Univariate case

coefficients in a field K (algebraically closed).

 P = a 0 x m + • • • + am Q = b 0 x n + • • • + bn Sylvester resultant = ˛a0 b 0 a 1 a 0 b 1 b 0 a 1 . . .
Demystifying Resultant -II p, q, s three points in the plane, t a fourth point.

Is t lying on the circle C pqs ? p q s t ?

Demystifying Resultant -II

t on C pqs p q s t ? C pqs center (x c , y c ) radius r (x -x c ) 2 + (y -y c ) 2 = r 2 iff        2x p x c + 2y p y c + (r 2 -x 2 c -y 2 c ) -(x 2 p + y 2 p ) = 2x q x c + 2y q y c + (r 2 -x 2 c -y 2 c ) -(x 2 q + y 2 q ) = 2x s x c + 2y s y c + (r 2 -x 2 c -y 2 c ) -(x 2 s + y 2 s ) = 2x t x c + 2y t y c + (r 2 -x 2 c -y 2 c ) -(x 2 t + y 2 t ) = Demystifying Resultant -II t on C pqs p q s t ? iff        2x p X + 2y p Y + R -(x 2 p + y 2 p )Z = 2x q X + 2y q Y + R -(x 2 q + y 2 q )Z = 2x s X + 2y s Y + R -(x 2 s + y 2 s )Z = 2x t X + 2y t Y + R -(x 2 t + y 2 t )Z = has a non-trivial solution (X , Y , R, Z ) and X /Z = x c Y /Z = y c R/Z = r 2 -x 2 c -y 2 c . p q s t ? iff        2x p x c + 2y p y c + (r 2 -x 2 c -y 2 c ) -(x 2 p + y 2 p ) = 0 2x q x c + 2y q y c + (r 2 -x 2 c -y 2 c ) -(x 2 q + y 2 q ) = 0 2x s x c + 2y s y c + (r 2 -x 2 c -y 2 c ) -(x 2 s + y 2 s ) = 0 2x t x c + 2y t y c + (r 2 -x 2 c -y 2 c ) -(x 2 t + y 2 t ) = 0 iff x p y p 1 x 2 p + y 2 p x q y q 1 x 2 q + y 2 q x s y s 1 x 2 s + y 2 s x t y t 1 x 2 t + y 2 t = 0 Demystifying Resultant -II p q s t ? iff        2x p x c + 2y p y c + (r 2 -x 2 c -y 2 c ) -(x 2 p + y 2 p ) = 0 2x q x c + 2y q y c + (r 2 -x 2 c -y 2 c ) -(x 2 q + y 2 q ) = 0 2x s x c + 2y s y c + (r 2 -x 2 c -y 2 c ) -(x 2 s + y 2 s ) = 0 2x t x c + 2y t y c + (r 2 -x 2 c -y 2 c ) -(x 2 t + y 2 t ) = 0 iff x p y p 1 x 2 p + y 2 p x q y q 1 x 2 q + y 2 q x s y s 1 x 2 s + y 2 s x t y t 1 x 2 t + y 2 t = 0
= resultant of the system Allows to eliminate x c , y c , r 2

Resultant has minimal degree =⇒ optimal predicate?

No:

methods often return a multiple of the resultant -→ resultant hard to compute the resultant may be factored -→ predicate can have a lower degree a factor may be P 2 + Q 2 -→ the degree does not mean so much filtering techniques used for efficiency -→ maybe not such an interesting measure ?

Degree of a predicate -→ not trivial Degree of an algorithm -→ depends on the algebraic expressions of predicates Degree of a geometric problem -→ ?

Digression → thread Another tool: Sturm sequences

P = P 0 , P 1 , . . . , P d ∈ R[X ] α, β ∈ R ∪{-∞, +∞}
Var (P; α) = number of sign variations in the sequence P 0 (α), P 1 (α), . . . , P d (α)

Var (P; α, β) = Var (P; α) -Var (P; β)

P, Q ∈ K[X ]
signed remainder sequence of P and Q = sequence S(P, Q) : P 0 , P 1 , . . . , P k P 0 = P P 1 = Q P 2 = -Rem(P 0 , P 1 ) . . . 

P k = -Rem(P k -2 , P k -1 ) P k +1 = -Rem(P k -1 , P k ) =

Practical efficiency

Comparison of algebraic numbers of degree 2: 

J + - P1 > 0 Case 1,2,3 P1 < 0 Case 3,4,5 K + - P3 > 0 Case 3,4 D + - P2 > 0; P3 < 0 Case 4,5 Case 3b4 + - P4 > 0 l1 > l2 Case 3a + - Case 4 P4 Case 3a,4 l1 > l2 l1 < l2 l1 > l2 K + - P2, P3 > 0 l1 < l2 Case 1,2 D + - P3 < 0 Case 2,3 l1 < l2 Case 2,3a + - P4 > 0 l1 > l2 Case 3b + - Case 3b Case 2 P4 Case 2,3b l1 > l2 l1 < l2 l1 < l2
B 1 A 1 y x C 1 q 2 1 √ I 1 A 1 J A 1 A 2 l 1 r 1 l 2 r 2 K = 0 ⇐⇒ l 1 , r 1 , l 2 , r 2 harmonic division B 1 A 1 y x C 1 q 2 1 √ I 1 A 1 J A 1 A 2 l 1 r 1 l 2 r 2 K = 0 ⇐⇒ l 1 , r 1 , l 2 , r 2 harmonic division
Geometric interpretation in more complicated cases...?

B 1 A 1 y x C 1 q 2 1 √ I 1 A 1 J A 1 A 2 l 1 r 1 l 2 r 2
Levin's pencil method find a "good" quadric in the pencil Q R(λ)=λS-T λ root of degree 3 pol. Diagonalize R(λ). Eigenvalues = roots of degree 2 pol. ∈ Q(λ). Normalize eigenvectors.

Plug the parameterization of

Q R (λ) in Q T .
Degree 2 in one of the parameters. Solve "good" = simple ruled

x x x x x x x x x . . . . . . • principal subdeterminant =0 find a "good" quadric in the pencil Q R(λ)=λS-T λ root of degree 3 pol. Diagonalize R(λ). Eigenvalues = roots of degree 2 pol. ∈ Q(λ). Normalize eigenvectors. Plug the parameterization of Q R (λ) in Q T . Degree 2 in one of the parameters. Solve Improvement work in P 3 Relax the constraint on Q R(λ) Rational, ruled.
Apply Gauss reduction of the quadratic form: P T RP diagonal. Rational transformation.

Plug the parameterization in Q T . Degree 2 in one of the parameters. Solve Levin's pencil method √ New parameterization -rational when it exists, involves pol. otherwise. -quasi-optimal in √ .

Implemented c Dupont et al

Events:

-new quadric -features in the map intersect worst-case ?

x solution of

∃ y , z 1 , z 2 s.t. Q i (x, y , z 1 ) = 0 Q j (x, y , z 1 ) = 0 and Q k (x, y , z 2 ) = 0 Q l (x, y , z 2 ) = 0
x in an extension field of degree 16

Events:

-new quadric -features in the map intersect worst-case ?

x solution of

∃ y , z 1 , z 2 s.t. Q i (x, y , z 1 ) = 0 Q j (x, y , z 1 ) = 0 and Q k (x, y , z 2 ) = 0 Q l (x, y , z 2 ) = 0
x in an extension field of degree 16 Comparison of events: difference of events in an extension field of degree 256. . . Optimal degree...?

Weighted points σ i = (p i , r i ), p i ∈ R 2 , r i ∈ R δ i (x) = x -p i -r i Weighted points σ i = (p i , r i ), p i ∈ R 2 , r i ∈ R δ i (x) = x -p i -r i C i ⊂ R 3 : x 3 = x -p i -r i ⇐⇒ (x 3 + r i ) 2 = (x -p i ) 2 x 3 + r i > 0 half-cone Weighted points σ i = (p i , r i ), p i ∈ R 2 , r i ∈ R δ i (x) = x -p i -r i C i ⊂ R 3 : x 3 = x -p i -r i ⇐⇒ (x 3 + r i ) 2 = (x -p i ) 2 x 3 + r i > 0 half-cone
Apollonius diagram = lower envelope of the half-cones. Bisector of σ i and σ j = projection of a plane conic section C i ∩ C j .

Weighted points

σ i = (p i , r i ), p i ∈ R 2 , r i ∈ R δ i (x) = x -p i -r i C i ⊂ R 3 : x 3 = x -p i -r i ⇐⇒ (x 3 + r i ) 2 = (x -p i ) 2 x 3 + r i > 0 half-cone
Apollonius diagram = lower envelope of the half-cones. Bisector of σ i and σ j = projection of a plane conic section C i ∩ C j .

Σ i sphere ⊂ R 3 , center (p i , r i ) radius √ 2r i

Weighted points σ i = (p i , r i ),

p i ∈ R 2 , r i ∈ R δ i (x) = x -p i -r i C i ⊂ R 3 : x 3 = x -p i -r i ⇐⇒ (x 3 + r i ) 2 = (x -p i ) 2 x 3 + r i > 0 half-cone
Apollonius diagram = lower envelope of the half-cones. Bisector of σ i and σ j = projection of a plane conic section C i ∩ C j .

Σ i sphere ⊂ R 3 , center (p i , r i ) radius √ 2r i X i projection of x onto C i x ∈ A(σ i ) iff xp i -r i < xp j -r j (∀j) iff pow(X i , Σ i ) < pow(X i , Σ j )

  ax + byc = 0 dx + eyf = 0 seen as: x unknown, y parameter ax + byc = 0 dx + eyf = 0 seen as: x unknown, y parameter Sylvester Resultant = a d byc eyf ax + byc = 0 dx + eyf = 0 seen as: x unknown, y parameter Sylvester Resultant = a d byc eyf = a(eyf ) -d(byc) Boils down to eliminate x

0 where

 0 Rem(A, B) = remainder of the Euclidean division of A by B Sturm sequence of P = sequence S(P, P ) of signed reminders of P and P Var (S(P, P ); α, β) is the number of roots of P in the interval [α, β] P = aX 2 + bX + c P = 2aX + b P = P .( X 2 + b 4a ) -( b 2 4a -c) Sequence S(P, P Q) of signed reminders of P and P Q counts the number of roots of P at which Q is positive Sturm sequences allow to compare roots of P and Q Exact geometric computation = Exact arithmetics

Apollonius diagram = lower envelope of the half-cones. Bisector of σ i and σ j = projection of a plane conic section C i ∩ C j .