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Abstract

The existence of a locally Lipschitz continuous homogeneous Lyapunov function
is proven for a class of asymptotically stable homogeneous infinite dimensional
systems with unbounded nonlinear operators.

Keywords: stability of distributed parameter systems; homogeneous systems;
semigroup and operator theory.

1. Introduction

Homogeneity is a dilation symmetry known since 18th century, when Leon-
hard Euler studied functions z — f(z) which are symmetric with respect to the
uniform dilation z — Az of argument: f(Az) = A’ f(z), VA > 0,Vz, where v is
a real number. Such functions were called homogeneous and the number v was
referred as the homogeneity degree. It seems that a generalized homogeneity
(the symmetry with respect to a non-uniform dilation) was originally studied
by Vladimir Zubov in [31], where the homogeneity was shown to be useful for
analysis of nonlinear finite-dimensional dynamical systems (see also [12], [15].
[3]). Indeed, it simplifies stability and robustness analysis of control systems
(see e.g. [16], [28], [1]) as well as non-linear controllers/observers design (see
[15], [5], [11], [1], [18]). Homogeneity degree specifies a convergence rate of any
asymptotically stable homogeneous system (see e.g. [20]). For example, in [30]
it is shown that homogeneous systems can be finite-time stable [4] provided
that the homogeneity degree satisfies certain restriction. Some applications of
the finite-dimensional homogeneity in the theory of differential operators and
Lie algebras can be found in [10], [9]. Elements of the homogeneity theory of
infinite dimensional dynamical systems are introduced in [25], [24], [22], where
it is shown that many infinite dimensional nonlinear models of mathematical
physics are homogeneous in the generalized sense (e.g. Saint-Venant, Navier—
Stokes, Burgers and KdV equations).

The existence of homogeneous Lyapunov function for a stable homogeneous
ordinary differential equation (ODE) is proven by Vladimir Zubov in 1958 (see
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[31]) and refined by Lionel Rosier in 1992 (see [26]). The key difference between
Zubov’s and Rosier’s theorems is the regularity of the designed homogeneous
Lyapunov function. V. Zubov proved only the existence of a continuous ho-
mogeneous Lyapunov function, while L. Rosier constructed a smooth one. The
regularity (at least local Lipschitz continuity) of the Lyapunov function is impor-
tant for robustness (Input-to-State Stability=ISS) analysis (see e.g. [29], [14],
[19]). Indeed, the smooth homogeneous Lyapunov function allows rather simple
robustness analysis of a homogeneous ODE to be developed [1], [2]. Namely, any
asymptotically stable homogeneous system is ISS with respect homogeneously
involved perturbations. In [23] the existence of a locally Lipschitz continuous
Lyapunov function was proven for homogeneous infinite dimensional systems
with locally Lipschitz nonlinearities. The aim of this paper is to extend the lat-
ter result to a class of evolution equations with unbounded nonlinear operators.

Notation. R is the field of real numbers; Ry = [0,+00); || - ||p denotes a
norm in a real Banach space B; (-, -)y denotes an inner product in a real Hilbert
space H; 0 is the zero element of a Banach space; I (resp. O) denotes the

identity (resp. the zero) operator; £(B1,B2) denotes the space of linear bounded

operators By — By with the norm ||Allg, B, = sup Hll\jll% (if By =By =B we
z#0 1

write shortly ||Allp; Sp is the unit sphere in B; Bg(r) is the ball in B of the
radius r > 0 centered at 0; for » > 1 the set Kg(r) C B is defined as follows

Kg(r) ={zeB:1/r <|z|p <r};

D(A) denotes the domain of an operator A; C([t1,t2], B) is the space of contin-
uous functions x : [t1, 2] — B with the uniform norm ||z(|c=max;c(s, 1,] [ 2(t) ]|
with —o0o < t; <ty < +00; f1 0 fa and f1fo denote a composition of opera-
tors f1 and fo; C°(Q,R™) is a set of infinitely smooth functions R* — R™
with compact supports in an open connected set @ C R™ with a sufficiently
smooth boundary (or Q = R"); L?(Q,R™) is the Lebesgue space with the inner
product (u,v)r2qrm) = fﬂu -v and the norm [Jul|z2 (g rm) = /{4, u) L2(Q,r™),
where u,v € L?(2,R™); HP(Q,R™) is the Sobolev space with the inner product
(u,v) gr(Qrm) = > Vi, ViU>L2(Q’]Rm) for u,v € HP(R™,R™) and the norm
1wl e (,mm) = / (U, u) gr(,rm); HY is a completion of C2° in the norm of H?;
L'((t1,t2),B) is the space of Bochner integrable functions (¢1,t,) — B, where
—o0 < t] < tyg < 4+00; K is a set of strictly increasing continuous functions
o :[0,400) = [0, +00) such that ¢(0) = 0; K* :={o € K:0(s) = +00 as s —
+0o0}; the symbol aﬁe(resp. aée or € ) means that an identity (resp. inequality or
inclusion) holds almost everywhere; &(t) = limy, M is a time deriva-
tive of the function z : R — B, where the limit is understood in the strong topol-
ogy of B; 5+v(t) = lim supy,_, o+ w denotes the right-hand upper Dini

derivative of the function v : R — R; ﬁ+V(:c;g) = limsup;,_,o+ w

denotes the right-hand upper directional derivative of the functional V' : B — R
in the direction g € B; DF(z) € L(B;,B3) denotes the Fréchet derivative of
F:By — Bs.



2. Model Description and Basic Assumptions

Let us consider the nonlinear system
&= Ax+ f(z), t>0, z(0)=uxq (1)

where z(t) € X is a system state at the time instant ¢ , X is a real Banach space,
xo € X is an initial state, A : D(A) C X — X is a linear (possibly unbounded)
closed densely defined operator which generates a strongly continuous semigroup
® of linear bounded operators on X, f : D(f) C X — X is a non-linear (possibly
unbounded) closed densely defined operator such that f(0) = 0 and D(f) C X
is a linear subspace dense in X.

The non-linear evolution equations are well-studied in the literature (see, for
example, [21, 8]), where the notion of solution is introduced using the theory of
evolution semigroups.

Definition 1. A continuous function x : [0,T) — X is said to be a mild solution
of (1) if f(=(-)) € L*((0,T),X) and

t

z(t) = ®(t)xg +/0 Ot —s)f(x(s))ds, Vtel0,T).

If this mild solution satisfies (1) for (almost) all t € (0,T) then x is called
classical (strong) solution of (1).

The above integral is understood in the sense of Bochner (see e.g. [7], page 187).
The assumption f(0) = 0 implies the existence of the zero solution of (1) with
o = 0.

Definition 2. A closed densely defined non-linear operator f : D(f) C X - X
is said to be M -regular if there exists a linear closed operator M : D(f) C X — X
with a bounded inverse M~' : X — D(f) such that the nonlinear mapping
x — f(M™'z) is locally Lipschitz continuous in x € X\{0}. More precisely, for
any r > 0 there exists L. > 0 such that

1F(M ™ wy) = fF(MT ) lx < Lelloy — 2]x (2)
for all x; € Kx(r), where v € (0,1] and i = 1,2.

Notice, if f(z) = g(Qz,x), where @ : D(Q) C X — X is a closed densely defined
unbounded operator and ¢ : X x X — X is locally Lipschitz continuous, then f
is M-regular with M = @) — Al provided that A € R belongs to the resolvent set
of Q. For a well-posedness of (1) with xy # 0, we assume that f admits some
” M-regularization” consistent with A.

Assumption 1. Let f be M-regular, M commutes with ®:

D(t)Mag = MP(t)xg for allt >0 and all 9 € D(f),



the linear operator M®(t) : X — X is bounded for any t > 0 and there exists a
continuous function w : (0,+00) — Ry such that

t
IM®@)|x < w(t) and / w(o)do < +00,¥t € (0, +00).
0

If D(f) = X then M = I is the identity operator and Assumption 1 simply
asks the regularity of f on X\{0}. If A is a generator of an analytic semigroup
® then Assumption 1 is fulfilled for an operator M being a fractional power of
the operator A (see e.g. [21], page 195 for more details). The function w has
the form w(t) =t~ *C,« € (0,1) in this case.

Since M is a closed operator then the linear space Y = D(f) with the norm
lylly = llyll+||My]| is a Banach space as well. Assumption 1 guarantees that for
any zo € Y\{0} the evolution equation (1) has a unique mild solution z,, which
depends continuously on the initial condition (see Appendix for more details).
In this paper we study only generalized homogeneous evolution equations [22]
specified below. The aim of the paper is to proof that the considered generalized
homogeneous system is globally uniformly asymptotically stable in Y if and
only if it admits a locally Lipschitz continuous homogeneous Lyapunov function
V:Y—-R.

3. Homogeneous Systems

3.1. Dilations in Banach Spaces

For more details about theory of dilations in finite-dimensional and infinite-
dimensional spaces we refer the reader to [13], [16], [25]. In this paper we deal
only with linear dilations [22].

Definition 3. A mapping 0 : R — L(B,B) is said to be a group of linear
dilations (or simply dilation) in a Banach space B if

1) (Group property) 0(0) = I, d(t+s)=0(t)0(s), t,s€R;

2) (Limit property) Sgr_noo [o(s)ulle = 0 and SEI-POO o(s)ulls = 400 for any

u # 0.

Obviously, 0 is an one-parameter group of linear bounded invertible operators
and 0(—s) = (D(s))f1 ,Vs € R. The limit property specifies groups being dila-
tions in B.

Definition 4. A dilation 0 is strongly continuous if s — 0(s)u is continuous
for any u € B.

Any continuous linear dilation in R" is given by d(s) = e*¢° = Y2, Slic!;%,
where Gp € R™ "™ is an anti-Hurwitz matrix. Nonlinear dilations in R™ are
studied in [17], [16], [27]. Examples of linear dilations in Banach spaces are
considered below.

Definition 5. A dilation 0 is strictly monotone in B if 38 > 0 : |[p(s)|lz <
e Vs < 0.



Monotonicity of the dilation implies that the function s — ||9(s)ul|p is mono-
tone, u € B.

Example 1. Let us consider the one-parameter group of linear invertible oper-
ators in the Sobolev space HP(R™,R™) given by

(0(s)z)(z) = e**z(e’*2), seR, ze€ HP(R",R™), zcR" (3)

where a, B € R are constant parameters. Since making the change of the variable
in the Lebesgue integral we derive

p p p
()2l =D IV(s)allz, =D le”0(s)Vial|Z, = D > +28|| vz,
=0 =0 =0

then 0 is a strictly monotone dilation in HP(R™ R™) provided that o > $(0.5n/2—
i),i = 0,1,....,p. Recall that L?> = H°. For more details, about linear dilations
in function spaces we refer the reader to [22, Chapter 6], where in particular the
strong continuity of the group 0 is proven.

Definition 6. A set D C B is a 0-homogeneous cone in B if 9(s)u € D,Vu €
D,Vs € R.

Notice that D becomes the conventional positive cone in B provided that 0 is
the uniform dilation d(s) = e°I,s € R.

Being a strongly continuous group of linear bounded operators, the linear
dilation always has an infinitesimal generator [21] being closed densely defined

linear operator G, : D(Gp) C B — B given by Gou = limg_, As)u—u,

S

Example 2. The generator Gy of the dilation considered in Example 1 is given
by (see [22])

(Gox)(2) = ax(2) + B(z - V)z(z), z€eR™ xe€D(G,) C HP(R™,R™), (4)
where z -V = 218%1 + 22% + ...+ zn%, the domain D(Gy) is a completion of
CS° with respect to the norm ||x| ge + ||Gox|| e . All derivatives are understood
in the weak sense.

3.2. The canonical homogeneous norm

The dilation introduces an alternative norm topology in B using the so-called
canonical homogeneous norm.

Definition 7 ([24]). The functional || - || : B — Ry given by
lullo=e™, where s, € R: [o(=s,)ulls =1, u#0 5)

1s called the canonical homogeneous norm in B, where 0 is a strictly monotone
dilation in B.



Obviously, |[o(s)ulls = €*||ullo and |Julls = || — u|, for Yu € B and Vs € R.
Moreover, ||u|lo =7 < u € Sy(r),r > 0. Notice that || - ||o = || - || provided that
0 is the uniform (standard) dilation 9(s)=e®I, s € R.

Theorem 1 ([22], Lemmas 7.1, 7.2). If 0 is a strongly continuous strictly
monotone dilation then | - ||y is single-valued, positive definite, locally Lipschitz
continuous on B\{0} and there existow > 3> 0, C > 1: &l[ul|§ < [Julls < ]2,
u € By(1) and |[ullf < |jullg < Cllullg, u € B\By(1). Moreover, there exist
a,7 € K= : g(|lulls) <[lullo <T(|lulle), Vu € B.

In [22, Theorem 7.1]it is also proven that || - ||, is a norm in a Banach space B
homeomorphic to B. This justifies the name "norm” for the functional | - |».

Example 3. Since the strongly continuous strictly monotone dilation (3) in
HP(R™, R™) satisfies

p
(s)zlFe =Y e 2 Via|fa, @ € HP(RT,R™)

1=0

then the canonical homogeneous norm in HP is defined as ||z|om» = 1/V,
where V' > 0 is a unique real positive root of the following fractional polynomial
equation

P
1= Z yo—Bn/2+iBg.
i=0

where a; = ||Vix||%2(R"7Rm), x#0,a>pn/2—if,i=0,1...,p. Since the right-
hand side of the latter equation is continuously differentiable in a;,V € (0, +00)
then, by the implicit function theorem, the function (ag,...,a,) — V defined im-
plicitly by this equation is continuously differentiable in a; € (0,+00) as well.
In other words, the canonical homogeneous norm |||y g1 is a continuously dif-

ferentiable function of |Viz|pz2,i=0,1,...,p for x € HP(R",R™)\{0}.

The canonical homogeneous can be utilized as a Lyapunov function candi-
date for some homogeneous systems. The differentiability of the homogeneous
norm is important for the corresponding analysis. In the case of a Hilbert space
H, the canonical homogeneous norm is always Frechét differentiable at least on
the domain of the generator Gy.

Lemma 1 ([22], Lemma 7.4). Let d be a strongly continuous strictly mono-
tone dilation group in a Hilbert space H then the homogeneous norm || - ||y is dif-
ferentiable on D(Gy)\{0} and the Fréchet derivative of || - |lo at u € D(G,)\{0}
s given by

@(=n[ufo) -, 3(=In[ulls)u)

(Goo(—In ||lullp)u, 0(—In |Jul[s)u) [[ullo. (6)

(Dlfullo) (-) =




Example 4. Let us consider again the strongly continuous strictly monotone
dilation (3) in HP(R™,R™) with o > pn/2 —if,i =0,1,...,p. From Example 3
we conclude the Fréchet differentiability of |- |lo,a» on HP(R™,R™)\{0}. Notice
that for v € H*(R™,R™) using integration by parts we derive

(Gov,v) g = (v + B(z - V)v,v)p, +(V (av+ (B2 V)v), Vo) =

(o= pn/2) (v,v)p, + (a+ (1 =n/2)) (Vv, V),

and the Fréchet derivative of || - |lo.m1 at the point x € H'(R™,R™) can be
computed as follows

_ <D(71n|‘w”a,Hl)Q» 'U> 1
(Dllllo, 1) (2)= (a—ﬂn/?)(v,v}LZ+(a+6(1—n/21)1)<VU,VU>L2

20,1, g€ H' (R, R™),
(7)

where v =10 (—In||z|[s 1) z.

3.3. Homogeneous operators
Homogeneous functionals and operators on a Banach space B (see [25]) are

defined similarly to homogeneous functions and vector fields (see e.g. [16], [11])
taking into account their possible unboundedness.

Definition 8. An operator f : D(f) C B — B (a functional h : D(h) C B — R)
is said to be 0-homogeneous of a degree v € R if the domain D(f) (resp. D(h))
s a 0-homogeneous cone and

e’ 0(s)f(u) = f(d(s)u), VseR, VueD(f), (8)
(resp. h(d(s)u)=e€"°h(u), VseR, YueD(h))

where 0 is a group of linear invertible operators in B.

We say that an evolution equation (inclusion) is 0-homogeneous of a degree
w € R if its right-hand side is a 0-homogeneous operator of the degree L.

Example 5 ([22]).  The Laplace operator A : H*(R",R) C L*(R",R) —
L?(R™,R) is d-homogeneous of the degree 23 with respect to the dilation 0 in-
troduced in the Example 1, where Az = ;' | %,zi € R,z € H*(R",R) and
the derivatives are understood in the weak sense.

Homogeneity allows local properties of nonlinear operators (such as regularity)
to be extend globally [22, Chapter 7].

8.4. Symmetry of solutions of homogeneous systems

A semigroup generated by a closed densely defined linear homogeneous op-
erator in X is homogeneous as well [22, Lemma 8.1].



Theorem 2 ([22], Theorem 8.1). Let 0 be a group of linear bounded invert-
ible operators on X. Let a linear closed densely defined operator A : D(A) C
X — X generate a strongly continuous semigroup ® of linear bounded operators
on X and f : D(f) C X = X. Let A and f be d-homogeneous operators of a
degree p € R. If x : [0,T) — X is a mild solution of (1) and x(t) = D(f)
then for any s€R the function z°:[0,e **T) =X given by x°(t) := 0(s)z(e’5t),
t € [0,e #5T) is a mild solution of the evolution equation (1) and x*(t) = D(f).

The latter theorem proves the symmetry of solutions of (1) with A and f being
0-homogeneous operators.:

To(s)ao () = 0(8) 20y (e7°1), 5 ER,E >0, 9)

where x, denotes a solution of (1) with the initial data x(0) = z. This symmetry
expands globally any local property of solutions. For example, if the origin of
(1) is locally stable then, from (9) and the limit property of 0, we immediately
derive global stability. Similarly, the existence of solutions for small initial data
implies the existence of solutions for large initial data and so on.

Example 6. The system @ = Ax — (z - V)z, t > 0, * € L*(R",R") is 0-
homogeneous of the degree 2 with respect to the dilation (3(s)x)(z)=e’z(e®z),z €
R", s € R, where A : H*(R",R") C L?*(R",R") — L?*(R",R") is the Laplace
operator and f : H'(R",R") c L*(R",R") — L2*(R",R") given by f(z) =
—(x - V)z is a non-linear M-regular operator with M = (—=A)Y? being the
fractional Laplacian. According to Theorem 2, mild solutions of the considered
system are symmetric and satisfy (9).

3.5. Homogeneous Lyapunov function theorem (Main result)

Solutions of (1) with the M-regular operator f are well-defined on Y\{0}
(see Appendix). It is reasonable to analyze the stability and robustness of the
system (1) in the norm topology of Y. The origin of the system (1) is said to be

o globally uniformly Lyapunov stable in Y if there exists € € K such that
lz®)lly < e(llz(to)lly), VE=to (10)
for any mild solution z : Ry — Y of (1) and any tg > 0;

e globally uniformly asymptotically stable in Y if it is globally uniformly
Lyapunov stable in Y and Ve > 0, VR > ¢ and Vty > 0, there exists
T = T(R,e) > 0 such that ||z(t)|ly < R implies ||z, (t)|ly < e for all
t>to+1T.

Recall that the homogeneity degree specifies convergence rates of stable ho-
mogeneous systems (see e.g. [20], [3] for ODE models and [22, Theorem 8.6]
for evolution systems in Banach spaces). For instance, any uniformly asymp-
totically stable 0-homogeneous system of negative degree is globally uniformly
finite-time stable (i.e. the state x = 0 is reached by any trajectory of the



system is a finite instant of time), but any uniformly asymptotically stable -
homogeneous system of positive degree is globally uniformly nearly fixed-time
stable (i.e. for any neighborhood U C Y of 0 there exists an instant of time
Ty € (0,400) such that x(t) € U, ¥t > Ty independently of initial conditions).

Theorem 3. Let 0 be a strictly monotone strongly continuous dilation in X and
in Y, the evolution equation (1) be d-homogeneous of a degree u € R, f : Y C
X — X satisfy Assumption 1. The origin of (1) is uniformly asymptotically
stable in Y if and only if there exists a continuous positive definite functional
V.Y — R such that

1) V is 9-homogeneous of the degree 1 and locally Lipschitz continuous on

Y\{0};

2) there exist k,k > 0 satisfying
Elzloy < V(@) < Kllzlloy, VreY, (11)
where || - |0,y s the canonical homogeneous norm induced by || - ||v;
3) for any mild solution x, of (1) with ©(0) = xg € Y the inequality
DV (aay ()< ~ [l (15% £>0 (12)
holds as long as x4, (t) # 0.

Formally, the latter theorem needs a knowledge of trajectories of (1) to check the
condition (12). In practice, it is important to analyze the asymptotic stability
using the right-hand side of the evolution system only. This can be done under
additional restriction on X. The proofs of the above theorem and the following
corollary are given in Appendix.

Corollary 1. Theorem 3 remains true even when the condition 8) is replaced
with

3) D'V (w; Az + f(x)) < —|e|it', Vo e M'D(A),

provided that X is a reflexive Banach space and M ~1D(A) is a 9-homogeneous
cone dense in Y.

This corollary is applicable, in particular, if X is a Hilbert space.

Example 7. Let us consider the nonlinear equation

. 0% Or 1
b= oy —glallie, t>0, 2(0) = a0, (13)

where x(t) € L?(R,R). This equation admits the representation (1) with A =
2
36z2; X = LQ(RvR); D<A) = HZ(R,R), f(x) = ‘T% - %”‘ﬂ‘%ﬁt and D(f) =

Y = H'(R,R). Notice that f is M-regular with M = % + 1 and (M~ ty)(z) =

ffoo e~=9)y(s)ds, y € X,z € R, respectively. The considered system satisfies



Assumption 1 with (®(t)y)(z) = — f+oo e~ 55 y(s)ds and has a unique

Vart Joo
mild solution for any xo € Y\{0}.

The system (13) is d-homogeneous of the degree p = 2 with respect to the
dilation (0(s)x)(z) = e*x(e®z), z € R,z € X. The dilation 0 is strictly monotone
and strongly continuous in X and Y (see Example 1).

Let us show that the system (13) is globally uniformly asymptotically stable
and the canonical homogeneous norm ||-|j»,y induced by the norm ||-||y = ||| g s
a d-homogeneous Lyapunov function of the system. Indeed, forv € M—1D(A) =
H3(R,R)\{0} we have

(v, Av+ f(v))

2
(v, 5% +v3 -4 |UHL2v>L2 +(,2 (% + 03 = Sloliee)) =

12012 — Bl — |22, — (22, 082) — Holta 122112, =
O et . e L e -
g e e X i< 3 e 1 A -1

o P = Y R 1 ie-=1

V% — 5llvllze || 5217 -
Using the Gagliardo-Nirenberg-Sobolev inequality (see [6]) we derive ||v]|$s <
2
VIl H%HB and conclude

(v, Av+ F(©)) i < —[|32]172 — Sl0lIS-

The latter means that || - | g, s a Lyapunov function of the system, but it is not
0-homogeneous. Using d-homogeneity of operators A, f and the formula (7),
for any x € M~YD(A) we obtain

( (= Inllell, 1) (Az+f (@), v),,

(DlleD,Hl) (A.%‘—l—f( )) oIz Jr” H ||-75||D,H1 =
2
—‘@ F Lpye
(Av+f(v), U)Hl ull3 <9 0z|,, 3 L2 r
i, g, e < 27 S llello

where v =0(—In H33||0,H1)33- Taking into account ||v|| g1 = 1 we conclude that

2
(Dl i) (Aw + F(2)) < = ol
and the functional V : Y — R given by V(z) = 3|z|lo, i satisfies Corollary 1.

Notice also that the considered system is nearly fixed-time stable in the view of

[22, Theorem 8.6].
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4. Conclusions

The main contributions of the paper are Theorem 3 and Corollary 1, which
provide a characterization (in terms of a locally Lipshcitz continuous Lyapunov
function) of the uniform asymptotic stability of homogeneous infinite dimen-
sional systems with unbounded nonlinear operators in Banach and reflexive
Banach spaces, respectively. The existence of the regular Lyapunov function
allows rather simple ISS analysis of homogeneous systems to be developed [1],
[2], [23]. Namely, uniform asymptotic stability of unperturbed homogeneous
system implies its ISS with respect to homogeneously involved perturbations.
The expansion of this result to homogeneous infinite dimensional systems with
unbounded nonlinear operators is an interesting problem for future research.
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5. Appendix

5.1. Auziliary results

Lemma 2 (Existence of Solutions). Let A : D(A) ¢ X — X be closed
densely defined linear operator which generates a strongly continuous semigroup
O of linear bounded operators on X and f : D(f) C X — X satisfy Assumption
1. Let 6 > 1 be an arbitrary real number and

f5(x) = as([lz]lv) f(z), ze¥Y,qeV

where as € C° (R4, R) such that as(s) = 0 for s ¢ (1/(20),26) and as(s) =1
for s € [1/6,6]. Then for any xg € Y the initial value problem

i=Ar+ fs(x), t>0 2(0)=x9€Y (14)

has a unique mild solution x° : [0,4+00) — Y, which is continuous in Y and
coincides with the mild solution x4, of (1) as long as x4,(t) € Ky(5). Moreover,
for any xo € Y\{0} the system (1) has a mild solution x,,, which is uniquely
defined as long as 0 < ||z, (t)|ly < +o0.

Proof.
For z; € X, 22 € X we have M 1z, M~ 1z5 € Y and

[ fs(M ™ ay) = fs(M ™ o) |lx =
las(I1M = ar|lv) F(M ™ 1) = as([|M ™ o lv) f(M ™ as)1x <
I1F (M ) [Ixlas (| M~ [ly) —as (| M~ aslv) |+
las([|M ™ o |lo)[[|F(M ™ ) = f(M ™ o) |[x =
1AM~ )| - Jas(O)] - 1M~ |y — [[M ™ 2 |lv| +
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Jas(IIM ™ wally)| - 1f (M ) — F(M ™ )|l
where the mean value theorem is utilized for 6 € [min || M ~1x;||y, max | M ~ta;||y],
i=1,2.
Notice that M ~'z; € Ky(26) implies z; € Kx(2£5), where & = 1+||M~!|x <
+00. Local Lipschitz continuity of f o M~! yields SUP, ¢ Ky (266) f(M~tz)|| <
400 and HL; > 0 such that

IF (M~ 1) — f(M ™ as)llx < Loy —w2llx Var, a2 € Kx(2€9).

Since as € C2° then sup,cg |aj(s)| < +oo. Notice also M ~'zy ¢ Ky(20) =
as(||M~1zs|ly) = 0. Therefore, taking into account

1M~ |y — [[M ™ sl | < M7z = 22)[lv < (IM7H] + )]l — 2lx,

we conclude that fsoM ~! satisfy the Lipschitz condition on X with the Lipschitz
constant Ly := Ly + (|M Y] +1) suppes [ah(6) | suDe s ags) | (M) < +oc.
Given xp € Y let us consider the metric space

t€[0,T]

Z:{z € C([0,7],X) : 2(0) = Mz, sup |z(t)|x < +oo} ,

with 7" > 0 and the metric p(z1, 22) = sup,c(o,77 |21(¢) — 22(¢)||. Let the operator
F' be defined on Z as follows

(F2)(t) = (t) Mo + /O Mt — 1) f5(M~'2(r))dr.

The function 7 — fs(M~'2z(7)) is Bochner integrable in X if and only if
7 — ||fs(M~12(7))||x is Lebesgue integrable. Since z € C([0,T],X) then M-
regularity of f implies f(M~'z(-)) € L'((0,7T),X) and F : Z — Z. Indeed, one
has

I(F2)(0)llx < |(0)]]x - [|Mzo|lx+

Jo 1Mt —7)]x - (||f5(M Y2(1)) — £5(0)|Ix dr <
kHMﬂfon-i-LafO w(t — 1) ||z(7)|lx dr

where k = sup;cpo ) [2(t)[x < +oo and w(t — 7) > [[M®(t — 7)[Ix (see the

assumption 1). Taking into account integrability of w on [0,T] we derive

sup [[(F2)(t)]lx < +00
t€[0,T)

for any z € C([0,T],X). Let us show that the operator F' : Z — Z has the
unique fixed point F(z*) = z* with z* € Z. For any 21, 20 € Z we have

t IF (1)) — Fl2) (0]
Jy ot = Dfs(M 21 (7), () f@4 ()(ﬂmmhﬁ
Jy @(@)dosup,epo zy 21(7) = 22(T)x < (Lag o wlo)do) plar, z2).
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Since fOTw(o*)da — 0 as T — 0 then for a sufficiently small " > 0 we have
n=Lsg fOTw(o)da< 1 and

IR (20) (1) = F*(z2) (D)l < 0 plar, @), k=1,2,....

Using the contraction principle (Banach Fixed Point Theorem) we deduce the
existence of a unique fixed point z* of the operator F' in Z, which corresponds
to a mild solution x° := M~!2* of the nonlinear system (14). Indeed, using
Assumption 1 we derive

2O(t) = M~ 12*(t) = M1 ®(t) Mo+
MY M<I>(tt— ) fs(M~12*(7), q(7))dr =
D(t)xo + fo ®(t —7)fs(2° (1), q(7))dr.

Notice also 20 (t) = M~'2*(t) € Y for all t € [0, T].

The solution z° can be prolonged for all ¢ > 0. Suppose the converse, i.e ex-
ists t; € Ry such that ||2°(¢)|ly — +oo ast — t;. In this case, |M~12*(t)|y —
+00 as t — t; and there exists ¢’ € (0,¢1) such that |[M~12*(¢)|ly > 2§ for all
t € (t',t1). The latter implies that f5(M~12*(t),q(t)) = 0 for all t € (¥, t1),

2(t) = ®(t —t )Mz’ (') and  2°(t) = ®(t — )20 (t)), Vt> [t t1).

Since ® is a strongly continuous semigroup of linear bounded operators on B
then the inequality t; — ¢ < +o0 implies sup,¢jg 4, ¢ [|P(s)[lx < +oo. Using
assumption 1 we derive

122 @)y = 12t — )2 (¢') |x + [MD(t — )2 (')[|x =
10t — )2 (t") [l + @t — )M () lx < @t — ')l ()]l

and limsup,_,,, [|2°(t)|ly < +oc.

If 29 € Ky(6) then, obviously, the mild solution x is the unique mild solution
of (1) as long as 2°(t) = M~12*(t) € Ky(5). Since ||2°(t + h) — x(t)||y =
|M=L(z*(t4+h)—2*(1))||x + ]| z* (t+h) —2*(t)||x,t > to, h > 0 then the continuity
of z in X implies the continuity of % in Y. Tending § — 400 we complete the
proof. M

Corollary 2 (Continuous dependence of initial conditions). If all conditions
of Lemma 2 are fulfilled then for any T' > 0 there exists Ls > 0 such that for
any r1,x2€Y one has

22, (t) =22,y < Lorllz — 2|y, vt e0,T]
where xd_(t) is a mild solution of (14) with z(to) = z;, i = 1,2.

Proof. Since

122, (8) =22, (Ollx < [2()x - [l — 2]+
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t
/O 19t = 7)llx - |l f(22, (7)) = fo(ad, (7))llxdr
then taking into account Lipschitz continuity of fs o M~ we derive
t
25, () = 22, () llx < Kllar — wallx + kLa/ 1M, (7) = Mag, (7)|xdr,
0

where k := sup,cp 77 [|(s)[lx < +0c. On the other hand, we have

t
Ma:gi (t) = 25 (t) = ®(t — to) Mzo + / M®(t—71)fs(M~'2% (7))dr,i = 1,2,
0
where 2} is defined in the proof of Lemma 2. Hence,

1M, (1) = Mag, () < hl|May — Mas||x+
/0 1Mt — )5 - (| fs (M~ 2z, (7)) = fs(M ™ 25, (7)) edr <

t
E|Mxy — Mas|x + L5/ w(t—7) - |M~ 25 (1) = M~ 25 (7)||xdr <
0

z2

t
K[| My — Ms|[x + Ls / w(t =) -[|l23, (1) — 22, (7) |xdr,
0

where w(t—7) > ||M®(t—7)||x (see Assumption 1). Combining the two obtained
estimates we derive

t
2, (8) — 25, (®)]lv < kller — xa|ly + Ls /O (k+w(t =)y, (r) — 23, (7) | vdr.
Hence, using the Gronwall-Bellman inequality we derive

2, (1) = a2, (0)|y < hehe Jo el gy — gy

for all t € [0, 7). Taking Ls 1 = kel? Jo (k+w(t=1)d7 o complete the proof. W

Corollary 3. Let all conditions of Lemma 2 be fulfilled and xo € M~1D(A).
Then the mild solution 3, of (14) is

1) locally Lipschitz continuous as a function [0, +00) — X;

2) locally uniformly continuous as a function [0,+oc0) — Y;
3) a strong solution of (14), x(t) ‘e M~'D(A) and
Ml (t) = M Az’ (t) + M f(2°(t)), t>0,

provided that X is a reflerive Banach space.
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Proof. Let us show zg € M~'D(A) implies 29 € D(A) provided that As-
sumption 1 holds. Indeed, 2o € M ~'D(A) implies Mzy € D(A) and ¢ € Y
(since M~ : B — Y). In this case, we have

(I)(h)Mxo — M.’EQ

li = AMxy.
hg{)l‘*' h o
On the other hand, Assumption 1 implies
lim (I)(h)MIO - M.’,EO — lim M‘I)(h)xo — X
h—0+ h h—0+ h

Since M by assumption is a closed linear operator and Y is its domain then the
existence of the above limits yields W — y* € Yas h — 0. Since A

is a closed linear operator as well then the existence of limy_,g+ % e X
guarantees xg € D(A) and

MAM™z = Az, Vze D(A).

1) Recall (see e.g. [21], page 5) that if z € D(A) then A®(s)z = ®(s)Az and
s+h s+h
D(s+h)z — D(s)z = A/ O(7)zdr = / O(7)Azdr

for all s > 0 and all h > 0. Let us denote

C(T) :=ess sup HMxiO(s)HX, where T > 0.
s€[0,T]

Lemma 2 implies C'(T') < 400 for any zo € Y. Since

15 (a0, (Pl = I1fs(M ™ M (7)) = f5(0)lx < Ls| Mag, () ]1x

then

t+h
22, (t4+h) =25, ()l < ||‘I>(t+h)$o—<1>(t)wollx+/t 1@ (t—7) f5 (a2, (7))llx dT <

t+h t+h
|10 lzaledr+ [ 19(ls(wE, () dr < (sl +LoC(T))
for all h € [0,T7], where k = sup,c(o 1) [[®(s)|| and the Lipschitz constant L; is

defined in the proof of Lemma 2.
2) Now let us prove the uniform continuity of the solution in Y. We have

1M, (¢ + ) — Mag, (1)l < [|@(t + h)Mao — (t) Mao|lx+

t+h
/t w(t — 1) faad, () | dr <
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t+h t+h
|10l [AMolledr + Ls [ wtt = m) Ml (D] <
t t

h
B AM o)l +L50(T)/ w(s)ds
0

for all h € [0,T], where w(s) > ||M®(s)||x (see Assumption 1). Combining the
estimate obtained in the case 1), we derive

h

22, (¢ + h) — 23, (t)llv < A(k]|Azolly + LsC(T)k) + LsC(T) /0 w(s)ds.

Taking into account foh w(s)ds — 0 as h — 0, we complete the proof.
3) Let 29 : [to, to + T] be a mild solution with zo € M~'D(A) and q(t) = 0,

Vt € R. Recall (see the proof of Lemma 2) that x°(t) = Mz(t), where t > t,
and

S(t) = B(t) Mg + /O MOt — 5)f5(M~"2(s))ds.

Let us show that z : [p, T] — X satisfies a Lipschitz condition for each p € (0,T).
Indeed, since

t+h
2(t+h)—2(t) = (P(t+h) — P(t)) Mxg —|—/O M®(t+h—s)fs(M2(s))ds—

¢ t+h
M®(t — s)fs(M*2(s))ds = / O(s)AMzo+
h t
; M<I>(t+h—s)f5(M_lz(s))ds—k/oM(I)(t—s)(fg(M_lz(s—Fh))—fg(M_lz(s)))ds.

Notice that

t+h h
M®(t+h —s)fs(M12(s))ds|| < / w(t+o)-|| fs(M ™ z(h—0))|xdo <
X 0
hC(T)w(T,p), where @(T,p):= max w(s).
s€[p,T]

0

Hence, using Lipschitz continuity of fs5 we derive

12(t+h) = 2(B)llx < (k| AMzollx + C(T)& (T, p)) h+

s [ lt = )l + ) — =) s
Applying the Gronwall-Bellman inequality we conclude
2t + h) — 2(O)lx < (k| AMg |l + C(T)@(T, p)) ek Ji w(t=)dsp,
ie. z: [p,T] — X satisfies Lipschitz condition for each p € (0,T). Since

2z — fs(M™12) is Lipschitz continuous and fs(z°(t)) = fs(M~12(t)),t € [0,T]
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then the function t — f(2°(t)) is locally Lipschitz continuous. Using [21, Chap-
ter 4, Corollary 2.11] we conclude that z is a strong solution, i.e. @9(t) =
Az®(t) + fs5(2?(t)),t > 0. Since X is a reflexive Banach space then it satis-
fies the Radon-Nykodym property, i.e. locally Lipschitz continuity of z im-
plies its differentiability almost everywhere. Since M is a closed linear oper-

a.e.

ator then, taking into account Mxz®(t) = z(t), we derive 2(t) = Mid(t) =
M A2 (t) + M f(2°(t),0),t > 0 and

A(t) = MAM ™ 2(t) + Mf(M~'2(t),0), t>0,
i.e. z is a strong solution of the latter equation. Assumption 1 implies that
d(t)v == MO(t)Mtv = d(t)v, Vt>0,YveX,

and @ is a strongly continuous semigroup of linear bounded operators on X.
Since the operator MAM~' : D(A) € X — X is, obviously, an infinitesimal
generator of ® and ® = ® then M AM ! = A due to uniqueness of an infinites-

imal generator. Using [21, Chapter 4, Theorem 2.9] we derive z(t) ‘e D(A)
and, consequently, 2% (t) = M ~12(t) ‘e M~'D(A). The proof is complete. W

Corollary 4. Let all conditions of Lemma 2 be fulfilled. Let the origin of (1) be
globally uniformly Lyapunov stable in Y. Let r > 1 be an arbitrary real number

and )
0 > max {5(r), a—l(l/r)} )

where € € K is given by (10) and e~ is the inverse function to . Then
1) for any xo € Y : 1/1r < ||zo|ly <7 we have

-1

22, @)l < e(llzolly) <6, vt >0
2) if 3t1 > 0 such that ||2°(t1)|ly < 1/6 then

lz2, Oy < 1/r, V2t

1)

where x,
0

is the unique mild solution of (14).

Proof. 1) Notice that the the inequality (10) and x,,(0) = xo yield e(r) > r
and 1/6 < 1/r <r < 4. Since x coincide with the solution z,, of (1) as long
as 23, (t) € Ky(9) then the inequality (10) implies [|z3, (t)|ly < e([|lzollv) < 6 for
all t > 0 and any x¢ : ||zo|ly < [1/7,7]. 2) Suppose the contrary, i.e. Jta >
such that ||z (t2)|| > 1/r and ||z, (t)|| > 1/8 for t € (t1,t2]. In this case, we

have 20 (t) = x,,(t) for all t € (t;,t5] and using the inequality (10) we conclude

Zo

22, @)l < ellag, (t)llv) = €(1/8) < (™ (1/r)) = 1/r

forallt>t¢;. N
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5.2. The proof of Theorem 8

Sufficiency. Let § > 1 be an arbitrary number. Then by Lemma 2 the
solution z?  of the system (14) with fs(x) = as(||z|y)f(z). coincides with the

Zo

solution x,, of (1) as long as 2 (t) € Ky(5). Using the inequality (12) we

xo
conclude that the function t — V(23 (t)) is monotone decreasing and

o

Vi(ag,(t))

Zo

St
DV (a5, () < ~llag, ()5

Hence, we conclude

Vil (0) < Vieo) = [ e, 015" ds < Vieo) = ¢ [ v7¥1(at, (s

as long as z3 (t) € Ky(9).
Tending 6 — +o0o we conclude that for any zo € Y\{0} the function ¢t —
V (x4, (t)) is strictly decreasing and

Vi) € Vieo) = 1 [ V55 s

as long as 0 < ||z, (t)|]y < +oo. Hence, for any r > 0 we derive
V(xazo (t)) <, Yt > maX{O, ];(V_M("Eo) _ ’I"_H)},

The latter implies that mild solutions of (1) converges to zero uniformly on
the initial data, i.e. for any R > r > 0 there exists T = T(R,T) such that
|4, (t)|| < 7 for all zy € By(r) and for all t > T. Moreover, by assumption, for
all 2o € Y\{0} we have

Ellzay ()0, < V(way(t) < V(zo) < kllzollo,y

and

2o ()lly < e(lzol) =

S

1(%mmw0 (15)

as long as x,,(t) # 0, where ¢! is the inverse function to ¢ (see Theorem 1).
Since g, € K then ¢ € K.

Let us prove that if z,,(t9) = 0 then z,,(t) = 0 for all ¢ > t;. Suppose
the converse, i.e. Jt; > to : € := ||z(t1)]]y > 0. Then due to continuity of ¢t —
lz(t)||y there exists to € (to,t1) such that ||x(t2)||y = § := min{e/2,e7(e/2)}
and || (t)|]y > 6 for all t € (t2,t1], where e~! € K is the inverse function to &.
In this case, from the inequality (15) we derive

lzzo (Ol < e(llz(t2)llv) = £(6) < e(e™ (¢/2)) = €/2

for all ¢ € (to,t1]. This contradicts to the supposition ||z, (¢1)|ly = €. Therefore,

the inequality (15) holds for all ¢ > 0 and any mild solution of (1) in Y.
Necessity. We design the Lyapunov function in two steps: first, we construct

a function V. : Y — R, such that ¢t — V,.(z(t)) is strictly decreasing as long
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as T, (t) € Ky(r) for some r > 1; next, using V; we generate a d-homogeneous
Lyapunov function V : B — R by means of an integral transformation inspired
by [26].
I. Let s > 0,
o= s [o(s)llv
S€[—s0,50]
and r > 73 > 1. Let 6 > r and as € C2° be defined as in Corollary 4. Then
for any xo € Y the system (14) has the unique mild solution z3 : [0, +00) — Y
which, for zy € Ky(J), coincides with the unique solution z,, of (1) as long as
23 (t) € Ky(8). Moreover, by Corollary 2, for any 7' > 0 there exists Lsr > 0
such that
12, () — 2%, (O)llv < Lsrllas — walle,

for all t € [0, 7.
Since the origin of (1) is globally uniformly asymptotically stable then there
exists T, > 0 such that

lzolly <r = |2e@)|ly < 1/r, VE>T,.

In the view of Lemma 2 and Corollary 4 we have a9 (t) = x4,(t) as long

as ||z, (t)|[y > 1/0 provided that xy € Ky(r). Indeed, the global uniform
Lyapunov stability of (1) and the selection of the parameter § > r imply
that [|zJ (t)][y < & for all ¢ > 0 and all 2y € Ky(r). Moreover, if there
exists ¢t; > 0 such that ||zd (t1)|ly < 1/6 (resp. [zg,(t1)|y < 1/6) then
23, ()lly < 1/r (vesp. |l@g,(t)|y < 1/r) for all ¢ > t;. In this case, for
the functional V; : Y — R, given by

Vo(xo) := sup [z, ()|l
t>0

we have

Vo(wo) = sup |lz3,(t)]lv
te[0,Ty]

for all zo € K(r). Hence, using the triangle inequality we derive

[Vo(21)—Vo(z2)| < S[up ]||$il(t)—$iz(t)||Y < Ls, ||lv1—22|ly, Vo1, 22 € Ky (7).
te[0,T,

The latter means that the functional V; satisfy the Lipschitz condition on Ky(r).

The global uniform Lyapunov stability of (1) implies that ||z|ly < Vh(z) <
e(]|lzlly), Yo € Y, where e € K is given by (10). Moreover, the function ¢t —
Vo(z, (t)) is decreasing as long as x4, (t) € Ky(r). Let us consider the functional

“+o0
V(o) :=/0 [z, (3)l1v) |2 (s)[[wds,

where a € C2° is such that a(p) =0for s ¢ (1/r,r), 0 < a(p) < 1forpe (1/r,r)
and a(p) = 1 for p € [1/ro, ro].

21



Notice also a(||Zz, (8)||v)| %z (8)]ly = 0 if 24,(s) ¢ Ky(r). Repeating the
above considerations we conclude that

Ty

Tr
Vi (o) =/O &(lezo(S)IIY)Il%o(S)IIYdS=/O a(llz2, () vz, (5)l[vds

for all x9 € Ky(r). Since x — a(||z||y)||z|y satisfy the Lipschitz condition on Y
with some Lipschitz constant L > 0 then

Tr
Vi(z1) = Va(a)] < /0 a(llz3, (s)llv)lleg, ()l — alllz3, (s)llv) |23, (s)llvds| <

T,
/0 (3, (s)llw)ll23, () llv — alllz2, (s)llv) |22, (s)llvlds <

T
L/ ||;vil( ) — ZE ,(8)llvds < ToLs T, L||x1 —xa|ly, V1,29 € Ky(r),
0

i.e. V7 also satisfies the Lipschitz condition on Ky(r).
Moreover, if h > 0 and ¢ > 0 are such that x,,(t +0) € K(r), V0 € [0, h]
then x,, (t 4+ 0) = x‘;m(t) (0), V0 € [0, h] and

Vi(@a, (t + 1)) = Vi(2a, (1) =

T, T
/0 G012 gy (O gy () s — / G112 0 (5) 1) 2y (5) s =

h

T,
/0 G012 ey ()N gy () s — / (1128 () ) 122 o (5) s —

Tr+h s s
/h (12 ) (1) 220 () el =

h

T’r
/0 G012 gy ()N gy () s — / (11 0 (5) 1) 12 oy (5) s —
T 5 5
/0 a1 0 (5 + B) 1) 12y (5 + ) wdls =

hos s i
—/O a(llzge () ) lzge (s)llvds = —/0 Al (s)I) @) (s)lvds =

_a(”xzo (t + eh)HY)wao (t + Hh)”th 9h € [07 h}v

where the mean value theorem for integrals is utilized on the last step. The
latter means that

lim sup A0 ) ZViEe0 0) < G112, (8)[|v) [0 (£) v
h—0+

as long as x4, (t) € Ky(r). Notice that 0 < Vi(xg) < Tre(||zolly)-
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In this case, the functional V. : B — R given by
Vie(z) == Vo(z) + Vi(z)
satisfies the Lipschitz condition on Ky(r) and
lzlly < Ve(z) < (1+ T)e(llz]lv)

for all € Y. Moreover, for any xo € Ky(r) the function t — V,.(z5,(t)) is
strictly decreasing,

. Vi(zy h))—=Vi(xz, (t
limsup Y Eea )TV <y (|, (1))
h—0+

as long as x,,(t) € K(r), where W,(p) := a(p)p with p € Ry. Due to ho-
mogeneity of the system (1) the solutions z,, are symmetric (see Theorem 2).
Hence, if 9(—s)x,,(t + 0) € Ky(r) for all 8 € [0,h] then using the identity
0(—=58)T4, (1) = To(—s)z (e"°t), Vs € R we derive

Vir(0(=8)way (t + 1)) = Ve (0(=8)24, (1)) =
Vi (@o(—syae (€7 (E + 1)) = Vi(@a (- sz, (€°1)) <

— (]| (—aymo (€t + 01) [[v) [ To(—s)aq ("t + 1) [ veH D,

where 0, € [0,e*h], and p € R is the homogeneity degree of the system (1),
i.e. the function t — V,.(0(—s)z4,(t)) is strictly decreasing

. Vie(0(—8)zy h))—=V,.(0(—s)x, ~ s
tim sup £ < (o (—8)ay (9)])[0(—5), (1) e
—

as long as 0(—s)x,, (t) € Ky(r).
II. Inspired by [26] let us consider the functional V : Y — R given by

+oo
V(z) = / = 13(V, (2(—s)z))ds
where a € C™ is an increasing function such that

o a(p) =1for p> (14T} )e(r);

o G(p)=0for p <1/r;

o d/(p)>0for 1/r <p< (1+T)e(r)

. min a'(p) >0
1/ro<p<(1+T;)e(ro) (P)

and
min{e(1+u)50,e*(1+u)50 a’(p)

min
1/rg<p<(14+Tr)e(rg)
To

q:=In
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For example, the function a can be selected as follows

_ Pmax—Pmin _ Pmax—Pmin

&(p):e P—Pmin (e Pmax — P —|—e>

for p € (Pmins Pmax), where pmin = 1/7, pmax = (1 + T3)e(r).
By construction, the functional V' : Y — R, is 0-homogeneous of the degree
1. Moreover,

+oo
V() S/ e 1a((1 + Tr)e(|[o(=s)a)[lv))ds <

— 00

s(x) )
/ e a((1 + T,)e(|[o(—s)x)||y))ds < e~9e5*)

— 00

where §(x) := In (M) and g € K is defined in Theorem 1. In-
o(=~ (rmmm)
deed, if s > s(x) then from Theorem 1 we derive

o (Io(=s)zllv) < Io(=s)zlloy = ¢ lzlly < e *@zloy = o (7 (k)

and taking into account g,e € K we conclude [[9(—s)z)|y < 5‘%@)
or, equivalently, (1+T7;)e(||o(—s)x)||y) <1/r for all s> 35(x). The latter means
Vr(d(—s)x) < 1/r and a(V,(0(—s)z))) = 0 for all s > 5(x).

Similarly, we derive

+oo
vmz/ ﬁﬂwmﬂmmmz/ e*9ds = e~1e2(®),

—00 — 00

where s(z) :=In (%) . Indeed, if s < s(z) then from Theorem 1 we

have
a([lo(=s)zllv) = [o(=s)zllo,x = e *|lzllo = e™**||z|o,y = 6((1 + T})e(r)).

Since & € K then [[o(—s)z|ly > (1 + T3)e(r) and a(|[o(—s)z|ly)) = 1 for all
s < s(x). Therefore, we have proven that the inequality (11) holds for
e~ 7. e—4

k= vy BT o (e (7))

If 2(t 4+ 6) € Ky(ro) for all § € [0,h] then d(—s)z(t + 0) € Ky(r) for all
6 € [0,h] and for all s € [—sg, sp]. Indeed,

P(=s)z(t + Oy < [P(=3)llx - la(t +O)lly < 7§ =r

and
1/ro < [zt + 0)[ly = [[o(s)[lv - [[9(=s)z(t + 6) |y
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The latter means that
1/r < Vo(0(=8)zs (t+0)) < (1+ Ty )e(r)
for all s € [—sg, s0] and all 6 € [0, h]. Using
Vi(0(=8)2a, (t + 1)) = Ve(0(=8) T2y (1)) < Wi (o(—s)ay (€' + On))e"*h =

W (0(—8)xa, (t + e 7%01))e!°h

we derive
V(xro (t + h‘)) - V(xwo (t)) =

o)

+oo
/ TUa(Ve (=), (t + 1)) = (V2 (0(=5) 2, (1)))]ds =

S0
—h/ e* 9" (0)W,.(0(—58) g, (t + €7 7°0)))eM ds,

50

where the mean value theorem is utilized with
0 € [V (d(=8)Ta, (t + 1)), Vi (0(=8) 2z, (1))].

Therefore, the function ¢t — V(x,,(¢)) is strictly decreasing and

lim sup
h—0+

V(xmo (t+h))*v($mg (t)) <
h

“+oo
_/ IHSTAG (Vo (0(=8)a ()W ([0(=8) o (1) v )ds = =W (w4, (2)),

— 00

as long as x4, (t) € Ky(rg), where

+oo
W () ::/e(””)s’q&’(Vr(M*S)SE))WT(IID(*S)xIIY)dS-

— 00

The functional W is, obviously, nonnegative and 9-homogeneous of the degree
w—+ 1. If ||z|ly = 1 then d(—s)x € Ky(ro) and W,.(||[o(—s)z|ly) = ||[o(s)z||y for
all s € [—s0,50]. Using the mean value theorem for integrals we derive

S0
W (z) 2/ IS4G (V, (0(=s)a)) [0 (—s)[vds = 1557/ (V. (0(—s")2)),
—so
where s* € [—sg, So]. Since d(—s*)z € Ky(ro) then

% < % <Vo(0(=s")x) < (1+T)e(ro) < (1 + Ty )e(r).
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Hence, we derive

min{e<1+“)50,67(1+“)50 min a'(p)
1/rg<p<(1+Tr)e(rq) =1
edrg -

inf W(z)>

llzlly=1

and using 9-homogeneity of W we conclude
W(z) = W(n[lz]ov)o(=In(lzlbyv)z) =

1+ 1+
llly ' W [zl v)o(=1n [lz]a v)z) < [lzf; "

Therefore, we have proven that

lim sup V(%O(Hh),z_v(mo(t)) < —||Tay (t)‘|é+yu

h—01

as long as x5, (t) € Ky(ro). If x4, (t) € o(1)Ky(ro), where 7 € R, then
(—7)x4,(t) € Ky(ro). Using homogeneity of V' we derive

V(@ay (8)) = V(=7)o(7) 24, (1)) = €™ TV (0(7) 22 (1))

Since by Theorem 2 we have xp(r)qz,(€7#7t) = d(T)4,(t) then the function
t — V(xy,(t)) is strictly decreasing as well and

lim sup V(-'Emo (t+h)}z_v($m0 t)) — e—Ts lim sup
h—0t h—0t

V(xa(")wo (e_,LT(t“’h)))*V(ID(T)xo (e™H7t))
h

< —e T(1+“)||370('r)xo(e HTt)HD-HL:_”D(_T>IO(T)M(€ uTt)”aJrH:_Hmm(t)Ha :

as long as z,, (t) € 9(7)Ky(ro), where 7 € R is an arbitrary real number. Taking

into account (J, cp 0(7)Ky(ro) = Y\{0} we complete the proof.

5.83. The proof of Corollary 1

Proof. Since X is a reflexive Banach space then by Corollary 3 (case 3), for
any 2o € M ~1D(A)\{0} we have a unique mild solution z : [0,7) — M ~1D(A)
of (1) satisfying

B(t) “ Az(t) + f(x(t)) and  Mi(t) S MAz(t) + Mf(z(t)), t>0,

as long as 0 < [|z(t)|]y < 4o0. Since

V(I(Hh))h*V(r(t))) —

V(I(Hh))*V(I(t)’:rh(Ar(t)Jrf(fﬂ(t))) + V(I(t)+h(Ar(t)th(fﬂ(t)))*V(z(t))

and V is locally Lipschitz continuous in Y then, taking into account

|V(I(t+h))*V(m(t)};rh(Ax(t)Jrf(r(t)))\ < LHI(Hh)*z(t)*Z(Az(t)Jrf(l(t))HY -

L

M - i(t)Hyﬁo as h—0 for amost all ¢ > 0,
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we derive
5+V(x(t))a':e'ﬁ+V(x(t), Ax(t) + f(z(t)), Vo erlD(A)\{O}.

Sufficiency. The condition 3’) imply the fulfillment of the condition 3) of
Theorem 3 for all xg € M ~!D(A). This means that all corresponding solutions
uniformly converge to 0 and satisfy the inequality (10). Since M ~1D(A) in
dense in Y then the continuous dependence of solutions on initial conditions
implies the same properties for all solutions with zy € Y\{0}. This guarantees
the uniform asymptotic stability of the system (1) in Y.

Necessity. In the proof of Theorem 3 we design a Lyapunov function satis-
fying 1), 2) and

DV (@) <~

as long as z(t) € Y\{0}.

Let t; — 0,t; > 0 as j — 400 be an arbitrary a sequence of time instances
such that x(t;) € M~'D(A). Since any mild solution is continuous function of
time in Y then for any h > 0 there exists i : ||2(¢;) — zo|ly < h? and ||z(t; +h) —
x(h)|ly < h%. Obviously, i — +o0o as h — 0. Let us consider

V(f60+h(Azo-i}-If(mo))—V(Io) _

V(zoth(Azo+f(z0)) =V (woth(Az(ti)+f(z(ti)) |
h

V(Io+h(A®(ti)+f(w(ti)))*hV(m(ti)+h(AI(ti)+f(w(ti)) +

Via(ts) +h(As(t:) +] (@(t) =V (a(tith) |
h

Vi@(tith)=V(z(h) | V(z(h))=V(zo)
h h :

The third term in the above sum tends to zero as h — 01 (see above). Since
the operators A and M are closed then x(t;) — xo,z(t;) € M~ D(A) implies
MAx(t;) = M Axg, Ax(t;) — Axg and

IV(mo+h(A:L’o+f(IO))*‘}/L(ZoJrh(Ar(tin(ﬁ(ti))l <

[Azg — Az(ti)|ly + | f (x0) — f(z(ti))lly =0 as h—0.
Using the local Lipschitz continuity of V' we derive

IV ot h(Aa(ts) et~V (b +h(As(ta)+ (al)] ¢ Liza=a(tlly < [y 50 ag h—0.

Similarly, we obtain

IV(I(tz‘Jrh)}z*V(ﬂ?(h))l < Lrol\ro;w(ti)\lw <ILh-—=>0ash-0.

Therefore, Voo € M~ 1D(A) we have

ptl
2,Y -

lim sup V(Io+h(AIo-;lf(Io))—V(f€o) = lim sup V(i(h)L—V(fﬂo) < —|

h—0t h—0t

|zo]

The proof is complete. B
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