N

N

Discrete-Time Homogeneity: Robustness and
Approximation
Tonametl Sanchez, Denis Efimov, Andrey Polyakov

» To cite this version:

Tonametl Sanchez, Denis Efimov, Andrey Polyakov. Discrete-Time Homogeneity: Robustness and
Approximation. Automatica, inPress, 10.1016/j.automatica.2020.109275 . hal-02903389

HAL Id: hal-02903389
https://inria.hal.science/hal-02903389
Submitted on 21 Jul 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-02903389
https://hal.archives-ouvertes.fr

Discrete-Time Homogeneity: Robustness and

Approximation *

Tonametl Sanchez?, Denis Efimov ®?, Andrey Polyakov

&Inria, Univ. Lille, CNRS, UMR 9189 - CRIStAL, 59000 Lille, France
ITMO University, 49 av. Kronverkskiy, 197101 Saint Petersburg, Russia

Abstract

In this paper we study robustness properties of discrete-time homogeneous systems.
We also analyse stability and robustness properties of a more general class of nonlin-
ear discrete-time systems that can be approximated by homogeneous ones. We apply
the results to the investigation of stability properties of discretized continuous-time
systems.
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1 Introduction

A simple strategy for analysis and design of a continuous-time control system
is to use its linear approximation. Unfortunately, in many cases, the linear
approximation results are insufficient or unsuitable for analysis or control de-
sign [17]. On the other hand, the use of the full nonlinear model can impose
severe complications for analysis and control design purposes. An intermedi-
ate approach is to consider a homogeneous system to approximate the original
model. This is because homogeneous systems are able to preserve nonlinear
features of the original system, and they exhibit useful properties for analysis
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and design, e.g.: scalability of trajectories [33], existence of homogeneous Lya-
punov functions [26,23], homogeneous stabilization [17,13,30,10], convergence
rates [6,23], intrinsic robustness to exogenous perturbations and delays [5],
limit homogeneity [2], and extensions to differential inclusions [23,22]. Unfor-
tunately, for the case of discrete-time systems, a similar homogeneity-based
framework has not been developed. The main reason is that, verification of
homogeneity developed for continuous-time systems does not provide the same
benefits when applied directly to discrete-time systems [12,32,28]. Hence, the
concept of D,—homogeneity was introduced in [28,29] for discrete-time sys-
tems. This new concept is more suitable for discrete-time dynamic models
since it exhibits several benefits analogous to those found in homogeneous
continuous-time systems, e.g., scalability of trajectories, homogeneous Lya-
punov functions, and convergence rates depending on the homogeneity degree.
One of the main properties of D,—homogeneous systems is the simplicity to
conclude qualitative stability features directly from the homogeneity degree
of the system.

In this paper we first investigate robustness properties of D,—homogeneous
discrete-time systems with respect to exogenous disturbances. The main re-
sults of this part of the paper consist of simply verifiable conditions to de-
cide robustness properties of D.—homogeneous discrete-time systems. Since,
in general, nonlinear discrete-time systems are not D,—homogeneous, we in-
troduce the concept of D,—homogeneous approximation for nonlinear discrete-
time systems. The aim is to extend the simple tools for stability and robust-
ness analysis of D.—homogeneous systems to the local analysis of nonlinear
discrete-time systems that can be approximated by D,—homogeneous ones.
This is in the same fashion as linear systems are used to study local proper-
ties of nonlinear models. Indeed, we provide an example for which the linear
approximation is not possible, but the D.—homogeneous one is used to es-
tablish local stability properties of the system in a very simple way. In fact,
the stability and robustness analysis can be reduced to verification of the
D,—homogeneity degree of the D,—homogeneous approximating system. In
the last part of the paper we show how the results can be specialized to the
analysis of discrete-time systems obtained by means of the implicit and explicit
Euler discretization of continuous-time systems. This provides useful tools to
anticipate qualitative local properties of these discretizations. A version of the
results in sections 4 and 5 was announced without proofs in [27]. However,
in this paper we have reduced the number of assumptions and have extended
such results to a more general class of systems. Moreover, all the results about
the robustness properties (presented in this paper) were not provided in [27].

Paper organization: In Section 2, the definition and some properties of D,—ho-
mogeneity are recalled. In Section 3, we state some robustness properties of dis-
turbed D,—homogeneous systems. Section 4 contains the results about stabil-
ity and robustness of systems that can be approximated by D,—homogeneous



systems. The application of the results to the analysis of discretized continuous-
time systems is given in Section 5. Some final remarks are presented in Sec-
tion 6. Auxiliary concepts and results are collected in the Appendix.

Notation: Real and integer numbers are denoted as R and Z, respectively.
R.o denotes the set {x € R : > 0}, analogously for the set Z and the sign
>. For z € R™, |z| denotes the Euclidean norm and ||z|, an r-homogeneous
norm (see Definition 31 in the Appendix). The composition of two functions
f and g is denoted as fog, ie. (fog)(x) = f(g(x)). For a continuous positive
definite function V : R” — R and some o € R.q, we denote the sets Z(V, a) =
{z e R" : V(z) < a}, EV,a) = {z € R : V(z) > a}, and S(V,a) =
{r € R" : V(z) = a}. The set of bounded sequences d : J C Zs¢o — R™ is
denoted by [*°(.J), with the norm ||d||;(s) = supye; |d(k)|, for brevity define
[ = 1°(Z>p). We use the standard definition of the classes of functions K,
Ke, and KL, see [19].

2 D,—homogeneity

We consider the following discrete-time system
x(k+1) = f(x(k),d(k)), ke€Zso, (1)

where the state 2:(k) € R", and the disturbance d(k) € R™, d € [*°. We assume
the transition map f : R"™ — R" being well defined and locally bounded
for all [x7,d"]T € R**™. The solution of (1) with initial condition z(0) and
input d € [* is denoted by

The unperturbed version of (1) is given by

2k +1) = f(x(k),0), k€ Zso. 2)

Now, we recall the definitions of r—homogeneity (or standard weighted homo-
geneity) and D,—homogeneity.

Definition 1 ([17]) Let AF denote the family of dilations given by the square
diagonal matriz A¥ = diag(e™r, ... ™), wherer = [ry,..., 1], r; € Reg, and
€ € Rog. The components of v are called the weights of the coordinates. a)
A function V : R — R is r-homogeneous of degree m € R if V (Alz) =
€™V (x), Y € R", Ve € Ryg. b) A vector field f : R" — R™ is r-homogeneous
of degree € R if f(Afx) = e*Ar f(x), Vo € R", Ve € R.y.



Definition 2 ([29]) Let Af, r and € be as in Definition 1. A map f : R" —
R", is Dy-homogeneous of degree v € Ry if f(Afz) = (AN f(x) = A" f(z) =
AL f(x) Vo € R", Ve € R..

A system x(k+ 1) = f(x(k)) is said to be D,—homogeneous of degree v if its
transition map f is D,—homogeneous of degree v. We have mentioned in the
introduction that the concept of r—homogeneity (when applied to discrete-
time systems) is not as useful as the concept of D,—homogeneity (the latter
one ensures scaling of solutions for (2)). Note that these two concepts coin-
cide for the degrees ;1 = 0 and v = 1, respectively. For additional discussion
about the comparison between D,—homogeneity and r—homogeneity, see [29,
Remark 1].

We recall below some results of analysis of D,—homogeneous systems with
the aim to show that verifying their stability properties can be done easily.
Additional results, e.g. convergence rates, can be found in [29]. Note that if f
is D,—homogeneous, then = = 0 is an equilibrium point. Standard Lyapunov
theory for discrete-time system can be consulted in [1] and [9].

Theorem 3 ([29]) Suppose that (2) is Dy-homogeneous of degree v > 1. Let
V . R™ = R be a continuous positive definite r-homogeneous function of degree
m € Ryg. Then x = 0 is a locally asymptotically stable equilibrium point of
(2), and there ezists o € R such that V' is a Lyapunov function for (2) on
Z(V,a).

Definition 4 The solutions of (2) are ultimately bounded if there exists a
constant B € Rxg, and for every a € Ry, there is T = T(a, ) € Zsg, such
that if |z(0)| < «, then |F(k;x(0))| < 5 for allk > T.

Theorem 5 ([29]) Suppose that (2) is Dy-homogeneous of degree v € (0,1).
Let V : R" — R be a continuous positive definite r-homogeneous function of
degree m € Rsq. Then the solutions of (2) are globally ultimately bounded,
and there exists a € R+ such that

AV (z) =V (f(z,0)) —V(z) <0, Vze&V,a).

For the case of v = 1 (note that this case contain the set of linear systems) the
stability properties cannot be decided directly from the homogeneity degree.
Nonetheless, in the case of asymptotic stability, it is guaranteed the existence
of homogeneous Lyapunov functions and exponential convergence rates, for
more details see [29].



3 Robustness of D,—homogeneous systems

We can see in theorems 3 and 5 that the stability properties of (2) can be de-
cided by means of the homogeneity degree. In this section we obtain analogous
results for robustness properties of (1).

3.1 Preliminary definitions and results

Definition 6 ([31,16,14]) System (1) is called input-to-state practically sta-
ble (ISpS), if for any input d € I*° and any x(0) € R™ there exist some func-
tions B € KL, v € K, and a constant ¢ € R>( such that, for all k € Z>,,

|F(k; 2(0), d)| < B(lx(0)], k) + vl dlliee o,k-17)) + -

The system is called input-to-state stable (1SS) if ¢ = 0. The system is locally
ISS (LISS), if the above properties are satisfied only for ¢ = 0, |x(0)| < €* and
|d||;= < € for some €* € R.y.

Definition 7 ([3]) System (1) is called integral input-to-state stable (iISS),
if there exist some functions B € KL, 0,7 € K, such that for any input d,
any z(0) € R, and all k € Z>,

V(IF (k; 2(0), d)]) < B(lz(0)], k) + 30 o (ld(k)]).

Lemma 8 ([16,21,3,14]) System (1) is ISpS if and only if it admits an ISpS-
Lyapunov function, i.e. there exists a continuous function V : R® — R such
that for all v € R", d € R™, for some c € R>q, oy, a9, 03 € Koo, and 0 € K,

ay(|z]) < V() < ag(|z]), AV(x) < —as(lz]) +0(]d]) + ¢,

where AV (x) ==V (f(x,d)) =V (x). If c =0, V is an ISS-Lyapunov function,
and the system is ISS. If ¢ = 0 and az is a positive definite function, then
V' is an iISS-Lyapunov function, and the system is iISS. If ¢ = 0, and the
estimates are satisfied for all (x,d) in a neighbourhood of 0 € R™™  then V
1s an LISS-Lyapunov function, and the system is LISS.

Remark 9 In Lemma 8, the condition AV (z) < —as(|z|) + 6(|d|) + ¢ s
verified if there exist B; € Koo, P2 € K, and ¢ € Rsq such that if |z| >
Ba(|d]) + ¢, then AV (x) < —pB1(|z|) [15,21].



3.2 Robustness of Dy—homogeneous systems

Theorem 10 If (2) is D,—homogeneous of degree v > 1, and there exist
D, X € Rog and B € K such that |f(x,d) — f(x,0)| < B(|d]) for all d €
Z(|d|, D), for all x € Z(|z|,X), then (1) is LISS. Moreover, any function
V : R* — R which s locally Lipschitz continuous, positive definite, and r-
homogeneous of degree m € Ry, is an LISS-Lyapunov function for (1).

PROOF. The proof consists in verifying the assumptions of Lemma 8. First
note that AV (z) = V(f(z,d)) — V(z) can be rewritten as follows

AV(z) = V(f(x,0)) = V(z) + Va(z), (3)

where Vy(z) =V (f(x,d)) — V(f(x,0)). According to Lemma 32 in Appendix,
there exists 79 € R~g such that V(f(z,0)) < v V¥(x) for all z € R"™. Hence
V(f(x,0)) = V(z) < —(1 — %V Yz))V(x). Since v > 1, V*"I(z) = 0 as
V(z) — 0. Therefore, there exist 71,b; € Rso such that [29] V(f(z,0)) —
V(z) < —mV(z) for all x € Z(V,by). Now, since V is locally Lipschitz and
f is locally bounded, we can assure that there exist L,by € R, such that
for all d € Z(|d|, D) we have that |Vy(x)| < L|f(z,d) — f(z,0)| < LB(|d]),
for all x € Z(V,by). Therefore, there exists b3 € Ry such that AV (z) <
-V (x) + LB(|d]), for all x € Z(V,b3) and all d € Z(|d|, D). The result

follows from Lemma 8. O

Theorem 11 Consider (1) and let the following assumptions hold:

(1) there ezist ¢ € Rsp, a € K, and a function V : R* — R which is
continuous, positive definite, and r-homogeneous of some degree m € Ry
such that |V (f(z,d)) — V(f(x,0))| < a(|d|) + ¢, for all d € R™, for all
z € S(llzlx, 1),

(2) system (2) is Dy—homogeneous of degree v € (0,1), and there exists
r € RZ, such that the relation f(Afzx,AXd) = A" f(x,d) holds for all
z € R", for all d € R™, and for all ¢ € Rey;

then (1) is ISpS, and V' is an ISpS-Lyapunov function for (1).

PROOF. First rewrite AV as in (3). Now, Lemma 32 (see Appendix) guar-
antees that there exist 71,72 € Ry such that AV (x) < —vq||x||™ 4+ o|z||¥™ +
|Va(z)]. For 2 = 0 we have that (according to the first assumption of the the-
orem) AV (x) = V(f(0,d)) < a(|d|) + ¢. For x # 0, let us first find a bound
for the term |Vy(x)|. Consider the change of coordinates

y:AZ*1x7 €= ||:L“||r, I%()? (4)



and define d = AT ,d. Observe that, since f is D,—homogeneous and V is
r—homogencous, Va(x) = V(f(Ary, Ad)) — V(f(Ary,0)) = e [V (f(y, d)) -
V(f(y,0))]. Note that ||yl = 1. Hence,

Va(@)| < [zl (adld]) + c) - (5)

Note that in (5), d depends on ||z||,, however, from the definition of d we can
see that for any a € R, there exists b € R (which depends only on a) such
that for all z € &E(||z||y, a), a(|d]) < a(bld|) := a(|d|) where & € K. Hence,
AV(2) < —mllally +allzlly™ + ol [a(ld]) + ] for all 2 € (||, a). Note

that, AV (z) < =3y [l if |zl > [Za(ld]) + 2 (v2+¢)| 7" Hence, there
exist (see [19, Eqn. (8)]) 5 € K and ¢ € Ry such that if ||z|, > £(|d|) + ¢,
then AV(z) < —3|z[|m. Thus, from Lemma 8 and Remark 9 we conclude

the proof. O

Remark 12 Note that the second assumption in Theorem 11 is not strong. As
it is mentioned in [5], we can modify the dimension or introduce a nonlinear
change of coordinates for d, since it is an external input. For example, consider
the following usual cases with a D.—homogeneous function f(z) of degree v:
(a) Additive disturbances, i.e. v(k-+1) = f(x(k))+B(k)d(k), where d(k) € R™
and B is an n x m-matriz (possibly time-varying). Defining d = Bd we have
that f(x,d) = f(x) + d. Hence, f(A*x,A*d) = f(A*x) + ATd = A f(x) +
A*d = A" f(z,d) with ¥ = vr; (b) Noise in the feedback, i.e. f(x,d) = f(x +
d). Clearly f(Arz,AXd) = A" f(x,d) with ¥ = r; (¢) Parametric uncertainty
by channel, i.e. f(x,d) = [I + diag(dy,...,d,)]f(z) where I is the identity
matriz. In this case, f(Afz, AXd) = A" f(x,d) holds with T = 0 (note that in
the continuous-time setting with r—homogeneity, the condition minr; > 0 is
required for 1SS [5], which can be relazed in the discrete-time case).

For the following result, we use the definition of robust global asymptotic sta-
bility as given in [20] (also included in Appendix). Let us stress that if the
transition map of (2) is continuous, then global asymptotic stability implies
robust global asymptotic stability.

Theorem 13 Let (2) be D,—homogeneous of degree v =1, and let x = 0 be
robustly globally asymptotically stable. Let V : R™ — R be a locally Lipschitz
continuous function, r-homogeneous of some degree m € R+, and a Lyapunov
function for (2). Then:

(1) system (1) is iISS;

(2) if the following assumptions hold: (a) there exist c¢,p € Rso such that
\V(f(z,d)) = V(f(z,0))] <c|d|P for all d € R™, and all xz € S(||z||+, 1);
(b) there exists T € R, such that the relation f(Afz,AXd) = Arf(z,d)
holds for all x € R, all d € R™, and all ¢ € Ryy. Then (1) is 1SS, and



V' is an ISS-Lyapunov function for (1);

(3) if there exist D, X € Ryq and 5 € K such that | f(x,d) — f(z,0)] < 5(|d|)
for all x € Z(|z|,X) and all d € {d € R™ : |d| < D}, then (1) is LISS,
and V' is an LISS-Lyapunov function for (1).

PROOF. (1) This result is from [3]. Note that, although in [3] f is assumed
to be continuous, the result is still valid for our case because robust global
asymptotic stability guarantees the existence of a smooth Lyapunov function
for (2) for v =1 [29, Thm. 5].

(2) The proof of this point is analogous to the the proof of Theorem 11,
but adjusting two details: 1) since V' is an r-homogeneous Lyapunov function
for (2), we know that there exists 71 € Ry such that V(f(z,0)) — V(z) <
—m|lz]|?* [29]; 2) note that in this case, we have that (cf. (5)) |[Vu(x)| <
|z||me|dP and |d]P < ||z||;?mP|d|P where p = pmax;7; for ||z], < 1, and
p = pmin,; 7; for ||z||, > 1. Note that p > 0. Thus, |Vy(z)| < ||| *c|d|P
for some ¢ € R.y. Hence, AV (z) < —vq|z||?* + ||| *e|d|P. Therefore, if
l2llg > 2dP, then AV (z) < —im |z

(3) The proof of this point is completely analogous to the the proof of Theo-
rem 10. O

4 D,—homogeneous approximation

In this section we consider (1), but we do not assume that its undisturbed
version (2) is Dy—homogeneous. The idea is to verify whether f(-,0) can be
approximated by a D,.—homogeneous map h(-), and whether some stability
and robustness properties of f(-,d) can be decided through the properties of
h(-). First, we define the discrete-time counterpart of local (or limit) homo-
geneity of continuous-time systems.

Definition 14 For a constant ¢g € Rsq U {+o00}, the map f : R" — R”

is said to be Dy—homogeneous of degree v € Rsq in the (eg, h)—limit, where
h:R™ — R" is some Dy.—homogeneous map of degree v, if

lim (AZ""f(A%z) — h(z)) =0,

E—€Q

with the limit computed uniformly for all x € S(||z|ls, 1).



4.1 Stability properties

Consider (2) and define the map fy : R" — R” given by fy(z) = f(z,0), thus
(2) can be rewritten as follows

x(k+1) = fo(x(k)), ke&Zsp. (6)
Note that fy is well defined and locally bounded for all z € R".

Theorem 15 Suppose that the transition map fo of (6) is D,—homogeneous
in the (€9, h)—limit for some ¢y € {0,+o00} with some degree v € Ryq. Con-
sider a function V : R™ — R being locally Lipschitz continuous, positive defi-
nite, and r-homogeneous of degree m € Rg.

(1) If e = 0, v > 1, then the origin of (6) is locally asymptotically stable,
and there exists v € Ry such that V' is a Lyapunov function for (6) on
Z(V,7).

(2) If ¢ = +o0, and v € (0,1), then the solutions of (6) are globally wulti-
mately bounded and there exists v € Ryq such that AV (z) < 0 for all
ze&(V,7).

Remark 16 A function V' with the properties required in Theorem 15 does
exist for any vector of weights r [29].

PROOF. Define V(x) = V(fo(z))—V (h(x)), and note that AV (x) = V(fo(z))—
V(z) can be rewritten as follows

AV (z) =V (h(z)) = V() +V(z). (7)

Now, let us analyse the terms V(h(z)) and V(x) to subsequently find an
upper bound for AV. According to Lemma 32 given in Appendix, there exists
5 € Ryg such that V(h(z)) — V(z) < —(1 —4V* ! (x))V(z). Hence, it is easy
to see that for v > 1 (resp., for v € (0, 1)) there exist 71, 71,72 € Rsg such that
V(h(z)) = V(z) < =3V (x) < —m]|z||* for all x € Z(V, 72) (resp., for all x €
E(V,v2)) [29]. For the analysis of V, consider again the change of coordinates
given by (4). Thus, by D,—homogeneity of h and r—homogeneity of V' we
obtain V(x) = V(fo(Afy)) = V(h(ALy) = e [VIAZ"fo(Afy) — V(h(y))].
Since h is locally bounded and fj is D,—homogeneous in the (0, h)—limit (in
the (o0, h)—limit, resp.), there exists € € R such that the map given by
A" fo(ALy) is locally bounded for all € < € (for all € > €, resp.). Thus, by
local Lipschitz continuity of V' there exists L € R such that

V(@) < =l LINGE fo(Afyy) — hy)] (8)



for all x € Z(||z||s,€), (resp., for all € E(||z||s, €)). Hence (with p = (v —
1)m, and € = ||z]|;), we have that AV (z) < —(71 — ||z||[2LIAZY fo(ALy) —
h(y)|) ||z||*. Since fp is Dy—homogeneous of degree v > 1 in the (0, h)—limit
(vesp., of degree v € (0,1) in the (400, h)—limit), |A 1" fo(Af,),.y) —h(y)| — 0
as ||z]ly — O (resp., as ||z||; — +00), see Definition 14. Hence, there exist
v,7" € Ryg such that AV (z) < —~*||z||7* for all x € Z(V,~) (resp., for all
x € E(V,7)). Therefore, if v > 1, then V is a Lyapunov function for (6), which
proves local asymptotic stability of the origin. For v € (0,1), [1, Corollary
5.14.3] guarantees the existence of T' required in Definition 4 to verify ultimate
boundedness of the trajectories of (6). O

Theorem 17 Suppose that the transition map fo of (6) is Dy—homogeneous
in the (e, h)—limit for some ¢y € {0,400} with degree v = 1. Suppose also
that x = 0 is a robustly globally asymptotically stable equilibrium point of
x(k + 1) = h(x(k)) with a locally Lipschitz continuous Lyapunov function
V :R™ = R, which is r-homogeneous of degree m € R+.

(1) If eg = 0, then the origin of (6) is locally asymptotically stable and V is
a Lyapunov function for (6).

(2) If ¢ = +00, then the solutions of (6) are globally ultimately bounded.
Moreover, there exists v € Rsq such that AV (x) <0 for all z € E(V,7).

PROOF. We analyse AV as given in (7). Since V is an r—homogeneous
Lyapunov function for xz(k + 1) = h(z(k)), there exist 71,71 € Ry such
that V(h(z)) — V(z) < =31V (z) < —yllz||™ [29]. We analyse V as in the
proof of Theorem 15, thus, from (4) and (8) we obtain AV (z) < —[71 -

LIAG, oAz, y) — My )|} |||, for all x € Z(V,#) \ {0} for ¢y = 0 (resp., for
all z € £(V,7) for ¢y = +00), for some 5 € R-y. Since fy is Dy,—homogeneous
in the (0, h)—limit (resp., in the (+o0, h)—limit), [A} fo(Aj,y) —h(y)| = 0
as ||z]ly — O (resp., as ||z]|s — 4+00), see Definition 14. Hence, there exist
¢,7 € Ryp such that AV (z) < —cllz||7, for all z € Z(V,~) (resp., for all
z € &E(V,7)). O

In [29] it was shown that D,—homogeneous systems exhibit some instability
properties. Here, we show that it is also the case for systems that can be ap-
proximated by D,.—homogeneous ones. We require the following assumption.

Assumption 18 The transition map h : R* — R™ is such that infycs(y1|h(y)| >
0.

Theorem 19 Consider (6). Suppose that fo and V' are as in Theorem 15 with
h satisfying Assumption 18.
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(1) If e =0 and v € (0, 1), then the origin of (6) is unstable.
(2) If g = +00 and v > 1, then there exists v € Rsg such that |F(k; z(0))] —
oo as k — oo for all xq € E(V, 7).

PROOF. The proof consists in verifying the conditions of the Lyapunov in-
stability theorem for discrete-time systems, see e.g. [1, Thm. 5.9.3] and |9,
Thm. 4.27]. Consider AV as in (7). From the hypotheses of the theorem we
have that V(z) > 0 and V(h(z)) > 0 for all z € R™\ {0}.

(1) From Lemma 32, there exist ¢1,co € Ry such that V(h(z)) — V(z) >
c1l|z]|4™ — eo||z||™. Since AV (z) > V(h(x)) — V(z) — |V (z)], we can use (4)
and (8) to obtain (with p = (v — 1)m, and € = ||z||;)

AV (2) > (o1 = eallall = LIAZ™ fo(ATy) — h(y)]) [, (9)

for all z € Z(V, v9) \ {0} for some vy € R-¢. But, fy is D,—homogeneous of de-
gree v € (0,1) in the (0, h)—limit, thus |z||!=™ — 0 and A fo(Av) —
h(y)| = 0 as ||z|, — 0. Hence, there exist v € R+ such that AV (z) > 0 for
all z € Z(V,~) \ {0}. Thus, from [1, Thm. 5.9.3] we conclude that = 0 is an
unstable equilibrium point of (6).

(2) The proof of this part of the theorem is analogous to that for (1), but we
have to remark some additional details. First, (8) holds for all x € £(V, 7o) for
some vy € R-o. Hence, (9) holds for all z € £(V, o). Since fy is D,—homo-
geneous of degree v > 1 in the (+o0, h)—limit, ||z|7®"Y™ — 0 and A
Jo(Aj,.y) — h(y)| — 0 as [[z]lr — +oo. Therefore, there exist ¢,y € R>q such
that AV (x) > c||z||¥™ for all x € E(V,v). Now, to verify that the trajecto-
ries of (6) diverge, note that since AV (z) > c|jz||¥™ for all z € E(V,~), then
V(F(k+1;2(0))) > V(F(k;2(0))) for all k € Zsq for all z(0) € E(V, ). From
Lemma 32, there exist ¢ € Ry such that AV (z) > ¢||z||¥™ > ¢V¥(z). On the
other hand, S%_o[V(F(j + 1;2(0))) — V(F(j; 2(0)] = V/(F(k + 1;2(0))) —
V (z0), and also X[V (F(j+1; 2(0))) =V (F(j; 2(0)))] > S5y V¥ (F(ji 2(0)).
Thus, V(F(k+1;2(0))) > V(x(0))+kcV¥(2z(0)) for all k& € Zx(. From this in-
equality it is clear that V' (F(k;x(0))) — oo as k — oo. Since V' is continuous,
r—homogeneous, and positive definite, it is well defined on R™ and radially
unbounded [6]. Therefore, |F(k;x(0))] — oo as k — oo. O

Theorem 20 Suppose that: the transition map fo of (6) is Dy—homogeneous
in the (€9, h)—limit for some €y € {0,400} with degree v = 1; there exists a
continuous function V : R™ — R, which is positive definite, r-homogeneous
of degree m € Ry, and such that inf,cs(z).1)[V (h(x)) = V(x)] = 0 for some
0 € Ryg.

(1) If ¢g = 0, then the origin of (6) is unstable.

(2) If ¢ = 400, then there exists v € Ryq such that the solutions of (6)
satisfy |F'(k; x(0))] — oo as k — oo for all z(0) € E(V,7).
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PROOF. Consider AV as in (7). First, from D,—homogeneity of h and
r—homogeneity of V we can use (4) to see that V (h(z))—=V (z) = V(h(A},,.9))—
V(Ay) = [zl [V(h(y) — V(y)] > df|lz[l* for all z € R™\ {0}. Thus, by
using (8) we have that AV(x) > |6 — LA, fo(Al,0) — h(y)|| [l for
all x € Z(V,v) \ {0} if ¢ = 0 (resp., for all z € E(V ) if ¢¢ = +00)
for some vy € Rq. Since fy is D.—homogeneous in the (0, h)—limit (resp.,
in the (+o0, h)—limit), |A fo(Aj,,y) — h(y)| = 0 as [lz[l, — O (vesp., as
x|, — +400), see Definition 14. Hence, there exist ¢,y7 € R.o such that
AV (z) > c||z||i, for all z € Z(V, ) (resp., for all x € E(V,)). From [1, Thm.
5.9.3] we conclude instability of x = 0 for the first part of the theorem. For
the second part of the theorem, the divergence of trajectories can be verified
as in the proof of Theorem 19. O

Example 21 Let us consider the Three Oligopolists model (for details see
[25, p. 152]) given by the system

z(k+1) = /aly(k) + z(k)| — y(k) — 2(k)
y(k+1) = \/blz(k) + z(k)| — x(k) — 2(k), (10)
z2(k+1) =/clz(k) + y(k)| — z(k) —y(k),

with z(k),y(k),z(k) € R, k € Z~q, and a,b,c € Ryg. Clearly the origin is an
equilibrium of (10), but it cannot be analysed by means of a linear approrima-
tion. Nonetheless, the transition map of (10) is D.—homogeneous of degree
v = 1/2 in the (0, h)—limit with h = [\/a|y+z\ \/b|x+z| \/c\x—l—y]]T and
r=[111]". Since Assumption 18 is verified, we conclude, from Theorem 19,
that the origin of (10) is unstable.

4.2  Robustness properties

We have seen that if a transition map f can be approximated by a D,—ho-
mogeneous transition map h, then f locally inherits the stability properties of
h. In this section we show that a similar situation occurs for the robustness
properties. First, from theorems 10 and 15 we have the following corollary.

Corollary 22 Assume that (2) is Dr—homogeneous of degree v € R+y in the
(0, h)—limit, and let V be as in Theorem 15. Suppose that there exist v1,7vo €
R-o, and B € K, such that |f(x,d) — f(z,0)| < B(|d|) for all z € Z(V,v1) and
foralld € {d € R™ : |d| <~2}. Then (1) is LISS, and V is an LISS-Lyapunov
function for (1).

PROOF. This proof follows from the proofs of theorems 10 and 15, by noting
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that AV along (1) is

AV (z) =V(h(x)) = V(z)+ V(x) + Va(z), (11)

where V(z) = V(f(z,0)) — V(h(z)) and Vy(x) = V(f(z,d)) — V(f(x,0)).

From theorems 11 and 15 we have the following.

Corollary 23 Assume that (2) is D.—homogeneous of degree v € (0,1) in
the (400, h)—limit, and let V' be as in Theorem 15. Suppose that there exists
rc R™ withr; € Rso, j=1,...,m, such that the limit

h(z,d) = lim A7 f(Afx, Ald), (12)

exists, uniformly for all z € S(||z||s, 1) and all d € R™. If the map h : R"*™ —
R™ satisfies the following:

(1) there exist ¢ € Rsg, a € K such that |V (h(z,d)) — V(h(z))| < a(|d]) + ¢
for all d € R™, for all v € S(||z||r, 1),

(2) the relation h(A*z, A*d) = A" h(x, d) holds for all z € R", for alld € R™,
and for all € € Ryg;

then (1) is ISpS. Moreover, V is an ISpS-Lyapunov function for (1).

PROOF. The proof follows the same reasoning of the proofs of theorems 11
and 15, but clarifying the following. AV is as in (11) with Vy(z) = V(h(z,d))—
V(h(x)) and V(z) = V(f(z,d)) — V(h(z,d)). Thus we must clarify how to

bound the term V().

By following the same procedure of the proof of Theorem 15 we obtain V (x) =
e {V(A;’”f(Agy, Atd)) =V (h(y, J))} Note that for any § € R.q, (12) ensures
the existence of € € Ry such that |h(y,d) — A7 f(ATy, ATd)| < § for all
e > €. Hence, for € € Ry there exists L: € R.( such that, for all € > €,
V()] < e L] A7 f(ATy, ATd) — h(y,d)|. O

Finally, from theorems 13 and 17 we have the following corollary.

Corollary 24 Suppose that (2) is Dy—homogeneous of degree v = 1 in the
(€0, h)—limit. Suppose also that x = 0 is a robustly globally asymptotically
stable equilibrium point of x(k + 1) = h(x(k)) with a Lyapunov function V as
in Theorem 17.
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(1) If e = 0, and there exists T € R™ with 7; € Rso, j = 1,...,m, such that
the limit B
h(y. d) = lim A" F(ATy, A%d). (13)

ezists, uniformly for all y € S(||y|lx,1) and all d € R™, and the map
h : R™™ — R™ is such that the following holds: there exist D, X € Ry
and 8 € K such that |h(z,d) — h(z)| < B(|d|) for all d € Z(|d|, D), for all
x € Z(|z|, X). Then (1) is LISS, and V is an LISS-Lyapunov function
for (1).
(2) If g = +00, and there exists ¥ € R™ with 7; € Rsg, j = 1,...,m, such
that the limat
h(y,d) = lim A"f(A7y, A7d), (14)
exists, uniformly for all y € S(||y|lr,1) and all d € R™, and the map
h: R"™™ — R™ is such that the following holds: (a) there exist c,p € Rsg
such that |V (h(y,d)) — V(h(y,0))| < c|d]? for all d € R™, for all y €
S(|ylle, 1); (b) the relation h(A*x, A¥d) = ATh(x,d) holds for all x € R",
for all d € R™, and for all ¢ € Rog. Then (1) is ISpS, and V is an
ISpS-Lyapunov function for (1).

PROOF. The proof follows the same reasoning of the proofs of theorems 13
and 17. We only have to write AV as in the proof of Corollary 23. Thus, for
€9 = 0 (resp., ¢ = +00), the limit (13) (resp., (14)) ensures the existence of
€, L € R.q such that, for all € < € (resp., for all € > €),

IV (z)] < €™Le

AT f(ATy, ALd) — ly, d). (15)

The rest of the proof is a combination of the proofs of theorems 13 and 17
by using the limits (13) and (14). Observe that, for ¢y = +oo, Theorem 13
guarantees 1SS, but Corollary 24 only guarantees ISpS. This is due to (15) is
valid for all z € R" such that ||z|, > €. O

5 Application to the analysis of discretized continuous-time sys-
tems

In this section we consider the continuous-time system
#(t) = g(z(t)), «(t) eR", (16)

where g : R” — R™ is continuous. If (16) is wanted to be numerically solved,
then a discretization method is required. Two of the simplest ones are the
Euler methods: the explicit (or forward) and the implicit (or backward), see
e.g. [11, Section I1.7]. Below we recall these methods, and study some stability
properties of the discrete-time system obtained by their application to (16).
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5.1 FEaxplicit Euler method

The explicit Euler discretization (EED) of (16), with a step 7 € R., is given
by (see, e.g. [11])

z((k+ 1)7) = G(x(kT)), k€ Z>o, (17)

where the map G : R" — R” is given by G(y) = y + 7¢g(y). From Theorem 19
we can immediately deduce the following properties of (17).

Corollary 25 Consider (16) and its EED (17). Suppose that g is D.—homo-
geneous in the (€9, h)—limit for some €y € {0, +o0} with some degree v € Ry,
and h satisfies Assumption 18. Let V' be as in Theorem 15.

(1) If ¢ = +00 and v > 1, then there exists v € Ry such that the solution
F of (17) satisfies |F(k;z(0))| — 0o as k — oo for all x(0) € E(V,7).
(2) If e =0 and v € (0,1), then the origin of (17) is unstable.

Remark 26 Observe that in Corollary 25, the properties of the EED of (16)
are deduced directly from the vector field g and not from the map G. This is
because G = I + Tg, where I is the identity map, and for the computation of

the Dy—homogeneous approzimation of G we have that (see Definition 1/)
AT I(Nr) = ATz thus:

o forve (0,1), AU="2 — 0 as e — 0, and;
o forv>1, A=y — 0 as e — +oo.

Note that the qualitative instability features of a EED concluded in Corol-
lary 25 do not depend on the stability properties of (16) nor on the size of 7,
but only on the homogeneity degree of A which approximates g.

5.2 Implicit Euler method

The implicit Euler discretization (IED) of (16), with a step 7 € Ry, is given
by z(kT) = G(x((k—i— 1)7')) where k € Z>( and the map G : R" — R” is given
by G(y) = y — 7g(y). If G is invertible with inverse G, then the explicit
representation of the IED of (16) is given by the discrete-time system

v((k+1)7) =G Ya(k7)), k€ Zsp. (18)

As it was done for the EED, we can use D.—homogeneous approximations to
analyse (18). But let us first state the following auxiliary lemma.
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Lemma 27 Suppose that the map g : R™ — R" is D.—homogeneous of degree

v € Ry in the (€, h)—limit, and h is invertible.

(1) The map h™' is Dy—homogeneous of degree v—'.

(2) If ¢ = +00, and there exists a € R~q such that g is invertible for all
x € E(|x|,a), then the map g~' : R" — R"™ is D,—homogeneous in the
(400, h™1)—limit.

(3) If ¢ = 0, and there exists a € Rsq such that g is invertible for all
z € Z(|x|,a), then the map g~' : R" — R" is D,—homogeneous in the
(0, h=1)—limit.

iy
PROOF. (1) The proof consists in verifying that A¢ h=*(y) = h™'(Ary).
Since h is D,—homogeneous of degree v, h(Ajz) = A5*h(z). Hence, by defining
y = h(z), we have that Afz = h™'(A¥"y) and Alx = ALh~'(y). Thus, by

defining € = 67, we obtain A h~'(y) = b1 (Ay).
(2) For this result we have to prove that

: —vr  —1 r -1
Gngrnoo (AE g (Alz)—h (:L‘)) =0, (19)
uniformly in some homogeneous sphere. Define the functions g, : R* — R"
given by g,(x) = A" g(ALz). Since AL is invertible for any n € Z-q, and
there is n € Z-o such that g(Arz) also has inverse for all n > 7, then the
functions g,, are invertible for all n > 7n. Indeed, by denoting z = g,(z), we
can see from the definition of g, that z = A, *g 1 (A" 2), therefore, g, '(z) =
A7*g~ (A z). Thus, by denoting € = n” we have that g '(z) = A77/g~ (Ar2).
Hence, it is clear that, to verify (19) it is sufficient to prove that g ' — h™!
uniformly as n — oo. By hypothesis we know that g, — h uniformly as
n — oo. Now, under composition with a uniformly continuous function, a
convergent sequence preserves the uniform convergence. Note that since h is a
continuous map, h is uniformly continuous in any compact set. Thus, instead
of proving that g,' — h~' we will prove that ho g, ! — hoh™!. Note that
[h(gy () — h(h™H(2))] = |h(gy " (x)) — x| = [h(g;" () — gn(gn " (x))]. Since
gn — h, we have that lim,,_, |h(g, (z)) — gu(g, ' (x))| = 0. Hence, g,* — h™*
as n — oQ.

(3) For this case the proof is analogous to the previous one but by defining
the functions g, : R" — R" given by g,(z) = A /7g(A] ), 2). O

From Theorem 15 and Lemma 27 we have the following.

Corollary 28 Consider (16) and its IED (18). Suppose that g is D.—homo-
geneous in the (&9, h)—limit for some €y € {0, +o0} with some degree v € R,
and h is invertible. Let V' be as in Theorem 15.
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(1) If ¢ = 0, v € (0,1), and there exists v9 € Rwg such that, for all x €
Z(V,%)\0, G is invertible, then the origin of (18) is locally asymptotically
stable. Moreover, there exists v < 7 such that V s a Lyapunov function
for (18) in Z(V,~).

(2) If e¢ = +oo, v > 1, and there exists g € Rsg such that for all z €
E(V,v), G is invertible, then the solutions of (18) are globally ultimately
bounded, and there exists v > vy such that AV (x) < 0 for allz € E(V, 7).

Notice that, as in Corollary 25, Corollary 28 does not require the verification
of a D,—homogeneous approximation for the map G, but for the vector field
g. This situation is clarified in Remark 26.

The results of this section are in accordance to [8], where a thorough stability
analysis of IED and EED for continuous-time r—homogeneous systems is pre-
sented. Nonetheless, the advantage of D.—homogeneous approximation lies in
the facility to verify stability properties by considering only the homogene-
ity degree and not needing information about the Lyapunov function of the
continuous-time system.

Remark 29 Note that Corollary 25 and Corollary 28 are useful to detect in-
consistencies in the EED or IED of a continuous-time system whose vector
field has a D.—homogeneous approzimation. This is illustrated in Example 30,
where two cases of an r—homogeneous (see Definition 1) continuous-time sys-
tem are considered (the first one for negative r—homogeneity degree and the
second one for positive r—homogeneity degree). It is shown that, although the
origin of the continuous-time system is globally asymptotically stable, the ori-
gin of its EED cannot be globally asymptotically stable in any case. Indeed, the
origin of the EED is unstable for the case of negative degree, and there exist
diverging trajectories of the EED for the case of positive degree.

To finalize this section we exemplify the results obtained in corollaries 25
and 28. We also show in the following example the use of Corollary 23 for
robustness analysis. Some additional examples can be found in [29] and [27].

Example 30 Consider the following controlled system
.jfl = T2, .fil'g = u(:c) . (20)

We analyse two different cases for the feedback controller u, namely u €
{uy, us} with (we use [x]? := |z|Psign(z))

U = —q [%Jé — Q2 (I2J%7 Up = —by fl‘lJS — by [@Jg

Case: uy. Observe that the closed-loop of (20) with uy is T—homogeneous
of degree k = —1 with v = [3,2]". Moreover, its origin is globally finite-
time stable [7,24], for all ai;,as € Ry [4]. Note that the map g given by
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Fig. 1. States of the EED of (20) with u;.
)

Fig. 2. States of the EED of (20) with ws.

—x,(0)=1.5 —x,(0)=1.67

10

Fig. 3. States of the IED of (20) with wus.
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g(x) = [xe, wi(x)]" is Dy—homogeneous in the (0,h)—limit with v = 1/2,
r = [2,1]7, and the map h is given by h(x) = [x9, —as[z2]Y?]". Thus, ac-
cording to Corollary 25 point (2), the origin of the EED of (20) with uy is
unstable for any T € Ryg. For the simulation we use the parameters: a; = 10,
as =5, and T = 0.2. Fig. 1 shows the instability of the origin of the EED of
(20) with uy and the initial conditions x1(0) = 0.01, 22(0) = 0.01.

Case: ug. Now, (20) in closed-loop with uy is T—homogeneous of degree k =
1 with ¥ = [1,2]". Note that the map g given by g(x) = [xa, us(x)]" is
D,—homogeneous in the (400, h)—limit with v = /3, r = [1,/3]", and h
given by h(z) = |1, —bi[21]%]". In this example, we consider the parameters
by = 10 and by = 5. For such a case, the origin of (20) in closed-loop with
ug s globally asymptotically stable [8]. According to Corollary 25 point (1),
for any T € Ry there is a neighbourhood of the origin such that the solutions
of the EED of (20) with uy are unbounded for all initial conditions outside
such a neighbourhood. This situation is shown in Fig. 2, where the integra-
tion step is T = 0.2. For the initial conditions x1(0) = 1.5, z2(0) = 1.5, the
states converge to the origin, but by increasing the initial condition for xy to
x1(0) = 1.67 the states of the system become unbounded. On the other hand,
Corollary 28 point (2) guarantees that the solutions of the IED of (20) with
uy are globally ultimately bounded for any T € Ryg. Fig. 3 shows the states of
the IED of (20) with up, 7 = 0.2, and the initial conditions x1(0) = 1 x 10°,
25(0) = 1 x 10°.
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Fig. 4. States of the IED of (21).

In(lx, (1))
e (o))

Now, let us consider the disturbed case, i.e.
T =29+ dy, T3 =us(r)+ds, (21)

where the external disturbances d;(t) € R are bounded. The aim of this ex-
ample is to show how the developed results can be used to verify if the IED
preserves some robustness properties of (21). The IED of (21) with step
T € Ry is x(kr) = G(x((k‘ + 1)7)) —7d(k+1), where G(x) = x — 7g(x) with
g(z) = [29 uz(z)]". Since G is invertible outside of the origin we have that
z((k+1)7)=G™! (ac(k:T) + cZ) where d = Td(k + 1), but we have already seen
that g is Dy—homogeneous in the (+oo, h)—limit with v = /3, v = [1,V/3]T,
and h(x) = [xe, —=bi[x1]|3]". Hence, from Lemma 27 we have that G™' is
D,—homogeneous in the (+00, h™')—limit with degree 1/+/3. Note that the ho-
mogeneity condition on the disturbance d, required in Theorem 11, is fulfilled
with ¢ = r, i.e. f(A*x,ATd) is (in this example) given by h™'(A*z + ATd) =
A" h=Y(x+d). Thus, from Corollary 23, the IED of (21) is ISpS. For the sim-
ulation we use the disturbances d; = 2(1 + cos(5t)) and dy = 1.5(1 4 sin(7t)),
the step 7 = 0.2, and the initial conditions x1(0) = 1 x 10°, 25(0) = 1 x 10°.
The states of (21) are shown in Fig. 4, there we can appreciate the predicted
robustness property.

6 Conclusion

In this paper we have verified the robustness properties of D.—homogeneous
systems. We have also provided a methodology to study stability and ro-
bustness properties of nonlinear discrete-time systems by means of D,—ho-
mogeneous approximations. The qualitative stability and robustness features
of a system can be decided in a simple way. However, to obtain quantita-
tive estimates (e.g. size of attraction domains) a more detailed analysis is re-
quired. Nevertheless, D,—homogeneity guarantees the existence of Lyapunov
functions that can be used for such a purpose. We have also shown that the
presented methodology can be used to provide criteria to choose suitable dis-
cretization techniques for continuous-time systems.

19



References

[1] R. P. Agarwal. Difference Equations and Inequalities: Theory, Methods, and
Applications. Pure and Applied Mathematics. Marcel Dekker, New York, 2nd.
edition, 2000.

[2] V. Andrieu, L. Praly, and A. Astolfi. Homogeneous Approximation, Recursive
Observer Design, and Output Feedback. SIAM Journal on Control and
Optimization, 47(4):1814-1850, 2008.

[3] D. Angeli. Intrinsic robustness of global asymptotic stability. Systems € Control
Letters, 38(4):297 — 307, 1999.

[4] E. Bernuau, W. Perruquetti, D. Efimov, and E. Moulay. Robust finite-time
output feedback stabilisation of the double integrator. Int. Journal of Control,
88(3):451-460, 2015.

[5] E. Bernuau, A. Polyakov, D. Efimov, and W. Perruquetti. Verification of ISS,
iISS and 10SS properties applying weighted homogeneity. Systems & Control
Letters, 62(12):1159 — 1167, 2013.

[6] P.S. Bhat and S. D. Bernstein. Geometric homogeneity with applications to
finite-time stability. Mathematics of Control, Signals and Systems, 17(2):101—
127, 2005.

[7] S.P.Bhat and D. S. Bernstein. Finite-time stability of homogeneous systems.
In Proc. of the 1997 American Control Conference, volume 4, pages 2513-2514
vol.4, Jun 1997.

[8] D. Efimov, A. Polyakov, A. Levant, and W. Perruquetti. = Realization
and Discretization of Asymptotically Stable Homogeneous Systems. I[FEE
Transactions on Automatic Control, 62(11):5962-5969, Nov 2017.

[9] S. Elaydi. An Introduction to Difference Equations. Springer-Verlag, New York,
3rd. edition, 2005.

[10] L. Griine. Homogeneous State Feedback Stabilization of Homogenous Systems.
SIAM Journal on Control and Optimization, 38(4):1288-1308, 2000.

[11] E. Hairer, S. P. Norsett, and G. Wanner. Solving Ordinary Differential
Equations 1. Springer-Verlag, Berlin Heidelberg, 2nd edition, 1993.

[12] H. Hammouri and S. Benamor.  Global stabilization of discrete-time
homogeneous systems. Systems €& Control Letters, 38(1):5-11, 1999.

[13] H. Hermes. Differential Equations, Stability and Control, chapter Homogeneous
coordinates and continuous asymptotically stabilizing feedback controls, pages
249-260. Marcel Dekker, Inc., NY, 1991.

[14] Z.-P. Jiang, Y. Lin, and Y. Wang. Nonlinear small-gain theorems for discrete-
time feedback systems and applications. Automatica, 40(12):2129 — 2136, 2004.

20



[15] Z.-P. Jiang and Y. Wang. Input-to-state stability for discrete-time nonlinear
systems. Automatica, 37(6):857 — 869, 2001.

[16] Z.-P. Jiang and Y. Wang. A converse Lyapunov theorem for discrete-time
systems with disturbances. Systems €& Control Letters, 45(1):49-58, 2002.

[17] M. Kawski. Stability and nilpotent approximations. In Proceedings of the 27th
IEEE Conference on Decision and Control, pages 1244-1248, Dec 1988.

[18] C. Kellett and A. Teel. On the Robustness of KL-stability for Difference
Inclusions: Smooth Discrete-Time Lyapunov Functions. SIAM Journal on
Control and Optimization, 44(3):777-800, 2005.

[19] C. M. Kellett. A compendium of comparison function results. Math. of Control,
Signals and Systems, 26(3):339-374, 2014.

[20] C. M. Kellett and A. R. Teel. Smooth Lyapunov functions and robustness of
stability for difference inclusions. Systems € Control Letters, 52(5):395-405,
2004.

[21] D. S. Laila and A. Astolfi. Input-to-state stability for discrete-time time-varying
systems with applications to robust stabilization of systems in power form.
Automatica, 41(11):1891 — 1903, 2005.

[22] A. Levant. = Homogeneity approach to high-order sliding mode design.
Automatica, 41(5):823-830, 2005.

[23] H. Nakamura, Y. Yamashita, and H. Nishitani. Smooth Lyapunov functions
for Homogeneous Differential Inclusions. In Proc. of 41st SICE Annual Conf.,
pages 1974-1979, 2002.

[24] Y. Orlov, Y. Aoustin, and C. Chevallereau. Finite Time Stabilization of a
Perturbed Double Integrator-Part I: Continuous Sliding Mode-Based Output
Feedback Synthesis. IEEE Trans. on Automatic Control, 56(3):614-618, 2011.

[25] T. Puu. Nonlinear Economic Dynamics. Springer-Verlag, Berlin Heidelberg, 3
edition, 1993.

[26] L. Rosier. Homogeneous Lyapunov function for homogeneous continuous vector
field. Systems & Control Letters, 19(6):467-473, 1992.

[27] T. Sanchez, D. Efimov, A. Polyakov, and J. A. Moreno. Homogeneous Discrete-
Time Approximation. IFAC-PapersOnLine, 52(16):19 — 24, 2019. 11th IFAC
Symposium on Nonlinear Control Systems NOLCOS 2019.

[28] T. Sanchez, D. Efimov, A. Polyakov, J. A. Moreno, and W. Perruquetti. A
homogeneity property of a class of discrete-time systems. In 2017 IEEE 56th
Annual Conference on Decision and Control (CDC), pages 4237-4241, Dec
2017.

[29] T. Sanchez, D. Efimov, A. Polyakov, J. A. Moreno, and W. Perruquetti. A
homogeneity property of discrete-time systems: Stability and convergence rates.
Int. Journal of Robust and Nonlinear Control, 29(8):2406-2421, 2019.

21



[30] R. Sepulchre and D. Aeyels. Homogeneous Lyapunov functions and necessary
conditions for stabilization. Math. of Control, Signals and Systems, 9(1):34-58,
1996.

[31] E. D. Sontag and Y. Wang. New Characterizations of Input-to-State Stability.
IEEE Trans. on Automatic Control, 41(9):1283-1294, Sept. 1996.

[32] S. E. Tuna and A. R. Teel. Discrete-time homogeneous Lyapunov functions for
homogeneous difference inclusions. In 2004 43rd IEEE Conference on Decision
and Control (CDC), volume 2, pages 1606-1610, Dec 2004.

[33] V. 1. Zubov. Methods of A. M. Lyapunov and their applications. Groningen: P.
Noordho: Limited, 1964.

A Appendix

We recall some properties of r—homogeneous functions.

Definition 31 ([17]) Given a vector of weights r, a r—homogeneous norm is

1
defined as a function from R™ to R, and given by ||z||y, = ( o |mi|p/”) /p,
for all x € R™, for any p > max;{r;}.

Note that any r—homogeneous norm is an r—homogeneous function of degree
m = 1. Since, for a given r, the r—homogeneous norms are equivalent [17],
they are usually denoted as || - || -, without the specification of p. The following
lemma is a direct consequence of lemmas 1 and 6 from [29], and Lemma 4.2
from [6].

Lemma 32 ([29]) If the function V : R" — R is continuous, positive defi-
nite, and r—homogeneous of degree m € Ryq, and the map f : R® — R" is
well defined and locally bounded for all x € R™, and it 1s D.—homogeneous
of degree v € Ryyg, then: 1) there exists ¥ € Rsg (resp. & € Ryg) such that
(Vo f)(z) <FVY(x) (resp. (Vo f)(z) < d||z||™ ), for all z € R™; 2) if, addi-
tionally, f satisfies Assumption 18, then there exists v € Ryq (resp. d € Ryg)
such that (V o f)(z) > AV (x) (resp. (V o f)(x) > d||z||7), for all x € R™.

To recall the concept of robust global asymptotic stability, consider (6) and
its associated difference inclusion

z(k+1) e ®(x(k)), x(k)eR", (A1)
where the set-valued map ®(x) C R" is given by

)= () N U h)}

PER>0 yEB(z,p)
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where B(z,p) is an open ball in R" centred at x with radius p, and cl{A}
denotes the closure of the set A [20].

Definition 33 ([20],[18]) (a) The origin of (A.1) is strongly globally asymp-
totically stable (strongly GAS) if there ezists a class-K L function [ such that,
for every x(0) € R™, all the solutions F with initial condition x(0) satisfy
|F'(k;x(0))] < B(|z(0)|,k) for all k € Zsqo. (b) The origin of (A.1l) is ro-
bustly strongly GAS if there exists a continuous and positive definite function
d : R" — R such that the origin of x(k + 1) € ®s(x(k)) is strongly GAS with
Ps(z) ={y e R" : y € ®(w) + c{B(0,d(x))}, w € c{B(z,d(x))}}. (c) The
origin of (6) is robustly GAS if the origin of (A.1) is robustly strongly GAS.

Theorem 34 ([20]) The origin of (6) is robustly GAS if and only if (6)
admits a smooth Lyapunov function.
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