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ON CERTAIN POLYNOMIAL SYSTEMS INVOLVING STIRLING NUMBERS OF
SECOND KIND

F. J. CASTRO-JIMENEZ AND H. COBO PABLOS

ABsTrACT. We solve a special type of linear systems with coefficients in multivariate polynomial rings.
These systems arise in the computation of b-functions with respect to weights of certain hypergeometric
ideals in the Weyl algebra.

1. INTRODUCTION

The Stirling numbers of first kind, denoted s(d, k), for d > k, can be defined by the equation
d

s(s—1)(s=2)--(s—d+1) =Y s(d k)s*.

k=0

These well-known combinatorial numbers could also be defined, in a very fancy way, as the solution to the
system

$(0,0) S(1,0) S(d —1,0) ao S(d,0)
0 S(L,1) - Sd-1,1) ar S(d, 1)
(1) : = :
0 0 Sd-1,d-1) g1 S(d,d—1)

where S(i,j) denotes the so-called Stirling numbers of second kind, another combinatorial numbers closely
related to the first kind ones. This is due to the existent relations between the Stirling numbers of first and
second kind. Notice that there is an obvious correspondence between the rows of the d x d matrix (S (4,7 ))

and the points {0,1,...,d — 1}, which are the roots of the polynomial s% + ag_15%"! 4 --- 4+ ag € C[s].

(2]

In this paper we study a special kind of linear systems which may be seen as a generalization of the system
in (1). More precisely, we define a special kind of linear systems whose coefficients are polynomials involving
Stirling numbers of second kind.

Given a set of r points R C Z2, we will define, for every point in R, a linear equation in the variables
ag, . . ., ar—1 with polynomial coefficients in the ring Clz,y, z]. In this way we associate to R a linear system
of equations. Can we solve these systems? The answer is yes under certain conditions on the set R. It
turns out that, considering the polynomial b,(s) := s" + 18"V 4+ a1s + ag encoding the solution
a = (ag,...,a,—1) to the system, the roots of ba(s) are also closely related with the points in R. We also
study this kind of systems in rings of the form Clx,v, z]/(ax + by) with (a,b) € Z2.

This type of systems (more precisely, specializations of this type of systems to systems with complex
coefficients) appear when computing weighted b-function of certain hypergeometric systems H(3). The
Stirling numbers of second kind appear naturally in this context since the hypergeometric systems are defined
in the Weyl algebra (see [10]), where the following relation holds
n
(20,)" = Z S(n, k)z*or.
k=

0
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2 F. J. CASTRO-JIMENEZ AND H. COBO PABLOS

In [4] we use the results of this paper to compute the b-function of H4(8) where A belongs to a family of
matrices of size 1 x 3 and 3 belongs to a certain set of complex parameters. Some results of this paper can
be also applied in the computation of the b-function associated with hypergeometric systems for matrices of
other sizes, e.g. matrices A of size n X (n+2), 8 € C" and n > 2.

As a consequence of the combinatorics we have developed in the main sections of the paper, we deduce in
Section 5 a family of relations on the Stirling numbers of second kind. We do not know any reference for this
family of relations.

Acknowledgments: We wish to thank Christian Krattenthaler for providing the proof of Proposition
3.11 and a referee for pointing out how some proofs could be simplified.

2. ON STIRLING NUMBERS

A monic polynomial in C[s] is completely determined either by its coefficients or by its roots. The relation
between roots and coefficients is easily understood by using elementary symmetric functions. Let us set some
notation.

Notation 2.1. Given a vector a = (ao, e arfl) € C" we define the monic polynomial of degree r

ba(s) = s" +a,_15"" 1+ +ag.

Given a set of r complex numbers A = {aq,...,a,}, we define the monic polynomial of degree r
,
ba(s) = H (s — ).
i=1

The relation between a and A is determined by the elementary symmetric functions. That is, for 0 < j <r—1,
the coefficients of the polynomial ba(s) are given by

aj = (_1)7"_] Z ail e ai7~7j7

1<i1<i2<...<bp—; <1

the j-th elementary symmetric function on the elements of A.

Let us look at a very simple example. Consider the set A = {0,1,...,d — 1}. Then the coefficients of the
polynomial ba(s) are the well known Stirling numbers of first kind.

These combinatorial numbers, as well as the Stirling numbers of second kind, appear in very different
branches of mathematics. There are many different ways to define them, as we see next (we refer to [2],[6]
and [7], which contain very good introductions to Stirling numbers).

e Stirling numbers of first kind, denoted s(d, k), can be defined by the generating function:

d

(2) s(s—l)(s—2)-~-(s—d—|—1):Zs(d,k)sk
k=0

with the conventions s(n,0) = 0 for n > 0, s(n,m) =0 if n < m and s(0,0) = 1.

e Stirling numbers of second kind, denoted by S(d, k), can be defined by the generating function:
d
(3) sd:ZS(d,k)s(s—1)(8—2)~--(s—k+1)
k=0
with the conventions S(n,0) =0 for n > 0, S(n,m) =0if n < m and S(0,0) = 1.

The Stirling numbers of first and second kind are somewhat inverse to each other, via the relation
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5(0,0) S(1,0) --- S(d,0) $(0,0) s(1,0) --- s(d,0)
0 S(1,1) --- S(d,1) 0 s(1,1) -+ s(d,1) B
0 O‘ S(d,d) 0 ()‘ s(d, d)
(4)
s(0,0) s(1,0) --- s(d,0) S(0,0) S(1,0) --- S(d,0)
0 s(1,1) -+ s(d,1) 0 S(1,1) -+ S(d,1)
= - =lqp1
0 0 s(d,d) 0 0 S(d,d)

where I;41 denotes the identity matrix of order d 4+ 1. Equation (4) can be written in compact form as the
following set of relations (orthogonality property):

d d
(5) > s(k,m)S(d, k) = s(d,k)S(k,m) = dma
k=m k=m

where d,,q4 denotes the Kronecker delta. This is the clue to solve the system (1).

Stirling numbers of first and second kind satisfy the following recurrences:

s(n+1,k) =s(n,k—1) — ns(n, k)

Sn+1,k) =S(n,k—1)+kS(n, k)

respectively. Moreover there are closed forms to compute them:

©) s(n,m) = :Y—l)k (a2 s mes k),
(7) S(n,m) = % é(nmk@) k.

Both numbers have a combinatorial interpretation. The number (—1)"~"™s(n,m) is the number of permuta-
tions of n symbols which have exactly m cycles, while the Stirling number of second kind S(m,n) counts the
number of ways to partition a set of m elements into n nonempty subsets.

We end this section with some interesting relations concerning Stirling numbers of second kind. First
a very useful generating function, which can be indeed taken as another definition for Stirling numbers of
second kind,

oo

1
(8) ne—l ZS’mnx—'.

Moreover, we have the following well-known identity (see [7])
"k
k" = 1S .
mz::l <m>m (n,m)
Finally we state a nice formula (see [2]):
" (n
© > () -1¥ Gk 4" n'z( Jatum st
k=0

In Section 5 we will give a generalization of this equation.
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3. ON CERTAIN POLYNOMIAL SYSTEMS OF EQUATIONS IN Clz,y, 2]

In this section we define a particular type of linear systems with polynomial coefficients, and study its
solutions in the ring C[z,y, z].

Definition 3.1. Given a point (k1,ks) € ZQZO and a positive integer { € Z~g, we define the polynomial

E\(t—i - - i, ia f—i1—i
C(k1, k2, 0) = Z ( >( b“)S(zl,kl)S(zz,kg)x1y2ze 172 e Zx,y, 2]

1
>k, in>ka, i1tin<l N1

Two direct properties about the polynomials C'(k1, ko, £) are

C(k1, ko,¢) = 0 whenever ki + ko > £,
(10)
Ckn, ko, k1 + ko) = (F1752) by,

1

The following alternative definition of the polynomials C'(k1, k2, ¢) can be deduced straightforwardly from
the property (8) of Stirling numbers,

AN .
(11) C(k17k27£) = <€!> kl”{;Q!(e t_ ]-)kl(eyt - 1)k26 t’

where <%> f(t) denotes the coefficient of % in the polynomial expansion of f(t).

Definition 3.2. Given a finite and ordered set of points R C ZZEO, consider the following matriz

My = (C(kl, k2,£)) € Myxr(Z[z,y,2]),

(k1,k2)ER, 0<t<r—1

where r is the number of points in R.

Notice that each point (k1, k2) € R corresponds to the following row of the matrix
(C(kla k27 O)a ) C(kh k2a = 1))7
and the rows in the matrix Mg are ordered as the points in R.

We are interested in the following linear system of polynomial equations

[(e%)) :
(12) MR = — C(k17k277’)
Qr—1 .
We will prove that, under certain conditions on the set R, the system has a solution a = (ag, ..., a,—1) such

that the polynomial b (s) = s" + a,_18" "1 + -+ + a1s + ap factors completely in Clx,y, 2], and whose roots
are somehow related to the points in R. To state this relation precisely we need the following definition.

Definition 3.3. Given R a finite set of points in Z?, we define the monic polynomial
bR(S) = H (S - Aij)
(i,5)ER
where
A =ix+jy+z € Lz, y, 2.

We will prove in Theorem 3.6 that ba(s) = br(s) (recall Notation 2.1). Or, in other words, we encode the
solution to the system by giving the roots of the polynomial b,(s). If we want the solution explicitly, all we
have to do is use the elementary symmetric functions.
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Example 3.4. The simplest example is the system obtained by imposing the conditions x =1 and y = z = 0.
Then, for 0 < i < ¢, the polynomials C(3,0,¢) reduce to
C(3,0,0) = S(¢,1),

and then considering the system associated with the set R = {(0,0),(1,0),...,(n — 1,0)}, we recover the
system in (1). Moreover we have A;; =i and we already know that ba(s) = br(s) is a solution to the system.

In fact, as the example above suggests, we will consider compact sets of points R C 2220.

Definition 3.5. Given a monomial ideal J, the set of standard monomials, denoted by stdy, is the set of
monomials which do not belong to J. We say that a finite set of points R in 7> satisfies the monomial
condition if it can be identified with stdy, for a zero-dimensional monomial ideal J in Clz,y], by means of
the identification

%y’ «— (a,b).

Note that the fact that J is zero-dimensional implies that std; is finite.

Analogously as we defined the square matrix Mg, we can extend Definition 3.2 and define a matrix
associated to the ordered set R, and of any length. For any ¢ € Z~( we consider the matrix

Mg, = (C(klkaaj)> € Mr><(6+1)(Z[xayaZ])~

With this notation we have Mg = Mg ,_1, and we can write the system (12) in the equivalent form

(k1,k2)€ER, 0<5<L

ao
MR,T : = (_J,
Qr—1
1
or in compact form
MRJ.(a, l)t = 0,
where recall our notation a = (ag,...,a,—1). We write simply a instead of a, to simplify notation, since r is

clear from the context.

Next we study the systems
(13) Mp(a,1)" =0

with ¢ > r. Before solving these systems, we are going to illustrate how we encountered them. We summarize
very briefly the process, see [4] for details.
When computing b-functions we use the method of indeterminate coefficients to compute the minimal
polynomial of the operator
S = w1101 + - + WnxpnOp
in D/in_ (1), where I is a holonomic ideal in the Weyl algebra D and w € R™ \ {0}. We start computing
powers of s until there is a linear relation such that

s"+ ar,lsT_l +---+ap € in(—w,w)(I)
for certain a,_1,...,ao € C. If the ideal I is a hypergeometric ideal H 4 (/) with A a matrix of size n x (n+2),
we can reduce the problem to find a linear relation

St a5+ Hag € iy (1)
where

g: am@l =+ Oéjl?jaj + (7))
for certain 1 <7 < j < n, and certain coefficients o;, a; and g, which are linear functions on 8 and w.
Moreover there exists a set B of monomials in C[0;, 0;] contained in a Grobner basis of in(_,,.,)(/) such

that, for some ¢;,c; > 0, we have 5‘?,8? € B (therefore the set std;, where J is the ideal generated by the
elements in B, satisfies the monomial condition). Then it suffices to study when

(14) 5 4+ a,—18" '+ +ay=0mod B
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Now, using that (z9)’ = Zi:o S(4, k)x*0*, we deduce that

5= > C(ky, ko, O)af O ak2 012

k120,k22>0,k1+k2 <L

where the polynomials C(kq1, k2, ¢) are here specialized to the point (z,y,2z) = (a;, a;, o). Solving equation
(14) is equivalent to solving the system Mg, (a, 1)t =0.

Theorem 3.6. Let R be a set of r ordered points in Z> satisfying the monomial condition. Consider the
system

]\4}374(37 1)t :()
with £ > r. Any a = (ag,...,ar—1) such that

bas) = ] (5= Ay)™

(i.7)€R
with ni; >0 for any (i,7) € R, and with 3_; ycgrnij = £, is a solution to the system.

Remark 3.7. Obviously (ba(s)) br(s), and in particular, when £ = r, the solution a satisfies

red =

Before going further we need some combinatorial results regarding the polynomials C(k1, ko, £). First let
us recall the Vandermonde Convolution formula:

(-2 (6m)

=0

Definition 3.8. Given (ki, k2) € N? we define the sets

Skhkz = {(7’;.7) | 0<i<k,0<5< kQ}

Slzl»k2 = Sky ks \{(k17k2)}

Moreover we denote
cij = (k;)(k.z)(_l)kﬁkri—j

dij = () (7)ils!
Notice that the notations c;; and d;; depend on (ki,k2), but in order to simplify notation, we do not write
this dependence explicitly.

Next we prove a kind of inversion formulas among the polynomials C(k1, k2,¢) and A;;.
Lemma 3.9. For all (ki,k2) € Z220 and ¢ > 0 we have
() 2igyesi, x, 4iC05,0) = Al 1y

(11) kl!kQ!C(kl, k‘g,g) = Z(i,j)GSh,kQ CijAfj.

(i) S jyesy ,, Al =~ Tjesy, ,, HClid,0).

Proof. We prove the identity in (i), by the so-called Snake-Oil method, that uses generating functions
to prove combinatorial identities (see e.g. [11]). We look at the equality we want to prove, as a function
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in ¢ and consider the generating function of the left-hand side. Notice first that, by definition, d;; = 0 if
(2,7) & Sky k,- Then, using the definition of C(3, j,¢) given in (11), we have

.. w’ ¢ - ; .
Sezo 4 Ligzo disCli-ji ) :ZQVWZMN@K%>ﬁ@t—U@W—U%t
14 L . .
=2 i,5>0 z']' Zé>0 T <L’> (e —1)"(e¥" —1)7e*
= Yiz0 () () (€ = 1)1 (e — e

e(klerkgerz)w

The coefficient of %,Z on the right-hand side is (k1@ + ka2y + 2)¢ and thus the equality (i) follows.

Now we prove the identity in (ii). We have

585 (5) (%) ot =

1=0 5=0

5 3, G () e

=0 j=0 (a,b)€T,

_ (agn (ﬁ) <£ ; a) Ly E-a=b (izlo (kil)(_l)kl—iia> 2 (’;2> (—1)k2— 4t

J

We use the following closed form of the Stirling numbers of second kind:

S(n,m) = % é(—l)m"“ <T]:> K

and, since S(n,m) = 0 when n < m, we are done.

The identity in (iii) follows directly by (i) and (ii). O

Proof of Theorem 3.6. The proof is by double induction on r > 0 and £ > r.
For r = 1, the set of points is R = {(0,0)} and hence the system under study is simply the equation

ao

(c(0.0,0) C(0,0,1) - co.0,0) | | =0,
ap—1
1
that is, the equation
ag+arz+---+ a£712e71 +20=0.
It is obvious that

aj = (j)(—l)e‘jzf‘j, 0<j<d,

which are the coefficients of the polynomial (s — )¢ = (s — Ago)*, gives a solution of the previous equation.

For » > 1, suppose first that £ = r. We have to prove that a = (ag,...,a,—1) with ba(s) = br(s) is

a solution to the system Mg, (a7 1)t = 0. We can always choose (k1,k2) € R such that the set R’ :=
R\ {(k1,k2)} has the monomial condition. Then, by induction hypothesis we have that X = (Ao, ..., Ar_2)
such that by (s) = br/(s), is a solution to the system

Mg -1 (A1) =0.
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Notice that br(s) = (s — Ak, k. )br/(s), and hence we have to prove that

0 Ao
Ao A1
(16) Mg, : — Ak =0.
)\7"— r—2
A2 1
L 1 O -
We can write the matrix Mg, as
MR/,T—l C(*7 T)
MR,T = .
0 - 0C(ki, ko, k1 +ka) -+ Clki,ka,m)

where x runs over the points in R’. Let us consider the system Mg/, (a, 1)t = 0. We know by induction
hypothesis that for any (i,7) € R’, the coefficients of (s — A;;)br/(s) give a solution to this system. Then

0 Ao
)\0 :
MR’,rfl C(*7 ’I“) — Aij )\7‘—2 = (_)
Ar—2 1
1 0

Since Mg (Ao, - -5 Ar—2, 1, O)t =0 is equivalent to Mg r—1 (Ao, ..., Ar—2, l)t =0, we deduce that

Il
ol

(17) MR’,r—l C(*a T)

Then, to solve system (16), we only have to prove the equation corresponding to the point (k1, k2):

0 Ao
Ao A1
(18) (O,...,O,C(kl,kg,kl+]€2)7...,C(k1,k2,’r)) 7Ak1k2 :6,
Ar—2 1
1 0

or in other words, we have to prove the following equality

> Clhr ko, ONio1 = Agyr, Y Clha, ko, DN,
L=k1+k2 L=k1+k2

where A, := 0 and recall that A,_; = 1. By Lemma 3.9 (ii), this equality is

)ID DENTITEEV IS SIS

l=k1+k2 (i,5)€Sky ky l=k1+k2 (i,5)€Sky ky

We write our equation as follows

r r—1

T r—1
Z CkleAilb)\g,l-i- Z Z CijAfj)\g,1: Z CkleAiJlrkz)\Z"‘Aklkg Z Z CijAfj)\g.

L=k1+k2 l=kitks (i,5)€SR, &, L=k1+k2 C=kitkz (i,7)€SR, &,
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After some cancelations the equation looks like

r—1
(19) cklk’zAkikz 2)\k1+k2 1+ Z Z CijAfjAf—l = Ak1k2 Z Z CijAfjA(

L=ki+k2 (i,j)€S? L=ki+k2 (i,j)€S?

k1,ko k1,ko

By Lemma 3.9 (i) and (iii) we have
> AL == (AL, — ka'ko!C(ky, ko, 1))
(i:9)ESE, 1,

and applying it for £ = k1 + k2 — 1 we deduce that
S eyabithet g

(4,7)ESky ko

Then Cklszﬁz;” = —Akiks 23 jyese ~A’§1+k2_1, and we can write equation (19) as
kq,ko
T r—1
Z Z i Z Z ¢
(20) Ciinj )\571 = Ak1k2 Ciinj )\[.
t=ki+ky \(i,5)€SE, 4, t=k1+ka—1 \(i.))€SE, 4,

Notice that we have reduced our problem to an equation in terms of S¢, koo Which is contained in R/, the set

where we can apply induction. Let us write now equation (20) again in terms of C(i, j,¢), by using Lemma
3.9 (iii). We have

T r—1
(21) Z dij ( Z C(i, g, 5)&1) = Ak, Z di; ( Z C(i, j, Z)Ag) .
(

(i.9)ESE, i, b=k +k> L5)ESE, 4, t=k1+kz—1

Since Sy, ,, € R/, from (17) we have that for any (4, j) € Sy, ,, € R/

0
Ao
(0,...,0,C(i,4,i+j),...,C(i,4,7)) : =0,
AT—Q
1
and by induction hypothesis, for any (i, j) € S¢, ;, € R’ we have
Ao
(0,...,0,CG,ji+j),....Cli.jor—1)) | * |=0.
A?'—Q
1
We deduce that (21) is equivalent to
ki4+ka—1 k1+ko—2
(22) S Y diClL 0N = Ak, Y Z dijC(i, §, O)\e
(i])esk ko (=1 (’L,])Eskl ko

since for any (i, j) € Sy, , we have i +j < k1 + k2. Then equation (22) can be written as

ki+ko—1 kytks =2
S ST dC6EG0 | At = Al Y > diClig ) | A
=1 \()Est, 4, =0 \GDESE

Now we claim that for 1 </ <k; + ko —1
Z dijC(i,j, é) = Ak‘lkg Z dUC(l,],f — ]_)
(6,)€58, k, (1.9)ESR, &,

and hence the equation we wanted to prove holds.
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The claim follows by Lemma 3.9 (i), since we have
Spest ,, daClii0) = ALy, — kKOl ko, 0) = Af

= Ay iy (AL — k2! C (K ko, £ — 1))
= Ak1k2 Z(i’j)eszl,lw d1,]C(7¢7‘7;€ - 1)

where we used that C(ky1,k2,¢) =0if £ < ky + ka.

Suppose now that ¢ > r. We have to prove that the system
]\4'1.375({:17 ].)t = (_)

has a solution a such that ba(s) = [(; jer(s — Aij)"" with > n;; = £. By induction hypothesis we have
that any A = (Ao, ..., Ar—2, 1) such that by (s) = [[(; j)er(s — Ai;)™" with > m;; = £ —1 satisfies

Ao
(23) Mg -1 : =0.

-2
1

We have to prove that for any (4,j) € R the coefficients of the polynomial
(S — Aij)(8Z71 + )\2_28672 +---+ )\0)

give a solution to the system Mg , (a7 1)t = 0. Then we have to prove that

0 Ao
o ;
Mg, — Aij Moo =0
Ai—2 1
1 0

By (23) it is clear that —A;; Mg ¢(Xo, ..., Ae—2, 1,0)t = 0 and hence we have to prove
Mp.¢(0, 0, -+, Ae_2,1)" =0,
We are going to prove that, for any (k1,k2) € R, we have

£
Z C(kh k?v n))\nfl = 07
n=1

with the convention Ay—1 = 1. By Lemma 3.9 (ii) this equation can be written as

4
1 n
Z:l ki lka! > iAo =0.

(iJ)GSZl,;Q
Or equivalently
)4
Z Ciinj Z A?j_lAn_l = 0.
(6I)ESE, ky n=1

This last equality holds, since Efl:1 A?j_l)\n_l = by (A;;) and this vanishes since (i, j) € R. O
Remark 3.10. It can be checked that the condition n;; > 0 is necessary in the statement of Theorem 3.6.

Next we study the determinant of the square matrix Mg (recall that Mp = Mg ,_1). The determinant
of Mg is a polynomial in Z[z,y,z]. We prove that the polynomial is in fact in Z[z,y] and that it is not
identically zero.
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Proposition 3.11. Let R be a set of ordered points in Z2 satisfying the monomial condition and with
cardinality at least two. Then

1
(i,J)ER (1,5)<(i’.j')ER
where < orders the points in R as the corresponding rows of the matriz Mg are ordered.
Proof . (This proof was provided to the authors by Christian Krattenthaler).
By the alternative definition of C(kq, k2,¢) given in (11) we have

1 tt
(24) det(Mg) =[] o det <<€,> (e® — 1)k (e¥t — 1)’“2@”) .
(k1,k2)ER 1-h2: ' (k1,k2)ER, 0<L<r
We claim that the determinant is equal to
1 tf
. v (k1z+koy+2)t
(2) II g e <<z! > T > :
(k1,k2)ER (k1,k2)ER, 0<t<r

Then we are done, because this determinant can be written as

1

")
k1,k2)ER, 0<<
(k1,k2)€ER (kaskz) "

This is a Vandermonde determinant, which can therefore be evaluated, and the result follows.

Now we prove the claim. We impose the lexicographic order on the points in R, and denote it by <. Fix
a point (mq1,mg) € R. We are going to prove that the determinant on the right-hand side of the identity in
(24) equals

(b7 ethrrstaresr for (k1, k2) < (m1,m)
(26) det

ﬁ rt _ ki(pyt _ ko 2t
<ﬂ>(e 1)k (et — 1)k2e2t  for (ky, ko) £ (m1, m2) et bcter

We prove this by induction on the elements in R with respect to the order <. Clearly, the claim is correct
for (my,msg) = (0,0), which gives the start of the induction. For the induction step, let (M7, M2) denote
the successor of (mq,m2) in R, with respect to the (total) order <. Our determinant looks, by induction
hypothesis,

(fr) elhrebaveay for (kv k2) =< (mi,m)

S YT

<ﬁ> (et — 1)F1(e¥t — 1)kt for (ki1,k2) A (My, Ms)

a (k1,k2)ER, 0<0<r
We have
(27)
ki —ky (M1 (M
(et —1)Mr(evt —1)Moezt = ZklﬁMl,kQSMz(_l)MlJer M kz(kf) ( kQQ)e(klirkzerz)t

= e(M1z+M2y+z)t + Z k1 <My, kg <Mg
(1 ,ko) (M, Mz)
We may now substract appropriate linear combinations of the rows of the matrix in (26) indexed by
(k1,ko) = (my,ms) from the row indexed by (Mj, Ms) to eliminate all terms e(*12+k2v+2)t in the expan-
sion (27) with (k1,k2) < (m1,m2). In other words, all terms in (27) are eliminated except for the leading
term e(M@+M2y+2)t Thys we have established our claim for (My, M), the successor of (m1,ms).
This finishes the proof of the equality among (24) and (25). We just have to choose the (lexicographically)

largest element of R for (my,mz) in (26). O

(71)M1+M27k17k2 (1]\6/111) (1]\;[22) 6(k1x+k2y+z)t

We end the section illustrating why the condition we impose on the set R is necessary.
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Remark 3.12. Notice that if we do not ask the monomial condition of the set of points R, the result in
Proposition 3.11 is not true any longer. Indeed, consider the set

Rk ={(0,0),(1,0),(2,0),(3,0),(0,1),(0,2), (0, 4)}-
It does not have the monomial condition since (0,3) ¢ R. We can check that
det(Mpg) = —22%7 (22 — ) (3z — y)(z — 2y)(3z — 2y)(x — y)* (1122 — 422y + 37?),
and 1122 — 422y + 37y? is irreducible in Z[x,y].

This example also shows that Theorem 3.6 is not true if we drop the monomial condition. Indeed, the
system MR,7(a, 1)t =0 is not solvable in C[z,y, z]. It is, however, in (C(:r,y, z) and the function ba(s) is
p(s)
1122 — 42xy + 37y>?
where p(s) = 11sx? — 42szy + 37sy? + 623 — 175y% — 11222 — T72%y + 422y2 — 37y%2 + 222732,

ba(s) =(s—2)(s—z—y)(s—2z—2y)(s —z—3x)(s —z —x)(s — z — 2x)

Finally observe how the biggest subset of R satisfying the monomial condition,
Ro ={(0,0),(1,0),(2,0),(3,0),(0,1),(0,2)},
appears both in the determinant and in the function ba(s). More precisely,
det(Mpg) = det(Mg,) - y*(112* — 422y + 37y?)

and

_ 113902—423xy+37sy2+6:c3—175y3—11362z—77:c2y+429cyz—37y22+222xy2
ba(s) =0br,(s)- T1a? 222y 1372

_ . (3z—7y) (22> —21zy+25y2)
= bRo(S) (S Z+ 1122 —42zy+37y?

4. STUDY OF THE SYSTEM IN SOME QUOTIENT RINGS OF C[z,y, 2]

If we consider systems of the form (13) under a specialization of z,y and z, we obtain a linear system
of equations with complex coefficients. Along this section we will anyway denote by Mg, A;; and br(s)
the corresponding objects under the specialization considered. Obviously we get solutions to this system by
simply specializing the solutions obtained in Theorem 3.6.

Recall that we explained briefly how these systems appeared when computing the b-function of a hyper-
geometric ideal. More concretely when solving equations of the form

ST a1 4+ ag =0,

with r the smallest possible positive integer. In Section 3 we have solved it for r equal to the cardinality of
the set R (which is related to the ideal in(_,,.,)(Ha(/)) in a way too technical to make more explicit here).
The question is, can we solve an analogous equation of smaller degree? This is the underlying motivation of
this section.

We know solutions to the systems for ¢ > r, where r is the number of points of R, and the question is
whether we can find solutions for £ < r. We will find solutions to the systems of r equations in ¢ < r variables
for certain specializations, more concretely those such that det(Mpg) = 0.

By Proposition 3.11 we have that det(Mg) = 0 is equivalent to A;; = Ay for certain different points
(i,7),(i',7) € R. Let us then treat the problem with a bit more generality: instead of systems of linear
equations with complex coefficients, we consider the systems of the form (13) with polynomial coefficients as
in the previous section, but in the quotient ring Clz,y, z]/(A;; — Ay;) for certain (i, 7), (¢/,7') € R.

Note that det(Mpg) = 0 is equivalent to br(s) non-reduced. Then, for £ > r = |R| the solutions a we find
in Theorem 3.6 (under the specialization of the type A;; = A;s;/) correspond all to non-reduced polynomials
ba(s). We will see how, while looking for solutions to the system Mg (a, l)t = 0in Clz,y, z|/(Aij — Airj)
for r < ¢, we will answer the following related question: Can we find a reduced solution to the system for
¢ < r? The answer is yes, as we will see below.
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The condition A;; — Ay j» = 0 can be written as:
(28) ar + by =0,
with a € Z>¢ and b € Z and (a,b) # (0,0). This condition can be decomposed into the following cases:

(i) ax + by = 0 with a,b > 0.
(ii) az +by =0 with a > 0 and b < 0.
(iii) = =0.
(iv) y=0.
From now on we will consider the systems Mg ¢(a,1)" = 0 in the ring Clz,y, 2]/(az + by) with (a,b) €
R\ {(0,0)}.
The aim of this section is to prove the following:
Proposition 4.1. Let R be a set in Z2 satisfying the monomial condition, and consider the system
Mpy(a, 1)lt =0 in the ring Clz,y,z]/(az + by),

for £ > 1o, where 1 is the degree of (bR(s))md. There exists a set Rqp C R with cardinality o and such that

any a = (ag,...,ar—1) with
ba(s) = [ (s—4)"
(if.j)eRa-,h

with n;; > 0 and > n;; =L, is a solution to the system. Moreover, if £ = ry the solution described above is

ba(s) = br, ,(s) = (bR(s))md

In general the set R,; will not inherit the monomial condition from R, and therefore we cannot use
directly the results of Section 3. However we have the same kind of result as Proposition 3.11 regarding the
determinant of the matrix Mg, ,.

Proposition 4.2. Let R be a set of points in Z2 with the monomial condition. For any { € Z~q the systems
Mg (a, l)t =0 and Mg, , ((a, 1)t =0 are equivalent in the ring Clz,vy, z]/(azx + by). Moreover we have

1
det(MRa,b) = H T oo H (AU — Ai/j’)

(k1,k2)E€Rayp  — ~ (1,)<(i'j')ERap

where < orders the points in R,y as they are ordered in the matriz (recall that, by definition, any point in
Rayp corresponds to a row in Mg, , ). In particular

det(Mg, ,) #0 in Clz,y,2]/(ax + by).

Notice that Lemma 3.9 also works in C|z,y, z]/(az + by), by simply imposing the condition ax + by = 0
on the identities.

The next proposition treats the cases (iii) and (iv), which are very simple to deal with.

Proposition 4.3. Let R C Z? be a set of points with the monomial condition. In the ring Clz,y, 2]/(x)
(resp. in Clz,y,2]/(y)), for any € € Z>q the systems Mp (a, 1)t =0 and Mg, (a, 1)t = 0 are equivalent,
where Ry = {(0,5) € R} (resp. Ro = {(i,0) € R}). For any { > ro = deg(br(s)red), any a such that
ba(s) = H(i,j)eRo (s - Aij)nij, with n;; > 0 and > n;; =L is a solution to Mg, (a, l)t =0, and for { =g

ba(s) = br,(s) = (br(s))

Moreover det(Mp,) = H;C’Zgl y’ (resp. det(Mpg,) = Hgozgl x7).

red’
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Proof. Considering the system Mg (a, l)t = 0 in Clz,y,2]/(z) (the case Clx,y,z]|/(y) is completely
analogous), we have A;; = jy + z and therefore it is clear that

(bR(S))red bRo( )

Hence the cardinality of Ry equals 7¢, the degree of (bR(s))re 4+ The equivalence of the two systems follows,
since, for any ¢ > 0:

e if z =0 then C(i,5,¢) =0 for any i > 0,5 > 0,
e if y =0 then C(4,4,¢) =0 for any i > 0,5 > 0.
Therefore in Mp ¢ there are rows identically zero, precisely those rows corresponding to points in R\ Rp.
Now notice that the set Ry satisfies the monomial condition. We consider the system, for £ > g,
Mg, (a, 1)t =0

in Clz,y,z]. Since the polynomial H(i,j)eRo (5 — Aij)nij is invariant under the specialization = = 0, it is
enough to apply Theorem 3.6.

Finally det(Mg,) = [[}%" C(0,4,4) and C(0,,5) = v’ O

Remark 4.4. It is straightforward to check that the formula in Proposition 4.2 holds in these cases.

The cases (i) and (ii) are much more involved, and are rather different. We study them separately. From
now on, we are working in the ring

Clz,y, 2z]/(ax + by) with ab# 0 and a >0
unless otherwise stated.
4.1. Systems in Clz,y,2]/(axz + by) with b > 0. Let us study the system Mg (a, l)t = 0 in the ring
Clz, y, 2]/ (az + by).
First we study the specializations of the polynomials C(i, 4, £) in C[z,y, z]/(az + by). The explicit descrip-

tion of C(i,j,£) under the condition ax + by = 0 is of no help in this case, but instead we find useful linear
relations among them.

Lemma 4.5. Let (a,b) € Z2 and (k1,k2) € Z%,. In the ring Clz,y, 2]/(ax + by) we have the following
identities, for any £ > 0:

! B [k 40\ (ko +
29) S atmuegl e ) (et risrin o
(i)€Su (00} T J ! ?

Proof. Recall that we abuse of notation by denoting C(i, 7, ) the polynomial under the condition ax+by =
0. Using the equality in (11), we have to prove that

cturo= ¥ et (%)) <j> T e e

(4,5)ESab

or equivalently

since (3)(;

) =
glz 22: ( )( ) (klkj Z) (kzkjj) <Z'> @ +z)1(k2 e TICHE AR Gt Vi
— ggo <‘;) <s> k%k% 2 %f <j> (¥t — 1)krti(eyt — 1)katiget

(i,7) ¢ Sa.p- Using the generating function in ¢ of the last equality, we have
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k1|k2| 2 ( )( ) wr _ ykati(ewy _ ket gzt

4,70
(ewz o l)kl (ewy o 1)k26wz a ) b )
ey o Z% i) ) Z:O i)t )
i> 3>
(eww _ 1)k1 (ewy _ 1)krgewz ewamewby _ (ewac _ 1)l<:1 (ewy _ 1)k26wz
B Fey k! - kl'kg'

where the last equality holds because ax + by = 0. The coefficient of % on the right-hand side is C(ky, k2, ¢)
and thus it follows the equality we wanted to prove. O

Definition 4.6. Given a set of points R satisfying the monomial condition, and (a,b) € Z2, we define the
subset of R

Rap ={(i,j) € R | (i,5) — (a,b) ¢ R}.

Remark 4.7. We have Rq, = R unless there are (i,7),(i'j') € R with
(i/7j/) - (Za]) = (a’vb)'

Note also that Rqp = R is equivalent to br(s) non-reduced in Clz,y, z|/(azx + by).

Proposition 4.8. For any { € Z>q the system Mg (a, 1)t = 0 is equivalent to the system Mg, , ¢(a, 1)t =0
in Clz,y, 2]/ (azx + by).

Proof. Note that Lemma 4.5 provides relations among the rows of the matrix Mg ¢ in C[z,y, 2]/ (az + by).
We have to prove that for any (k1, k2) € R such that (k1, k2) — (a,b) € R, we can drop the row corresponding
o (k1,k2) in the system Mg, (a, 1)t = 0. This follows by Lemma 4.5, using that, Sk, x, C R for any
(k1,k2) € R, since R has the monomial condition. O

Lemma 4.9. If R satisfies the monomial condition, then, for any (a,b) € Z%,, the set R, also satisfies the
monomial condition.

Proof. Tt is enough to prove that if (k1,k2) € Rep then (k1 — 1, k2), (k1, k2 — 1) € Rgp.
If (k1 — 1,ka) € Z2, but (ki — 1,ks) ¢ Rayp then

(k1 —1,k2) — (a,b) € R.
But then, since R has the monomial condition, we deduce that (k1,k2) — (a,b) € R, which contradicts that
(kla k?) S Ra b

Analogously, if (ki,k2 — 1) ¢ Ry, then (k1,k2 — 1) — (a,b) € R, but then, since Sy, x, C R (because R
has the monomial condition), we deduce that (k1,k2) — (a,b) € R. O

Proposition 4.10. Given a set of r points in 2220 of the form R, where R satisfies the monomial condition,
and (a,b) € Z2,, consider the system
t _
MRQ,,,A,Z (a, 1) =0
with € > r. In the ring Clz,y, 2]/(az + by), any a = (ao, ..., ar—1) such that ba(s) = [1; jyer, ,(s — Aij)""

with ni; > 0 and > n;; = £, is a solution to the system.
Proof. This is a consequence of Theorem 3.6, since R, ; has the monomial condition. O
Remark 4.11. Since R, satisfies the monomial condition, we can apply Proposition 3.11 to compute

det(Mpg, ,). By definition of R,y and Remark 4.7, we deduce that det(Mg,,) is non-zero in the ring
Cle, s 21/ (0 + by).
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4.2. Systems in C[z,y, z|/(axz — by) with b > 0. For convenience we write the condition az + by = 0 with
b < 0 as ax —by =0 with b > 0. As in the previous case there are relations among the polynomials C(4, 7, £)
in the ring Clz,y, z]/(ax — by).

Lemma 4.12. Let (a,b) € Z2, and (ki,k2) € Z2 o such that ky —b > 0. In the ring Clz,y, z|/(ax — by) we
have the following identities for any ¢ > 0:

. b

j=1 ' el

<2 *”)Cﬁka—b+m@

Proof. We abuse of notation by denoting C(i, j,¢) the polynomial under the condition axz = by. We will
prove the statement by induction on ki + k3 > 0.

The first step of induction corresponds to the point (ki, k2) = (0,b). Under the condition ax — by = 0 we
obviously have A%; = Af, for any ¢. Then by Lemma 3.9 (i) we deduce that, for any £ > 0

a b
a b
oy _ n .
Z (i>z.C(z,0,€) Z (j)].C(O,j,Z).
1=0 =0
Notice that C(0,0,¢) cancels on the previous equality and then we get the claim.

Suppose now that the claim is true for any (ki, k2) with k2 > b and k1 + k2 < b+ r and we will prove it
for (ki,ks) with ko > b and ky + ko = b+ r+ 1. For any (i,j) with j > b and i + j < b+ r we have the
relation in the statement, by induction hypothesis. Let us denote by R(%,j) = 0 such relation. Then, for any
(4,7) € Sk, k, \ Ski,b—1, we can apply induction hypothesis to get

R(i,j) = 0.
Hence, if we prove that
(31) > (M) (%)) - —o
(4:5) €Sk ko \Sky b—1
we deduce that R(k1,k2) = 0, as we wanted to prove.
Let us prove equation (31). First we deal with the part:

Z, DG (7 )ews ool

(4,5)ESky ko \Sky b1

The sum above is equal to

3 il(j — b)! 2:) (i) (k;1> (k]?_bb> <itr>r!0(i o j—b0)—

(4,7)ESkq kg \Sky b1

S G s -

(%,5)ESky ko \Sky b1
k ko —b
> ﬂa<1><2j >C@JJ)—

ilg! >< >(k2b>( ] >T!C(i+r,j,€)—
L (4,7) €Sk kg —b

(3, 7)€Sk kg —b r=

{
SR I 5[ o% Gy O Etvs

(M) ESky +a,ko—b | 0<i<k1,0<r<a,i+r=X

- ¥ i!j!<]?><k2j_b)6*(i,j,€)_

(4,7)€Sky ko —b

_ Z (kzz - b) R Z i!<a> (kl) <z + T)r! COWp )
1% . . r 1 (3
0<i<k,0<r<a,i+r=A

(M) ESky +a kg —b
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- % i!j!(’“il)(k2;b)0(i,j,€)=

(4,)€Sky ko —b

T L G L0 L
H . ) T )
(M) €Sk +a,kg—b 0<i<ky,0<r<a,i+r=X
- il <k1> (kQ N b) C(i, j.0).
(4,5) ESky ko —b ! J
And this is equal to
Z <k1;a> (k’g - b),u!)\!C()\,u,f) B Z i!j!(k_1> (kz - b) Cliir0),
(A“u)esk1+a’k27b H (ivj)esh,szb ! J

by Vandermonde Convolution (15).

Analogously the second part of the relation we want to prove is

> il(j —b)! (k;l) (@2__:) zb: (i) 7l (j ;fJg T) Cli,j—b+rl) =

(%,7)ESky ko \Sky b1 r=1

S (k1;a> (k2 - b> AMplCO ) — Y i!j!<k.1> (kl N b) C (i, 5,0).
(/\,H)GSkl,lQ ,u (i7j)esk1’k2*b ! ]

Hence equation (31) is equivalent to

2. <k1 N a> <k2 N b) NplCp )= > (’“:“) (’”M b) NUCO . £).

(A1) ESky +a,kg—b (A1) ESky kg

And we are done, because this equality holds by Lemma 3.9 (i), since under the condition az — by = 0 we
have Akl,kg = Ak1+a,k2—b- O

Let us define the following equivalence relation on Z2:
(32) (i,4) ~a,—o (¢',5") if and only if (i, ) = (i’,j") + A(a, =)
for A € Q, and consider the quotient space

R/ ~a_s .

)

Since in the ring Clz, y, z]/(ax — by) we have
(bR(s))red = bR/Na,—b(s)7

it seems plausible that R/ ~, _; is the set we are looking for.
Note that the set R/ ~, _ can be identified with the set

{(i,4) € R | (i,5) + (a,—b) ¢ R}.

Indeed, this corresponds with choosing, for each equivalence class, the representative of the smallest height,
and it is exactly what we did in the previous case (without mentioning any equivalence relation). The problem
is that in general it does not satisfy the monomial condition (see Example 4.13). Is there any other choice of
representative such that R/ ~, _p inherits form R the monomial condition? Unfortunately not, as we see in
the following example.

Example 4.13. Consider the set R = {(0,0), (1,0), (2,0), (3,0),(0,1),(0,2),(0,3),(0,4)} and the equivalence
relation ~2 _3. The only choices of R/ ~2,_3 are
{(0,0),(1,0),(2,0),(3,0),(0,1),(0,2),(0,4)}

{(0,0),(1,0), (3,0), (0,1), (0,2), (0,3), (0,4) }
and none of them satisfies the monomial condition.
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Let us study then the set R/ ~, _j even though we know that it does not satisfy the monomial condition.
Observe that in this case there are many candidates for R, ;: in fact every choice of representative in R/ ~q _y
will work.

Note that though the polynomial bg,~, ,(s) is well defined in the ring Clx,y, 2]/(ax — by), the system

MRjmy 0 (a, l)t = 0 does depend on the choice of representative we make on each equivalence class. We

will use Lemma 4.12 to define the system Mg/, _, ¢ (a, 1)t = 0 properly in Clz,y, 2]/(az — by).

Proposition 4.14. Let R C Z? be a set satisfying the monomial condition. For any (a,b) € Z2, and { € Z>g

the system Mg ¢(a,1)" =0 in the ring Clz,y, 2]/ (ax — by) is equivalent to

Mpjmy_pol@,1) =0

for any choice of representative in R/ ~q _p. Recall that a = (ao,...,as—1).

Proof. Notice that whenever (ki1,k2) and (k1 + a, ke — b) are points in R, we have

(k1 +j,ke—b)eRfor j=1,...,a,
(kl,k27b+]) S RfOI“j: 1,...,b,

since R has the monomial condition.

By Lemma 4.12 there is a linear combination among the rows of the matrix Mg, corresponding to the
points
(kl +1ak2_b)7"'7(k1 +aak2 _b)
(33)
(ki,ka —b+1),..., (k1, ko)

(see Figure 1). If (k1,k2), (k1 + a, ke — b) € R, by the monomial condition we deduce that all the points in

kg— L4

1 I

k1 ki+a
FIGURE 1. If ax — by = 0 with b > 0, then, for any ¢ € Z>, we have a relation among the
C(i, j,¢) corresponding to the points represented in the picture.

(33) are in the set R. By Lemma 4.12 we can drop a row corresponding to one of the points in (33), obtaining
in this way an equivalent system of equations.

Now we repeat the argument as long as there exist points of the form (i,7) and (¢,5) + A(a, —b) in the
remaining set of points. Note that now it may be that not all the points in (33) are in the set, but if
one is missing, the reason is because we have taken it away in a previous step, and then we can write the
corresponding row as a linear combination of other rows.

At any step we decide which row to drop. This corresponds with deciding which element represents a class
in R/ ~g4 _p. Dropping every element on a class except one, we prove that the system Mg, (a, 1)t =0is
equivalent to Mg/, ,(a, 1)t =0 for any /.

Note that this argument also works with the points (k1, k2) and (k1 + na, ko — nb), since in Lemma 4.12
we do not ask a and b to be coprime. O
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Remark 4.15. Note that this is not true in the ring Clz,y, z]/(ax + by) with b > 0. If we consider the
equivalence relation analogously as in (32), not every choice of representative leads to equivalent systems. In
general only the set R, defined in Definition 4.6 works, which corresponds to choosing the representative
with the smallest height.

Now we prove an analogous result to Theorem 3.6 in the ring Clz,y, z]/(az — by). The proof is not as
direct as the proof of Proposition 4.10, because R/ ~, _p does not have the monomial condition.

Theorem 4.16. Consider a set of r points in ZQZO of the form R/ ~q _, where R satisfies the mono-
mial condition, and (a,b) € Z2,. For any { > r, we have that any a = (ay,...,ar—1) such that ba(s) =
I jyerm, (s —Ai)" with ni; >0 and 3 ng; = ¢, is a solution to the system.

MR/Na,—bve (a7 1)t =0,
in the ring Clz,y, z]/(ax — by).

Proof. Tt is enough to prove this for a particular choice in R/ ~, _, since, by Proposition 4.14, all these
systems are equivalent. For any class in R/ ~, _ we choose the representative with the smallest height.
The proof is analogous to the proof of Theorem 3.6, by double induction on r > 0 and ¢ > 7.

For r = 1 the set R/ ~, _y is the set {(0,0)}, since (0,0) %4, (i,]) € Z%,, and the proof is exactly as in
the proof of Theorem 3.6. B

For r > 1, suppose first that £ = r. We only need to prove that we can always find (k1,k2) € R/ ~q s
such that

R/ ~as \{(k1 k)} = B/ ~ars

where R’ has the monomial condition, so that we can apply induction exactly as in the proof of Theorem
3.6. Indeed, notice that on each equivalence class in R/ ~, _; the quantity bi + aj is constant. Consider the
equivalence class which maximizes bi 4+ aj. Then the representative (ki, k2) with the smallest height belongs
to our choice of R/ ~, _p, the set

R = R\{(i,5) € R | (i,5) ~a.-» (k1,k2)}
has the monomial condition and R/ ~q —p \{(k1,k2)} = R/ ~q,—p- To follow the proof of Theorem 3.6 note

that in general S} . ¢ R'/ ~q,_p, but we can apply Lemma 4.12 and deduce the equality (22) in this case.
The proof for ¢ > r goes exactly as in Theorem 3.6. O

We finish this section by studying the determinant of the matrix My, _,. In this case we cannot apply
Proposition 3.11, since in general R/ ~, _; does not have the monomial condition. However we have the
following analogous result.

Proposition 4.17. Let H be an ordered set of points in 72 consisting of a particular choice of representative
in the quotient R/ ~q _y, for certain (a,b) € Z2, where R is a set of points satisfying the monomial condition.
Then, in the ring Clz,y, z|/(ax — by) we have

det(Mpy) = H ,1 , H (Aij — Airjr)

kilkg! L4
(k1,ko)eH (4,5)<(4",3")eH

where the order < is given by the order of the points in the rows of the matriz.

Proof. Exactly as in the proof of Proposition 3.11 we have

1 tt .
det(Mpg) = H Tkl det <<€'> (™ — 1)k1(eyt _ 1)k26 t)

(kl,k’z)eH (kl,kg)GH, o<i<r

Let r be the cardinality of the set H. If the points in H are ordered as {(kgl), kél)), ce (kY), kg))}, let us
define the set
SH = Skﬁ”,kél) X Skgz),kf) X oo X Sk§7-)7k;,»).

Hence, since for any /¢

t t k1 (ks o
<£'> (e:ct _ 1)k1 (eyt _ l)kzezt — <€‘> E < . ) ( : )(_1)k1+k2—z—]e(zz+gy+z)t’
! ! i j
(

1,5)ESky ko
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we have

D ::dt<<ﬁ> ot 1Yk (eyt _ 1)k2 zt)
" ‘ “ (6 ) <e ) ¢ (k1,k2)€H, 0<£<r

JACHNPAC)) (@) 4 (@) _.(a) _;(a)
= EseSH ngl (i(lq)) (j?q))(_l)kl e na det(As)

where the tuple s = (i(l),j(l), i(Q),j(z), . ,i(’"),j(r)) € Sy will be identified when necessary with the ordered
set

{@D.5D),. . (D)}
and A, is the Vandermonde matrix

A = ((i(‘”x + Dy + z)z)

1<q<r, 0<t<r

Then
det(A;) = H (Aiw) jor — Ajr ja)
1<p<g<r
We clearly have
He Sy

and

S C U Stk SR
(k1,k2)€EH

because R satisfies the monomial property.
We claim that for all s € Sy \ {H}
det(As) =0 in Clz,y,z]/(ax — by)
and this proves the statement. Let us prove the claim. If there are repeated points in s, we clearly have
det(As) =0 in Clz, vy, 2]
Otherwise, s describes r different points in
U Skaky C R.
(k1,ko)EH

If s/ ~q,—p has cardinality smaller than r, then there are at least two points related by ~ _s, or equivalently
A j = Ay j@ mod ax — by for certain p and ¢, and the determinant vanishes in the ring Cz,y, 2]/(az —
by). The remaining case is when s/ ~, _; consists of r equivalence classes. Then s must be another choice of
representative in R/ ~, _;, because s € R. But any choice of R/ ~, _; different from H cannot be a point
in Sp. Indeed, reordering the elements if necessary we can suppose that the points are ordered in increasing
weight bk + aks (note that the equivalence classes of R/ ~, _; are in correspondence with the numbers
bky + aks for (ki,ke) € H). Let ¢ € {1,...,r} be maximum with the property

(i, e S;§q>’kgq>

Such a maximum exists because s € Sy \ {H}. Then
q—1
(i(q),j(‘”) c U Skgﬂ,kg”
p=1

but this is impossible, since any (i, j) € Sk, r, has weight bi + aj < bk; + aky . Therefore there are no points

of weight bi(? + aj(9) in the set UZ;%Skmk(i). O
1 2

Remark 4.18. Notice that, by definition of the relation ~q _p, for any choice H of representative in
R/ ~q,_p, there are no points (i,7), (i, j') € H such that A;; — Ay jr = (i —i")x+(j — j")y = 0 mod (az —by),
and hence det(Mpg) # 0 in Clx,y, z]/(az — by).
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5. SOME COMBINATORIAL APPLICATIONS

In this section we highlight some relations on Stirling numbers of second kind that were developed in the
previous sections. We have not found any reference for these relations.

(i) Notice that, with our notations, the formula in (9) can be written as
S n k Am n
Z k (71) AkO = (7]‘) n!C’(n,O,m),
k=0
which looks like a particular case of the equality in Lemma 3.9 (ii). Indeed, dropping our notation,
this equality can be written as
( 1)k1+’€2*i J

2 Wi >(Zf”+fy+z) = > (.E)(g;2i1>5<i1,k1>s<i2,mwywzfniz

o X ) S 1
(,)E€Sky ko i1>k1,i0>ka i1 +i2 <l

which is a generalization of equation (9).

(ii) We have given in Lemma 4.5 and Lemma 4.12 explicit linear relations among the rows of the matrix
Mp under some particular specializations. As a consequence we will recover interesting relations
among the Stirling numbers of second kind. Let us see some examples.

Example 5.1. If v =y and z = 0, we have, for any (ki,k2) € Z% So with kg >0,

l—ko

C(khk‘g, —J}e Z < ) Zl,kl)S(g—’h,kz)

i1=k1

Applying Lemma 4.12 repeatedly we have, for any ¢,

ki +1 ki +1)(kL +2 ki +k
Cloaika ) = 1,1, = D o 20,0 == (U 2 k2,00
ko ko(ke — 1) ky
which leads to the well-known convolution relation
0—Fs
ki+k 14 ) .
( 1k1 2)5(@, ky+kp) =) (Z_1>S(€zl,k2)5(zl,k1)
11=k1

Example 5.2. Ifb=1, y = ax and z = 0, we deduce, by Lemma /.12 applied to the point (k1,1),
that

a

Z (@ i!j)! (kl,;r j>S(€,k1 +J)= § (f) S(i,ky)a’~

j=1 i=ky
While if we apply it to the point (0, k) we deduce

a

l—ko+1
koS (€, ky) = Z (a“'j), Z (f) %S(i,j)S(f —iky —1)

Example 5.3. If az = by and v = bz we deduce from Lemma 4.12 the relation
a al 4 / b
St (Jsen-Xg 'ZO
i=1 i= =
for any (a,b) € Z2,,.
And more generally, if ax = by and x = tz with t € R\ {0}, we have

> ,z() > G (seag

Jl Jl
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(iii) Both types of Stirling numbers have been generalized in many different ways (see [8]). Many of these
generalizations of the Stirling numbers of second kind are related to the polynomials C(ky, k2, £), due

to the relation
¢

(o)
x k1 ks t
(e”t — 1) (¥t — 1) e = kﬂl@!ZC(kl,kg,E)E.
£=0
Notice that this is a direct consequence of (11).
Let us see some examples.

e In [6] the author defines the weighted Stirling numbers of second kind (see also [12]), S(n, w, x),

as
t w o xt - "

(" =1)"e" =w! Z S(n,w,x)m

Notice that
S(n,w,z) =C(w,0,n),_,
and, by Lemma 3.9 (ii) we deduce
" /n
1S = —1)nt )"
st = 32 (7))

e In [5] the generalized Stirling numbers of second kind are defined as

S%(n, k,r) = Zn: (’;) Q" i S (i, k)

i=0
and this is, adapting to our notation,
C(k,0,n) = S*(n,k,x).
By Lemma 3.9 (ii),
. N L VA Sy~
S (n,k,x):MZ;(i)(—l) (iz + 2)

Moreover, applying Lemma 4.12 (with b = ks = 1 and k; = 0) we deduce that for every a € Z~y,

2 (ai!j)!sz(z’j’ z) = (az + 2)° - 2
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