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Abstract

We introduce a computational approach to optimize random porous materials through parametric growth

processes. We focus on the problem of minimizing the Poisson’s ratio of a two-phase porous random

material, which results in an auxetic material. Initially, we perform a parametric optimization of the growth

process. Afterward, the optimized parametric growth process implicitly generates an auxetic random material.

Namely, the growth process intrinsically entails the formation of an auxetic material. Our approach enables

the computation of large-scale auxetic random materials in commodity computers. We also provide numerical

results indicating that the computed auxetic materials have close to isotropic linear elastic behavior.
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1. Introduction

Auxetic structures are materials with negative Poisson’s ratio: when stretched they expand perpendicularly

to the applied force [23, 26], a seemingly counterintuitive property. Auxetic materials find applications in

multiple fields thanks to their excellent shock absorption, fracture toughness, or acoustical and vibrational

absorption [55, 46, 22, 27, 44, 40] among other reasons. A substantial amount of research is devoted to the

design of auxetic mechanical materials [22, 11, 52] that derive their physical properties from the particular

arrangement of their small-scale geometry rather than from the material from which they are made. Recent

manufacturing technologies can fabricate complex small-scale structures, and therefore manufacture auxetic

materials.

Random materials offer some significant advantages compared to the more widespread periodic materials. In

particular, they are more resilient to fabrication-related symmetry-breaking imperfections [39], are capable

to smoothly and seamlessly grade material properties and conform to a surface [25], and allow to compute

the material geometry in an efficient and scalable way [31]. While most auxetic materials are defined by a

repeating periodic structure a distinct line of research is otherwise interested in random auxetic materials [33]

since they offer certain advantages over periodic structures [41, 56, 24]. Auxetic polymeric foams [26, 8]

were reported in the 80s and are widely used in industrial applications. The most common process to obtain



Figure 1: From left to right: large-scale random auxetic porous material with increasing close-up views. The growth process
has 43590 nuclei and the computation took 26 minutes on a laptop using a single CPU core.

auxetic foams consists of compressing a conventional flexible cellular foam to force the cell ribs to buckle,

producing a re-entrant structure which is then heated to its softening temperature [9, 1]. The geometry

of cellular foams is usually idealized and modeled with Voronoi diagrams [16], and some works studying

auxetic foams start by modeling a compressed Voronoi diagram [29, 14]. Alternative methods to produce

random auxetic materials consider sheets with random perforations [17] or random fiber networks that can

be produced by electrospinning [12].

A recent research direction tackles the minimization of the Poisson’s ratio of finite two-dimensional random

networks consisting of nodes connected by bonds. Different optimization approaches have been proposed,

ideally assuming that the elastic behavior of the network remains isotropic during the iterative optimization

process. Reid et al. [43] proposed to iteratively prune network bonds, further improved in [42] by modifying,

in addition, the position of the network nodes and the stiffness of the network bonds. Hagh et al. [18] starts

from a planar triangulation and iteratively removes bonds while avoiding the creation of reentrant polygons.

Liu et al. [30] proposed an iterative adjustment of the bond stiffness. Pashine et al.[38] presented a network

aging process that decreases the Poisson’s ratio.

We advocate for a different perspective on the problem of computing two-dimensional auxetic random

materials that is computationally efficient. We propose to compute a porous material [47] with a solid and

void phase throught a parametric growth process. The growth process is compactly defined by a random point

process and two parametric functions controlling the growth law. Our goal is to optimize the parameters of

these two functions in order to minimize the Poisson’s ratio of the resulting porous material. Importantly,

this optimization is only carried out once and allows afterward the immediate generation of random auxetic

materials through the process of growth, without requiring any further optimization process. This is in

opposition to prior methods [43, 42, 18, 30, 38] that proceed with an iterative optimization, rendering the

computation infeasible for very large materials. We enable the computation of large-scale random auxetic

porous materials in commodity computers with close to isotropic behavior (see Figure 1).
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2. Growth process

We consider a growth process [10] in which nuclei are born at the same time. Each nucleus, a point x ∈ R2,

is the origin of a cell. Cells evolve according to a growth law and are forbidden to overlap. At the end of

the growth, the union of all cells corresponds to the void phase of the porous material, while its complement

in R2 corresponds to the solid phase. We start by describing how the nuclei are placed in space and how the

law of growth is defined.

A two-dimensional point process Φ ⊂ R2 defines the nuclei. We restrict ourselves to two different types of

point processes: a homogeneous Poisson point process with intensity λ > 0, and a hard-core point process

in which the points are forbidden to lie closer together than a minimum distance D > 0 (e.g. the centers of

a jammed packing of disks). In particular, we consider the random sequential adsorption (RSA) model [54],

where disks with radius D
2 are iteratively added as long as they do not overlap any previously added disk.

The center of the disks correspond to the point process and its intensity is λ = 4A
πD2 , where A ≈ 0.547 is

the area fraction where saturation occurs [10].

Cells grow through a process of uniform scaling of a compact set S ⊂ R2 centered around each nucleus. The

growth ceases whenever and wherever a cell comes into contact with another one (see Figure 2). This type

of growth process has been well studied in the literature when S is a convex set and is also known as the

Voronoi growth model [37]. Our central idea is to allow S to be non-convex, enabling the growth of porous

materials with more diverse shapes.

Φ

Figure 2: Given a point process Φ, the cells grow according to the uniform scaling of a Euclidean disk.

In addition, we control how close to each other cells can grow. This is done by restricting the growth process

with what we call a maximum Euclidean radius of growth (see Figure 3). Let Br ⊂ R2 be a closed Euclidean

disk with radius r, and centered at the origin. Let x be a point in the boundary of a growing cell. The

growth ceases at x if x+Br intersects another growing cell.

We start by defining S. Let S ⊂ R2 be a compact star-shaped set with respect to the origin O = (0, 0). That

is, for any point x ∈ S, the line segment [x,O] is contained in S. The boundary of S can be parameterized
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Figure 3: Growth of two cells. The growth ceases at x since the disk x+Br intersects another growing cell.

in polar coordinates by a continuous and periodic function ψS : [0, 2π] 7→ [rmin, rmax], where 0 < rmin ≤ rmax

are the minimum and maximum Euclidean distance from O to the boundary of S.

Following [32] we parameterize S with a few known values (αi, li)i>0 of the function ψS(αi) = li, and we call

them radial spans. For simplicity, we always consider m > 0 equally spaced radial spans separated by an angle

of αm = m
2π , and starting at an angle of zero α1 = 0. Let αjk ∈ [0, 2π] be an angle that we seek to interpolate,

lying between (αj , lj) and (αk, lk), such that k = bαjkαmc and j = (k + 1) mod m. The relative position t

of αjk between αk (t = 0) and αj (t = 1) is given by the fractional part t = αjkαm−bαjkαmc ∈ [0, 1). Then,

we interpolate the value of ψS(αjk) by considering the following cubic Hermite spline on the unit interval

ψS(αjk) = (2t3 − 3t2 + 1)lk + (−2t3 + 3t2)lj (1)

The above interpolation ensures that ψS(αjk) lies in between lk and lj by setting the starting and ending

tangents of the spline to zero. In addition, we can impose rotational symmetries to the interpolation. An

illustration of the interpolation procedure is shown in Figure 4.

(αj , lj)
O

(αk, lk)

αm

Figure 4: Star-shaped set parameterization and interpolation. Five equally spaced radial spans and the interpolation result.
Leftmost figure: imposing three-fold rotational symmetry.

The distance induced by S from a point p to a point x is [32]

dS(p, x) =
‖x− p‖

ψS(6 (x− p)) , (2)

where 6 (·) is the angle of a vector with respect to the horizontal axis, and ‖·‖ is the Euclidean norm. We
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always consider that p is a cell nucleus and x is any point of the cell emanating from p. Importantly, dS(p, x)

is the factor by which we have to uniformly scale S, centered around p, such that x lies on its boundary.

Therefore, the distance dS allows us to compactly define the growth process of a cell.

The maximum Euclidean radius of growth is parameterized by a star-shaped set S∗. We consider a polar

function ψS∗ : [0, 2π] 7→ [r∗min, r
∗
max], where 0 < r∗min ≤ r∗max are the minimum and maximum Euclidean

radius of growth. Let x be a point in the boundary of a growing cell emanating from p ∈ Φ. The growth

ceases at x if x+BψS∗ (6 (x−p)) intersects any other growing cell.

The minimal distance between two points in a Poisson point process can be arbitrarily small. Thus, a cell

can be empty as its growth was forbidden through S∗ from the very beginning of the growth process. For

a hardcore point process, the minimal distance between two points is at least D and it suffices to enforce

D > r∗max in order to guarantee that all cells are allowed to grow.

It is challenging to formulate a continuous growth law [3] since both S and S∗ are not necessarily convex,

and S∗ imposes an atypical constraint on the growth process. We instead resort to a discrete growth process

formulation [2], where the cells grow in discrete steps. Therefore, our growth process produces what is known

as a discrete random set. The general principle is to assign each cell a disjoint discrete set of points.

More precisely, we consider an integer lattice LW = Z2 ∩ W where W is a bounded subset of R2. Let

ΦW = Φ ∩W = (p1, . . . , pg) be the subset of nuclei in W . The set of lattice points belonging to the cells

is given by the union CW =
⋃g
i=1 C

i
W ⊂ LW , where CiW corresponds to the lattice cell points associated

with the nuclei pi. Lattice points are incrementally added to CW throughout the discrete growth process.

Let S1 ⊂ R2 be the unit square centered at the origin, and let ⊕ denote the Minkowski sum operator. We

consider that the void phase of the porous material is given by CW ⊕ S1, while the solid one is given by

(LW \CW )⊕ S1. If W is a rectangle, both phases can be compactly represented with a binary digital image.

In all illustrations, the void phase is colored in white and the solid phase in black. Figures 5 and 6 show

some examples of the growth process. It is worth recalling that the size of the solid phase can be regulated

by S∗. For instance, lower values of r∗min will lead to narrower porous materials.

In the following, we describe in more detail Algorithm 1 that defines the process of discrete growth. An

ordered set Q contains tuples {x, p} where the first element is a lattice point of x ∈ LW and the second

one is a nucleus point of p ∈ ΦW . Q is ordered according to the distance dS(p, x). The tuples in Q identify

the points where cell growth can potentially take place. The growth process is divided into two parts, the

nucleation phase, and the growth phase.

Nucleation. Before the growth starts, for all pi ∈ ΦW we insert in Q the tuple {xi, pi}, where xi ∈ LW is

the closest lattice point to pi. Ideally, LW should be sufficiently large so no two points in ΦW are closest to
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S

Figure 5: Growth process given by the point process of Figure 2 and the uniform scaling of S at the left. In this example S∗ is
a Euclidean disk.

S∗

Figure 6: Growth process given by the point process of Figure 2, the uniform scaling of S in Figure 5, and the maximum
Euclidean radius of growth S∗ at the left.

the same lattice point in LW .

Growth. The discrete growth process is simulated as follows. Let {x, pi} be the tuple in Q with the smallest

distance dS(pi, x) among all tuples.

- (Line 7) First, we remove {x, pi} from Q.

- (Lines 8–11) Second, if x does not already belong to any cell and the Euclidean disk BψS∗ (6 (x−pi))

does not contain any other cell point we proceed to add x in CiW . That is, the lattice point x now

belongs to the cell emanating from pi.

- (Lines 12–14) Finally, candidate points of growth around a local neighborhood of p are inserted in Q.

More precisely, we insert in Q the four tuples {xn, pi}, where xn is a lattice point in the 4−connected

neighborhood of x in LW .

The previous steps are done iteratively until Q is empty.
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Algorithm 1 discreteGrowthProcess(LW , ΦW , S, S∗)
1: CiW ← ∅ for all CiW ∈ CW
2: for pi ∈ ΦW do . Nucleation
3: Let xi ∈ LW be the closest lattice point to pi
4: Insert in Q the tuple {xi, pi}
5: end for
6: while Q 6= ∅ do . Growth
7: Let {x, pi} ∈ Q with smallest distance dS(pi, x)
8: Remove {x, pi} from Q
9: if x /∈ CW then

10: N ← LW ∩
(
x+BψS∗ (6 (x−pi))

)
11: if (y /∈ CW ) ∨ (y ∈ CiW ) for all y ∈ N then
12: CiW ← CiW ∪ {x}
13: for xn ∈ neighborhood of x in LW do
14: if xn /∈ CW then
15: Insert in Q the tuple {xn, pi}
16: end if
17: end for
18: end if
19: end if
20: end while

Computational complexity of Algorithm 1. Let n be the number of points of LW and g be the number of

nuclei of ΦW . Since we assume that n > g the number of iterations of the nucleation loop (lines 2–5) and

the growth loop (lines 6–20) is of order n. The size of Q is O(n). If Q is implemented as a heap priority

queue then the insertion and removal of elements in Q can be done in logarithmic time (lines 4, 7 and 15).

The loop of line 10 (i.e. for all y ∈ N) has O(1) time complexity, since it depends on the constant size of

S∗. The loop of line 13 also has O(1) time complexity (four iterations). Thus, Algorithm 1 has O(n log(n))

worst-case time complexity. In practice, we observe a quasi-linear runtime with respect to n (see Section 4.3)

primarily because the size of the queue Q remains comparatively small in proportion to n.

Periodic boundary conditions. Optionally, when W is a rectangle periodic boundary conditions can be easily

imposed by considering that LW is a periodic rectangular lattice as well. If Φ is an RSA point process, the

random adsorption of disks has to be performed considering the periodicity. All results shown in this article

feature periodic boundary conditions.

Cell regularization. Algorithm 1 is guaranteed to produce cells CiW that are 4-connected sets. However, we

observe that when S∗ is not convex a cell may have a genus higher than zero (i.e. has “holes”). This leads

to a solid phase composed of more than one connected component, which is undesirable. To resolve this we

fill any hole that a cell may have. Formally, we consider the complement of the unbounded component of the

complement of a cell (see Figure 7). We denominate this last step cell regularization. Experimental results

indicate that cell regularization has on average a very small impact (see Section 4.1).
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S S∗ Regularized

Figure 7: Left: S and S∗ governing the growth process of two nuclei. Middle: evolution of the growth, the holes arise due to
the high anisotropy of both S and S∗, and the particular arrangement of the two nuclei. Right: cell regularization, the two cell
holes are filled.

3. Elastic behavior of random porous materials

We study the elastic behavior of the random porous materials given by our growth process. We restrict

our analysis to linear elasticity which is useful to model the behavior of materials under small deformations.

In particular, we apply a procedure known as stochastic homogenization [6] that seeks to approximate the

average elastic behavior of a random material.

Hooke’s law represents the elastic behavior of materials with the linear relation σ = Cε, where σ is the stress,

ε is the strain, and C is the elasticity tensor (a symmetric and positive definite matrix), in Voigt notation [53]


σ1

σ2

σ12

 =


c11 c12 c13

c12 c22 c23

c13 c23 c33



ε1

ε2

2ε12

 (3)

Periodic homogenization [4] seeks to find the elasticity tensor characterizing a periodic composite material

defined from a periodic cell, as the length of the cell tends to zero. In the periodic case, the homogenization

is defined on a finite domain (periodic cell) while in the random case is defined on the whole space R2, and

cannot be reduced to a problem posed on a finite domain [7].

We approximate the homogenized elasticity tensor coefficients of a random porous material, by means of the

so called “cut-off” techniques. Consider a periodized cut [0, s]
2

(a square) of a stationary random material

and its corresponding homogenized elasticity tensor Cs. It was shown in [7] that lims→∞ Cs converges,

almost surely. Nevertheless, s needs to be bounded for practical purposes of computation.

In our discrete setting, the size of the cut s is a positive integer that corresponds to the pixel resolution s× s
of the porous material image. In all results, we consider a constant D = 80 for the RSA point process and

λ = 4A
πD2 ≈ 0.000 11 for the Poisson point process. Therefore, the two resulting point processes have similar

intensity.

We compute the homogenized elasticity tensor Cs with a publicly available numerical homogenization method
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based on the finite element method [5]. The input is an image with values identifying each distinct phase of

the periodic material. We impose periodic boundary conditions on the growth process to produce a suitable

input image. The solid phase is composed of a linear elastic isotropic material with unit Young’s modulus

E = 1.0 and Poisson’s ratio v = 0.3. Let us recall that the Young’s moduli E is a measure of the tensile

stiffness and that the Poisson’s ratio is a measure of the deformation (expansion or contraction) of a material

in directions perpendicular to the direction of loading.

Let E[·] be the expectation of a random variable. We estimate the value of E[Cs] with the average of k

independent realizations of the random porous material giving (Cs)i, 1 < i ≤ k

E[Cs] ≈ Cs =
1

k

k∑
i=1

(Cs)i (4)

This is an approximation (Monte Carlo method) frequently used in the context of stochastic homogeniza-

tion [6]. Let std(Cs) be the standard deviation of the k independent realizations. A range of plausible values

for E[Cs] is
(
Cs ± 1.96 std(C

s)√
k

)
for a confidence interval with probability 95% (see Figure 8).

In order to evaluate the accuracy of the stochastic homogenization [21], we examine the statistical fluctuations

of the material porosity p ∈ [0, 1] (the area fraction of the void phase) for a given k and s. In particular,

we consider the coefficient of variation cv(p) = std(p)
p that indicates the extent of variability of the porosity

in relation to the mean. Increasing the value of k and s most likely decreases cv(p). Following [49] we

consider that the approximation is sufficiently accurate if cv(p) is below a maximum predefined one. In all

the following results we always consider k = 60 realizations.

3.1. Isotropic elasticity

Since our goal is to minimize the Poisson’s ratio of an isotropic material, we give here a brief presentation of

how do we determine if the average tensor Cs is close to isotropic, and if so, what are its defining parameters

E and v.

An isotropic material has an elasticity tensor Ciso with only two independent components ciso11 and ciso12

Ciso =


ciso11 ciso12 0

ciso12 ciso11 0

0 0
ciso11 −c

iso
12

2

 (5)

The relation between the tensor components ciso11 , c
iso
12 and the Young’s moduli E > 0 and the Poisson’s ratio

v ∈ [−1, 1] is given by

E =
(ciso11 )

2 − (ciso12 )
2

ciso11

v =
ciso12

ciso11

(6)
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0.001
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c33

Figure 8: Approximation of the elasticity tensor of the random porous material of Figure 6 in a square with size s = 1200, and a
total of 120 independent realizations. Top: Some realizations. Bottom: mean and confidence interval of each tensor component.
As the number of realizations i increases, the mean stabilizes and the confidence interval becomes narrower. The coefficient of
variation of porosity is cv(p) = 0.004 09.

In practice, it never occurs that the average tensor Cs is perfectly isotropic. Thus, we seek to determine its

closest isotropic tensor under some norm [34]. We consider the Frobenius norm for a 3× 3 matrix A

‖A‖F =

√√√√ 3∑
i=1

3∑
j=1

|aij |2 (7)

and minimize the Frobenius norm between Ciso and the average tensor Cs

min
ciso11 ,c

iso
12

∥∥Cs − Ciso∥∥
F

(8)

We provide in Appendix A the closed-form expression of ciso11 , c
iso
12 from Ciso minimizing Equation 8.

We also need a measure of the deviation of Cs from perfect isotropy. We consider the normalized measure

δiso used in practice [51, 56]

δiso =

∥∥Cs − Ciso∥∥
F∥∥Cs∥∥

F

≥ 0 (9)

where δiso = 0 indicates perfect isotropy, and increasing values indicate divergence from isotropy.
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4. Results

4.1. Three-fold symmetry and isotropy

It is known that two-dimensional periodic structures having three-fold rotational symmetry (invariant to

rotations of 2π
3 ) lead to an isotropic linear elastic behavior [13]. We hypothesize that a resembling property

holds in our instance of random growth.

A two-dimensional point process Φ is stationary if Φ + x has the same probability distribution than Φ, for

all x ∈ R2. Φ is isotropic if R(a)Φ has the same probability distribution than Φ, for all rotations R(a) of

angle a ∈ R around the origin. Both the Poisson point process and the RSA point process are stationary

and isotropic point processes [10, 48]. The notion of stationarity and isotropy extends to general random

sets, as well.

Let us consider a rotation of R( 2π
3 n), for n ∈ Z. The probability distribution of Φ is invariant to a rotation

R( 2π
3 n). Moreover, if S and S∗ are three-fold symmetric then R( 2π

3 n)S = S (same for S∗). Given a point

p ∈ Φ then we have

R(
2π

3
n)(p+ S) = R(

2π

3
n)p+R(

2π

3
n)S = R(

2π

3
n)p+ S (10)

i.e., the rotation of S centered at p around the origin keeps S and S∗ invariant. This suggests that the

probability distribution of the discrete random set given by the growth process is close to being stationary

and invariant to rotations R( 2π
3 n), which leads us to the following hypothesis:

Hypothesis 1. Let Φ be a stationary and isotropic point process. Let S and S∗ be three-fold rotational
symmetric. For s→∞ the discrete growth process described in this article gives a porous material with δiso
close to zero. Namely, the porous material has close to isotropic linear elastic behavior.

We have numerically evaluated Hypothesis 1 for a large set of porous materials with different sets S and S∗,
and increasing size s (see Figure 9). There is strong evidence that as s increases the average value of δiso

decreases and it appears to tend towards a value close to zero.

In all the subsequent results considering three-fold rotational symmetric sets S and S∗ we consider a square

image of side length s = 1200 pixels. This size gave among all the tests performed in Figure 9 a maximum

coefficient of variation of porosity of cv(p) = 0.035 19 for the Poisson point process, and of cv(p) = 0.011 18

for the RSA point process.

We also evaluate the impact of the cell regularization over the porosity. More precisely, we measure the

relative amount of cell holes that are filled during the cell regularization. Let p̂ be the porosity of the porous

material before performing the cell regularization. We consider the relative measure ζp,p̂ =
∣∣∣ p̂−pp̂ ∣∣∣ ≥ 0. For

all the results in Figure 9 the maximum value of ζp,p̂ is 0.061 57 and the mean is 0.004 33 for the Poisson

point process, and maximum 0.019 48 and mean 0.000 41 for the RSA point process. This indicates that the
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Figure 9: Analysis of the deviation of isotropy δiso and coefficient of variation of the porosity cv(p) for a large number of porous
materials, and two different point processes (left and right columns). S and S∗ are three-fold rotational symmetric. The colored
boxes encompass the interquartile range of values of δiso. We consider 4 different sizes s, going from 300 to 1200 For each
point process and size we enumerate 300 different random radial spans in the range ψS ∈ [0.05, 1.0] and ψS∗ ∈ [4.0, 40.0], and 8
different equally spaced angles in [0, 2π

3
] (three-fold symmetry) considering a total of 2 · 4 · 300 = 2400 different porous materials.

In general, we observe a clear trend of the average value of δiso and cv(p) getting closer to zero as the size s of the domain
increases. We also notice lower average values with the RSA point process compared to the Poisson point process.

effect of the cell regularization on the porosity is almost negligible, and is particularly small for the RSA

point process.

4.2. Parametric optimization

By this point, we have all the ingredients to formulate the parametric optimization of the growth process.

Let Cs(ψS , ψS∗) be the average elasticity tensor of a porous material parameterized by the functions ψS

(star-shaped distance) and ψS∗ (maximum Euclidean radius of growth). Let F : M 7→ R be the objective

function, where M is a 3× 3 symmetric matrix. Our objective is to minimize

arg min
ψS ,ψS∗

F(Cs(ψS , ψS∗)) =
ciso12

ciso11

(11)

where ciso11 , c
iso
12 are derived from Cs(ψS , ψS∗) considering Equation A.4. In order to obtain a physical

behavior close to isotropic elasticity, we constrain S and S∗ to be three-fold rotational symmetric (see

Hypothesis 1).

The input of function F is expensive to evaluate and has no closed-form. In this case, Bayesian optimiza-

tion [35] is often a good choice to tackle the optimization. In particular, we have used Bayesian optimization

using Gaussian processes as implemented in the Python library scikit-optimize [50]. Both functions ψS and

ψS∗ are parameterized with m = 8 radial spans. We set the first radial span of ψS to a constant value of 1,

removing an unnecessary degree of freedom. For the Bayesian optimization, we set a maximum number of

150 evaluations of function F and 50 random initial guesses.
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Figures 10 to 12 provide minimization results of the Poisson’s ratio with increasingly larger optimization

domains of ψS∗ , and a constant optimization domain of ψS ∈ [0.05, 1.0]. We distinguish two clear trends from

the optimization results. First, the RSA point process is able to achieve a lower Poisson’s ratio v compared

to the Poisson point process. Second, increasing the domain of function ψS∗ leads to lower Poisson’s ratio,

since we expand in turn the space of achievable porous materials. Overall, we recommend the use of a

hardcore point process instead of a Poisson point process to reach a lower Poisson’s ratio and lower variance

of the material properties using the same area (see Figure 9).
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Figure 10: Optimization with constant ψS∗ = 4.0.
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Figure 11: Optimization with variable ψS∗ ∈ [4.0, 15.0]
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Figure 12: Optimization with variable ψS∗ ∈ [4.0, 40.0]

4.3. Computational efficiency

We evaluate the efficiency of the growth process computation. To this end, we performed a series of timing

tests shown in Table 1 where we gradually increase the number of pixels n of the output image. For a range
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ψS∗ a○ b○ c○ d○ a○ b○ c○ d○
4.0 0.995% 453% 3.07% 79.4 0.998% 456% 3.19% 79.2

[4.0, 15.0] 0.367% 342% 2.98% 314 0.402% 355% 2.59% 294
[4.0, 40.0] 0.363% 226% 2.52% 759 0.171% 226% 1.47% 2930

Table 1: Timing tests performed on images with size ranging n = [1, 100] million pixels. We compute the growth process
with a laptop equipped with an Intel i7-8650U. For each optimization result in Figures 10 to 12 we perform 10 tests with
gradually increasing size n and plot the corresponding time in minutes. The table below shows the following additional statistics
(considering the average value between all the tests). a○: Relative time spent computing the regularization with respect to the
total time of computation. b○: Number of iterations in the main loop (line 6 of Algorithm 1) divided by n. c○: Average size of
the queue Q divided by n. d○: Average number of iterations in line 11 of Algorithm 1.

of n = [1, 100] million pixels, we observe a nearly linear correlation between n and the time of computing.

Based on the statistics shown in Table 1, we consider that this is mainly explained by the fact that the

relative average size of the queue Q is below 4% (column c○), amortizing the logarithmic cost of insertion

and deletion of elements in Q. In addition, the relative time spent computing the cell regularization is below

1% (column a○) indicating that the bulk of the computational cost is in the growth algorithm.

Finally, we observe among the tests different scaling laws, depending on the input sets S and S∗ and type

of point process. We infer that these differences are mostly explained by a trade-off between the number

of iterations in the main loop (column b○) and the average number of iterations in line 11 of Algorithm 1

(column d○). Both statistics are tightly related to S∗: a larger area of S∗ implies fewer iterations of b○ at

the expense of more iterations of d○.

5. Conclusions and future work

We have presented a computational approach based on parametric growth processes to minimize the Poisson’s

ratio of random porous materials. The results attain a negative Poisson’s ratio while providing a numerical

analysis showing close to linear elastic isotropic behavior. Increasing the number of parameters of ψS and

ψS∗ and their domain further improves the minimization. In practice, our approach is able to compute

large-scale porous materials in a reasonable time. This capability is most valuable for applications that need

to generate large quantities of random porous materials.
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With a parametric growth process, it is possible to generate heterogeneous materials by considering that

both functions ψS and ψS∗ are varying in the space (see Figure 2). One of the main advantages of our

approach over periodic structures is that the transitions between different material properties do not need to

be handled [15, 20], as they are intrinsically captured by the parameters governing the growth process.

Our approach also opens up different opportunities for future work. First, to parallelize Algorithm 1 and

significantly increase its performance. Second, to extend Algorithm 1 to the 3D case by considering a 3D

growth process and adapting the parameterization of S and S∗. This may be of interest to the inverse design

of random 3D porous materials, e.g. random foams are of interest for acoustic absorption [19] or tissue

engineering [28]. Finally, our approach may open the door to other applications besides the minimization of

the Poisson’s ratio of linearly elastic materials. For example, to tackle the inverse design and optimization

of porous materials [45, 25] using our growth process. We conjecture that in most cases it will be sufficient

to replace the objective function of Equation 11 with another one of interest.

Figure 13: Spatially varying growth process with two different growth functions. Left: Input heterogeneous field, the darker
regions correspond to the optimized ψS in Figure 10, while the rest correspond to growth according to the Euclidean disk.

6. Code and data availability

An open source implementation of our approach can be found at https:\\future-url-code. We provide

an script to automate the generation of all paper results and figures, apart from the manually done Figure 3.

All the results of this article can be downloaded from https:\\future-url-data.
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[32] Jonàs Mart́ınez, Mélina Skouras, Christian Schumacher, Samuel Hornus, Sylvain Lefebvre, and Bernhard Thomaszewski.

Star-shaped metrics for mechanical metamaterial design. ACM Transactions on Graphics, 38(4):1–13, 2019.
[33] MJ Mirzaali, H Pahlavani, and AA Zadpoor. Auxeticity and stiffness of random networks: Lessons for the rational design

of 3D printed mechanical metamaterials. Applied Physics Letters, 115(2):021901, 2019.
[34] Maher Moakher and Andrew N Norris. The closest elastic tensor of arbitrary symmetry to an elasticity tensor of lower

symmetry. Journal of Elasticity, 85(3):215–263, 2006.
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Appendix A. Derivation of ciso11 and ciso12 from Equation 8

For the three-dimensional case, the minimizing values of ciso11 , c
iso
12 were derived, for instance, in [36]. We were

not able to find any previous work concerning the simpler two-dimensional case. Nevertheless, the values

minimizing Equation 8 can be derived by simple calculus. Consider the function f with two arguments ciso11

and ciso12

(A.1)
f =

∥∥C − Ciso∥∥2
F

= (c11 − ciso11 )2 + 2(c12 − ciso12 )2 + (c22 − ciso11 )2 + 2c213 + 2c223 +

(
c33 −

ciso11 − ciso12

2

)2
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whose first-order partial derivatives are

∂f

∂ciso11

= −c33 − 2(c22 − ciso11 ) +
ciso11 − ciso12

2
− 2(c11 − ciso11 )

∂f

∂ciso12

= c33 − 4(c12 − ciso12 )− ciso11 − ciso12

2

(A.2)

The Hessian matrix H of f

H =

 ∂2f
∂(ciso11 )2

∂2f
∂ciso11 c

iso
12

∂2f
∂ciso12 c

iso
11

∂2f
∂(ciso12 )2

 =

 9
2 − 1

2

− 1
2

9
2

 (A.3)

is positive definite everywhere and it follows that f is a convex function. Since ∂2f
∂(ciso11 )2

= ∂2f
∂(ciso12 )2

> 0 the

function f has a global minimum at

ciso11 =
1

20
(9(c11 + c22) + 2c12 + 4c33)

ciso12 =
1

20
(c11 + c22 + 18c12 − 4c33)

(A.4)

found by solving the system of linear equations from Equation A.2 being equal to zero.
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