likelihood £% (2]) using either using (27) or (28)
With probability a(z|x,) in (34) move ! to the next stage as follows
Propose a candidate .I‘Ji ~ 7Tpr(~|l‘i)

Compute the full likelihood £Y(z! + z1)

With probability B(xi,xmxr, z,) in (35) accept (!, "), otherwise reject (z!,z")
Otherwise reject xi

end

Accept: set X? =zl + 1‘1

Reject: set X’ = xU~V

Return: a Markov chain X(l), X(z), ey X% with the invariant density mhos ()

Remark 6.5. It worth to note that the delayed acceptance also opens the door to further accelerate
the exact inference using surrogate models instead of the original forward model. The approximate
likelihood L% (z,) is deterministic and dimension reduced, which makes it possible to further
approximate Z]y\, (z,) using computationally fast surrogate models. In this case, the same delayed
acceptance MCMC (Algorithm 7) can still produce ergodic Markov chains that converge to the
full posterior Wgos(x). In contrast, the pseudo-marginal method requires an unbiased Monte Carlo
estimate of the exact marginal posterior wgos(xr) at every iteration, which is not straightforward

to accelerate using surrogate models.

7. Example 1: elliptic PDE

We first validate our methods using an inverse problem of identifying the coefficient of a two-
dimensional elliptic PDE from point observations of its solution.

7.1. Problem setup

Consider the problem domain Q = [0, 1] x[0, 1], with boundary 9Q2. We denote the spatial coordinate
by s = (s1,82) € 2. We model the steady state potential solution field p(s) for a given conductivity
field k(s) and forcing function f(s) using the Poisson’s equation

=V - (k(s)Vp(s)) = f(s), se€. (36)

Let 09, = {s € 0Q]sy = 0} U {s € 9Q|s, = 1} denote the top and bottom boundaries, and
0Ng = {s € IN|s; =0} U{s € 9N]|s; =1} denote the left and right boundaries. We impose the
mixed boundary condition:

p(s) =0,Vs € 004, and (k(s)Vp(s))-7i(s) =0,z € 90,
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and let the forcing function take the form
1 2 1 2
f(s,1) = c(exp(— —|ls — al|?) — exp (= —5|s — b]| )),Vt >0,
2r 2r

with » = 0.05, which is the superposition of two Gaussian-shaped sink/source terms centered at
a = (0.5,0.5) and b = (2.5,0.5), scaled by a constant ¢ = 6 x 10~*. The conductivity field x(s) is
endowed with a log-normal prior. That is, letting x(s) = log k(s), the Gaussian process prior for
z(s) is defined by the stochastic PDE (see [27] and references therein):

—Ax(s) +yx(s) =W(s), x €, (37)

where A is the Laplace operator and W(s) is the white noise process. We impose a no-flux boundary
condition on the above SPDE and set v = 10. Equations (36) and (37) are solved using the finite
element method with bilinear basis functions. A mesh with 80 x 80 elements is used in this example.
This leads to n = 6400 dimensional discretised parameters.

case 1 case 2 case 3

Figure 1: Setup of three test cases for the elliptic PDE example. The observation locations are
shown as dots. Each column represent a test case, in which the top row shows the true conductivity
fields and the bottom row shows the corresponding potential field.

We generate three “true” conductivity fields from the prior distribution and use them to
simulate synthetic observed data sets. The true conductivity fields and the simulated potential
fields are shown in Figure 1. Observations of the potential fields are measured at the m = 36
discrete locations shown as black dots in Figure 1. We set the standard derivation of the observation
noise to o = 0.0415, which corresponds to a signal-to-noise ratio of about 20.
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Figure 2: Elliptic PDE example. KL divergence of the full posterior densities from the approximate
posterior densities defined by projectors with various ranks. Fach column represents posteriors
conditioned on a given data set. Top row: approximate posteriors are defined by the optimal
parameter-reduced likelihood. Bottom: approximate posteriors are defined by the optimal
parameter-reduced forward model.

7.2. Low-rank posterior approximations

We first compare the accuracy of the approximate posterior densities defined by the data-free
dimension reduction with that of the data-dependent dimension reduction and that of the truncated
Karhunen—Loéve expansion of the prior. We build five sets of projectors: the data-free projectors as
detailed in Section 3.3, three sets of data-dependent projectors (see Section 3.2) that correspond to
three synthetic data sets, and projectors defined by leading eigenvectors of the prior covariance
(referred to as the “prior-based projector” from hereinafter). For each of the data sets, the
corresponding data-dependent projectors are constructed using the adaptive MCMC algorithm of
[43]. Each set consists of projectors with ranks r = 22, 24, e 2®%. For each projector, we compute
the KL divergences of the full posteriors from the approximated posterior densities defined by
the optimal parameter-reduced likelihood (7). The results are shown in the top row of Figure 2.
Using the same set of projectors, we also compare the KL divergences of the full posteriors from
the resulting approximated posterior densities defined by the optimal parameter-reduced forward
model (21). The results are shown in the bottom row of Figure 2.
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In this example, we observe that the optimal parameter-reduced likelihood and the optimal
parameter-reduced forward model result in approximate posteriors with similar accuracy. For
sufficiently large ranks (r > 8), the most accurate approximate posterior densities are obtained
by the data-dependent projectors of the corresponding data set, followed by those obtained by
the data-free projectors. We also observe that, for each data set, the data-dependent projectors
constructed using other data sets result in less accurate approximations. By allowing a marginal
loss of accuracy compared to the data-dependent construction, the data-free construction bypasses
the computationally costly online dimension reduction process for every new data set. Compared
with the prior-based dimension reduction, which is also an offline method, the data-free construction
offers significantly more accurate approximations in this example.

7.3. Subspace accelerated sampling

OL approximate inference using Algorithm 4 and the optimal parameter-
reduced likelihood function in (27)

PM exact inference using the pseudo-marginal method (Algorithms 5 and 6)

OF approximate inference using Algorithm 4 and the optimal parameter-
reduced forward model in (28)

DA exact inference using the delayed acceptance algorithm (Algorithm 7) with
the approximation defined by the parameter-reduced forward model in (28)

H-MALA | exact inference using the Hessian preconditioned Langevin MCMC [35]

Table 1: Acronyms of various inference algorithms used in numerical comparisons.

We demonstrate the sampling performance of various approximate and exact inference
algorithms introduced in Sections 5 and 6 using the posterior density conditioned on the first
data set. All the methods used in the comparison and their acronyms are summarized in Table 1.

We use the Hessian-preconditioned Metropolis-Adjusted Langevin Algorithm (H-MALA) as a
reference MCMC method for targeting on the full-dimensional posterior. Since H-MALA uses the
low-rank decomposition of the Hessian matrix of the logarithm of the posterior density computed at
the mazimum a posteriori point to precondition MCMC, it can also be viewed as a data-dependent
subspace-accelerated method. We refer to [35, 13] for a detailed discussion. In order to make a
fair comparison with H-MALA, the MCMC algorithm we use on our data-free informed subspace
is based on a Langevin proposal preconditioned by the same Hessian matrix used by H-MALA
projected onto the data-free informed subspaces.

In Figure 3, the contours of the marginal posterior densities produced by approximate inference
methods (with » = 16 and r = 48) are compared with those produced by their exact inference
modifications (with r = 48). We can observe that the results produced by approximate inference
methods approach that of their modifications as the rank of informed subspace increases.

Table 2 reports the average integrated autocorrelation times (IACTSs) of parameters to measure
the performance of various MCMC methods. The data-free projectors with different ranks r and
two different sample sizes N = 2 and N = 5 are used in this experiment. Each method is simulated
for 5 x 10° iterations, with the first 10° samples are discard as the burn-in. Here the H-MALA are
used as a base case to benchmark those MCMC methods accelerated by the informed subspace. For
the approximate inference methods (OL and OF), the average TACTs consistently increase with the
rank of the projectors, as the sampling performance of the Langevin proposal is expected to decay
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Figure 3: Elliptic PDE example. Contours of the marginal posterior densities computed by various
inference algorithms using the data-free projector. (a): OL (with » = 16 and r = 48) and PM (with
r =48). (b): OF (r = 16 and r = 48) and DA (with r = 48). The approximate and exact posterior
densities are marginalised to the first two data-free LIS basis vectors.

with the underlying parameter dimension. Both OL and OF produce significantly smaller TACT's
compared with the full-dimensional H-MALA.

IACT IACT IACT
OL PM yvar[log£%]| OF DA E[] | H-MALA

r=16 | 20.0 126 4.51 20.3 - 0.05

& r=24|341 981 2.64 35.5 - 0.14

I r=321535 971 1.74 60.5 238 0.30

= r=40 | 607 943 0.94 63.9 206 0.37
r=48 | 61.3 943 0.67 73.2 151 047 | .o
r=16 | 18.6 98.6 1.70 187 - 0.09

w o or=24|337 729 1.05 38.7 305 0.19

I =32 |483 732 0.76 58.7 207 0.31

= p =40 | 543 754 0.46 62.3 181 0.40
r=48 | 57.5 69.8 0.34 69.2 155 0.47

Table 2: Elliptic PDE example. Average IACTs of parameters computed by various inference
algorithms applied to the posterior conditioned on data set 1. Here the symbol - indicates poorly
mixing Markov chains that do not have reliable estimate of the TACTs.

Compare to the OL method, the PM method (the exact inference counterpart for OL) has a
different behavior. Here we recall that the sample-averaged parameter-reduced likelihood, £%;, in
the PM method is a random estimator, whereas £%; in the OL method is deterministic because of the
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usage of prescribed samples. The standard deviation of the logarithm of Eﬁ’v in Table 2 confirms
that low-rank projectors have rather large Monte Carlo errors as the approximation accuracy is
controlled by the rank truncation (cf. (14)). The exactness of the PM method comes at the cost
of Monte Carlo error, which is controlled by the sample size N and the rank of the projector. We
observe that increasing either the rank or the sample size can narrow the gap between the IACTs
produced by PM and its OL counterpart. This experiment clearly suggests that PM needs to
balance the sample size N and the rank of the projector to achieve the optimal performance.

Compare to the OF method, the DA method (the exact inference counterpart for OF) produces
the largest IACT's among all subspace inference methods. This result is not surprising, as the second
stage acceptance/rejection of DA necessarily deteriorates the statistical performance [8]. In Table 2,
we observe that the second stage acceptance rates, E[3], increase with more accurate approximations
obtained with higher projector ranks and larger sample sizes. As the result, the gaps between the
TACTs produced by OF and DA are smaller for higher projector ranks and larger sample sizes.

Overall, approximate inference methods have better statistical performance compare to other
methods in this example (cf. Table 2) and can obtain reasonably accurate results as shown in Figures
2 and Figure 3. With the additional cost that comes in the form of either Monte Carlo error (PM)
or the second stage acceptance/rejection (DA), the exact inference modifications produce Markov
chains with larger TACTs. Among all the exact inference methods, PM produces smaller IACTs
compared with the full-dimensional H-MALA and DA.

It is worth to mention that each iteration of the subspace MCMC method needs N number
of forward model simulations, whereas H-MALA requires only one forward model simulation
per iteration. In this example, approximate inference methods (OL and OF) with N = 2 still
outperforms H-MALA in terms of IACTSs per model evaluation. Exact inference methods, however,
need more model evaluations than H-MALA to obtain the same number of effective samples (we will
show in the subsection another example where H-MALA is outperformed by PM and DA). Notice
that the forward model evaluations in each iteration can be embarrassingly parallelized: with
parallel computing resources available, the subspace MCMC methods can still be more efficient
than H-MALA in terms of the effective sample size per wall-clock time.

8. Example 2: Positron emission tomography with Poisson data

The second example is a two dimensional PET imaging problem, where we aim to reconstruct the
density of the object from integer-valued Poisson observed data.

8.1. Problem setup

Given the domain of interest (2 and assuming the unknown density of the object is positive and
follows a log-normal prior distribution, we represent the density function by exp(x(s)) for s € Q,
where z(s) is unbounded and follows a Gaussian prior. We adopt the same Gaussian process prior
specification for z(s) as in Example 1. In PET imaging, gamma rays travel from sources to detectors
through 2, and then the detectors measure the intensities of gamma rays from multiple sources
via the counting of incident photons. The change of intensity of a gamma ray along the path,
£;(s),s € Q, can be modelled using Beer’s law:

I,; =1,;exp ( - /[(S) exp (x(s))ds), (38)
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where I ; € R5q and I, ; € R5( are the intensities at the detector and at the source, respectively.
We assume that all the gamma ray sources have the same intensity, I, =1, fori=1,...m.

In this example, the domain 2 is discretized into a regular grid with d cells and the logarithm
of the density is assumed to be piecewise constant. This yields the discretized parameter z € R?.
The line integrals in (38) are approximated by

/ P = DDA, explry)

j=1

where A;; € R is the length of the intersection between line ¢; and cell j, and exp(xz;) is the
discretized density in cell j. Suppose we have a total of m number of gamma ray paths and the
corresponding matrix A € ]Rde, the forward model G : R? — R™ is defined as

G(z) = I, exp(—A exp(x)). (39)

We consider a PET setup shown in Figure 4a: the problem domain ©Q = [-10, 10]2 is discretised
into a d = 80 x 80 regular grid, three radiation sources with intensity I, = 50 are positioned with
equal spaces on one side of a circle, spanning a 90° angle, and each source sends a fan of 30 gamma
rays that are measured by detectors. The model setup is based on the code of [23].

30} o 5
0
15}/
; 5
& 0 )
: =
-15 1% ,_g 60
Y
-30 ° -2 40
=
ceil/ j=]
g 2
30 -15 0 15 30 0 30 60 90
s1 detector index
(a) Discretised domain of interest Q = (b) Top row: three density functions generated from the prior.
[-10, 10]2 (mesh), radiation sources (red Bottom row: corresponding intensity function (solids lines)
dots), and detectors (blue dots). and measured counting data sets (dots).

Figure 4: The PET setup and three test cases.

We denote the observed data by y € N where each element ; is associated with the -
th gamma ray in the model. For the i-th gamma ray, recall that the intensity at the detector is
computed by G;(z) for some input parameter z, and then the probability mass function of observing
the counting data Y; = y, is given by

Gy(#)" exp(~Gylx))
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Suppose we can observe the counting data at all the detectors and assume the measurement
processes are independent, we can write the likelihood function with the complete data as

£'(z) = [[P(v; —Mm:HQ LMPG@» (40)

i=1 i=1

As shown in Appendix E, the Fisher information matrix of the above likelihood function takes the
form

I(z) = VG(z) M(z)VG(z), (41)

where M (z) is a diagonal matrix with M;;(z) = G;(z)”" along its diagonal. We generate three
“true” density functions from the prior distribution and use them to simulate synthetic data sets.
The true density functions and the simulated data are shown in Figure 4b.

8.2. Numerical results

Similar to the first example, here we will first compare the accuracy of approximate posterior
densities defined by various approaches and projectors, and then benchmark the performance of
MCMC methods. We adopt the same setup and acronyms as in Example 1 and Table 1. Although
the error bound on the optimal parameter-reduced forward model (cf. (25)) is not intermediately
applicable to the Poisson likelihood considered in this example, we still include the likelihood
approximation defined by the parameter-reduced forward model and related OF and DA inference
methods in the comparison.

For the approximate posterior densities, five sets of projectors, including the data-free
projectors, three sets of data-dependent projectors (corresponding to three data sets), and the
prior-based truncated Karhunen—Loéve expansion, are considered. Each set consists of projectors
with ranks r = 2°,2* ...,27. The KL divergences of the full posteriors from the approximated
posterior densities defined by the optimal parameter-reduced likelihood (7) are shown in the top
row of Figure 5, while those of the optimal parameter-reduced forward model (21) are shown in the
bottom row of Figure 5.

In this example, we observe similar results as the results of the elliptic PDE example. The
optimal parameter-reduced likelihood and the optimal parameter-reduced forward model result in
approximate posteriors with similar accuracy. The most accurate approximate posterior densities
are obtained by the data-dependent projectors of the corresponding data set, followed by those
obtained by the data-free projectors. For each data set, the data-dependent projectors constructed
using other data sets result in less accurate approximations. Compared with the prior-based
dimension reduction, which is also an offline method, the data-free construction offers significantly
more accurate approximations in this example. Overall, the data-free dimension reduction provides
reasonably accurate posterior approximations for the Poisson observation process considered here.

We then compare the performance of various subspace driven inference methods. In Figure 6,
the contours of the the marginal posterior densities produced by approximate inference methods
(with r = 16 and r = 48) are compared with those produced by their exact inference modifications
(with 7 = 48). In this example, we observe that the contours produced by approximate inference
methods are visually similar to those of exact inference methods.

The average integrated autocorrelation times (IACTS) of parameters are reported in Table 3.
For the approximate inference methods (OL and OF), the average IACTs consistently increase with
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Figure 5: Same as Figure 2, but for PET.

TACT IACT TACT
OL PM ~ar[log£%]| OF DA E[5] | HMALA

~ =16 ] 296 7.95 1.01 3.05 289 0.33

I =321449 980 0.69 490 153 0.50

= p =48 | 568 890 058 582 14.0 056 | , o

w =16 | 2.96 7.14 0.69 3.07 252 0.35 :

I r=32|445 653 0.45 462 15.6 0.50

S =48 | 545 726 0.38 5.69 13.7 0.58

Table 3: Same as Table 2, but for PET and data set 3. Ranks of the subspaces are chosen to be
16, 32, and 48.

the rank of the projectors, as the sampling performance of the Langevin proposal is expected to
decay with underlying the parameter dimension. Both OL and OF produce significantly smaller
IACTs compared with the full-dimensional PCN and H-MALA method. Compare to the OL
method, the PM method, has a slightly higher TACTs in this example. This rather mild loss
of performance (compared with the elliptic PDE example) is justified by the rather small values of
Z]y\, (with N = 2,5) in Table 3. Compare to the OF method, the DA method, again produces the
largest IACTs among all subspace inference methods. However, the loss of performance here is not
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Figure 6: Same as Figure 3, but for PET and data set 3. Here r = 16,48 are used in OL and OF,
and r = 48 is used in PM and DA.

as severe as the elliptic PDE example, this is also justified by the improved second stage acceptance
rates, E[5].

Overall, approximate inference methods have better statistical performance compare to other
methods in this example and can obtain reasonably accurate results as shown in Figures 5 and
Figure 6. With improved approximation errors, the exact inference methods also produces Markov
chains with better mixing. Among all the exact inference methods, PM produces significantly
smaller TACTs compared with other methods.

9. Conclusion

We present a new data-free strategy for reducing the dimensionality of large-scale statistical
inverse problems. Compared to existing gradient-based dimension reduction technique, this new
approach identifies the computationally costly subspace construction in an offline phase. Our
data-free dimension reduction is certified in the sense that its development is directly guided
by factorizable posterior approximations and associated error bounds. The factorizable posterior
approximations naturally offer dimension robust sampling methods for exploring the approximate
posterior densities. More interestingly, by adding minor modifications to those approximate
inference algorithms, we further develop exact inference methods using the pseudo-marginal
approach and the delayed acceptance approach. The resulting exact inference methods also
scale well with parameter dimensionality, as the backbone of those methods is based on the
dimension robust approximate inference methods. We also demonstrate the efficacy of our data-
free dimensional reduction and various inference methods on two inverse problems involving a
two-dimensional elliptic PDE and a PET problem with Poisson data.
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Appendix A. Proof of Proposition 4.1

LY (@) 7y, (2)
Tdata(Y)

Fv _
and 75 (2) = £ @)y (@) By definition of £Y(z) and L£Y(z) we have

ﬂ(lata(y)

_ Tpos(T)
DKL(Fgos”ﬂ-gos) = /]Rd IOg <Ag ( )) Trgos(x)dx
Tpos

1,
+ [ (S5166) ~ s + 51670 = vl ) mtele)i
data Yy

Taata(V) / (' o)l e(x)TEOJS(G(I)y)) Thos(@)dz (A.1)

Recall mp,q(z) =

data(y)
7Tdata(y)
)

= log

where e(z) = G(z) — G"(z) is independent on y. Next we replace y by Y ~ 7y, and we take the
expectation over Y. The first term in the above expression becomes

Next, by definition of mj,(x), we have

Tdata (Y -
E |iog = [ 1o (220 a0y = - Dr il ). (A2)

Tdata (y)

1 1
E |:/d 5” ( HE*I 7Tpos( )d$:| = 5 /d m He(x)HQE*bl ﬂ-gos<x)7rdata(y)dxdy
R RY"XR™ obs

1
_! / le(@)II%—1 £ (@) (x)dady
2 JrixRr™

1
:i/Rd 1G() = Ga) 2 =1 Ty () (A.3)

For the last equality we used the fact that y — L£Y(x) is a probability density function so that
fR dy = 1. Using the same arguments, we have

E[ [ @S5 (6 - V)]
= [ ) S (Gl) — )£ @)y (o)l
:/Rd e(z) TG (@)m, (m)dx—Ade(x)TE;bls (/Rm yﬁy(m)dy) Tpr(2)da
=0. (A4)

The last equality is obtained by noting that the expectation of the data knowing the parameter x
is [pm yLY(x)dy = G(x). Combining (A.2) (A.3) and (A.4), we obtain

(A1) N 1
E [ Dia (Ml Fes)] = ~Dict (rasallFawa) + 5 [, 16(0) = Gl mye(o)in

which concludes the proof.
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Appendix B. Proof of Proposition 6.1

Consider a Metropolis-Hastings algorithm which targets the density 7Ttar defined by (32) using the
following proposal density

q ( Ty, {IT(Z)}z:I

Tﬂ{xl i=1 ) = T‘x Hﬂpr xTL(Z) (Bl)

where g(z!|z,) is the same proposal density as the one used at step 1 of Algorithm (5). The
acceptance probability of this Metropolis-Hastings algorithm is given by

mto (@l (21 V) q (2 (01 o, (2171
w @ {e P 1) g (2 4ol N e (a0 )
moe(ah) (S, £t +219)) gla, )
Tor(@,) (S £, +20)) glallz,)

o (of =171,

mrv{x(j)}fvzl) = min 17

=min<{ 1

)

which is precisely @y (2! |z,) defined in (31). Note that the first two steps of Algorithm 5 consists of

drawing a sample (z]., {J;ﬂ_(l)}fil) from the proposal (B.1). This way, Algorithm 5 can be interpreted

as a MCMC algorithm which targets ﬂféﬁv . It remains to show that the marginal distribution

N . . ) ,
miay () is the marginal posterior ¢ (x,). We can write

w%’;ﬁv(xr) = /K ¥ wé’;ﬁv(xr,x(f), . (N))dx(ll)...dx(ﬁv)
er
N .
X T () Z/K - LYz, + ng))wpr(xl |, )dxﬂ_)

%S / LYz, + J]Y))ﬂ'pr(aﬁ + xﬁ_))da: X Thos ()
Ker(P,.)
which concludes the proof.

Appendix C. Proof of Proposition 6.3

Recall that {(X,Sj)7 {Xﬁ_j’i)}ﬁil)}jﬁ admits 72" (32) as the invariant density, see Proposition 6.1.
It remains to prove that {X g )}j21 admits m,s(x) as the invariant density. For a given state

(Xﬁj),{XJ(_j’i)} = (xr,{xf)}fvzl), we have X\ = 2+ x| where z, € {xﬁf)}fil is selected with
respect to the probability

£ (x, + 21
Z’L LY (@, +‘rL)),

P(:;;L—xi) 1<k<N. (C.1)

Tﬂ{x(Z)}z 1) =
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Thus, we need to prove that the probability density function 7(z) where = x,.+x | is the posterior
density 7(z) = 7hos(x). We can write

m(z) = (2, 21)

= /K ) m(x,., {xﬁf)}f\il,xL) dmg_l)...dmﬂ_N)

- /Ker(P\)N " (‘/EJ-

where (x| |z,, {x(j)}f\il) is the probability density function of x| conditioned on (z 7,{xl)}l 1)
By construction we have
Sl £y +20)

e
(

where § ) denotes the Dirac mass function at point x J_) We can write

i)\ N N i) YN 1 N
Ly, {wg_)}z:1> Trgar (xr?{xg_)}i:1) dxﬁ_)dl“g_ )7

() it G0 (@)L (@ + o)

2 (o P : (C2)

N Yy (k)
. Zk 1 6 (k) (.’EJ_)E (l‘ + J;J_ ) y,N (1) d (N)
71'(:6) - v ) Ttar ra{x }z 1 xj_
Ker(P,.) Zz 1[: (l’ +£L'L )
(32)

N
% 8 i (z ) LY () er(k) o T ( )|:c dx(l)...dx(N)
]; Aer(P )N pat 1/ H P L

Y[ s et ol e (o Ple,) o
r—1 7 Ker(P;)

X Z ‘Cy(mr + JJ“J_)Trpr('rr)ﬂ-pr(mJ_|x7“) S8 7"-gos(xr + IJ_)a
k=1

which concludes the proof.
Appendix D. Proof of Proposition 6.4

To show the result of Proposition 6.4, we first interpret the first stage acceptance/rejection and
the conditional prior sampling Wpr($1|$1.) as a joint proposal acting in the full parameter space

Im(P,)®Ker(P,). The proposal ¢(-, |z,.) and the acceptance probability a(:vi|xr) defines an effective
proposal distribution

dlalle) = aalledatelle,) + [1 = [ atelloatale)ds ], (o),

where 6, (-) denotes the Dirac delta and the term in the bracket represents the probability of a
proposal candidate being rejected. Then, we can define a joint proposal distribution

Q(‘rrvxj_|xr7$J_) Q(xwxj_"r) 71' (.’IJJ_|.T) (Z‘H.TT,),

for the MH to sample the full posterior.
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Following the exactly same derivation in [8], one can show that accepting (LL'L.I‘E_) ~
Q(+,-|x,,x ) with the probability

Y

ﬂ-gos(zi + xl) Q(Irv IJ_|xia .Z‘l)]
7Tpos(xr + xJ_) Q(‘T;IW $1|xr7 xJ_)

ﬁ(l‘i,xi\xme) = min [1,

defines a Markov transition kernel with the full posterior 7} (z, +2 | ) as its invariant distribution.

Since the above acceptance probability is only used in the case where the first stage proposal
candidate xi is accepted, i.e., xi # x,, we do not need to consider the Dirac delta term. This way,
the above acceptance probability can be simplified as

y T T

T T
s T, +x )T (T |T X, |2, )o(z,.|T
8t 2! a2, = min [1’ bos ) + ) Ty (21 [2) (e [2) ey | n}

71-gos(xr + xJ_) 7Tpr($1|$i) Q($I|$r)a($”$r)

Substituting the identities

oz, |zf) _ Liy(@)mp(e,) a(zlle,)

(
T pr T
a(@llz,) LD m(al) g(z,|2h)

and

7Tgos(f‘ci +x1)ﬂ-pr(xj_|xr) Ey('ri +ZE1) Trpr(xi)

7TJPJOS(J;T + xj_) 7Tpr(.'171_|$i) B Ly('rr + IJ-) wpr(xr)

into the above equation, we obtain

L£V(a) + o) Ly (=)
£V, + ) L ()

)

5($1’$1|$r7%_) = min [1,
which is identical to the second stage acceptance probability in (35). Thus, the result follows.

Appendix E. Derivation of Fisher information matrices

Here we derive the Fisher information matrix for the Poisson likelihood case. Recall the Fisher
information matrix

I(x) = / (Vlog £Y(x))(V log LY (m))T L£Y(z) dy. (E.1)
R’VVL
Defining the predata n = G(x), we can express the gradient of the likelihood function as
V., log £Y(z) = VG(z) "V, log LY (n).

where

mo Y
i exp(—mn;
LY(n) = H 771710(77%)’ subject to n = G(z).
=1
This way, the Fisher information matrix can be rewritten as

7(e) = V6@ ([ (Trou £ m)(VIow.£7() " £1(0) ) Vi), (£2)
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subject to n = G(z). The term in the brackets of the above equation is the Fisher information
matrix of the Poisson distribution, which is a diagonal matrix

T 1
(/Rm (Vg £Y(n)) (Vg LY (n)) LY (n) dy> =
Thus, the Fisher information matrix w.r.t. x is
I(z) = VG(z) ' M(2)VG(z), (£:3)

where M (z) is a diagonal matrix with M;,(z) = G;(z)”" along its diagonal.
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