Covariance operator :

Q(x, y, t, s) = E σ(x, t)dB t σ(y, s)dB s T = δ(t -s)dt Ω σ(x, z, t) σT (y, z, s)dz
Variance tensor (per unit of time) :

a(x, t) = Q(x, t) dt = σσ T (x, t)
Turbulent Kinetic Energy (TKE) :

TKE = 1 2 tr(a) dt (m 2 •s -2 )
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Stochastic Reynolds Transport Theorem (SRTT)

We assume that ∇•σ = 0 in the following.

Rate of change of a scalar process θ within a volume transported by the stochastic flow :

d V(t) θ(x, t)dx = V(t) (D t θ + θ ∇• w )dx
Stochastic transport operator : 

D t θ = d t θ + (w- 1 2 ∇• a w ) •∇ θdt + σdB t •∇ θ multiplicative noise -∇•( a 2 

Conservation Laws

We assume that ∇•w = 0 in the following.

Conservation of extensive scalar :

D t θ = 0 Conservation of tracer energy : [Resseguier, Memin & Chapron, 2017a] d Ω 1 2 θ 2 = Ω θd t θ + 1 2 d θ t = Ω 1 2 θ 2 ∇• (w dt + σdB t )= 0
Energy decomposition of mean and variance fields : Forced-dissipative advection of the potential vorticity (PV) q with source process :

0 = d dt Ω 1 2 (E[θ]) 2 + d dt Ω 1 2 Var[θ] Long Li (Fluminance) A Consistent
D t q = (S 1 + F + D)dt + S 2 dB t S 1 = 1 2 i,j=1,2 ∂ 2 ij (∇ ⊥ a ij • u), S 2 dB t = -tr ∇ ⊥ (σdB t ) T ∇u T
Kinematic relationship between PV and stream function ψ : The mean squared error (MSE) of the ensemble mean forecasts is identical to the average intra-ensemble sample variance (VAR), multiplied by an ensemble-size Ndependent inflation factor : 

q = ∇ 2 ψ + f, u = ∇ ⊥ ψ Conservation of kinetic
(q o -Ê[q]) 2 x = N + 1 N Var[q]

  Other UQ metrics[Resseguier, Li, Jouan, Derian, Mémin & Chapron, 2019] : Continuous ranked probability score (CRPS), Energy score, Variogram score.

  

  

  

  

  

  

  

  

  

  

  energy in the absence of D and F : [Bauer, Heterogeneous Stationary : [Chandramouli, Mémin, Chapron & Heitz 2019b]
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Homogeneous in space Stationary in time : [Resseguier, Memin & Chapron, 2017b] Homogeneous Non-stationary : [Resseguier, Li, Jouan, Derian, Mémin & Chapron, 2019] Based on estimation of the absolute diffusivity spectral density (ADSD).