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Introduction

Objectives

@ better small-scale representation
@ identify regously subgrid effects
@ correct false numerical dissipation
@ better ensemble spreading

Plan
@ fluid flows under location uncertainty
@ stochastic QG equations
@ multi-layer stochastic shallow water system
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Uncertainty formulation (Mémin, 2014)

Principes
@ Lagrangian displacement :

dX (z,t) = w(X (x,t),t)dt + o (X (,t),t)dB;, V(x,t) e DxR", D cR3
X (x,0) =2, Y e D
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Multiplicative noise
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Uncertainty formulation (Mémin, 2014)

Principes
@ Lagrangian displacement :

dX (z,t) = w(X (x,t),t)dt + o (X (,t),t)dBy, V(x,t) e DxR*, D cR3
X (x,0) =2, Y e D

@ Eulerian velocity :
U(z,t) = w(z,t) +o(x,t)By, V (¢,t) € DxR*

N— — ————
large-scale  small-scale

Multiplicative noise

@ (B:),+ is acylindrical Wiener process in L*(D,R?)
@ Spatial correlation :

o(x,t)dB; = fD 6(xz,y,t)dBi(y)dy, ¥ (x,t) e D xR*

@ Subgrid tensor : i
E a=c0" = iE[(O’dB{)(O’dBt)T]
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Stochastic Reynolds Transport Theorem (SRRT)

SRRT for solenoidal turbulence
@ Volumetric rate of change of a scalarfor0 =V -0dB; =V -0 :

2

g @&
dfv(t) q(x,t)dx = /V(t) [dtq + (V - (qw) — B 121 76561'833]' (qai,-))dt +Vgq .o-dBt]dw
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g &
dfv(t) q(x,t)dx = /V(t) [dtq+ (V - (qw) - 5 121 m(qa“))dtﬁ— Vq-o-dBt]dw

o n i i :
Conservation of extensive scalar energy balance

A

diqg+ w*dt-Vq + odB;-Vq - V-E(qu)dt =—qV-w*dt

advection®
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Stochastic Reynolds Transport Theorem (SRRT)

SRRT for solenoidal turbulence
@ Volumetric rate of change of a scalarfor0 =V -0dB; =V -0 :
1 & 92
dfv(t) q(x,t)dx = /V(t) [dtq + (V - (qw) - 5 Z m(qa“))dt +Vq -o-dBt]dw

i,j=1

o n i i :
Conservation of extensive scalar energy balance

N
diq+ w'dt-Vq + odB¢-Vq — V-E(qu)dt =—qV-w*dt

advection®
@ Effective drift :

o 1 Stokes drift ?
‘v.a
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Stochastic conservation laws
Navier Stokes equations under location uncertainty
@ Momentum equation :
dirw + (w*dt + a-dBt) Vw — %V . (%pav'w)dt + fx ('wdt + o-dBt)
_ —%V(pdt +dp;) - phdt + vv?(wdt + 0dBy),

where v = % is the kinematic viscosity and dp), is a centered random process.
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Stochastic conservation laws

Navier Stokes equations under location uncertainty

@ Momentum equation :
dirw + (w*dt + a-dBt) Vw — %V . (%pav'w)dt + fx ('wdt + o-dBt)
_ —%V(pdt +dp;) - phdt + vv?(wdt + 0dBy),

where v = % is the kinematic viscosity and dp), is a centered random process.

@ Mass equation :

dip + (w*dt + o'dBt) -Vp-V- (%an)dt = —pV-w*dt
V-:.0dB; =0

@ Continuity equation (a sufficient constraint) :

0=V-w=V-(V-a)=V-o
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Stochastic governing equations for stratified ocean

Simple Boussinesq equations under location uncertainty
@ Boussinesq approximations :
p(x,t) = pp + dp(z,t), with [6p| < py
p(@,t) = po(2) + op(z,t), With [6p| < |po]

@ Hydrostatic balance :

9po
E(z) =—9Pp

L.Li (FLUMINANCE) Towards a stochastic QG modeling 12/06/2018

6/20



Stochastic governing equations for stratified ocean

Simple Boussinesq equations under location uncertainty
@ Boussinesq approximations :
p(x,t) = pp + dp(z,t), with [6p| < py
p(x,t) = po(2) +dp(z,t), ith [dp| < |po]
@ Hydrostatic balance :
%(z) - _
0z 2L
@ Boussinesq momentum equation :

dyw + (w*dt + 0dBy) - Vw - V - (%an)dt + flox (udt + (0dBy)n )

= —V(ﬁdt + dﬁ;) + bledt + VV2('wdt + o-dBt), b= —g@
Pb
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Stochastic governing equations for stratified ocean

Simple Boussinesq equations under location uncertainty
@ Boussinesq approximations :
p(x,t) = pp + dp(z,t), with [6p| < py
p(@,t) = po(2) + op(z,t), With [6p| < |po]

@ Hydrostatic balance :
0 (2) = ~gp0
0z

@ Boussinesq momentum equation :

dyw + (w*dt + 0dBy) - Vw - V - (%aV'w)dt + flox (udt + (0dBy)n )

0,
= ~(pdt + dp;) + bkdt + v9? (wdt + 0dBy ), b = _g2f
Pb
@ Boussinesqg thermodynamic equation :

> Applies SRRT with V - odB; = 0 for b(x,t) = bo(z) + b/ (@, t) :

b’ + (w'dt + 0dBy) - VY + N*(w'dt + (0dBy).) = V- (%avb')dt +V- (éa.zNQ)dt

L.Li (FLUMINANCE) Towards a stochastic QG modeling 12/06/2018 6/20



Continuously stratified QG system

Geostrophic scaling assumptions
1. Classical scalings :
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Continuously stratified QG system

Geostrophic scaling assumptions
1. Classical scalings :
@ A small Rossby number : Ro « 1
@ A small variation of f : [BL] < fo
@ The scale of motion is not significantly larger than the deformation scale :

%:O(Ro) = g—bz < N*?
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Continuously stratified QG system

Geostrophic scaling assumptions

2. Uncertainties scalings :
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Continuously stratified QG system

Geostrophic scaling assumptions
2. Uncertainties scalings :

@ The vertical uncertainty is small compared with the horizontal uncertainties :

Bt) )
_(0dBt): ~ ED7 D= n < 1
[(edB) | Bu L
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Continuously stratified QG system

Geostrophic scaling assumptions

2. Uncertainties scalings :
@ The vertical uncertainty is small compared with the horizontal uncertainties :

(0dBt) Ro

—_ =~ — <1
[(cdB¢)u|  Bu

D, D-"
L

@ A moderate uncertainty such that the energy dissipated by the horizontal small-scale flow
is the same order than the large-scale kinetic energy :

ag ~ UL « MKE ~ U?, TKE ~ AT
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Continuously stratified QG system

Geostrophic scaling assumptions
2. Uncertainties scalings :

@ The vertical uncertainty is small compared with the horizontal uncertainties :

B
(0dB).  Rop . b
[(edB¢) || Bu L

@ A moderate uncertainty such that the energy dissipated by the horizontal small-scale flow
is the same order than the large-scale kinetic energy :

ay ~ UL <« MKE ~ U?, TKE ~ Ay/Ty
@ Results :

(adBt)Z% - O(R“)

Bu
an: @D Qzz (@)202
am Bu amy Bu
2 Ro 9?2 Ro \2
VieH, - dt=0(—=), a.——dt=0|(—=—
' i 0x;0z (Bu,)’ “ 022 ((B'u,) )
L.Li (FLUMINANCE)

Towards a stochastic QG modeling 12/06/2018 8/20



Continuously stratified QG system

Non-dimensional primitive equations under location uncertainty

@ Momentum :

Rol:d,«,u+ (u*dt+ (o'dBt)H) Vgu-Vg- (%aHVHu)dt+O(%):|

+(fo + RoB(y - y0) )k x (wdt + (edBy) i) = -V gz (Bdt + dp}; )

v
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Non-dimensional primitive equations under location uncertainty

@ Momentum :

Rol:d,«,u+ (u*dt+ (o'dBt)H) Vgu-Vg- (%aHVHu)dt+O(%):|

+(fo + RoB(y - y0) )k x (wdt + (edBy) i) = -V gz (Bdt + dp}; )

@ Hydrostasy :

b'dt + O(RoD?) = : (Bat +di)

z
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Continuously stratified QG system

Non-dimensional primitive equations under location uncertainty

@ Momentum :

Rol:d,«,'u.+ (u*dt+ (o'dB,«,)H) Vgu-Vg- (%aHVHu)dt+O(%):|

+(fo + RoB(y - y0) )k x (wdt + (edBy) i) = -V gz (Bdt + dp}; )

@ Hydrostasy :
b'dt + O(RoD?) = ai (Bat +di)
z

@ Continuity :

v ow o
cu+ — =
H oz

Ro

Ro 8(cdBt)-=
VH'(VH'O’H)"'B“ 7”7=

5]
2 (V- =Vu-(cdBy)g +
o (Ve-ag.)=Vg-(cdB)y o o

M

v
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Continuously stratified QG system

Non-dimensional primitive equations under location uncertainty

@ Momentum :

Rol:df,'u.+ (u*dt+ (o'dBf,)H) Vgu-Vg- (%aHVHu)dt+O(%):|

+(fo + RoB(y - y0) )k x (wdt + (edBy) i) = -V gz (Bdt + dp}; )
@ Hydrostasy :
b'dt + O(RoD?) = % (Bat +di)
@ Continuity :

Ow
VH'U*'E =0
Ro & Ro 8(cdBt) 2
Ve (Ve ag)+ EE(VH'GHZ):VH'(O‘dBt)H*' e

@ Thermodynamic :
U * / 1 U 6b’
Roldyb’ +(u*dt +(0dBy) i) -Vub -V - (sapVub')dt+ —wdt
2 oz

1 Ro
+Bu wdt + I{o[(adBt)z - Vmamsdi+ 0(7)] —a@

u

M

v
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Continuously stratified QG system

Zeroth order relations

@ Pressure balances rotation :

9po 9po

fovo = B’ fouo = "o
fok x (wodt + (0dBt) ) = =V u (podt + dpy) < S
t

oy

adp,
fO(UdBt)y = Wv fO(UdBt)z ==

v
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Continuously stratified QG system

Zeroth order relations

@ Pressure balances rotation :

9po 9po
fovo = B’ fouo = "o
fok x (uwodt + (adBt) ) = -V (podt + dpy) <

adp,, adp),
fo(edBe)y = —=*, fo(0dBy)q = ———
oz Oy
@ Horizontal incompressibilities :
1) O(ocdBt)- 15}
0=V uo=Vi-(edB)y > % =0, (Vi -ans) % 0 @
z z
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Continuously stratified QG system

Zeroth order relations

@ Pressure balances rotation :

v

9po 9po
fovo = B’ fouo = "o
fok x (uodt + (0dB¢) ) = -V g (podt + dpy) < . »
odp, odpy
fo(odBt)y = , fo(odBt)s = -
ox oy
@ Horizontal incompressibilities :
1) O(ocdBt)- 15}
0=Vg-ug=Vpg-(odBt)g 0, % ~ 0, C,T(VHWIHZ) ~ 0 @)
z z
@ Relative vorticity :
dvg B dug V%{po
oz oy  fo
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Continuously stratified QG system

Zeroth order relations

@ Pressure balances rotation :

9po 9po
fovo = B’ fouo = "o
fok x (uodt + (0dB¢) ) = -V g (podt + dpy) < » »
odp, odpy
fo(odBt)y = , fo(odBt)s = -
ox oy

@ Horizontal incompressibilities :

(1) 9(odBt)-
), olodB)=

o)
~ 0, —(Vg-amg,) ~ 0
5 Bz( H*QHz)

0=Vg-uo=Vy-(odB)ug

@ Relative vorticity :
Ovg  Oug V%{po

oz dy fo
@ Hydrostrasy :
1o) ap),
D, gy 22 5 O(RoD?)
Oz 0z

()

v
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Continuously stratified QG system

Zeroth order relations

@ Pressure balances rotation :

9po 9po
fovo = B’ fouo = "o
fok x (uodt + (0dB¢) ) = -V g (podt + dpy) < » »
odp, odpy
fo(odBt)y = , fo(odBt)s = -
ox oy

@ Horizontal incompressibilities :

(1) 9(odBt)-
), olodB)=

o)
~ 0, —(Vg-amg,) ~ 0
5 Bz( H*QHz)

0=Vg-uo=Vy-(odB)ug

@ Relative vorticity :
Ovg  Oug V%{po

dx 9y fo
@ Hydrostrasy :
1o) ap),
2P0 _ 4y, 2Pt _ O(RoD?)
Oz 0z
@ Thermal wind balance :
15} O(ocdB - 0. s
U0 gubo =0, X9IBIH 5 p,p2) 22H _ 5 (p,2pty
0z 0z oz

()

(©)]

v
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Continuously stratified QG system

First order equations
@ Momentum equations :
dyuo + (widt + (0dBu) s ) - Vigio - Vi - (a—HvHuo)dt—f()vldt

8
~B(y - o) (vodt + (0dBr)y ) = —%dt AV uodt )

dyvo + (u;dt + (o-dBt)H) Vv — Vi - (—VHvo)dHfguldt

0
+ﬂ(y—yo)(uodt+(0d3t)m) f*%dt AV vodt (5)
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Continuously stratified QG system

First order equations
@ Momentum equations :
dyuo + (widt + (0dBu) s ) - Vigio - Vi - (a—HvHuo)dt—f()vldt

o)
By - yo)('l)gdt + (adBt)y) = —%dt A4VHuUdt

dyvo + (wgdt + (0dBi) ) - Virvo - Vi (—VHvo)dHfouldt
Op1

+B(y - yo)(uodt 4 (O'dBt)m) = *Tdt AV vodt

@ Continuity equation :
Oouy 81}1 8w1 _

ox 8y 0z
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Continuously stratified QG system

First order equations
@ Momentum equations :
dyuo + (widt + (0dBu) s ) - Vigio - Vi - (a—HvHuo)dt—f()vldt

8
~B(y - o) (vodt + (0dBr)y ) = —%dt AV uodt )

dyvo + (u;dt + (o-dBt)H) Vv — Vi - (—VHvo)dHf'guldt

0
+ﬂ(y—yo)(uodt+(0d3t)m) f*%dt AV vodt (5)

@ Continuity equation :
Oouy 81}1 8w1 _0 ©)

ox 8y 0z
@ Cross-differentiating (4)-(5) combining with (6) :

dt[VHp°+5(y Z/o)] (uédt+(0dBt)H)'V [V;pOJrB(y yo)]

Jo
ow; Ay

ay VHpo
-Vu- (2 VH[ £ +B(y - yo)])dt—(fo 92 —%VHpo)dt'*'R
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Continuously stratified QG system

First order equations

@ Nonlinear source-sink terms :

oy (- 20 O Do _ 9 Do 90 D
oxr Ox Jy Ox ox Oy Jdy Oy
= ~tr(D[u]JD[-Vy - %’])dt
__0(0dBt)a Ovo . 0(0dBt)e Ouo  0(odBy)y Ovo . 9(0dByt)y Ouo
- ox oz dy ox ox dy oy oy
= ~tr(D[u]ID[(¢dB:)n])
1 BGH 1 8aH
Ro= Vi (57, Vo)t =V (375, Vo)
Ry =BV -a,dt
L.Li (FLUMINANCE) Towards a stochastic QG modeling 12/06/2018 12/20



Continuously stratified QG system

First order equations

@ Nonlinear source-sink terms :

Ry :(_8u3%+8u3 Oug 8v5%+8v5 8u0)dt
oxr Ox Jy Ox ox Oy Jdy Oy
apg
= ~tr(D[u]JD[-Vy - 7])dt

__0(0dBt)a Ovo . 0(0dBt)e Ouo  0(odBy)y Ovo . 9(0dByt)y Ouo

ox oz dy ox ox dy oy oy
= ~tr(D[u]ID[(¢dB:)n])
10 10
5 = T o (E%VHvo)dt -V (g%vaHuo)dt

Ry =BV -a,dt
> a homogeneous = R = Ry, E[R] =0

N.B. D[u] = %(VHu + Vﬂu) : deformation tensor, J = ((1) _01) : 90° rotation matrix
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Continuously stratified QG system

First order equations

@ Thermodynamic equation :

dtb0+(ugdt+(adBt)H)-VHbO—VH-(%VHbO)dHBu[(wl—vH-a;z

)dt+(adBt)z:| =0
@)
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Continuously stratified QG system

First order equations

@ Thermodynamic equation :

dtb0+(ugdt+(adBt)H).vao—vH-(%vao)dHBu[(wl—vH-a;” )dt+(adBt)z] =0
@ Derivating (7) along z : @)
8b0 o 8b0 amg abo
de g+ (uodt+ (a-dBt)H) Vg = Vi (TVHg)dt

ow, 0 apm. d(cdBt) - )

B - — . dt+ ———— |[+5=0

" u[( 0z 8sz 2 ) 0z
~— N———

0 < @2 0 <=
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Continuously stratified QG system

First order equations

@ Thermodynamic equation :

dtbo+(ugdt+(adBt)H)‘vao—vH-(“{vao)deu[(wl—vH-“Hz )dt+(adBt)z:| -0

2
@ Derivating (7) along z : @)
8b0 o 8b0 amg abo
de g+ (uodt+ (a-dBt)H) Vg = Vi (TVHa)dt

ow, 0 apm. d(cdBt) - )
B - — . dt+ ———— |[+5=0
" u[( 0z 8sz 2 ) 0z
~— S e’
0<= (2 0= (2
1 BaH

[poue 1 day 0(odBi)nu _
5= | (G- 5vn- )it s ZBI |9ty vr- (35w =0 = @
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Continuously stratified QG system

First order equations

@ Thermodynamic equation :

dtb0+(u6dt+(adBt)H)-VHbO—VH-(%VHbO)dHBu[(wl—VH-aHZ )dt+(adBt)Z] =

@ Derivating (7) along z : @)
8b0 o 8b0 amg abo
dtg+(u0dt+(a-dBt)H)-V S V- (= 5 ng)dt
z B z
+Bu (8w1—3 H-aH )dt+7a(ad t) +5=0
0z 0z 2 0z
———
0 < (2) 0 <= ()
_ 8u0 1 601—1 8(O'dBt)H 1 BCLH
S‘[(E‘i B g T =g | Viabo =V (55 Vabo)dt =0 = ()
@ Results :
ﬁwl 1 8b0 o 8 0 abo
_ > = a[dta +(u0dt+(0'dBt)H) VHE -Vu- (TVH 92 )dt
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Continuously stratified QG system

QG equations under location uncertainty
@ Potential vorticity (PV) :

VHpo 9 ( fo _ Ipo
qo = f +B(y —Yo) + 87(7170)’ 50*5
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Continuously stratified QG system

QG equations under location uncertainty
@ Potential vorticity (PV) :

_Vizpo . 9 ( fo _%
Qo = 7 + By y0)+&(mb0)a bo = 07

@ Evolution of PV :

" a A
diqo + (Uodt 4F (G'dBt)H) *Vuq —Vgu- (iVUQU)dt = —JVZI)Ddt +R
2 fo
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Continuously stratified QG system

QG equations under location uncertainty
@ Potential vorticity (PV) :

_Vizpo . 9 ( fo _%
Qo = 7 + By y0)+&(mb0)a bo = 07

@ Evolution of PV :

* .A.
diqo + uodt+(0'dBt)H *Vuq —Vu- aiVqu dt:—iv?{podt+R
2 fo

@ Dimensional version :

) As 6 .
deq + (u dt+(adBi)u) Vg~ Vi - (%anq)dt = —f—lv‘;‘,pdt +R
0]
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Parametrisation of noise

Some existing approaches
@ Homogeneous and isotropic turbulence model :
a is diagonal and constant

> Through a pass-band spectral cutoff :

Initial spectrum of w and odB,
T

.
106 \
gt \
\\\ T
102 = L L
10° 104
x(rad.s™)

In 2D5 (a(w)dBt)H = VJ}.’{’IZ]U * dBta 'lj;a(’g) = A]‘K/lﬂlm‘ﬁlen'_a
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Parametrisation of noise

Some existing approaches
@ Homogeneous and isotropic turbulence model :
a is diagonal and constant

> Through a pass-band spectral cutoff :

Initial spectrum of w and odB,
T

oo T

—

107 = = I
107 107
x(rad.s™)

In2D, (o(2)dBt)n = Vite * dBt, Do (k) = Al clujersy k|

@ Reduced order model :

> POD approach using observations from velocity field
a is stationnary
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Parametrisation of noise

A new proposition

@ A type of uncertainty living on the iso-surface of buoyancy, i.e. cdB; - Vb =0 :

1 0 Qg
P,=] 0 1 Qy
az ay |af

_Vub Vb [N? _ o Op/oz
bjoz  1+O(Ro) 7 N2

> Iso-surface projector :

= (awvo‘y)T =
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Parametrisation of noise

A new proposition
@ A type of uncertainty living on the iso-surface of buoyancy, i.e. cdB; - Vb =0 :

1 0 o
Py=| 0 1 Qay
Qg Oy loef?

_Vub Vb’ /N? _ o Op/oz
bjoz  1+O(Ro) 7 N2

> Iso-surface projector :

a = (am )7 =

> Divergence-free projector :

(0dBy)x = ( I - A3V vE )(agf),
—_——
“i"J in Fourier

9ij = [k]2

where &; is the 3rd component of an original noise &;, which may be may be the
homogeneous and isotropic one, or Kraichnan turbulent model.
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Parametrisation of noise

A new proposition

@ A type of uncertainty living on the iso-surface of buoyancy, i.e. cdB; - Vb =0 :

1 0 o
Py=| 0 1 Qay
Qg Oy loef?

_Vub Vb’ /N? _ o Op/oz
bjoz  1+O(Ro) 7 N2

> Iso-surface projector :

a = (am )7 =

> Divergence-free projector :

(0dBi)n = (I - ARV VY )(aki),
AL

83— ‘N‘._,' in Fourier

where &; is the 3rd component of an original noise &;, which may be may be the
homogeneous and isotropic one, or Kraichnan turbulent model.

a anisotropic, inhomogeneous and non-staionnary

N.B. In a layered model, the derivative along z will be approximated by a finite difference
between layer-averaged quantities.
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A multi-layer model

Work in progress
@ (Hogg et al., 2003) - A QG coupled model
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A multi-layer model

Work in progress
@ (Hogg et al., 2003) - A QG coupled model

> only taken the ocean case in a double gyre basin, without heat flux

Figure: A multi-layer Shallow Water QG system
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A multi-layer model
An N-layers QG shallow water system
@ Evolutionof ¢, k=1,...,N:

1 a(k)
deg® + 2 I(p,aP)dt = (Vi - == ) - Viug®dt + (0dB0)(Y - Vg™
0

(k)
- (k) A6 . _Jo her o2 (n)
U, . === + ekOp1——— é
Vu ( 9 Vuq )dt 7 Vap dt+ R oo kOk1 2f0VHp kN
N
surface pumping bottom drag

4
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A multi-layer model
An N-layers QG shallow water system
@ Evolutionof ¢, k=1,...,N:

1 a(k)
dig™ + f—J(p(k) (k))dt = (VH ) Vuq®dt+ (adBy)¥ v g

0

(k)
a A f h k
V- (%V;zq(k))dt = —fvgp(k)dt +R™)+ H(Ok) wek(sk'l_T; vipokn
0 0
—_—
surface pumping bottom drag

@ Evolution of p*), k=1,... N:

Jo

(k) _ ,,(k-1)
D) nT)

+B(y —yo) +

vZ,p*
g™ = ——(n
fo

4
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A multi-layer model
An N-layers QG shallow water system
@ Evolutionof ¢, k=1,...,N:

1 a(k)
dig™ + f—J(p(k) (k))dt = (VH ) Viag®dt + (dBy) % - Vgt

0

(k)

a Ay 6 (k) (k) f() hek 2 (N)
Vi (EVue®)dt = - =28 p®dt + R®+ 2 1601 - —— V240N, y
( ) ) fo 7 H®) 2fo

—_——
surface pumping bottom drag

@ Evolution of p*), k=1,... N:

vZp™ fo _
(*) _ YEDP (k) _ py(k=1)
q o PP we)+ s (7 )
@ Perturbation interface height :
(k+1) _ (k)
n@=0g® =2 P k-1 N-1;9Y =D(z,y)
g
g
g(k)zi(p(lwrl)_p(k))v k:17"'7N_1

Pb

v
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A multi-layer model

An N-layers QG shallow water system
@ Evolutionof ¢, k=1,...,N:

1 a(k)
dig™ + f—J(p(k) (k))dt = (VH ) Viag®dt + (dBy) % - Vgt
0
(k)
a A he
Vi (- Viug®)dt = - v p®dt + R+ fo‘ Werdr1——=VEp™M i
2 fo H®) 2 fo
—_——
surface pumping bottom drag

@ Evolution of p*), k=1,... N:

Jo

(k) _ ,,(k-1)
D) nT)

+B(y —yo) +

v2,pk)
g™ = ——(n
fo

@ Perturbation interface height :

P+ ()
=0 W ="~ k=1,...,N-1; ™ = D(z,y)
g ’

&) = Ly _p0y ko1 N -1
Pb

(0) -

g

@ Horizonal uncertainties :

(0dBy)$y = (I - A;vHvﬁ)((an(’“” - VHn““))Ei’“)), k=1,...,N

v
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Thanks for your attentions !
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