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Abstract

Ontology-mediated query answering (OMQA) is
a promising approach to data access and integra-
tion that has been actively studied in the knowl-
edge representation and database communities for
more than a decade. The vast majority of work
on OMQA focuses on conjunctive queries, whereas
more expressive queries that feature counting or
other forms of aggregation remain largely unex-
plored. In this paper, we introduce a general form
of counting query, relate it to previous proposals,
and study the complexity of answering such queries
in the presence of DL-Lite ontologies. As it fol-
lows from existing work that query answering is in-
tractable and often of high complexity, we consider
some practically relevant restrictions, for which we
establish improved complexity bounds.

1 Introduction

Ontology-mediated query answering (OMQA) utilizes on-
tologies to provide a convenient vocabulary for query for-
mulation and to capture domain knowledge that is exploited
during the querying process to obtain more complete sets
of answers [Poggi er al., 2008; Bienvenu and Ortiz, 2015;
Xiao et al., 2018]. Much of the work on OMQA considers
ontologies formulated using description logics (DLs), a fam-
ily of knowledge representation languages that provide the
logical foundations of the OWL web ontology language. Par-
ticular attention has been to the DL-Lite family of DLs [Cal-
vanese et al., 20071, which were developed with OMQA in
mind and enjoy favorable computational properties.

The vast majority of work on OMQA supposes that user
queries are given as conjunctive queries (CQs). However,
there are many other kinds of database queries, beyond plain
CQs, that are relevant in practice. This motivates research
into the feasibility of adopting other database query lan-
guages for OMQA. While enriching CQs with either negated
atoms or inequalities has been shown to lead to undecidabil-
ity even in very restricted settings [Gutiérrez-Basulto ef al.,
2015], the situation is more positive for navigational queries
(like regular path queries), which can be adopted without los-
ing decidability, sometimes even retaining tractable data com-
plexity [Bienvenu et al., 2015b].

Aggregate queries, which use numeric operators (e.g.
count, sum, max) to summarize selected parts of a dataset,
constitute another prominent class of database queries. Al-
though such queries are widely used for data analysis, they
have been little explored in context of OMQA. This may
be partly due to the fact that it is not at all obvious how to
define the semantics of such queries in the OMQA setting.
A first exploration of aggregate queries in OMQA was con-
ducted by Calvanese et al. (2008). They argued that the most
straightforward adaptation of classical certain answer seman-
tics to aggregate queries was unsatisfactory, as often values
would differ from model to model, leading to no certain an-
swers. For this reason, an epistemic semantics was proposed,
in which variables involved in the aggregation are required to
match to data constants. However, as discussed in [Kostylev
and Reutter, 2015], this semantics can also give unintuitive
results by ignoring ways of mapping aggregate variables to
anonymous elements inferred due the ontology axioms. For
instance, if no children of alex are listed in the data, then a
query that asks to return the number of children will yield
0 under epistemic semantics, even if it can be inferred (e.g.
due to a family tax benefit) that there must be at least 3 chil-
dren. This led Kostylev and Reutter to define an alternative
semantics for two kinds of counting queries (inspired by the
COUNT and COUNT DISTINCT in SQL) which adopts a
form of certain answer semantics but considers lower and up-
per bounds on the count value across different models. For
the two considered logics (DL-Litec, and DL-Lite), only
the lower bounds on the count value are non-trivial, and a
complexity analysis shows that they are challenging to iden-
tify: coNP-data complexity for both logics, and II5-hard
(resp. coNEXP-hard) in combined complexity for DL-Litece
(resp. DL-Lite ). Several question were left unanswered by
their work, including the exact combined complexity, the dif-
ficulty of recognizing the optimal lower bound, and the im-
pact of allowing multiple aggregation variables.

This paper returns to the issue of handling counting queries
in OMQA and makes several important contributions:

1. We propose a new notion of counting CQ that general-
izes the two forms of queries from [Kostylev and Reutter,
2015] and allows arbitrarily many counting variables.

2. We show that existing complexity results for DL-Litecoe
and DL-Liter KBs continue to hold for our more general
notion of counting CQ, and provide an improved coNEXP



upper bound for the relevant case of finite-depth TBoxes.

3. We consider the impact of restricting the query structure,
focusing on the class of rooted queries, in which every
query variable must be connected to an answer variable
or individual in the query graph. A recent result, obtained
as part of a study of bag semantics for OMQA, identified
a case in which rootedness leads to tractable data com-
plexity for counting queries [Nikolaou et al., 2019]. This
motivates us to perform a more thorough investigation of
rooted counting queries, which yields several improve-
ments upon existing complexity bounds.

4. We prove that the problem of identifying the best certain
interval is DP-complete in data complexity.

Our results close some questions that were left open by the
work of Kostylev and Reutter and pave the way for further
study of counting and aggregate queries in the OMQA setting.

An appendix with full proofs can be found in the long ver-
sion of this paper, available on arXiv.

2 Preliminaries

We recall the basics of description logics (DLs), focusing on
DL-Lite, see [Baader et al., 2017] for more details.

Syntax and Semantics. A description logic vocabulary
consists of a set N¢ of atomic concepts (unary predicates), a
set Nr of atomic roles (binary predicates), and a set N, of indi-
vidual names (constants). By role, we mean either an atomic
role P € Ng or an inverse role P~ (where P € NR). We let
NZ denote the set Ng U {P~ | P € N} of roles and use the
notation R~ tomean P~ if R=P € Nrand Pif R= P~.

A DL knowledge base (KB) is a pair K = (T,.A), con-
sisting of an ABox A that contains facts about particular in-
dividuals and a TBox 7 that expresses general knowledge
about the domain. Formally, an ABox is a finite set of con-
cept assertions A(b), with A € Nc and b € N,, and role
assertions P(a,b), with P € Ng and a,b € N;. We use
Ind(A) to denote the set of individuals in A. A TBox is a
finite set of axioms, whose syntax depends on the particular
DL. In DL-Litecoe, axioms take the form of concept inclu-
sions By C (—)Bs, where each B; is either A (for A € N¢)
or 3R (with R € NZ). DL-Liter TBoxes additionally allow

role inclusions Ry C (—)Ro, where Ry, Ry € N%.

Example 1. Our example KB talks about leading (LeadIn)
and supporting actors (Suppln) in movies:

Aact = {ActsIn(doona, cloud), SuppIn(berry, cloud),
SupplIn(hanks, cloud), SuppIn(hanks, catch)}
Tact = {LeadIn C ActsIn, SuppIn C Actsln,

ISuppIn~ C FLeadIn™ }

An interpretation takes the form Z = (AZ,.7), where AZ
is a non-empty set (the domain of T), and .7 is a function that
maps each A € Nc¢ to a subset AT C AT each P € Ngr to
a binary relation PZ C AT x AZ, and each a € N, to an
element a” of AT. We make the unique names assumption
(UNA) by requiring that aZ # bZ for every a,b € N; with
a # b. The function - naturally extends to complex concepts
and roles: (3R)Y = {d | 3d’' : (d,d") € R}, (P7)t =

{(d1,d2) | (d2,dr) € P}, (-B) = AT\ BE, (-R)* =
(AT x AT) \ RE. A (concept or role) inclusion F' T G is
satisfied in Z if FZ C G7Z; assertion A(b) is satisfied in Z if
bt € AZ; P(a,b) is satisfied in Z if (aZ,b%) € PT. WecallZ
amodel of IC, written Z = K, if it satisfies all inclusions and
assertions in K. A KB is satisfiable if has at least one model.

Queries. We recall that a conjunctive query (CQ) takes the
form Jy ¢ (x, y), where x and y are tuples of variables drawn
from an infinite set of variables V, and 1) is a conjunction of
atoms, which can be either concept atoms A(t1) or role atoms
P(tq1,t2), where A € N¢, P € Ng, and ferms t; are drawn
from Ny U « U y. Consider an interpretation Z and CQ ¢ =
Jy Y(x,y) with || = n. A tuple o € (AI)n is an answer
to q in Z, written Z |= q(a), if there is a homomorphism of q
into 7, i.e., a function o that maps the terms of ¢ to elements
of AT such that (i) o(a) = a® for a € Ny, (ii) o(t) € AZ for
every atom A(t) of ¢, and (iii) (o(t1), o (t2)) € PZ for every
atom P(t1,t2) of ¢. A tuple a € Ind(A)™ is a certain answer
to g w.rt. the KB K iff T |= q(a) for every model Z of K.

Canonical Model. We recall the definition of the canonical
model Cx of a DL-Litex KB K = (T,.4). The domain of
Cx consists of Ind(.A) and all words of the form aR; ... R,
with a € Ind(A), R; € N, and n > 1, such that:

e K E 3R, (a) and there is no Ry (a,b) € A;

e forl<i<n,T ’: HRz_ C HRi—&-l and Rz_ 75 Ri—i—l'

We interpret individuals as themselves (af< = q) and atomic
concepts and roles as follows:

A ={a €Ind(A) | K = A(a)}

U {aR;...R, € A°*\Ind(A) | T = 3R,, C A}
P* ={(a,b) | P(a,b) € A}U

{(e1,e2) | ea=€e;Rand T = RC P} U

{(e2,e1) | e2=eRand T = RC P}

The term ‘canonical model’ is motivated by the following
well-known property of Cx: (see e.g. [Calvanese et al., 2007]):

Lemma 1. Let K be a satisfiable DL-Liter KB. Then Cx |=
K and if T = K, there is a homomorphism of Cx into T.

A useful corollary is that the certain answers to a CQ q w.r.t.
K are the tuples from Ind(.A) that are answers to q in Cx.
Note that Cxc may be infinite. The depth of a TBox T is
defined as the maximal length of any word that appears in the
domain of Cx for any KB K whose TBox is 7. If this number
is finite, we say that 7 is a finite-depth TBox; such TBoxes
can be identified in polynomial time [Bienvenu et al., 2015al.

3 Counting Queries

We now introduce our formalization of counting queries. In
addition to the set V of (classical) variables, we assume a
second infinite set of counting variables V., disjoint from V.

Definition 1. A counting conjunctive query (CCQ) q takes the
form q(x) = Fy3Iz Y(x,y, z), wherex Uy C 'V, z C 'V,
and 1) is a conjunction of concept and role atoms whose terms
are drawn from Ny U x Uy U z. We call x (resp. y, resp. z)
the answer (resp. existential, resp. counting) variables of q.



We first define the semantics of counting queries on a sin-
gle interpretation Z, by considering those pairs (a,n) such
that n is the number of possible ways to map z into Z when
x is mapped to a. Such pairs are called the answers to g in Z.

Definition 2. A match of a CCQ q(x) = JyIz ¢ (x,y, z) in
T is a homomorphism' from q into I. If a match o maps x to
a, then the restriction of o to z is called a counting match (c-
match) of q(a) in Z. The set of answers to q in Z, denoted q~,
contains all pairs (a, qL), where q& is the number of distinct
c-matches of q(a) in T.

As has been previously noted (see e.g. [Kostylev and Reut-
ter, 2015]), the exact count values of the answers in qI
are usually too specific to hold across models. Considering
bounds on the exact value provides more insight, while still
allowing unnamed elements to be counted. This motivates the
following notion of answer interval.

Definition 3. The set [q]* of answer intervals for a CCQ ¢ in
T contains all pairs (@, [m, M)) with a € Ind'® and m, M
integers such that m < gt < M. The set [q]"* of certain
(counting) answers to g w.r.t. KB KC is obtained by consid-
ering those answer intervals that hold in all models of K:

[a]* = Nzx la]*-

Note that (a, [m, M]) € [q]* does not imply that for any
n € [m, M] there exists a model Z in which (a,n) € ¢*.

Definition 1 is a proper generalization of the two forms
of counting query considered by Kostylev and Reutter.
Reusing their notations, a Cntd()-query q(x,Cntd(z)) =
Jy (2, y, z) corresponds to the CCQ ¢(x) = ¢¥(x, vy, 2),
while a Count()-query q(x, Count()) = Jy ¢(x,y) cor-
responds to the CCQ ¢(x) = v(x,,y) (with g a tuple of
variables from V. in bijection with y). We will use the term
exhaustive to refer to the latter CCQs, i.e. those in which ev-
ery non-answer variable is a counting variable.

Example 2. Reconsider the KB Kot = (Tact; Aact). We can
use CCQs to count the pairs of actors (leading role, support-
ing role) having acted together (q1), return movies together
with a count of their supporting actors (q2), and count the
number of actors having acted with Tom Hanks (qs3):

q1 = JyIz1 325 Leadln(z1,y) A Suppln(za, y)
¢2(z) = 3z Suppln(z, x)
g3 = Jy3z ActsIn(hanks, y) A ActsIn(z, y)
According to our semantics, we have:

o (0,[2,4+c]) € [q1]*=, since z, can be mapped to either
berry or hanks, and zy mapped to the lead actor (which
must exist due to Tact). As the lead actors of the two films
could be the same, (), [3, +o0]) & [q1]"*.

e (cloud, [2, +00]) € [g2]**t, mapping z to berry and hanks.

e (0,5) € qg'Ca“, since in Ci.,,, we can map z to a named
actor or the two elements standing in for the lead actors.

o (0,[5,+0c]) ¢ [g3]", since the lead actors could possi-
bly be the same or one of the named actors.

The latter two points show that the canonical model does not
yield the minimal number of matches.

!The notion of homomorphism of a CCQ is defined in the same
way as for CQs, simply treating variables from V like those in V.

Data Combined
DL-Litecoe coNP-¢ I15-h, PP-h & in coNEXP
DL-Liter coNP-c coNEXP-h & in coN2EXP

coNEXP-c¢ (7 of finite depth)

Table 1: Data and combined complexity of CCQ answering

4 General Counting CQs

We shall consider the following CCQ answering decision
problem: given a KB K = (7T,.A), CCQ ¢, and candidate
answer (a, [m, M), decide whether (a, [m, M]) € [q]*.

As ontology languages, we will consider DL-Liter (which
underlies OWL 2 QL) and its sublogic DL-Litecre. We know
from [Kostylev and Reutter, 2015] that in these DLs, the least
upper bound M can take one of three values (0, 1, or +00) and
is easily computed. The argument? transfers to our more gen-
eral notion of CCQ. We can therefore restrict our attention to
identifying certain answers of the form (a, [m, +00)).

We will consider the two usual complexity measures: com-
bined complexity which is in terms of the size of the whole
input (7, A, q, a, m), and data complexity which is only in
terms of the size of A and m (7 and ¢ are treated as fixed).
We will assume that m is given in binary.

4.1 General Case

Table 1 displays complexity results for answering general
CCQs over DL-Litecye and DL-Litegr TBoxes (we use ‘-¢’
and ‘-h’ as abbreviations for ‘-complete’ and ‘-hard’).

With the exception of the PP-hardness result (discussed in
Section 6.1), the lower bounds are inherited from [Kostylev
and Reutter, 2015]. We will thus concentrate on the upper
bounds from Table 1, which are obtained by generalizing and
clarifying the constructions of Kostylev and Reutter. We give
an overview of the proof both to give the flavor of the tech-
niques involved and to enable us to discuss the necessary
adaptations used to prove later results.

The proof constructs a decision procedure for the comple-
mentary problem of deciding whether (a, [m, +00]) & [q]*.
The latter holds iff there exists a countermodel, i.e., a model
of K with fewer than m c-matches of ¢(a). The main ingre-
dient of the proof is the following theorem, which shows that
it is sufficient to consider countermodels of bounded size.

Theorem 1. For every DL-Litey (resp. DL-Litecoe) KB K =
(T, A) and CCQ q, if there is a model of K with fewer
than m c-matches of q(a), then there exists one of size®

O(AI T (resp. O(|.AJl4l)).

With Theorem 1 in hand, we can easily define non-
deterministic procedures that witness the complexity upper
bounds from Table 1: simply guess an interpretation of poly-
nomial / exponential / double-exponential size (depending on
the case) and verify whether it is a countermodel.

The proof of Theorem 1 starts with an arbitrary counter-
model Z and modifies it in order to make it smaller, being

Briefly, the upper bound is 0 if the tuple is not a certain answer;
otherwise, it is either 1 if z = (), else +oc0.
3As usual, |T| (resp. |A], |q|) denotes the size of T (resp. A, q).



careful not to introduce any new c-matches of ¢(a). We first
identify a relevant subset A* of the domain of Z, consisting
of the interpretations of all individual names from .4 and the
images of all c-matches of ¢(a). We then define a new in-
terpretation that intuitively preserves A* and replaces the rest
of Z with parts of the canonical model, to introduce a more
regular structure. Formally, we fix a homomorphism f of Cx
into Z (see Lemma 1) and consider the following mapping
f: A°c — A* U A% from [Kostylev and Reutter, 2015]:

d otherwise

We define the interleaving* T’ of T as the image of Cx by f,
i.e., with domain f’(A°x) and interpretation function f’o-x.

It is not difficult to prove that the interleaving Z’ is a model
of K. Moreover, by exhibiting a homomorphism p from Z' to
Z, we can translate matches of Z’ into matches in Z. As the
images of c-matches of ¢(a) are contained in A*, which is
left unchanged in Z’, the homomorphism p is in fact a one-to-
one mapping of c-matches of ¢(a) in Z’ to those in Z. This
shows that 7’ is also a countermodel.

The interleaving Z' may be arbitrarily large, even infinite.
To reduce its size, an equivalence relation is introduced, and
clements from AZ' \ A* that belong to the same equivalence
class are merged (elements from A* are retained). In the case
of DL-Liter, there can be double-exponentially many equiv-
alence classes, as elements are grouped based upon the prop-
erties of their |¢|-neighborhoods, while for DL-Litecore, We
can use a more refined relation with only exponentially many
classes. This means that the resulting models are either of
single- or double-exponential size w.r.t. combined complex-
ity, depending on the chosen DL.

A crucial final step is to show that the merging of elements
does not introduce any new c-matches of ¢(a), so the result-
ing model is still a countermodel. This part of the argument,
only sketched in [Kostylev and Reutter, 2015], requires a de-
tailed and technical analysis of the construction to ensure that
this property holds for our more general class of CCQs. We
show that this is indeed the case, which answers a question
left open by Kostylev and Reutter about counting CQs with
both existential variables and multiple counting variables.

4.2 Case of Finite-Depth TBoxes

We give an improved upper bound for finite-depth TBoxes
(which arguably cover many practical ontologies [Grau et al.,
2013]), pinpointing the exact combined complexity.

Theorem 2. For finite-depth DL-Liter TBoxes, CCQ an-
swering is CONEXP-complete w.r.t. combined complexity.

Proof sketch. Fix aKB K = (7, A). If T has finite depth,
then Cx contains at most |Ind(A)| x |7|I7! elements, which
implies that, for every model Z of I, the interleaving of 7
is finite and of single exponential size in |K|. Since the inter-
leaving of a countermodel is itself a countermodel, this shows
that the smallest countermodel is of single-exponential size,
from which derives the improved coNEXP upper bound. [

“We have slightly modified the definition of interleaving to cor-
rect a small bug in the definition from [Kostylev and Reutter, 2015].

We note that the proofs of the coNP and IT5 lower bounds
listed in Table 1 already use finite-depth TBoxes.

5 Rooted Counting CQs

We next explore whether structural restrictions on CCQs al-
low us to obtain lower complexity. As the lower bounds from
[Kostylev and Reutter, 2015] use disconnected counting vari-
ables, a natural idea is to consider the subclass of rooted
queries that were introduced in [Bienvenu et al., 2012] and
are believed to capture a large portion of real-world CQs.
Rooted CCQs can be defined analogously to rooted CQs.
The definition utilizes the notion of a Gaifman graph of a
CCQ, whose vertices are the query terms, and which has an
undirected edge {t1,t2} iff ¢1, t2 co-occur in a role atom.

Definition 4. A CCQ ¢(x) := Jy3Izy(x,y, z) is rooted if
every connected component of the Gaifman graph of q con-
tains at least one answer variable or individual name.

Example queries g2 and g3 are rooted, while ¢; is not.

Rootedness has been shown to lower the complexity of rea-
soning in several settings. Most relevant to us is a recent re-
sult by Nikolaou et al. (2019) that rooted CQ answering under
bag semantics’ has tractable data complexity in DL-Litecore,
and furthermore, the same holds for rooted versions of the
Count()-queries of Kostylev and Reutter under suitable re-
strictions on the TBox. These techniques can be adapted to
show tractability for arbitrary DL-Lite.. TBoxes:

Theorem 3. (Implicit in [Nikolaou et al., 2019; Cima et al.,
2019]) In DL-Litecoe, exhaustive rooted CCQ answering is

TC -complete® w.r.t. data complexity.

Proof sketch. Nikolaou et al. prove that answering rooted
CQs under bag semantics can be done via a rewriting to
BCALC, whose evaluation problem is known to be in TCY
due to [Libkin, 2001], see [Cima et al., 2019] for discussion.
Moreover, they further show that for a syntactically restricted
class of DL-Lite.,. TBoxes, it is possible to reduce exhaus-
tive rooted CCQ answering to rooted CQ answering under
bag semantics. To obtain TCO membership for unrestricted
TBoxes, the BCALC rewriting can be adapted to set-based
rather than bag interpretations. In the long version, we pro-
vide an alternative self-contained proof which directly con-
structs a family of TCY circuits. A matching lower bound
has not been stated, but can be shown by a simple reduction
(using an empty TBox) from the TC"-complete problem that
asks, given a binary string s and number k, whether the num-
ber of 1-bits in s exceeds k [Aehlig et al., 2007]. O

The preceding result naturally leads us to ask whether root-
edness also bring benefits for general CCQs. Unfortunately,
we show that restricting to rooted CCQs (without exhaustive-
ness) does not allow us to escape existing hardness results:

SBag semantics, which underly practical database systems, inter-
prets relations using multisets rather than sets [Albert, 1991].

®We recall that TC? is a circuit complexity class defined simi-
larly to ACC but additionally allowing threshhold gates. It is known
that AC® € TC® C NC' C LogSpace C PTime.



Theorem 4. In DL-Litecore, rooted CCQ answering is coNP-
complete w.r.t. data complexity.

Proof sketch. The proof borrows some ideas from the proofs
of Lemmas 12 and 16 from [Kostylev and Reutter, 2015]. It
proceeds by reduction from the well-known coNP-complete
3COL problem: given an undirected graph G = (V, &), re-
turn yes iff G has no 3-coloring, i.e., a mapping from V' to
{red, green, blue} such that adjacent vertices map to different
colors (equivalently: there is no monochromatic edge).

The reduction uses atomic roles Edge and Vertex to en-
code the graph and HasCol to assign colors. The TBox T¢o
has a single axiom: FVertex™ T dHasCol. The ABox Ag
contains an individual v for each vertex v € V and an as-
sertion Edge(u,v) for each edge {u,v} € &£. All vertices
are connected to a special root individual a: Vertex(a, u),
for each v € V. The three colors are represented by in-
dividuals r,g and b. To ensure that the query has matches
in every model, we include a ‘dummy’ vertex individual a,
and the following assertions: Vertex(a,a,), Edge(ay,ay),
HasCol(ay, r), HasCol(ay, g), and HasCol(ay, b).

The query g is the conjunction of the two subqueries:

q°%9° =Ty, 3z, Jz, Vertex(a, 1) A Vertex(a, 22)A
Edge(z1, z2) A HasCol(z1, y.) A HasCol (22, y.)
¢°°" =3y 3z Vertex(a,y) A HasCol(y, 2)

serving respectively to detect monochromatic edges and to
check whether any additional colors have been introduced.
By construction, there are at least 3 c-matches for ¢(0) in
any model of the KB Ko = (Tcol, Ag). Moreover, it can be
verified that (0, [4, +00]) is a certain answer to ¢ w.r.t. Kcol
iff G is not 3-colorable. O

Theorem 5. In DL-Liteg, rooted CCQ answering is
coNEXP-hard w.r.t. combined complexity.

Proof sketch. The proof adapts a reduction from the expo-
nential grid tiling problem (Lemma 18 from [Kostylev and
Reutter, 2015]), the key difference being the use of existential
query variables to access (and count) the colors and bits. [

6 Exhaustive Rooted Counting CQs

We have seen in Section 5 that the rootedness restriction is
not by itself sufficient to lower the complexity of CCQ an-
swering, whereas imposing both rootedness and exhaustive-
ness can sometimes yield better results. This motivates us to
take a closer look at the case of exhaustive rooted CCQs. The
emerging complexity landscape is summarized in Table 2.

Note that exhaustive CCQs constitute a very natural form
of counting query, which ask for the number of different
query matches for a given answer tuple. The query ¢y from
Example 2 is an exhaustive rooted CCQ.

6.1 Exhaustive Rooted CCQs in DL-Lite_

We first consider DL-Lite.,e KBs and pinpoint the precise

combined complexity, which had not yet been considered.
An essential ingredient is the following result that shows

that it is possible to focus on query matches in the canonical

Data Combined
DL-Litecore ~ TC%-c PP-c
DL-Liter coNP-¢  II5-h, PP-h & in coNEXP

Table 2: Complexity results for exhaustive rooted CCQs

model. It can be obtained by adapting a similar result about
canonical bag interpretations [Nikolaou er al., 2019].

Theorem 6. For every DL-Litec,.e KB K and exhaustive
rooted CCQ q, it holds that [q]* = [q]°~.

Proof sketch. Exploiting the structure of DL-Lite canoni-
cal models, one can show that if o, o9 are distinct matches
of an exhaustive rooted CCQ ¢ in Cy, then there exists a vari-
able v such that o1 (v) # 02(v) and o1 (v),02(v) € Ind(A).
It follows that if we take an arbitrary model Z of K, and let
f be a homomorphism of Cx into Z, then f injectively maps
query matches in Cx to query matches in Z.

We will also use the next lemma, implicit in [Bienvenu et
al., 2013], constraining the possible images of matches in Cx:

Lemma 2. For every DL-Litecoe TBox T and CCQ q, we can
construct in polynomial time a set of words Iy T such that for
every KB K = (T, A), match o of q in Cx, and variable v
of g: 0(v) = aw for some a € Ind(A) and w € T 7.

We are now ready to show that the problem is PP-complete
in combined complexity, and hence in PSpace.

Theorem 7. In DL-Litecoe, exhaustive rooted CCQ answer-
ing is PP-complete w.r.t. combined complexity.

Proof sketch. The class PP contains all decision problems for
which there exists a non-deterministic Turing machine (TM)
such that, when the input is a ‘yes’ instance, then at least half
of the computation paths accept, while on ‘no’ instances, less
than half of the computation paths accept.

The lower bound is obtained by a reduction from the fol-
lowing PP-complete problem [Bailey er al., 2007]: given
a propositional formula ¢ in CNF and number n, decide
whether 1 has at least n satisfying assignments.

We sketch the TM used to show PP membership, which
takes as input a DL-Lite.o,e KB K = (T, .A), an exhaustive
rooted CCQ ¢(x), and candidate answer (a, [m, +00]):

Phase 1.

Phase 2. The TM guesses a mapping o of the variables in g
to elements from {aw | a € Ind(A),w € 'y 7}. It then com-
pares mm with the number C' = |T', 7|!9 of possible mappings
and proceeds accordingly:

o ifm > % + 1, the TM guesses an integer ¢ with 0 < ¢ <

2m — 3 and accepts iff o is a c-match of ¢(a) and i < C;

o if m < % + 1, the TM guesses an integer ¢ with 0 <
i < 2C — 2m + 1 and accepts iff o is c-match for ¢(a) or
1< C—2m+2.

The guessed integer and comparisons ensure a suitable num-
ber of accepting paths. It can be verified that at least half of
the paths are accepting iff (a, [m, +o0]) € [¢]°*. O

The TM constructs the set I'; 7 from Lemma 2.



6.2 Exhaustive Rooted CCQs in DL-Litep

We now turn to DL-Liter KBs. Our first result is negative:
exhaustive rooted CCQs do not enjoy lower data complex-
ity. This is shown by another reduction from 3COL which
involves ideas from our proof of Theorem 4 and the proof of
Lemma 16 from [Kostylev and Reutter, 2015].

Theorem 8. In DL-Liter, exhaustive rooted CCQ answering
is coNP-complete w.r.t. data complexity.

More positively, we can show an improved coNEXP upper
bound in combined complexity for exhaustive rooted CCQs.
We briefly sketch the proof, which involves highly non-trivial
modifications to the argument used for general CCQs.

We first introduce a more refined notion of interleaving,
which replaces the mapping f’ by the following mapping f*:

frla) = [fla)

" f(wR
rem = { £

It is possible to prove that when ¢ is an exhaustive rooted
CCQ, this modified interleaving yields a countermodel.
Moreover, it has a very particular structure, essentially cor-
responding to the canonical model of the restriction of f(Cx)
to A* (viewed as an ABox). Importantly, this means that in-
stead of guessing a whole countermodel, it suffices to guess
an initial, exponential-size portion (the |¢|-neighborhood of
A*), providing the basis for a coNEXP decision procedure.

if f*(w), f(wR) € A*
otherwise

Theorem 9. In DL-Liter, exhaustive rooted CCQ answering
is in coNEXP w.r.t. combined complexity.

7 Best Certain Answers

The definition of certain answers implies that if
(a,[m, M]) € [q]*, then we also have (a,[m’, M']) € [q]*
for every m’ < m and M’ > M. 1t is naturally of interest
to focus on certain answers providing the best bounds, i.e.,
those of the form (a, [minzpx ¢Z, maxzx ¢Z]).

In this section, we show that the problem of identifying
the best lower bound (minzx q%) is DP-complete in data
complexity. It is easily seen that checking whether m is such
an optimal bound can be done in DP, by making a call to a
coNP oracle (is (a, [m, +oc]) € [¢]*?) and an NP oracle (is
(a,[m+1,+00]) ¢ [q]*?). The DP-hardness of this problem
was left as an open question by Kostylev and Reutter.

Theorem 10. The following problem is DP-hard in data com-
plexity: given a DL-Litecore KB K = (T, A), rooted CCQ q,
tuple a, and number m, decide whether m = mingpx qg.

Proof sketch. We give a reduction from the following prob-
lem (DP-complete due to [Garey et al., 1976]): given planar
graphs G and Gs, decide if G; € 3COL and G5 ¢ 3COL.

Let the TBox 7., and ABoxes Ag, , Ag, be defined as in
the proof of Theorem 4. Rename the individuals to ensure
Ind(Ag,) N'Ind(Ag,) = 0, then set K = (Tcol, Ag, U Ag,).
Let g7 and ¢£%9° (resp. ¢5°l°" and ¢579%) be defined as
before, but using disjoint variables and the root individual
from the Ag, (resp. Ag,). The challenge is to make sure that
we can determine the 3-colorability status of the two graphs
solely by looking at the number of c-matches of the query. To

be able to distinguish G; from Go, we introduce an asymme-
try by duplicating the color counter query for Gy, i.e., create
a copy ¢5°'°" of g§°!°” that uses fresh variables but the same

root individual. We then take the query
q() — qé:olor A qfolor A qidge A qgolor A q;dge.

We claim (ag, [36, +00]) € [¢]* iff G, € 3COL and G, ¢
3COL. This is proven by a case analysis, summarized here:

g1 € 3COL G1 ¢ 3COL
G2€3COL 27(=3x3x3) 48(=4x4x3)
G2¢3COL 36(=3x3x4) 64(=4x4x4)

Each of the four cells displays the least value of m such that
(ag, [m, +00]) € [¢]*, under different assumptions on the 3-
colorability of G; and Go. To establish these values, one must
first prove that every model has at least this many c-matches,
and then exhibit a model that realizes the exact number. For
the latter, we utilize our assumption that the graphs are planar,
hence 4-colorable [Gonthier, 2008], which we use to show
that the minimal number of c-matches is realized in a model
that encodes proper 3- or 4-colorings of the graphs. O

The preceding reduction can be adapted to show DP-
hardness also for the two kinds of CCQs from [Kostylev and
Reutter, 2015], but without the rootedness restriction.

8 Conclusion & Future Work

We have revisited the issue of counting queries in OMQA
and advanced our understanding of the complexity landscape,
both by extending existing results to a more general notion of
counting CQ and by exploring when structural restrictions on
the ontology and query can lead to improved complexity.

There are several natural avenues for future study. A first
challenging problem is to provide a full classification of the
data complexity of ontology-mediated queries (i.e. query-
ontology pairs), in order to identify further tractable cases. It
would also be relevant to extend the complexity study to DLs
with functional roles or quantified number restrictions, which
would allow for non-trivial upper bounds on the number of
matches. Tackling general CCQs for such DLs will likely
require wholly different techniques from the model manipu-
lations used in Section 4. However, a recent result by Cima
et al. (2019) shows that the canonical model property (The-
orem 6) holds also for DL-Lite » (which extends DL-Litecqe
with functional roles), and hence both TC® data complexity
(Theorem 3) and our PP-completeness result (Theorem 7) for
exhaustive rooted CCQs transfer to DL-Lite r.

Much remains to be explored for queries involving other
kinds of aggregate functions (min, max, sum, average), which
manipulate data values. Recent studies of bag semantics
for OMQA [Nikolaou et al., 2019; Cima et al., 2019] and
databases with incomplete information [Hernich and Kolaitis,
2017; Console et al., 2017] provide important formal founda-
tions for supporting such queries.
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A Proofs for Section 4 (General Counting CQs)
Theorem 1. For every DL-Liter (resp. DL-Litecore) KB K = (T ,.A) and CCQ q, if there is a model of K with fewer than m
c-matches of q(a), then there exists one of size’ O(|A\|TUQH1) (resp. O(JA[11)).

We recall the construction of the interleaving and some of its basic properties. We start with an arbitrary countermodel Z,
and consider the subdomain A* consisting of individual names from .4 and the images of all c-matches of ¢(a):

A* = {a® | a € Ind(A)} U U o(z).
o match for g(a) in Z
We fix a homomorphism f of Cx into Z (see Lemma 1) and consider the following mapping from [Kostylev and Reutter, 2015]:
fliAC 5 A*UACK
f(d) if f(d) € A"
d = { d otherwise
The interleaving® T' of T is defined as the image of Cc by f’. More precisely, Z' has domain f'(A°<) = {f'(d) | d € A<}
and interpretation function f" o -°< ie., AT = {f'(d) | d € A°<} and RT = {(f'(dy), f'(d2)) | (d1,ds) € R°<}.
It will be useful to exhibit a homomorphism from the interleaving into the original model, which will embed matches.

Lemma 3. The following mapping is a homomorphism from T’ to T.

p: AT - AT
fld) = f(d).

Proof. We first check that the definition is well-founded, that is: p(f’(d)) does not depend on the choice of d. To this end,
consider dy, dy such that f’(d1) = f’(dz). Since f’ maps to A* U A%, we have two cases to examine:

o if f/(d1) = f'(d2) € A*, that means f'(d;) = f(dy) and f'(d2) = f(d2), thus ensuring f(d1) = f(da).

e if f'(dy) = f'(dy) € ACx, that means f'(d;) = dy and f'(dy) = dy, thus ensuring again f(d;) = f(da).
In both cases, we obtain f(d;) = f(d2), so the function is well-founded.

To show that p is a homomorphism of Z’ into Z, we use the definition of f’ and fact that f is a homomorphism of Cx to Z.
Suppose first that f/(d) € AZ. Then d € AC%, and since f is a homomorphism, p(f’(d)) = f(d) € AZ. Suppose next that
(f'(d1), f'(d2)) € RT. Then there exist (d},d}) € R°< such that f'(dy) = f'(d}) and f'(d2) = f'(db). Using again the fact
that f is a homomorphism, we obtain (f(d}), f(d})) € R . By the preceding paragraph, this means (f(d), f(ds)) € RZ. O

Lemma 4. The interleaving T’ is a model of K.

Proof. We check that all axioms and assertions from the KB are satisfied.

e All ABox assertions from A are satisfied in Cxc. Since f’ = f when restricted to the ABox individuals, and f is a
homomorphism of Cx in Z, it follows that these ABox assertions must also be satisfied in Z.

e Since Z' maps homomorphically into Z (by Lemma 3), any violation of an axiom from the TBox in Z’ implies a similar
violation in Z. Since Z is a model of /C, this cannot occur. O

Theorem 11. The interleaving T’ is a countermodel, and every c-match o in I’ satisfies that o(z) C A*.

Proof. Assume we have a c-match in the interleaving o : z — AT’, which has an associated match & for q(a). Since p is a
homomorphism, po@ is a match for ¢(a) in the original model Z, and its restriction to z, that is, po o, is a c-match in Z. Hence,
it follows from the definition of A* that (po 0)(z) C A*. As p~}(A*) = A*, this implies o(z) C A*.

Moreover, since pja- = id, we in fact have p o 0 = 0. We have thus shown that every c-match for ¢(a) in Z’ is also a
c-match for ¢(a) in Z, which means the number of c-matches in Z’ cannot exceed the number of c-matches. As Z was assumed
to be a countermodel (i.e. having less than m c-matches), it follows that the same holds for Z'. O

In general, the interleaving has an unbounded size. To reduce the size, we will merge some domain elements, while paying
attention not to introduce any new matches. To decide which elements can be merged, we will look at their local properties,
which will be formalized using the following notions of chains and neighbourhoods (as in [Kostylev and Reutter, 2015]).

Definition 5 (k-chains with respect to a subdomain). A k-chain in a model M with respect to a subdomain D C AM is a
sequence (dy, . . .dy) with d; in A™M, such that for all 0 < i < k, we have (i) d; ¢ D, and (ii) there exists a positive role R;
such that (d;,d;41) € R{M. Note that the final element dy, might belong to D.

7As usual, | T (resp. |.A], |q|) denotes the size of T (resp. A, q).
8We have slightly modified the definition of interleaving to correct a small bug in the definition from [Kostylev and Reutter, 2015].



Definition 6 (n-neighbourhood with respect to a subdomain). Consider a model M and an element d € A™M. Its n-
neighbourhood N, (d, M, D) w.r.t. a subdomain D is the set of elements d’ € A™ such that there exists a k-chain (dy, . . . dy)
in M with respect to D such that k < n, dy = d, and dy, = d'.

Recall that the definition of AT’ ensures that any d € AZ’ \ A* is actually an element of A~ and therefore we have d = aw
for some individual name a and word w. The tree-shaped structure of A®< ensures that there exists a unique prefix 7, 4 of aw
such that :

L f/(rn,d) e Nn(d7I/) A*) ’
e forany d’ € N, (d,Z’, A*), there exists a unique word wg:d such that d’ = f’(r,L7dwzl,d).

We denote by €2, the set of words over the alphabet of role names occuring in the TBox 7 and with length less or equal to 2n.
Local properties around d are then captured by the following function.

Xnd: S — A*U{0}

w fl(rn,qw) ifr, qw € ACx and [ (rp,qw) € A*
0 otherwise

The next definition groups together elements having the same local properties.
Definition 7 (Equivalent elements in the interleaving). The equivalence relation ~.,, on AT s defined as follows:
o ford e AT \ A*, we have d ~,, e iﬁ‘wfhd = W;, o, Xn,d = Xn,e» and |d| = |e| mod 2|q| + 3,
o forde A*,d ~, eiffd=cec.
Remark 1. Notice that if d ~,, e, then d ~,, e for any m < n. This property will be used several times without mention.

We can now define a smaller countermodel for our CCQ ¢ by merging elements with respect to ~/44.1. We will use d for
the equivalence class of d w.r.t. ~|4/+1, and we denote by 7 the canonical projection, which maps elements to their respective
equivalence classes:

7 il
T AT = A / ~|q|+1
d—d
Definition 8 (Reduced interleaving). The reduced interleaving 7 is the interpretation with domain AT / ~|q|+1 and inter-
pretation of individual names, atomic concepts and roles given by -7 =1 o Z

Once again, it follows from the definition that = : Z/ — 7 is a homomorphism and that 7 is a model of K. Since we are
considering a quotient, we will not be able to build a general homomorphism from 7 to Z’ as in Lemma 3. However, local
solutions are possible. To improve the readability of the following theorem and later material, we introduce the notation A* for
the set {7 | o0 € A*}.

Theorem 12. For any d € AT, there exists a homomorphism py : Nig|(d, T, D) = N\ (d, T', A*) satisfying that :
1. ife € A%, then py(e) = e ;
2. p;t(A%) =A%
Let us first explain how this will conclude our proof, through the following consequence.

Corollary 1. If7 is a countermodel, then its reduced interleaving J is a countermodel.

Proof. Assume we have a match ¢ in 7. Consider a minimal covering of o(x U y U z) by |¢|-neighbourhoods in 7 : that is a
family of neighbourhoods (N, (d1, J), - .. Ny (di, J)), with | being minimal and such that o (UyUz) C U} _, N (dk, J).
In particular, the minimality ensures that the only possible overlapping elements between two different neighbourhoods are
elements of A*. Along with condition 1 from Theorem 12, this ensures that the following mapping is well defined:

c:xUyUz — T o
v o= pa(o(v)  ifo(v) € Ng(de, J)

Furthermore, as the mappings pg, provided by Theorem 12 are homomorphisms, it follows that ¢’ is a match in Z’. Hence,
by Theorem 11, we have o/(2) C A*. However, condition 2 from Theorem 12 ensures (pg4, ) 1 (A*) = A*, hence o(z) C A*.
Therefore, for each z € z, we have o(z) = {e,} with e, € A*. From condition 1, it follows that o’(z) = e,. In particular, the
mapping o), a"z is injective, so there are at most as many counting matches in 7 than in Z’. Hence, if Z’ is a countermodel,
then J also is.

Recalling Theorem 11, we obtain that if Z is a countermodel, then [J also is. O



To conclude the proof of Theorem 1, notice that an equivalence class d is fully characterized by :
e |d| mod 2|q| + 3, that is one equivalent class among 2|q| + 3 possible classes,

. wﬁzlﬂd’ that is a word over an alphabet with at most | 7| symbols and a length at most |¢| + 1,

® X|g|+1,d- that is a function from words over an alphabet with at most |7'| symbols and length at most 2(|g| 4 1), to a set
with size at most |A*| + 1.

Therefore, the amount of possibly different equivalence classes, that is \AJ |, is at most:

(20| +3) x [T]19+2 5 (|A*] 4+ )T,
Since |A*| < |Ind| + nglg| (recall ng is the amount of c-matches in Z, and that we can assume 1o < (|Ind| 4 |77)!4!), we have
the claimed bounds for the size of 7, which proves Theorem 1.

Coming back to the proof of Theorem 12, we start by building the mappings p4. To do so, we need to transform k-chains in
the reduced interleaving into k-chains in the interleaving.
Definition 9. (primary role, core of a k-chain) Given a couple (dy, dz) of elements in AT \ A* (resp (dy,dz) in AT \ A¥),
if there exists a positive role R connecting these two elements, then we call the primary role of the edge (d1, dz) the role SNg
such that either do = d1S or dy = d2S™ (resp w‘d;"_s_lﬁd2 = wﬁzll,dl lal+1.d1 = wmdzsf). Notice that T =S C R.

The action of a role R on a word w, denoted R o w, is either w' if w = w'R™, or wR otherwise.

S or wh

Given a k-chain C = (dy,...dy) in I’ (resp in J ), we consider its core, denoted C, being the k-sequence of role names
such that C; is the primary role of (d;_1,d;).
Given the core C of a k-chain C, we define its action on a word w, denoted C o w, by Ci ¢ - -+ o C o w.

Remark 2. For any couple (dil’ dﬁ) of elements in AT \ A*, the role S is the primary role of the edge (d1,ds) (in T') iff' S is
the primary role of the edge (dy,ds) (in J).

C<>d

Lemma 5. For -chain i rom d to € ° =
emma 5. Forany k chammjfomdtoe,wehavewlqlﬂfk’e Witk God:

Proof. We proceed by a straightforward induction on the length of C.
e If C is a O-chain, that is € = d, then C is empty and thus C o d = d.

e Otherwise, C is a (k + 1)-chain (d,di,...dy,€), then consider the primary role S of the edge (dj,e). If
(alck)od — U}IS_

el then we have :
lg|+1—Fk,(Cy...Cy)od ’

C<>d Sow(él,n-ék)fdk _
Wigl+1—(k+1),Cod (41—, (Ch,...Cx)ody,
= S<>w‘qu kody

e
= Wigl41—(k+1),e°
Otherwise, we have :

Cod S o (517---6k)0dk ~ _
|q|+1 (k+1),Cod (q+1 (k+2),(C1,...Cy)ods,
=8o w\q\+1 (k+2),dy,

_ e
= Wigl41—(k+1),e"
O

,any d,e € AT \ A*, and any two k-chains C and C' from d to € in J, we have Cod=C'od.

Proof. Since C' and C’ have the same endpoints d and €, we have Co wﬁz‘ﬂ = o wlcf1|+1 a
If |w‘q|+1 dl = |q| + 1, then C<> d= C<> (T‘q+1‘ d’w‘qu d) = T|g+1], d(CO wqul d) = T|g+1], d(C & wqul d) C'od.
Otherwise, |w‘ gl+1,al <lal + 1, wehave rjg 414 € A". Therefore the action of C (resp C') cannot empty the initial word

w\q|+1,d’ since it would lead, by Lemma 6, to an element along C' (resp C’) being in A*. Thus, we still have Cod=C'od. O



Intuitively, the latter proof means that C equals c, up to deleting "dummy” steps in both chains, that are subsequences with
shape Sy ...S,S, ... Sy . But since the action of such dummy steps on any word is the identity, then the action of C' and C’

on d are equal. Notice that in general, these dummy steps are necessary to go from d to €, hence we cannot get rid of them by
asking for some sort of minimality about chains.

This allows us to define an image for elements in a neighbourhood in the reduced interleaving regardless of the k-chain used
to reach this element.

Lemma 7. The following mapping is well defined :
Pd - ./\/m(& j) — Mq|(d,I/)
e~ € ife e A*
C o d with C any k-chain from d to &, with k < |q| otherwise

Furthermore, py satisfies that for any € € A7, we have py(€) ~1 e. In particular, it satisfies conditions 1 and 2 from
Theorem 12.

Proof. 1t only remains to prove that the action of a k-chain always provide an actual element in AT We proceed by induction
on k, building intermediate mappings pqr : Ni(d,J) — Ni(d,Z’). We also prove that, at each step, we have for any

€€ Ni(d, J), pai(€) ~g41-k €
Base case: k = 0. We have No(d, J) = {d}. If d € A*, we set pg o := d which is well-defined. Otherwise, consider the

0-chain (d), we have pg,0(d) := € o d = d, which is well defined. In both cases, we obviously have pg o(d) ~|q+1 d.

Induction step: k = k-+1. Assume the mapping pq. : Ni(d, J) — Ni(d,Z') is well defined for some k < |g|. We explain
how to extend it to a mapping pg k+1 : Ni+1(d, J) — Niy1(d,Z’). Consider an element € € Ny11(d, J) \ Ni(d, T).
If e € A*, then we set pg x4 1(€) := e, which is well-defined and satisfies py1(€) ~|q|+1—(k+1) €-

OtlErwise, e ¢ A*, we know that there is a k + 1-chain (dT), ... d41) linking dande. In particular, we have a role R such
that (dg,e) € R7. From the definition of R, we can infer the existence of €/, ¢ € A% such that:

€ ~glr1dr € ~jgr1 e,
and either ¢ = €S~ or ¢ = ¢’S, where S denotes the primary role of the edge (dy, ). We consider these two cases in turn:
o If € = eS™, we have pq i (€) ~|gi+1-k di ~|gi+1—k € due to dj, € Nj(d, J) and the assumption for k, which implies
that p(dy) ends with S™. The action of S on pg 1 (dx) hence provides the well-defined word obtained from py,(d) by

removing its final symbol S™. Therefore, pi1(€) is well defined. Since the equivalence class of pg i (dy) for ~lgl+1—k
fully determines the equivalence class of its immediate neighbour pg 1 41(€) for ~|g+1-(k41). and since we know that
pai(di) ~|g1+1-% di by the induction hypothesis, we obtain pg j1(€) ~|q|+1—(k+1) €-

e Otherwise, if € = €'S, the action of S on pg i (dy,) provides py, 1 (dy,)S, which is well defined since ¢’ and Pd.k(dy;) must end
by the same letter, as the induction hypothesis ensures €’ ~1 pg (di) (recall k < |g|). Again, since the equivalence class
of pa(dy) for ~|q|+1— fully determines the equivalence class of its immediate neighbour pg x11(€) for ~g41—(k+1),
and since we know that p 1. (dx) ~|q|+1—k dr by the induction hypothesis, we obtain py 1 1(€) ~|g|+1—(k+1) €

The mapping p4 is obtained as py, |4 Notice the two conditions are satisfied.

O

We now need to prove pg is a homomorphism. We start by proving the following lemma, which states the links of an element
e; to elements in A* fully determines such links for any other element e, that is 1-equivalent to e;.

Lemma 8. If (e1,d) € R7 for some d € A*, and if ey ~1 eq, then (e2,d) € R

Proof. The definition of R provides €1, 6 € A< such that :

fley=er  f(O)=d  (e1,0) R
Notice that since d € A*, we have d = {d} and therefore f'(§) = d.
o If ey € A*, then g7 = {ey}. It follows that f'(¢;) = e; and e; = e;. We therefore obtain (es,d) = (e1,d) =
(f'(ex), f'(d)) € f'(R<) =RF.
e Otherwise, e; ¢ A*, which means that f’(e;) ¢ A*, and hence f'(¢;) = €1 and f’(e1) € A®% \ Ind(.A). Then, the

definition of R¢< provides a role S € N% such that 7 = S C R and either e; = §S™ or § = €1 S. Let us consider these
two cases in turn:



- If e, = 6S7, then the 1-root of f'(e1) = eis f'(0) and w(’, = S™. We thus have: x; f/(c,)(g) = f'(d) = d (where

€1
¢ denotes the empty word). But since f’(e1) ~1 €1 ~1 €2, we have x1,e, = X1, f/(c,) and wi’,, = wi’, . Combining

the preceding facts, we obtain (€2, d) = (F1.,§%,, X1,¢5(€) = (/' (r1,e,57), f'(r1,e5)) € f'(R%%) = RT.

— If § = ¢S, then we have X1,ff(el)(w{/}/6(121)s) = f'(d) = d. Butsince f’(€1) ~1 €1 ~1 ez, we have x1 ¢, = X1,f(e1)
and wi?, = w] (1) Hence : (e2,d) = (r1e,wiZ, X1, pr(er) (W] 500 19)) = (r1ewi2, X0, (wS2,9)) =

(f'(r1ew?,), f/(r1e,wi%,9)) € f'(R) = R,
O

Proof of Theorem 12. Lete, e’ € AT, and let R € Ng be such that (¢,¢’) € RY.

If € € A*, then Lemma 8 applies by setting (e1, ez, d,R) := (¢/, pa(¢’), e, R) and therefore (pq(€), pa(e’) € R

Otherwise, if ¢/ € A*, then Lemma 8 also applies, by setting (e1, e2,d, R) := (e, pa(€), €', R) and again (p4(€), pa(e’) €
RT.

Otherwise, €, ¢/ ¢ A*. Notice that both cannot be in Vy((d, J) \ N4 /-1(d, J) at the same time. Indeed, if both were, there
would be a 2|g| + 1-chain from d to d (recall €,¢’ ¢ A*). However, the depth modulo 2|g| + 3 encoded in each equivalent
class along this chain only increases or decreases by 1 at each step (since none of its element belongs to A*). Hence, |d|
mod 2|q| + 3 would equal itself up to 2|g| + 1 such 1-steps, which is impossible modulo 2|g| + 3. Therefore, we can assume
that e € Ng/_1(d, J). We have a k-chain Cy_,_ from d to €, with k < |g|. Complete it by R into a k + 1 chain C5_,; to reach
e’. Since k+1 < |q|, we have by definition pg(e’) = So p4(€), with S the primary role of the edge (e, €’). In both cases, pg(€’)
ending by S~ or not, it ensures that (pg(e), pa(e’) € S C RZ'.

The preservation of positive concepts follows. Indeed, if we have an element € and a concept name A such that e € A7,
then, from the definition of A, either € is the interpretation of an individual name e and B(e) € A for some concept B such
that 7 = B C A, or there exists another element €/ connected to € by a positive role S such that 7 = 35~ C A.

In the first case, we have in particular € € A*, thus pa(€) =e= eZ' € AT since 7' is a model.

In the second case, since pg preserves positive roles, we have (pg(e’), pa(e)) € ST, and therefore pg(e) € AZ since 7' is a
model.

O

B Proofs for Section 5 (Rooted Counting CQs)

Theorem 3. (Implicit in [Nikolaou et al., 2019; Cima et al., 2019]) In DL-Litecoe, exhaustive rooted CCQ answering is
TCO—complet69 w.r.t. data complexity.

Proof. We start with the TC® hardness. The reduction from the NUMONES problem works as follows: given an instance
(s, k), we create an ABox A, := {R(a,sx) | sk € s A sk = 1}, along with the empty TBox 7 = ) and exhaustive rooted CCQ
q := 32 R(a, 2). Itis clear that (0, [k, +-00]) € [¢](TAs) <= (s,k) € NUMONES. It can be verified that this simple reduction
can be implemented by AC circuits (so constitutes an AC°-reduction, as required).

As explained in the body of the paper, TC® membership follows from results in [Nikolaou er al., 2019]. While that paper
only formally states membership in LogSpace, a follow-up paper on bag semantics [Cima ez al., 2019] states TC® membership
for DL-Lite z (which properly contains DL-Lite, ), by making use of prior complexity results for bag relational algebra. We
believe it is nevertheless instructive to have a direct proof and therefore describe what follows how to construct a family of TC"
circuits to decide our problem.

We need a family of circuits in order to be able to handle ABoxes of different sizes. More precisely, we will create one circuit
for each possible number ¢ of individual names. We can assume w.l.0.g. that the same set of individuals, denoted Ind,, is used
for all of the ABoxes having ¢ individuals. Let us now explain how to represent an input (A*, a*, m*) to the circuit that handles
{-individual ABoxes.

e Each atomic role P appearing in 7 and/or q is represented by input gates OP (a,b)EA?
is set to 1 iff P(a, b) € A*.

e Each atomic concept A appearing in 7 and/or g is represented by input gates () A(
is set to 1 iff A(a) € A*.

e The tuple a* is represented by input gates Oak:a for1 < k < |x| and a € Ind,. The gate is set to 1 iff a} = a.

fora, b € Ind,. The gate OP(a b)E.A?

for a € Indy. The gate OA(

a)eA? a)ceA?

“We recall that TCP is a circuit complexity class defined similarly to AC® but additionally allowing threshhold gates. It is known that
AC® C TC® C NC* C LogSpace C PTime.



e The integer m* is represented in binary by input gates (), _, for each 0 < & < log,([Ind(A")[ + |T])l9l). The gate

Obkzl is set to 1 iff the k'" bit of m* is 1 (with 0*"-bit being the least significant bit).
Regarding the last point, we use the observation from [Kostylev and Reutter, 2015] that if (a*, [m*, +00]) € [¢](7A"), then m*
cannot exceed (|Ind(A*)| +|71])!9 = (|Ind,| + |T])!9. This is a direct consequence of the fact that every satisfiable DL-Lite
KB K = (T,.A) has a model with at most |Ind(.A)| + || elements.
We now describe the other parts of the circuit. We introduce, for each relevant positive concept C (i.e., atomic concept or

existential concept IR that uses concept and role names from 7 and/or ¢) and each individual name a € Indy, a disjunctive
gate @}C‘i Cay? taking as inputs:

. OA(a)EA? for each atomic concept A such that 7 = A C C.
® Op(ap)car forall b € Ind(A) such that 7 = 3P C C.
o Op(b,a)eA? forall b € Ind(.A) such that 7 =3P~ C C.

The preceding gates determine the ABox part of the canonical model. We next need to decide the existence of each element
of the form aw, where a € Ind(A) and w € T'y 7 \ € (by Lemma 2, these are the only anonymous elements that can occur in a

match for ¢). For each such aw, we denote by R, the first role name of w and introduce a conjunctive gate @awe ACk? which
takes as input:

e The negation @Vbelnd(A) “R(a,p)? of a disjunctive gate ®3be|nd(A) R(a,b)? taking as inputs the gates:
- Op(a’b) foreach b € Ind;, if R =P € Ng.
- Op(b’a) foreach b € Ind; if R = P~ with P € Ng.
which verifies that there is not already a R,,-successor to a.
e The gate @K E TR (2)? that checks that a witnessing R,,-successor is needed.
The circuit next determines for each mapping o : ® Uz — {awl|a € Indg, w € T'y 7}, whether o is a match for g(a*). Notice

that, regardless of the input ABox, we can restrict to a set of relevant mappings by keeping only those which map the answer
variables x to individuals from Ind, and which map variables vy, vy occurring in a role atom R(vy, v2) from ¢ onto either:

e a pair of individual names, or
e a pair wi, we such that we = w1 R or w; = R~ ws.

Similarly, we can restrict the set of relevant mappings by keeping only those which map variable v occuring in a concept atom
A(v) from g onto either an individual name, or an element awR, where I |= 3R~ C A. Clearly, any mapping o that does not
respect these conditions cannot be a match, due to the definition of R€<. This restriction simplifies the process of checking if a
mapping is a match for g(a*): we are only left with verifying the existence of the anonymous elements in its image, as well as
the validity of the atoms mapped onto the ABox part of the canonical model.

For each relevant mapping o, we introduce a conjunctive gate @g ateh 2 taking as inputs all gates:

. Oak:a(“),{ for each 1 < k < |z| (to check « is mapped on a*).
o ®U(z)eA%? for each z € z such that o(z) ¢ Ind, (to check for existence of o(z) under input .A*).

o OR(J(M)’U(W))GA? for each v1, v € & U z such that R(v1,v2) € g and o(v1), 0(v2) € Ind(.A) (to check the validity of

the mapping for pairs of variables mapped on individual names).

° @KEA(U(U))? for each v € @ U z such that A(v) € ¢ and o(v) € Ind(A) (to check the validity of the mapping for

variables mapped on individual names).

We will next use threshold gates in order to compute the total number of matches. Introduce, for each £ = 0,.. ., (Indy X
Ty7) l9l a threshold gate ®q§’< - taking as input every @U match 7" The gate ®q§7< - returns 1 iff at least k of its inputs
are 1. By construction, the latter holds iff there are at least k& matches for ¢(a*).

In parallel, we introduce a conjunctive gate @m:k , foreach k =0,..., (Indy x I‘q,T)|q | taking as inputs:

o the input gates Ob,:l? such that the j** bit of the binary encoding of & is 1

o the negation of each input gate Ob/:l? such that the j*" bit of the binary encoding of & is 0



The gate @m:m returns 1 iff m* = k.
We combine the preceding two types of gates to compare m* and the computed number of matches. For each k =

q . Lo . .
0,...,(Ind; x T, 7)!9, we introduce a conjunctive gate ®q2’c m? taking as input @qg)c - and @m:k?.

Finally, our output gate is a disjunctive gate @Output taking as inputs all gates @q _. By construction, this gate outputs

2’C >m?7?
1 iff there are at least m* matches of ¢(a*) in the canonical model of the considered KB.

The depth of the circuit is 7, and is hence constant, showing membership in TC. O

Example 3. Let T be the following DL-Lite o TBox
T={DC3JR,3IR™ C IR}
and q be the exhaustive rooted CCQ given by
q(z) = 3z R(x, 2)

Observe that even if the second axiom from T suggests the need to consider suffixes R ... R of arbitrary length, we only have
T,r= .

Q7V7V—e pri;;)?e}to illustrate the construction of the circuit designed for 2-individual ABoxes, with individual names a and b. We
thus require [log,((2 + 2)1)] + 1 = 3 input gates representing the input integer, and we have 6 relevant matches given by:

e (01) xrra zZrra

e (02) T a z—b
e (03) T a z— aR
04) x+—b z—b
o5) x—b zrra
e (0¢) x—b z+— bR

The corresponding circuit is depicted in Figure 1.

(
(
(
(

Theorem 4. In DL-Litecore, rooted CCQ answering is coNP-complete w.r.t. data complexity.

Proof. We briefly recall the reduction sketched in the body of the paper. Starting from an instance G = (V, £) of the decision
problem 3COL, we consider the ABox .Ag given by:

Ag ={Vertex(a,u) | u € V} U {Edge(u1, uz) | (u1,u2) € £}
U {Vertex(a, a,), Edge(ay, a, ), HasCol(ay, r), HasCol(a,, g), HasCol(a,, b) }
and the TBox 7 := {IVertex~ C JHasCol}, and we denote by g = (7,.Ag) the resulting KB. A part of the canonical

model of Kg is depicted in Figure 2.
We consider the two following rooted CCQs:

¢°%9¢ = Jy, 321 J2o Vertex(a, z1) A Vertex(a, z2) A Edge(z1, 22) A HasCol(z1, y.) A HasCol(z2, y.)
¢ = Jy Iz Vertex(a, y) A HasCol(y, 2)
We let ¢ be the query obtained by taking the conjunction of these two queries and keeping all of the variables existentially

quantified. The query ¢ is displayed in Figure 3. The three counting variables (21, 22, 2) are indicated by large gray dots.
It is not hard to see that (ay, [3, +oc]) € [¢]9. Indeed, there are at least 9 matches of ¢ in any model Z of K, given by:

21,%2,Y Fr ay ycHr|g|b ZHrlg‘b

These 9 matches give rise to 3 c-matches for ¢, corresponding to the three ways of mapping counting variable z. To complete
the proof, we establish the following claim.

Claim. (ag, [4, +c]) € [q]*9 < G ¢ 3COL.

(=) Assume (ay, [4, +00]) € [¢]*9, and take some possible coloring 7 : V — {r, g, b} of the graph G. Let Z9 be the model
of Kg whose domain is Ind(.Ag) and which interprets roles Vertex and Edge exactly following the ABox, and which interprets
HasCol according to 7:

HasCol%" = (av, 1), (av, 8), (ay, b))} U {(v,7(v)) | v € V}
Intuitively, Z. is obtained from the canonical model by replacing the element vHasCol with 7(v).

By hypothesis, there is a fourth c-match o for ¢ in ITg . It is easily verified that the additional match can only result from the
atom Edge(z1, z2) being mapped onto an edge Edge(uy, u,) that is different from Edge(a,, a,). From the definition of Z¢, this
implies that the edge (u1, u2) of G is monochromatic, both vertices sharing the color o (y.). Thus, 7 is not a 3-coloring. As this
construction holds for any possible coloring 7, we obtain G ¢ 3COL.



Figure 1: The TCP circuit built for 2-individual ABoxes w.r.t. 7 and q.
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Figure 3: The rooted CCQ ¢, which is the conjunction of ¢®?9¢ (left part) and ¢°° (right part).

(<) Assume G ¢ 3COL, and take some model Z of g. By Lemma 1, there is a homomorphism f : Cx, — Z (which
preserves individual names). Define 7 : V — A7 as follows: 7(u) = f(uHasCol). There are two cases to consider:

e If there exists u € V such that 7(u) ¢ {r,g, b}, then this provides a match of ¢ in Z given by z + 7(u) and y +— u”,
whose restriction to the counting variables is a new c-match.

e Else, since G ¢ 3COL, there exists an edge (u1,us) € £ such that 7(u;) = 7(ug). It provides a new match given by:
Zzer y—=a, 21U 23Uy Yo = 7(ur) (= 7(u2))
In both cases, there is a fourth c-match for g. We thus obtain (ag, [4, +oc]) € [¢g]*. O
Theorem 5. In DL-Liter, rooted CCQ answering is coONEXP-hard w.r.t. combined complexity.

Proof. The proof is by reduction from the exponential grid tiling problem (EXPTIL). We recall that an instance of this problem
consists of a set C of colors, two relations H,V C C x C that give the horizontal and vertical tiling conditions, and a number
n. The task is to decide whether there exists a valid (#, V)-tiling of an 2™ x 2" grid, i.e., a mapping 7 : {0,...,2" — 1} X
{0,...,2" — 1} — C such that (7(i,5),7(i + 1,7)) € H forevery 0 < i < 2" — 1 and (7(¢,5),7(3,5 + 1)) € V for every
0 < j < 2™ — 1. In what follows, we consider an instance (n,C, H,)) be an instance of the EXPTIL problem.

To be able to test for the existence of a tiling of a 2™ x 2" grid, we must start by ensuring we can find such a grid in
each model. Furthermore, we will need to detect horizontal and vertical adjacency in this grid, it is thus appropriate to use
horizontal/vertical coordinates. To ensure a polynomial reduction, we need to use a binary encoding of these coordinates. We
start from a root a and an initial element b and use TBox axioms to build two witnesses to represent the two possible values for
the nt" bit of the horizontal coordinates:

Roots(a, b) JRoots™ C JFH{ JRoots™ C IH}

We use further axioms to generate all possible horizontal coordinates, and we proceed similarly with the vertical coordinates,
until we generate all possible pairs of coordinates. Concretely, we include the following axioms:

J(H)” C3H, ' 3(Hy)” £3vy  3(Vy) T Cavy! forall b,b' € {0,1},1 <i <n

The preceding axioms will generate a binary tree of height 2n in the canonical model, whose leaves represent all possible grid
positions. We use the following two axioms assign a color to each of the points representing a grid position:

3(V))” C3HasCol  3(VD)~ C IHasCol
To help us compare positions, we will include the following TBox axioms, forall b € {0,1} and 1 < i < n:

J(H:)~ C FHasBit,  3(V})~ C IHasBit,



We will also introduce a general role (HV) to more compactly navigate the tree:
H;CHV V,CHV (be{0,1},1<i<n)

This completes our description of the TBox. We will finish our description of the ABox later in the proof, but it will be useful
to know that it will contain an ABox individual c for every color ¢ € C and two ABox individuals (one, zero) to represent bits.
Let us now define the query q. To keep track of the colors used in a candidate tiling, we will use the following subquery:
2n—1
0" = By ysel 327 Roots(a,ys) A [\ HV (5, 52h) A HasCol(yse!, =)
i=0

Observe that 2°°! is the only counting variable. We also need to be able to detect if other bits than the intended ones (one, zero)
are being used to satisfy the axioms H,” £ JHasBit, and V, C JHasBit,. For this purpose, we will introduce the two
following subqueries:
2n—1
¢° =30 ... 9 32° Roots(a, yJ) A /\ HV(y?,y2,1) A HasBito(y3,, 2%)
i=0
2n—1
q" =3y} ... Fys, 32" Roots(a, y)) A /\ HV (y},yiiq) A HasBity (y3,, 2")
i=0
We note that each of the preceding queries has a single counting variable (z° or z'). The axioms for HV together with the
construction of the ABox will ensure that every element used as a bit (i.e., in the second argument of HasBit) gives rise to a
c-match for one of these two queries.
We next discuss the parts of the query that are used to check the tiling conditions. To detect adjacency, we remark that two
grid positions (h1,v1), (he,v2) € {0,...,2" — 1} x {0,...,2™ — 1} are vertically adjacent iff:
e hy = ho, so the binary encodings of hy and h, are the same;

e vy = v1 + 1, so the binary encodings of v, and v; are the same until, at some point, vy ends with 1 - 0F while v, ends with
0-1%
To detect a violation of the vertical tiling condition (i.e. two vertically adjacent tiles with colors ¢ and ¢’ such that (¢,c’) ¢ V),
we need n queries, one for each possible position where the bit from the vertical coordinates differ. For each 1 < k£ < n, we
create a subquery ¢¥(©¢):¥ defined as follows. Note that the variables in ¢¥>(©¢):* all have the superscript -V>(¢):F which
means they do not occur in any other subquery, but these superscripts are omitted in the definition for the sake of readability.

(ee)k ::azayhl~~'3yh2n3ynl-~~3yn2n3y&1~~~3y&n+k

¢
2n—1
Roots(a, z) AHV(z,y1,1) AHV (2, yr,1) A ( /\ HV (y1,6, Y1) A HV(yr,i,yr,iH))

=1

n+k—1
A HasCol(y;,2n, ¢) A HasCol(yy. 20, ') A ( /\ HasBit(y; ;, ys,i) A HasBit(y,;, y“)>

i=1

2n
A HasBit(y; n+, zero) A HasBit(y, n+k, one) A ( /\ HasBit(y; ;, one) A HasBit(y, ;, zero))
i=n+k+1

V.(e.d').k We can similarly define a set of subqueries qH’(C’C/W (1 < k < n) that

Note that z is the only counting variable of ¢
detect violations of the horizontal tiling conditions.

Finally, we let g be the conjunction of the all of the preceding subqueries. It is displayed in Figure 4. The set of counting
variables of ¢ is the union of the counting variables of its subqueries. We observe that g is rooted, as it has a single connected
component which contains the individual a.

We can now define the ABox, which introduces individuals for the intended colors and bits and a further individual d that

serves to ensure that all parts of the query can be matched:
A ={Roots(a, b), Roots(a,d), HV(b, b), HasBito(d, zero), HasBit; (d, one) }
U{H}(d,d) |be {0,1},k=1,...n} U{VE(d,d)|be {0,1},k=1,...n}
U {HasCol(d,c) | c € C}.

Let p = |C|, and let K be the KB with the preceding TBox and ABox. A part of the canonical model Cx is displayed in
Figure 5. To complete the proof, it suffices to establish the following claim:
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Claim (0, [p+ 1,+00]) € [¢]* < (n,C,H,V) ¢ EXPTIL.
The proof of this claim is similar in spirit to the proof of Theorem 4. First observe that there are always at least p c-matches
given by mapping the counting variables as follows:

/ ’
Y T R 20— zero 2! one ek Vilechk ¢

and mapping all of the existential variables to d.
(=) Assume (0, [p+1,+oc]) € [¢]*, and take some potential tiling 7 : {0,...2" —1} x {0,...2" — 1} = {c| c € C}. Let
Z. be the model of K that is obtained from Cx as follows:
e A7 contains all elements from AC~ except those anonymous elements whose last symbol is HasCol, HasBitg, or
HasBit; (i.e. witnesses for axioms involving FHasCol, 3HasBitq, or FHasBit;);

e the roles HasCol, HasBitg, HasBit; are interpreted as follows:

HasBitJ™ :={(d, zero)} U {(bH} .. .Hlfkalg_l,zero) | Ay by € {0,1},k=1,...n+ 1}

U{(bHy ...H} VI ...VE VE~! zero) | by, ... hi,vp,...vp € {0,1},k=0,...n+ 1}
HasBit? :={(d, one)} U {(bH}, ... Hka_Hlf_l,one) | Ay b € {0,1},k=1,...n+ 1}

U{(bHy ...H} VI ...VEVi~! one) | hy,...hi,vp,...00 € {0,1},k=0,...n+ 1}

HasCol’™ :={(d,cz) | k=1,...p}
U{(bH} ... H, VI ..V} 7(hn... by, v ... 01) | hyy oo By, vy, .. v0p € {0,1}}

where by a slight abuse of notation, we use 7(hy, . .. h1,v,, ... v1) to mean 7(h, v), with ~ and v the numbers whose binary
encodings are h,, ... h; and v, ... v respectively;

o the remaining roles are interpreted exactly as in Cx.

The model Z is displayed in Figure 6. By hypothesis, there is an additional c-match o for ¢ in Z,. It is easily verified that the

additional match can only result from an atom Roots(a, 22+(<¢)%) with D € {H,V}, (¢,¢) € (C xC)\Dand k € {1,..n},
being mapped onto Edge(a, b). From the definition of Z,, this implies that there are two horizontally (or vertically) adjacent
tiles, which positions are given by the elements o(lezﬁf <)k ) and o (y, 2(75 < k) whose respective colors ¢ and ¢’ violate D.

Thus, 7 is not an (H, V)-tiling. As this construction holds for any possible tiling 7, we can infer that (n,C,H,V) ¢ EXPTIL.
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Figure 5: A part of the canonical model Cx.

(<) Assume (n,C,H,V) ¢ EXPTIL, and take some model Z of K. By Lemma 1, there is a homomorphism f : Cx — Z.
Define 7 : {0,...,2" — 1} x {0,...n} — AT as follows: 7(hy, ... h1,v,...v1) := f(bH} ...Hj Vi ...V} HasCol)
(again slightly abusing notation by applying working with binary encodings of numbers). There are three cases to consider:

o If there exists (hy, ... Ry, vy, ... v1) such that 7(hy, ... h1,v,...v1) € {c | c € C}, then this provides a match of ¢ in Z in
which the subquery ¢°° is mapped as follows:

col

20 T(hy o hiyvncov) yet byl f(BHT ) co s f(BHE LUHE VI VL),

and whose restriction to the counting variables provides a new c-match.

e Otherwise, suppose there exists an element that is in the range of HasBit that is not zero, or that is in the range of HasBit;
but not equal to one, then this also provides a new c-match of ¢, in which either z° or z! is mapped to this element. Note
that this kind of ‘error’ may occur at any level of the tree of positions. This is why we included the ABox assertion
HV (b, b), which makes it possible for us to loop as long as needed in order to obtain a sufficiently long chain of HV to
satisfy the query ¢° or ¢'.

e Else, since (n,C,H,V) ¢ EXPTIL, there exist two adjacent positions with coordinates (hy, ...h1,v, ...v1) and
(b, .. Ry, vl . vf) such that (7(hy, .. Ry, vp . v1), T(RD . R0 L 0))) € (€ x C)\ D, for D either H or V. Letting

k be the bit f;lom which the encoding of the non-D coordinate differs, we obtain a new c-match for ¢, in which the subquery

/ ’

qD,(T(hn...hl,vn...vl),r(h;...h/l,vn...vi)),k) is satisfied by mapplng ZD,(T(hn...hl,vn,..vl),r(hib...hll,vn...vi)),k) to b.

In every case, there is an additional c-match for . We thus obtain (ag, [p + 1, +00]) € [¢]*. O
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C Proofs for Section 6 (Exhaustive Rooted Counting CQs)
We start by recalling an important property of the canonical model construction for DL-Litecore KBs.

Lemma 9. For any role R € N§ and anonymous element dy in the canonical model Cx: of a DL-Lite.oe KB K, there is at most
one element do € Cx such that (dy,dy) € RE<.

Proof. We provide a proof for the sake of completeness. From the definition of R%, if d; is an anonymous domain element
and (dy, dy) € RC<, then either:

e d; = dyS™ for some role S such that 7 =S E R, or

e dy = d;S for some role S such that 7 =S C R.
In both cases, since 7 is a DL-Lite.,. TBox, the condition on S holds only if S = R. Moreover, we observe that if the first

case holds, i.e., d; = doR ™, then the definition of A< prevents the creation of an element d; R. It follows that only one of the
preceding cases can hold, and so there can be at most one dy with (dy,ds) € RCx. O

Theorem 6. For every DL-Litecoe KB K and exhaustive rooted CCQ q, it holds that [q]* = [q]°~.

Proof. The general argument was given in the sketch. All that remains to show is that if 01,02 are distinct matches of a
exhaustive rooted CCQ ¢ in Ci, then there exists a variable v such that o1 (v) # 02(v) and o1 (v), 02(v) € Ind(A).

Suppose for a contradiction that this is not the case. There there are distinct matches 01,02 of ¢ in Cx such that for all
variables v such that o1 (v) # o2(v), either o1 (v) & Ind(A) or o2(v) & Ind(A). As g is exhaustive rooted, every variable v is
connected to either an answer variable or individual in the Gaifman graph. Let d(v) denote the length of the shortest path from



v to an answer variable of individual. Note that d(v) = 0 iff v is an answer variable. Since o and o5 are distinct, there exists a
variable v such that o1 (v) # o2(v). Choose such a variable v* with minimal d-value, i.e., if d(u) < d(v*), then o1 (u) = o2 (u).
By assumption, either o1 (v*) ¢ Ind(A) or o2(v*) ¢ Ind(A). We’ll suppose the former (the other case is treated analogously).
Note that v* cannot be an answer variable (else we would have o1 (v*) € Ind(A)). It follows that d(v*) > 0, and so we
can find another variable u* and role name R € N, with d(u*) = d(v*) — 1 and either R(u*,v*) € q or R~ (v*,u*) € ¢
(recall that if R = P~, then R~ = P). As o and o5 are matches of ¢ in Cxc, we therefore have (o (u*), o1 (v*)) € R°< and
(o2(u*), 02(v*)) € RE<. Moreover, since d(u*) < d(v*), we have o1 (u*) = o2(u*). There are two cases to consider:

e Case 1: o1(u*) = o2(u*) = ¢ € Ind(A). From the proof of Lemma 9, we know that o1 (v*) = cR. The fact that
cR € AC% implies that there is no individual b such that (c,b) € RC<. Thus, we must have o2(v*) = cR, which yields
o1(v*) = o9(v*), contradicting our earlier assumption.

e Case 2: 01(u*) = o2(u*) & Ind(A). By Lemma 9, there is a unique element e such that (o (u*),e) € R‘<. We thus
obtain o1 (v*) = e = 05(v*), a contradiction.

As both cases lead to a contradiction, it must therefore be the case that the statement holds. O

Theorem 7. In DL-Litecore, exhaustive rooted CCQ answering is PP-complete w.r.t. combined complexity.

We start by completing the argument for the PP upper bound.

Proof. Recall the algorithm described in the proof sketch.
Phase 1 The TM deterministically constructs the set I' 7 of words from Lemma 2.

Phase 2 The TM guesses a mapping o of the variables in ¢ to elements from {aw | a € Ind(A), w € T'y 7}. It then compares
m with the number C = |T'; 7| |9 of possible mappings and proceeds accordingly:

o ifm > % + 1, the TM guesses an integer ¢ with 0 < 7 < 2m — 3 and accepts iff o is a c-match of ¢(a) and i < C;
o ifm < % +1, the TM guesses an integer ¢ with 0 < 7 < 2C'—2m+1 and accepts iff o is c-match for g(a) ori < C'—2m+2.

Due to Theorem 6 and Lemma 2, an input is a ‘yes’ instance iff qg’c > m (recall that qg’C denotes the exact number of
c-matches for g(a) in Crc). To finish the proof of PP membership, we need to examine the number of accepting computation
paths for the described TM and show that when gS< > m, at least half of the computation paths accept, and when ¢S < m,
less than half of the computation paths accept. Let us consider the two cases from Phase 2:

o Ifm > % + 1, then the number of accepting computation paths is qg’c x C, corresponding to cases where the TM guesses
a mapping that is a c-match, then guess a number 0 < i < C'. The total number of computation paths is C' x (2m — 2),
corresponding to a guess of one of the C' mappings, then the guess of an integer 0 < ¢ < 2m — 3.

o If m < % + 1, then the number of accepting computation paths is
@CF X (20 —2m +2) + (C — ¢5°) x (C —2m +2) = C(C — 2m + ¢~ + 2),

corresponding to the sum of the number of cases where we guess a c-match followed by an integer 0 < ¢ < 2C—2m+1 and
the number of cases where we guess a mapping that is not a c-match followed by an integer ¢ with 0 < 7 < C' — 2m + 2.
The total number of computation paths is C' x (2C — 2m + 2) (guess one of the C' mappings, then guess an integer
0<i<2C—-2m+1).
In both cases, it is easily verified that:
#accepting computation paths 1

E > m = > .
da” = #possible computation paths 2

(Note that in the first case, we always have m > 2, so the value 2m — 2 in the denominator is positive, while in the second case,
C > 1 implies that the value (2C' — 2m + 2) in the denominator is positive.) O

We next give the proof of PP-hardness.

Proof. We recall that the lower bound is by reduction from the following PP-complete problem: given a propositional formula
1 in CNF and number n, decide whether v has at least n satisfying assignments.

Consider an instance of this problem, given by the formula ¢ := Ju /\2:1 &k (with & is a 3-clause) and number N. We
consider the KB Cy, = (0, .Ay,), which has an empty TBox, and whose ABox A, contains the following assertions:

e Clausex(a, &) for each clause ¢, and each p € {1,...7}, with each & representing one of the 7 satisfying assignments for
the clause &x;

o Asny (&, &0 (wi)), Asna (€0, &P (w?)) and Asng(&F, &8 (w})) for each p = 1,...7 and each clause &, where & (w?) is the
truth value (true or false) assigned by &% to the 4th variable occurring in the kth clause.
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Figure 7: The canonical model Cx,, with ¢ = (u1 V =u2 V —u3) A (—u1 V uz V ua)

It may be helpful to refer to Figure 7, which depicts the canonical model of Cx,, for an example formula ).
As for the query, we consider the following exhaustive rooted CCQ (depicted in Figure 8):

! 3
Gy = Fzg, ... F2zg, 2y, - T2, /\ (Clausek(a, Zen) N /\ (Asni(zgk,zwi))>

k=1 i=1

Figure 8: The query gy with ¢ = (u1 V —u2 V —ug) A (-u1 V us V ug)

To complete the proof, we establish the following claim.
Claim. (0[N, +o]) € [qy]*¥ <= 1 has at least N satisfiying assignments

(=) Assume (), [N, +00]) € [gy] . This implies in particular that there are N c-matches for gy, in C,,. Since the TBox is
empty, the domain of C,, is Ind(Ay ), and Cx,, makes true precisely the assertions in .Ay,. By examining ¢, and A, we see
that each of the matches of g, in Cic,, maps each of the variables z,, to either true or false. We can therefore associate with each
match o the following truth assignment for the variables u1, ..., un: 7, (u;) = 0(zy,). By further examining the definition of
the individuals & and the roles Asny, Asny, Asng, it is easy to verify that each 7, is a satisfying assignment for ¢). Moreover,
since we know we have N such assignments, it only remains to show that each match o yields a distinct assignment 7. To see
why this is the case, observe that once we know the images of all of the variables z,,,, there is a unique way of mapping the
variables z¢ . It follows that ¢ has at least N satisfying assignments.



(<) Assume v has at least N satisfying assignments. Therefore, we have 71, ... 7y distinct assignments for uy, ... u,
satisfying ¢. This ensures that, if we define o, (z,,) = Tm(u;), we can always extend the mapping o, (z,,) into a match
for gy, yielding NV distinct matches. Note that this holds in any model since we only need the ‘ABox part’ of the model, hence

(@, [Nv +OOD € [qw]lcdj'
O

Theorem 8. In DL-Liter, exhaustive rooted CCQ answering is coNP-complete w.r.t. data complexity.

Proof. The main idea is the same as in proof of Theorem 4. However, due to the lack of existential variables, we can no longer
‘reach’ the colors without taking into account the paths leading to them. To address this difficulty, we translate into our context
an idea from [Kostylev and Reutter, 2015], which takes advantage of role inclusions.
Starting from an instance G = (V, £) of the decision problem 3COL, we consider the ABox .Ag given by:
Ag ={Vertex(a,u) | u € V} U {Edge(u1, u2) | (u1,usz) € £}

U {Vertex(a, a,), Edge(ay, a,), HasCol(ay, r) }

U {Colors(u,r) | u € V} U {Colors(u,g) | u € V} U{Colors(u,b) | u € V}
and the TBox T := {IVertex~ C FHasCol, HasCol C Colors}, and we denote by Kg = (T, .Ag) the resulting KB. A part

of the canonical model of Kg is depicted in Figure 9. As in the proof of Theorem 4, we use FVertex™ T JHasCol to assign
colors to vertices, and the more general role Colors will be used to detect colors.

u; HasCol

(o)
upyHasCol
HasCol

Figure 9: A part of Cx, with (u1,u2) € €.

We consider the two following exhaustive rooted CCQs:
¢°%9¢ = 3z, 321 Iz Vertex(a, z1) A Vertex(a, z2) A Edge(z1, 22) A HasCol(z1, z.) A HasCol(z2, z.)
¢! = 3z, 3z Vertex(a, z,) A Colors(z,, 2)

and let q be the query obtained by taking the conjunction of these two queries and keeping all of the variables existentially
quantified. The query g is displayed in Figure 10. Observe that while it is similar to the query from the proof of Theorem 4 (see
Figure 3), the two existential variables in that query (y., ) have been replaced with counting variables (z., 2, ), and one of the
HasCol atom has been changed to a Colors atom.
It is not hard to see that (ag, [3|V| + 1,4+0oc]) € [¢]*¢. Indeed, there are at least 3|V| matches of ¢ in any model Z of K,
obtained as follows:

21,29 ¥ ay Ze S I zp = u(uel) z—rlglb

and one additional match given by:
21,72, 2y m> Ay Zey 22 X

To complete the proof, we establish the following claim.

Claim. (), [3|V| + 2, 4+00]) € [¢]*¢ += G ¢ 3COL.
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Figure 10: The exhaustive rooted CCQ ¢, which is the conjunction of ¢ (left part) and ¢“°* (right part).

(=) This direction is proven in the same manner as the claim in the proof of Theorem 4. We assume (ag, [3|V| + 2, +00]) €
[¢/*¢ and take a possible coloring 7 : V — {r,g,b}. We then use 7 to build a model Z, of Kg and use the existence of an
additional match o to show that 7 contains a monochromatic edge (hence G ¢ 3COL).

(<) Assume G ¢ 3COL, and take some model Z of Kg. By Lemma 1, there is a homomorphism f : Cx, — Z. Define

7:V — AT as follows: 7(u) = f(uHasCol). Note that 7 is well defined, as the inclusion FVertex~ = FHasCol ensures that
there is an element uHasCol in C,. There are two cases to consider:

o If there exists u € V such that 7(u) ¢ {r,g,b}, then the axiom HasCol C Colors ensures (uZ, 7(u)) € Colors”, which
provides an additional match of ¢®°!°" in T with z — 7(u) and z, + u”.

e Else, since G ¢ 3COL, there exists an edge (u1,u2) € € such that 7(u;) = 7(ug). It yields a new match given by:
Zr zyra, z1 U 2o U ze = T(ug) (= 7(ug))
In both cases, there is an additional c-match for g. We thus obtain (ayg, [3|V| + 2, +00]) € [q]*<. O
Theorem 9. In DL-Liter, exhaustive rooted CCQ answering is in coNEXP w.r.t. combined complexity.

Proof. We may assume w.l.o.g. that the initial homomorphism f : Cx — Z is chosen to respect the following property (3 ):
if wi R, weR € A% and f(w;) = f(ws), then f(w;R) = f(wR). Such a homomorphism can easily be built starting from
an arbitrary homomorphism g, by choosing a ‘main branch’ whenever a choice is possible and copying from it. Formally,
given a breadth-first ordering < of elements in A<, we start by setting f := g. Then, we explore the elements according to
= and at each step, say at element w;, we explore all elements ws such that wy =< wsy. If ever f(w1) = f(wa), we redefine
f(waw) := f(wyw) for every word w such that wyw, wow € A%, Since < is breadth-first, the image f(w;) will no longer
be redefined after step wy, which ensures the resulting homomorphism f is well-defined.
Recall that we introduced in the body of the paper a more refined notion of interleaving, which replaces the mapping f’ by
the following mapping f*:
f*: A% & A*UACK
a — f(a)
fwR) —if f*(w), f(wR) € A
wi { f*(w)R  otherwise

We let Z* be the interpretation obtained by applying f* to Ci. It is helpful to observe that Z* essentially coincides with the
canonical model C*” of the KB KC* whose TBox is 7 and whose ABox .A* consists of the facts from A* N f*(CX) (treating
such elements as ABox individuals). More explicitly, .A* contains the concept assertion A(t) for each atomic concept A € N¢
and domain element ¢ € A* N f*(C ’C% such that ¢ € f*(ACx), and the role assertion R(ty, t2) for each atomic role R € Ng and
domain elements ¢1,ty € A* N f*(C*) such that (¢;,t3) € f*(R%).

This alternative way of viewing Z*, together with our assumption (%), makes clear that the following mapping is a homo-
morphism from Z* to Z:

pr i AT 5 AT
frld) = f(d).
Indeed, (%) ensures the choice of d doesn’t affect the image f(d), thus p* is well-defined. Formally, we proceed by induction
on elements of Z*. If f*(d) € A*, then by the definition of f*, we must have either d € Ind with f*(d) = f(d), or
d = wR with f*(w) € A*, f(d) € A* and f*(d) = f(d). In both cases, p*(f*(d)) = f(d) = f*(d), which is independent
from the choice of d. Otherwise, suppose p* is well-defined for w, and consider some f*(d) = wR ¢ A* and d’ such that
f*(d") = f*(d) = wR. By the definition of f*, we must have d = wR with f*(w) = w, and same for d’, that is, d’ = w'R with
f*(w’") = w. By our inductive assumption, we have p*(w) = f(w) = f(w’). Property (%) now ensures f(wR) = f(w'R),
that is p* (£*(d)) = p* (F*(d)).



The mapping p* being a homomorphism then follows from the definition of concept and role interpretations in Z*. In
particular, this means that Z* is a model of . Compared to the homomorphism p used to connect the interleaving Z’ with
the countermodel Z, we have lost the property that p~*(A*) = A*. Therefore, proving that Z* is a countermodel requires a
different argument that exploits the exhaustive rooted assumption on the query.

Consider a match 0 : £ U z — AT of g(a) in Z*. Let us first suppose that there is a counting variable z € z such that
o(z) ¢ A*, in which case we must have o(2) = tw for some t € A* N f*(C*) and some non-empty word w. Since q is
exhaustive rooted, all intermediate elements tw’ with w’ a prefix of w, must be reached by some other counting variables. In
particular, one of these counting variables, say zy, must map onto tw, with wq the first symbol of w. From the definition of f*,
we also have a word w, such that f*(w.) = f(wy) = t. However, via the homomorphism p*, we can transform ¢ into a match
p* oo :xUz — AT in the original countermodel Z. In particular, we will have p*(0(20)) = p*(two) = p*(f* (we)wo) =
P (f*(wywo)) = f(wewp). Thus, f(wrwo) belongs to the image of the match p* o ¢ in Z. From the definition of A*, we can
thus infer that f(wiwo) € A*. But since f*(w) =t € A* and f(wiwg) € A*, we have f*(wrwp) = f(wiwy), and therefore
the element twy is not introduced by f* (it would contradict the property (3 )), which contradicts zy mapping onto this element.
Therefore, this situation, that is, the existence of a match in Z* with a counting variable mapping outside A*, does not occur.
Hence, we have o(xz U z) C A*. Then since /’|*A* = id, we have p* o 0 = o, which shows that the mapping o — p* oo

is injective. This means that Z contains at least as many c-matches as Z*, and since Z is a countermodel, Z* must also be a
countermodel.

As observed earlier, the obtained countermodel Z* has a particular structure: it can be seen as the canonical model of an ABox
A* whose size is polynomially bounded by the size of A*, itself being single exponential in the size of the input. The modified
interleaving thus allows us to improve the algorithm used in the general case. Indeed, it is now sufficient for a Turing machine
to (i) guess an ABox of single-exponential size in || and |¢|, and (ii) check that the canonical model of the guessed ABox and
original TBox contains fewer c-matches for g(a) than the integer provided as input. Importantly, due to our assumption that
q is exhaustive rooted, matches cannot reach elements in the canonical model that have depth greater than |g|. There are thus
only single-exponentially many domain elements that may appear in the image of a match, and so it is possible to enumerate
and count all matches in single-exponential time w.r.t. || and |¢|. O

D Proofs for Section 7 (Best Certain Answers)

Theorem 10. The following problem is DP-hard in data complexity: given a DL-Lite.oe KB K = (T, A), rooted CCQ gq, tuple
a, and number m, decide whether m = ming_x q.
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Proof. We provide more details on the case analysis mentioned in the body of the paper. In what follows, Z will denote an
arbitrary model of K = (Tcol, Ag, U Ag, ). We first remark that every model contains the c-matches given by:

L2 s gt bt 2],z et 2t g? | b2 22 22— a?
Hence,q%23x3><1><3><1:27.

In what follows, we will use Z¢ to denote a minimal model of g complying with a given coloring 7 of a graph G, constructed
as in the proof of Theorem 4. We observe that if 73 and 7 are respectively colorings for the graphs G; and G, then the
interpretation ITg1 U If; which is the disjoint union of ITgl 1 and ITQ; is a model of the considered KB K. We use such models to
establish the minimum number of c-matches in the four different cases:

e G1,Go € 3COL: We have already seen that every model of K contains at least 27 c-matches. Let 71 (resp. 72) be a
3-coloring for Gy (resp. Go). Then the model Z¢! U Z72 has exactly 27 c-matches.

e G; € 3COL,Gs ¢ 3COL: As G5 is not 3-colorable, the part of Z describing G, must either introduce a fourth color,
providing a new value for 22 (hence at least 3 x 3 x 1 x 4 x 1 = 36 c-matches), or contain a monochromatic edge,
providing another possible value for (27, 23) (hence at least 32 x 1 x 3 x 2 = 54 c-matches). Therefore, every model
contains at least 36 c-matches for g. To show we cannot ensure more than 36 c-matches, let 7y (resp. 72) be a 3-coloring
(resp. 4-coloring) for G; (resp G2). Then ITgl ty ITQ; has exactly 36 c-matches.
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e G; ¢ 3COL, Gy € 3COL: The part of Z describing G; must introduce either a fourth color, providing a new value for 20
and z! (hence at least 4 x 4 x 1 x 3 x 1 = 48 c-matches), or contain a monochromatic edge, providing another possible
value for (21,23) (hence at least 3 x 3 X 2 x 3 x 1 = 54 c-matches). It follows that every model contains at least 48
c-matches. To show this is the best value that can be attained, let 71 (resp. 72) be a 4-coloring (resp. 3-coloring) for G;
(resp. G2). Then Z9' U 792 has exactly 48 c-matches.

e G1,Go ¢ 3COL: For each of the two graphs, Z must introduce either a fourth color or a monochromatic edge. There are
four cases to consider:

Fourth color in G;’s part Monochromatic edge in G;’s part

Fourth color in Go’s part 42x1x4x1=064 2 x2x4x1="T2
Monochromatic edge in Go’s part 42 x 1 x 3 X 2 = 96 32 x2x3x2=108

We therefore see that every model contains at least 64 c-matches of g. To realize the minimal number, we let 71 (resp. 72)
be a 4-coloring (resp. 4-coloring) for G; (resp. G2) and observe that ITgl ty If; has exactly 64 c-matches.

This completes the case analysis, the rest of the argument is contained in the proof sketch. O

DP-hardness for Count queries from [Kostylev and Reutter, 2015]

Proof. We recall that the Count queries from [Kostylev and Reutter, 2015] are obtaining by requiring all of the non-answer
variables to be counting variables. The queries from the preceding reduction do not satisfy this restriction, as they use existential
variables, but we can modify the reduction in order to make it work for such queries.

In the modified reduction, each vertex is described in the ABox with a specific concept, either Vertex; or Vertexy depending
on which graph it appears in. The TBox contains the following axioms:

{Vertex; C FHasColy, Vertexs C FHasColy, FHasCol; C Colory, FHasCol; C Colors}.
The subqueries ¢°*7 and ¢¢°! are then modified as follows for i € {1,2}:
¢¢ "¢ =3z2% 328 328 Bdge(2%, 23) A HasColi(2%, 21) A HasCol; (23, 2%)
¢5°! =32 Color;(2)
and ¢5°! is redefined as: 32° Color (2°).

It is easily verified that after these modifications, the query ¢ now corresponds to a Count query as defined in [Kostylev
and Reutter, 2015]. The query q is displayed in Figure 13, and the slightly ajusted canonical model Cr, ¢,.c,) 18 displayed in

Figure 14.

We can then redo the argument in the same manner as before, and the case analysis will give rise to precisely the same numbers

of c-matches.
O
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Figure 13: The Count CQ g, which is the conjunction of ¢;"", ¢7”*, ¢5° (left part) and g5 77, ¢5°* (right part).
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Figure 14: A part of Cxc (g, ) With (ui,u3) € & and (uf, u) € &a.

DP-hardness for Cntd queries from [Kostylev and Reutter, 2015]

Proof. We recall that the Cntd queries from [Kostylev and Reutter, 2015] correspond to CCQs with exactly one counting
variable. As in the previous reductions, we aim to force additional matches whenever an input graph is not 3-colorable, and the
challenge is to track of the amount of colors used to color the two graphs.

Having only a single counting variable forces us to count colors used for G; in exactly the same as we count those used for Gs.
In particular, the asymmetry we introduced in the query must now be introduced into the ABox. This is done by considering
a copy of our first graph. However, this is not enough as two different graphs could use the same additional color, making it
impossible to detect with our single counting variable that both graphs are using more than three colors. Therefore, we will
provide a set of basic colors for each graph and additionally check whether a graph uses a color that is intended for another
graph. Concretely, we achieve this by connecting vertices from different graphs using a new role Diff, and by adding a new
subquery that will generate new c-matches whenever two vertices connected by Diff use the same color.

Let us now give a more formal description of the construction. As mentioned earlier, we will introduce a copy Gy = (Vo, &)
of the graph G1. Without loss of generality, we can assume that Vo N V1 N Vo = 0. As ABox individuals, we will use:

e an individual name u for each u € Vy U V; U Vs, to represent our graphs;
e individuals rg, go, bo (resp. r1, g1, by and ra, go, by), intended to color Gy (resp. G1 and Gs);
e auxiliary individuals for vertices (ag, a1, as, ¢, d, ) and auxiliary individuals for colors (r, g, b).

We then consider the following ABox:

A(g,,6,) ={Vertex(u) [u € Vo UV UV}
@] {Edge(ul, LI2) ‘ (ul,uQ) ce&UE U 52}
U {Edge(ag, a0), Edge(a1,a1), Edge(as, as), Edge(c, c), Edge(d,d)}
U {Diff(ul, U2) | up € Vi, ug € Vj,i 75 ]}



U{Diff(u,a;) | u € V;,i,j € {0,1,2},i # j}
U {Diff (ap, ap), Diff (a1, a1), Diff (az, a2), Diff (c, ), Diff (e, e) }
U {Auxc(ag, ap), Auxe(as,a1), Auxe(az, az), Auxe(d,d)}
U {Auxe(e, U) | u€VyUWV U VQ}
U{Auxe(u,c) |u € Vo UV UVs}
U {Auxq(ag, ap), Auxq(ar,a), Auxq(as, az), Auxq4(e,e)}
U{Auxq(d,u) |u € Vo UV UVs}
U {Auxq(u,c) |u € Vo UV UVs}
U {HasCol(a;,t) | t € {r;,gi, bi},7 € {0,1,2}}
U {HasCol(c, r), HasCol(d, r), HasCol(d, g), HasCol(d, b), HasCol(e, r), HasCol(e, g), HasCol(e, b) }.
and the TBox 7 := {Vertex C JFHasCol}. We denote by Kg = (T, .A) the resulting KB. A part of the canonical model of K
is depicted in Figure ??.
We consider the three following subqueries:
" (y) = Fyi 3y5 Fyd Auxaly, yi) A Diff (y{, y5) A HasCol(yi, y¢) A HasCol(y3, y)
q“°(y) = 3y§ 3y5 3ys Auxe(y, y§) A Edge(yf, y5) A HasCol(yf, ) A HasCol(ys, yt)
¢°°!(y) = 3z HasCol(y, z)

and let ¢ = Jy q@/7 (y) A q°%9¢ A g°° be the complete CCQ, which corresponds to a Cntd query class as there is only one
counting variable z. The query ¢ is displayed in Figure 15.
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Figure 15: The Cntd CQ ¢, which is the conjunction of ¢°#9¢ (left part), ¢**¥¥ (right part) and ¢°°* (upper part).

Claim: (ag, [10, +oc]) € [¢]* iff G; € 3COL and G, ¢ 3COL.
We prove this claim using the following case analysis:
G € 3COL G ¢ 3COL

G, €3COL 9(=3+3+3) 11(=4+4+3)
Gy ¢3COL 10(=3+3+4) 12(=4+4+4)

To obtain the values in the preceding table, consider an arbitrary model Z of K, along with a homomorphism f : Cx — 7.
First observe that there are always 9 c-matches, which are obtained from the matches given by:
2o lg b yulysulus —a yhul e (i€{0,1,2))
Hence gf >3+3+3=9.
Furthermore, let us define 77 : Vo UV UV, — A7 as follows: 77(u) = f(uHasCol). We’ll use the notation 77(V;) to refer

to the set {rz(u) | u € V;}. Notice that, if 7z(V;) N 7z(V;) # 0 with ¢ # j, that is, we have u € G;,v € G; with ¢ # j and
7z(u) = 7z (v), then we have 3 additional c-matches corresponding to the matches given by:

zyserlglb  yfysed  yleu o gy gl e mr(u)



Therefore, in such a model Z, we have q% > 94 3 = 12, and thus sufficiently many c-matches w.r.t. the numbers in the table.
We will therefore assume in the following that 77(V;) N 7z(V;) = () for i # j (assumption (7)).

The same applies in the case where 72(V;) N {r;,g;,b;} # 0 for i # j, as one can exhibit the same three additional c-
matches by replacing the individual v by a; in the latter definition of matches. Therefore, we can also assume in what follows
that 77 (V;) N {r;,g;,b;} = 0 for all ¢ # j (assumption (i7)).

Finally, notice that if 77 introduces a monochromatic edge, i.e. an edge (u,v) € & U &1 U & such that 77 (u) = 77(v), we
again have 3 additional c-matches obtained from the matches given by:

zylerglb  yylyiee  yieu o g v yle z(u)

Therefore, we can also restrict our attention to models without monochromatic edges (assumption (7i7)). Any model that
satisfies properties (i), (¢4) and (¢3¢) will be called non-trivial.

We now proceed to consider the four cases. In each case, the minimal amount of c-matches is obtained by exhibiting a
model built from colorings for each graph that use a minimal amount of colors. The only important difference w.r.t preceding
reductions is that when more than one graph utilizes a fourth color, we need to use distinct fourth colors for each graph. We
now complete the proof by showing that every non-trivial model has at least the number of c-matches as listed in the table.

e G1,Gs € 3COL: We have already seen that every model contains at least 9 c-matches.

e G; ¢ 3COL,G, € 3COL: Since Gy and G; are not 3-colorable, any non-trivial model Z must satisfy 77(Vy) > 4 and
7z(V1) > 4, due to assumption (ii7). In particular, we have a vertex ug € Vy (resp. u1 € Vi) such that 77(ug) ¢
{ro, 8o, bo} (resp. 7z (u1) ¢ {r1,g1,b1}). This yields the following matches:

Z = TI(ui) Y= yiy;yilvyg —cC yayg =r (Z € {07 1})

which give rise to two new c-matches because of assumptions (%) (ensuring the two colors 77 (ug) and 77 (uy ) are different)
and (i7) (ensuring 7z (uo) and 7z (uy ) are different from the colors in the 9 basic c-matches). Hence, every non-trivial model
contains at least 11 c-matches.

e G € 3COL, G, ¢ 3COL: Since G, is not in 3COL, any non-trivial model Z must satisfy 77(V2) > 4 because of assumption
(#47). In particular, we have a vertex us € Vs such that 77 (uz) ¢ {ra, g2, bo}. This provides a new match given by:
2 rr(ug)  y—u oy usulys e yhyler

which gives rise to a new c-match because of the assumption (4¢) (which ensures 77 (u2) is different from the colors in the
9 basic c-matches). Hence, every non-trivial model contains at least 10 c-matches.

e G1,Go ¢ 3COL: We can proceed similarly to the two previous cases to exhibit ug € Vo,u; € Vi,us € Vo that are
assigned new colors, providing three new matches given by:

zerr(u) oy u yhusytys eyt yder o (1€40,1,2})

which give rise to three new c-matches because of assumptions (2) (the colors 77 (ug), 7z (u1 ), 7z (u2) are all different) and
(i) (they are also different from the colors in the 9 basic c-matches). Hence, we have that every non-trivial model contains
at least 12 matches.

O
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