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STABLE BROKEN H(curl) POLYNOMIAL EXTENSIONS

AND p-ROBUST A POSTERIORI ERROR ESTIMATES BY BROKEN

PATCHWISE EQUILIBRATION FOR THE CURL–CURL PROBLEM?

T. CHAUMONT-FRELET1,2, A. ERN3,4, AND M. VOHRALÍK4,3

Abstract. We study extensions of piecewise polynomial data prescribed in a patch of tetra-
hedra sharing an edge. We show stability in the sense that the minimizers over piecewise
polynomial spaces with prescribed tangential component jumps across faces and prescribed
piecewise curl in elements are subordinate in the broken energy norm to the minimizers over
the broken H(curl) space with the same prescriptions. Our proofs are constructive and
yield constants independent of the polynomial degree. We then detail the application of this
result to the a posteriori error analysis of the curl–curl problem discretized with Nédélec
finite elements of arbitrary order. The resulting estimators are reliable, locally efficient,
polynomial-degree-robust, and inexpensive. They are constructed by a broken patchwise
equilibration which, in particular, does not produce a globally H(curl)-conforming flux.
The equilibration is only related to edge patches and can be realized without solutions of
patch problems by a sweep through tetrahedra around every mesh edge. The error estimates
become guaranteed when the regularity pick-up constant is explicitly known. Numerical
experiments illustrate the theoretical findings.
Key Words. A posteriori error estimates; Finite element methods; Electromagnetics; High
order methods.
AMS subject classification. Primary 65N30, 78M10, 65N15.

1. Introduction

The so-called Nédélec or also edge element spaces of [39] form, on meshes consisting of
tetrahedra, the most natural piecewise polynomial subspace of the spaceH(curl) composed of
square-integrable fields with square-integrable weak curl. They are instrumental in numerous
applications in link with electromagnetism, see for example [1, 4, 33, 37]. The goal of this
paper is to study two different but connected questions related to these spaces.

1.1. Stable broken H(curl) polynomial extensions. Polynomial extension operators are
an essential tool in numerical analysis involving Nédélec spaces, in particular in the case of
high-order discretizations. Let K be a tetrahedron. Then, given a boundary datum in the
form of a suitable polynomial on each face of K, satisfying some compatibility conditions, a
polynomial extension operator constructs a curl-free polynomial in the interior of the tetra-
hedron K whose tangential trace fits the boundary datum and which is stable with respect to
the datum in the intrinsic norm. Such an operator was derived in [16], as a part of equivalent
developments in the H1 and H(div) spaces respectively in [15] and [17], see also [38] and
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2 STABLE BROKEN H(CURL) POLYNOMIAL EXTENSIONS & p-ROBUST BROKEN EQUILIBRATION

the references therein. An important achievement extending in a similar stable way a given
polynomial volume datum to a polynomial with curl given by this datum in a single simplex,
along with a similar result in the H1 and H(div) settings, was presented in [10].

The above results were then combined together and extended from a single simplex to a
patch of simplices sharing the given vertex in several cases: inH(div) in two space dimensions
in [5] and in H1 and H(div) in three space dimensions in [25]. These results have important
applications to a posteriori analysis but also to localization and optimal hp estimates in a
priori analysis, see [21]. To the best of our knowledge, a similar patchwise result in the
H(curl) setting is not available yet, and it is our goal to establish it here. We achieve it in
our first main result, Theorem 3.1, see also the equivalent form in Proposition 6.6 and the
construction in Theorem 3.2.

Let T e be a patch of tetrahedra sharing a given edge e from a shape-regular mesh Th
and let ωe be the corresponding patch subdomain. Let p ≥ 0 be a polynomial degree. Let
jp ∈RT p(T e) ∩H(div, ωe) with ∇ · jp = 0 be a divergence-free Raviart–Thomas field, and
let χp be in the broken Nédélec space N p(T e). In this work, we establish that

(1.1) min
vp∈N p(T e)∩H(curl,ωe)

∇×vp=jp

‖χp − vp‖ωe ≤ C min
v∈H(curl,ωe)

∇×v=jp

‖χp − v‖ωe ,

which means that the discrete constrained best-approximation error in the patch is subordinate
to the continuous constrained best-approximation error up to a constant C. Importantly, C
only depends on the shape-regularity of the edge patch and does not depend on the polynomial
degree p under consideration. Our proofs are constructive, which has a particular application
in a posteriori error analysis, as we discuss now.

1.2. p-robust a posteriori error estimates by broken patchwise equilibration for the
curl–curl problem. Let Ω ⊂ R3 be a Lipschitz polyhedral domain with unit outward normal
n. Let ΓD,ΓN be two disjoint, open, possibly empty subsets of ∂Ω such that ∂Ω = ΓD ∪ ΓN.
Given a divergence-free field j : Ω→ R3 with zero normal trace on ΓN, the curl–curl problem
amounts to seeking a field A : Ω→ R3 satisfying

∇×∇×A = j, ∇ ·A = 0, in Ω,(1.2a)

A× n = 0, on ΓD,(1.2b)

(∇×A)× n = 0, A · n = 0, on ΓN.(1.2c)

Note that A× n = 0 implies that (∇×A) · n = 0 on ΓD. When Ω is not simply connected
and/or when ΓD is not connected, the additional conditions

(1.2d) (A,θ)Ω = 0, (j,θ)Ω = 0, ∀θ ∈H(Ω,ΓD)

must be added in order to ensure existence and uniqueness of a solution to (1.2), where
H(Ω,ΓD) is the finite-dimensional “cohomology” space associated with Ω and the partition
of its boundary (see Section 2.1). The boundary-value problem (1.2) appears immediately in
this form in magnetostatics. In this case, j and A respectively represent a (known) current
density and the (unknown) associated magnetic vector potential, while the key quantity of
interest is the magnetic field h := ∇×A. We refer the reader to [1, 4, 33, 37] for reviews of
models considered in computational electromagnetism.

In the rest of the introduction, we assume for simplicity that ΓD = ∂Ω (so that the boundary
conditions reduce to A×n = 0 on ∂Ω) and that j is a piecewise polynomial in the Raviart–
Thomas space, j ∈ RT p(Th) ∩H(div,Ω), p ≥ 0. Let Ah ∈ N p(Th) ∩H0(curl,Ω) be a
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numerical approximation to A in the Nédélec space. Then, the Prager–Synge equality [43],
cf., e.g., [45, equation (3.4)] or [6, Theorem 10], implies that

(1.3) ‖∇× (A−Ah)‖Ω ≤ min
hh∈N p(Th)∩H(curl,Ω)

∇×hh=j

‖hh −∇×Ah‖Ω.

Bounds such as (1.3) have been used in, e.g., [11, 12, 32, 40], see also the references therein.
The estimate (1.3) leads to a guaranteed and sharp upper bound. Unfortunately, as written,

it involves a global minimization over N p(Th)∩H(curl,Ω), and is consequently too expensive
in practical computations. Of course, a further upper bound follows from (1.3) for any
hh ∈ N p(Th) ∩H(curl,Ω) such that ∇× hh = j. At this stage, though, it is not clear how
to find an inexpensive local way of constructing a suitable field hh, called an equilibrated flux.
A proposition for the lowest degree p = 0 was given in [6], but suggestions for higher-order
cases were not available until very recently in [29, 35]. In particular, the authors in [29] also
prove efficiency, i.e., they devise a field h∗h ∈N p(Th)∩H(curl,Ω) such that, up to a generic
constant C independent of the mesh size h but possibly depending on the polynomial degree
p,

(1.4) ‖h∗h −∇×Ah‖Ω ≤ C‖∇× (A−Ah)‖Ω,
as well as a local version of (1.4). Numerical experiments in [29] reveal very good effectivity
indices, also for high polynomial degrees p.

A number of a posteriori error estimates that are polynomial-degree robust, i.e., where no
generic constant depends on p, were obtained recently. For equilibrations (reconstructions)
in the H(div) setting in two space dimensions, they were first obtained in [5]. Later, they
were extended to the H1 setting in two space dimensions in [24] and to both H1 and H(div)
settings in three space dimensions in [25]. Applications to problems with arbitrarily jumping
diffusion coefficients, second-order eigenvalue problems, the Stokes problem, linear elasticity,
or the heat equation are reviewed in [25]. In the H(curl) setting, with application to the
curl–curl problem (1.2), however, to the best of our knowledge, such a result was missing1. It
is our goal to establish it here, and we do so in our second main result, Theorem 3.3.

Our upper bound in Theorem 3.3 actually does not derive from the Prager–Synge equal-
ity to take the form (1.3), since we do not construct an equilibrated flux h∗h ∈ N p(Th) ∩
H(curl,Ω). We instead perform a broken patchwise equilibration producing locally on each
edge patch T e a piecewise polynomial heh ∈ N p(T e) ∩H(curl, ωe) such that ∇ × heh = j.
Consequently, our error estimate rather takes the form

(1.5) ‖∇× (A−Ah)‖Ω ≤
√

6CLCcont

∑
e∈Eh

‖heh −∇×Ah‖2ωe

1/2

.

We obtain each local contribution heh in a single-stage procedure, in contrast to the three-
stage procedure of [29]. Our broken patchwise equilibration is also rather inexpensive, since
the edge patches are smaller than the usual vertex patches employed in [6, 29]. Moreover,
we can either solve the patch problems, see (3.10b), or replace them by a sequential sweep
through tetrahedra sharing the given edge e, see (3.12a). This second option yields a cheaper
procedure where merely elementwise, in place of patchwise, problems are to be solved and
even delivers a fully explicit a posteriori error estimate in the lowest-order setting p = 0. The

1We have learned very recently that a modification of [29] can lead to a polynomial-degree-robust error
estimate, see [30].
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price we pay for these advantages is the emergence of the constant
√

6CLCcont in our upper
bound (1.5); here Ccont is fully computable, only depends on the mesh shape-regularity, and
takes values around 10 for usual meshes, whereas CL only depends on the shape of the domain
Ω and boundaries ΓD and ΓN, with in particular CL = 1 whenever Ω is convex. Crucially,
our error estimates are locally efficient and polynomial-degree robust in that

(1.6) ‖heh −∇×Ah‖ωe ≤ C‖∇× (A−Ah)‖ωe

for all edges e, where the constant C only depends on the shape-regularity of the mesh, as
an immediate application of our first main result in Theorem 3.1. It is worth noting that
the lower bound (1.6) is completely local to the edge patches ωe and does not comprise any
neighborhood.

1.3. Organization of this contribution. The rest of this contribution is organised as fol-
lows. In Section 2, we recall the functional spaces, state a weak formulation of problem (1.2),
describe the finite-dimensional Lagrange, Nédélec, and Raviart–Thomas spaces, and introduce
the numerical discretization of (1.2). Our two main results, Theorem 3.1 (together with its
sequential form in Theorem 3.2) and Theorem 3.3, are formulated and discussed in Section 3.
Section 4 presents a numerical illustration of our a posteriori error estimates for curl–curl
problem (1.2). Sections 5 and 6 are then dedicated to the proofs of our two main results.
Finally, Appendix A establishes an auxiliary result of independent interest: a Poincaré-like
inequality using the curl of divergence-free fields in an edge patch.

2. Curl–curl problem and Nédélec finite element discretization

2.1. Basic notation. Consider a Lipschitz polyhedral subdomain ω ⊆ Ω. We denote by
H1(ω) the space of scalar-valued L2(ω) functions with L2(ω) weak gradient, H(curl, ω) the
space of vector-valued L2(ω) fields with L2(ω) weak curl, and H(div, ω) the space of vector-
valued L2(ω) fields with L2(ω) weak divergence. Below, we use the notation (·, ·)ω for the
L2(ω) or L2(ω) scalar product and ‖·‖ω for the associated norm. L∞(ω) and L∞(ω) are the
spaces of essentially bounded functions with norm ‖·‖∞,ω.

Let H1(ω) := {v ∈ L2(ω)| vi ∈ H1(ω), i = 1, 2, 3}. Let γD, γN be two disjoint, open,
possibly empty subsets of ∂ω such that ∂ω = γD ∪ γN. Then H1

γD
(ω) := {v ∈ H1(ω)| v =

0 on γD} is the subspace of H1(ω) formed by functions vanishing on γD in the sense of
traces. Furthermore, HγD(curl, ω) is the subspace of H(curl, ω) composed of fields with
vanishing tangential trace on γD, HγD(curl, ω) := {v ∈H(curl, ω) such that (∇× v,ϕ)ω −
(v,∇ × ϕ)ω = 0 for all functions ϕ ∈ H1(ω) such that ϕ × nω = 0 on ∂ω \ γD}, where
nω is the unit outward normal to ω. Similarly, HγN(div, ω) is the subspace of H(div, ω)
composed of fields with vanishing normal trace on γN, HγN(div, ω) := {v ∈ H(div, ω) such
that (∇ ·v, ϕ)ω + (v,∇ϕ)ω = 0 for all functions ϕ ∈ H1

γD
(ω)}. We refer the reader to [26] for

further insight on vector-valued Sobolev spaces with mixed boundary conditions.
The space K(Ω) := {v ∈ HΓD

(curl,Ω) | ∇ × v = 0} will also play an important role.

When Ω is simply connected and ΓD is connected, one simply has K(Ω) = ∇
(
H1

ΓD
(Ω)
)

.

In the general case, one has K(Ω) = ∇
(
H1

ΓD
(Ω)
)
⊕H(Ω,ΓD), where H(Ω,ΓD) is a finite-

dimensional space called the “cohomology space” associated with Ω and the partition of its
boundary [26].
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2.2. The curl–curl problem. If j ∈K(Ω)⊥ (the orthogonality being understood in L2(Ω)),
then the classical weak formulation of (1.2) consists in finding a pair (A,ϕ) ∈HΓD

(curl,Ω)×
K(Ω) such that

(2.1)

{
(A,θ)Ω = 0 ∀θ ∈K(Ω)

(∇×A,∇× v)Ω + (ϕ,v)Ω = (j,v)Ω ∀v ∈HΓD
(curl,Ω).

Picking the test function v = ϕ in the second equation of (2.1) shows that ϕ = 0, so that we
actually have

(2.2) (∇×A,∇× v)Ω = (j,v)Ω ∀v ∈HΓD
(curl,Ω).

Note that when Ω is simply connected and ΓD is connected, the condition j ∈K(Ω)⊥ simply
means that j is divergence-free with vanishing normal trace on ΓN, j ∈ HΓN

(div,Ω) with
∇ · j = 0, and the same constraint follows from the first equation of (2.1) for A.

2.3. Tetrahedral mesh. We consider a matching tetrahedral mesh Th of Ω, i.e.,
⋃
K∈Th K

= Ω, each K is a tetrahedron, and the intersection of two distinct tetrahedra is either empty or
their common vertex, edge, or face. We also assume that Th is compatible with the partition
∂Ω = ΓD ∪ ΓN of the boundary, which means that each boundary face entirely lies either in
ΓD or in ΓN. We denote by Eh the set of edges of the mesh Th and by Fh the set of faces. The
mesh is oriented which means that every edge e ∈ Eh is equipped with a fixed unit tangent
vector τ e and every face F ∈ Fh is equipped with a fixed unit normal vector nF (see [22,
Chapter 10]). Finally for every mesh cell K ∈ Th, nK denotes its unit outward normal vector.
The choice of the orientation is not relevant in what follows, but we keep it fixed in the whole
work.

If K ∈ Th, EK ⊂ Eh denotes the set of edges of K, whereas for each edge e ∈ Eh, we denote
by T e the associated “edge patch” that consists of those tetrahedra K ∈ Th for which e ∈ EK ,
see Figure 1. We also employ the notation ωe ⊂ Ω for the open subdomain associated with
the patch T e. We say that e ∈ Eh is a boundary edge if it lies on ∂Ω and that it is an interior
edge otherwise (in this case, e may touch the boundary at one of its endpoints). The set of
boundary edges is partitioned into the subset of Dirichlet edges ED

h with edges e that lie in

ΓD and the subset of Neumann edges EN
h collecting the remaining boundary edges. For all

edges e ∈ Eh, we denote by ΓeN the open subset of ∂ωe corresponding to the collection of faces

having e as edge and lying in ΓN. Note that for interior edges, ΓeN is empty and that for
boundary edges, ΓeN never equals the whole ∂ωe. We also set ΓeD := (∂ωe \ΓeN)◦. Note that, in
all situations, ωe is simply connected and ΓeD is connected, so that we do not need to invoke
here the cohomology spaces.

For every tetrahedron K ∈ Th, we denote the diameter and the inscribed ball diameter
respectively by

hK := sup
x,y∈K

|x− y|, ρK := sup {r > 0 | ∃x ∈ K;B(x, r) ⊂ K} ,

where B(x, r) is the ball of diameter r centered at x. For every edge e ∈ Eh, |e| is its measure
(length) and

(2.3) hωe := sup
x,y∈ωe

|x− y|, ρe := min
K∈T e

ρK .
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Figure 1. Interior (left) and Dirichlet boundary (right) edge patch T e

The shape-regularity parameters of the tetrahedron K and of the edge patch T e are respec-
tively defined by

(2.4) κK := hK/ρK and κe := hωe/ρe.

2.4. Lagrange, Nédélec, and Raviart–Thomas elements. If K is a tetrahedron and
p′ ≥ 0 is an integer, we employ the notation Pp′(K) for the space of scalar-valued (Lagrange)

polynomials of degree less than or equal to p′ on K and P̃p′(K) for homogeneous polynomials

of degree p′. The notation Pp′(K) (resp. P̃p′(K)) then stands for the space of vector-valued

polynomials such that all their components belong to Pp′(K) (resp. P̃p′(K)). Following [39]
and [44], we then define on each tetrahedron K ∈ Th the polynomial spaces of Nédélec and
Raviart–Thomas functions as follows:

(2.5) N p′(K) := Pp′(K) + S̃p′+1(K) and RT p′(K) := Pp′(K) + xP̃p′(K),

where S̃p′(K) :=
{
v ∈ P̃p′(K) | x · v(x) = 0 ∀x ∈ K

}
. For any collection of tetrahedra

T =
⋃
K∈T {K} and the corresponding open subdomain ω =

(⋃
K∈T K

)◦ ⊂ Ω, we also write

Pp′(T ) :=
{
v ∈ L2(ω) | v|K ∈ Pp′(K) ∀K ∈ T

}
,

N p′(T ) :=
{
v ∈ L2(ω) | v|K ∈N p′(K) ∀K ∈ T

}
,

RT p′(T ) :=
{
v ∈ L2(ω) | v|K ∈RT p′(K) ∀K ∈ T

}
.

2.5. Nédélec finite element discretization. For the discretization of problem (2.1), we
consider in this work, for a fixed polynomial degree p ≥ 0, the Nédélec finite element space
given by

Vh := N p(Th) ∩HΓD
(curl,Ω).

The discrete counterpart of K(Ω), namely

Kh := {vh ∈ Vh |∇× vh = 0}
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can be readily identified as a preprocessing step by introducing cuts in the mesh [42, Chapter
6]. The discrete problem then consists in finding a pair (Ah,ϕh) ∈ Vh ×Kh such that

(2.6)

{
(Ah,θh)Ω = 0 ∀θh ∈Kh

(∇×Ah,∇× vh)Ω + (ϕh,vh)Ω = (j,vh)Ω ∀vh ∈ Vh.
Since Kh ⊂ K(Ω), picking vh = ϕh in the second equation of (2.6) shows that ϕh = 0, so
that we actually have

(2.7) (∇×Ah,∇× vh)Ω = (j,vh)Ω ∀vh ∈ Vh.
As for the continuous problem, we remark that when Ω is simply connected and ΓD is con-
nected, Kh = ∇Sh, where Sh := Pp+1(Th) ∩ H1

ΓD
(Ω) is the usual Lagrange finite element

space.

3. Main results

This section presents our two main results.

3.1. Stable discrete best-approximation of broken polynomials in H(curl). Our first
main result is the combination and extension of [16, Theorem 7.2] and [10, Corollary 3.4] to
the edge patches T e, complementing similar previous achievements in H(div) in two space
dimensions in [5, Theorem 7] and in H1 and H(div) in three space dimensions [25, Corollar-
ies 3.1 and 3.3].

Theorem 3.1 (H(curl) best-approximation in an edge patch). Let an edge e ∈ Eh and the
associated edge patch T e with subdomain ωe be fixed. Then, for every polynomial degree p ≥ 0,
all jeh ∈RT p(T e)∩HΓe

N
(div, ωe) with ∇ · jeh = 0, and all χh ∈N p(T e), the following holds:

(3.1) min
hh∈N p(T e)∩HΓe

N
(curl,ωe)

∇×hh=jeh

‖hh − χh‖ωe ≤ Cst,e min
h∈HΓe

N
(curl,ωe)

∇×h=jeh

‖h− χh‖ωe .

Here, both minimizers are uniquely defined and the constant Cst,e only depends on the shape-
regularity parameter κe of the patch T e defined in (2.4).

Note that the converse inequality to (3.1) holds trivially with constant 1, i.e.,

min
h∈HΓe

N
(curl,ωe)

∇×h=jeh

‖h− χh‖ωe ≤ min
hh∈N p(T e)∩HΓe

N
(curl,ωe)

∇×hh=jeh

‖hh − χh‖ωe .

This also makes apparent the power of the result (3.1), stating that for piecewise polyno-
mial data jeh and χh, the best-approximation error over a piecewise polynomial subspace
of HΓe

N
(curl, ωe) of degree p is, up to a p-independent constant, equivalent to the best-

approximation error over the entire space HΓe
N

(curl, ωe). The proof of this result is presented
in Section 6. We remark that Proposition 6.6 below gives an equivalent reformulation of The-
orem 3.1 in the form of a stable broken H(curl) polynomial extension in the edge patch.
Finally, the following form, which follows from the proof in Section 6.5, see Remark 6.11, has
important practical applications:

Theorem 3.2 (H(curl) best-approximation by an explicit sweep through an edge patch). Let
the assumptions of Theorem 3.1 be satisfied. Consider a sequential sweep over all elements K
sharing the edge e, K ∈ T e such that (i) the enumeration starts from an arbitrary tetrahedron
if e is an interior edge and from a tetrahedron containing a face that lies in ΓeN (if any) or in
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ΓeD (if none in ΓeN) if e is a boundary edge; (ii) two consecutive tetrahedra in the enumeration
share a face. On each K ∈ T e, consider

(3.2) he,♥h |K := min
hh∈N p(K)
∇×hh=jeh
hh|τF=rF

‖hh − χh‖K .

Here, F is the set of faces that K shares with elements K ′ previously considered or lying
in ΓeN, and hh|τF denotes the restriction of the tangential trace of hh to the faces of F (see
Definition 6.1 below for details). The boundary datum rF is either the tangential trace of

he,♥h |K′ obtained after minimization over the previous tetrahedron K ′, or 0 on ΓeN. Then,

(3.3) ‖he,♥h − χh‖ωe ≤ Cst,e min
h∈HΓe

N
(curl,ωe)

∇×h=jeh

‖h− χh‖ωe .

3.2. p-robust broken patchwise equilibration a posteriori error estimates for the
curl–curl problem. Our second main result is a polynomial-degree-robust a posteriori error
analysis of Nédélec finite elements (2.6) applied to curl–curl problem (1.2). The local efficiency
proof is an important application of Theorem 3.1. To present these results in detail, we need
to prepare a few tools.

3.2.1. Functional inequalities and data oscillation. For every edge e ∈ Eh, we associate with
the subdomain ωe a local Sobolev space H1

? (ωe) with mean/boundary value zero,

(3.4) H1
? (ωe) :=


{v ∈ H1(ωe) | v = 0 on faces having e as edge

and lying in ΓD} if e ∈ ED
h ,{

v ∈ H1(ωe) |
∫
ωe
v = 0

}
otherwise.

Poincaré’s inequality then states that there exists a constant CP,e only depending on the
shape-regularity parameter κe such that

(3.5) ‖v‖ωe ≤ CP,ehωe‖∇v‖ωe ∀v ∈ H1
? (ωe).

To define our error estimators, it is convenient to introduce a piecewise polynomial approx-
imation of the datum j ∈HΓN

(div,Ω) by setting on every edge patch T e associated with the
edge e ∈ Eh,

(3.6) jeh := argmin
jh∈RT p(T e)∩HΓe

N
(div,ωe)

∇·jh=0

‖j − jh‖ωe .

This leads to the following data oscillation estimators:

(3.7) osce := CPFW,ehωe‖j − jeh‖ωe ,

where the constant CPFW,e is such that for every edge e ∈ Eh, we have

(3.8) ‖v‖ωe ≤ CPFW,ehωe‖∇× v‖ωe ∀v ∈HΓe
D

(curl, ωe) ∩HΓe
N

(div, ωe) with ∇ · v = 0.

We show in Appendix A that CPFW,e only depends on the shape-regularity parameter κe.
Notice that (3.8) is a local Poincaré-like inequality using the curl of divergence-free fields
in the edge patch. This type of inequality is known under various names in the literature.
Seminal contributions can be found in the work of Friedrichs [27, equation (5)] for smooth
manifolds (see also Gaffney [28, equation (2)]) and later in Weber [49] for Lipschitz domains.
This motivates the present use of the subscript PFW in (3.8).
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Besides the above local functional inequalities, we shall also use the fact that there exists
a constant CL such that for all v ∈ HΓD

(curl,Ω), there exists w ∈ H1(Ω) ∩HΓD
(curl,Ω)

such that ∇×w = ∇× v and

(3.9) ‖∇w‖Ω ≤ CL‖∇× v‖Ω.

When either ΓD or ΓN has zero measure, the existence of CL follows from Theorems 3.4 and 3.5
of [9]. If in addition Ω is convex, one can take CL = 1 (see [9] together with [31, Theorem 3.7]
for Dirichlet boundary conditions and [31, Theorem 3.9] for Neumann boundary conditions).
For mixed boundary conditions, the existence of CL can be obtained as a consequence of [34,
Section 2]. Indeed, we first project v ∈HΓD

(curl,Ω) onto ṽ ∈ K(Ω)⊥ without changing its
curl. Then, we define w ∈ H1(Ω) from ṽ using [34]. Finally, we control ‖ṽ‖Ω by ‖∇ × v‖Ω
with the inequality from [26, Proposition 7.4] which is a global Poincaré-like inequality in the
spirit of (3.8).

3.2.2. Broken patchwise equilibration by edge-patch problems. Our a posteriori error estimator
is constructed via a simple restriction of the right-hand side of (1.3) to edge patches, where
no hat function is employed, no modification of the source term appears, and no boundary
condition is imposed for interior edges, in contrast to the usual equilibration in [18, 6, 24].
For each edge e ∈ Eh, introduce

(3.10a) ηe := ‖he,?h −∇×Ah‖ωe ,

where he,?h is the argument of the left minimizer in (3.1) for the datum jeh from (3.6) and
χh := (∇×Ah)|ωe , i.e.,

(3.10b) he,?h := argmin
hh∈N p(T e)∩HΓe

N
(curl,ωe)

∇×hh=jeh

‖hh −∇×Ah‖ωe .

In practice, he,?h is computed from the Euler–Lagrange conditions for the minimization prob-
lem (3.10b). This leads to the following patchwise mixed finite element problem: Find
he,?h ∈ N p(T e) ∩HΓe

N
(curl, ωe), σ

e,?
h ∈ RT p(T e) ∩HΓe

N
(div, ωe), and ζe,?h ∈ Pp(T e) such

that

(3.11)

 (he,?h ,vh)ωe + (σe,?h ,∇× vh)ωe = (∇×Ah,vh)ωe ,
(∇× he,?h ,wh)ωe + (ζe,?h ,∇ ·wh)ωe = (j,wh)ωe ,

(∇ · σe,?h , ϕh)ωe = 0

for all vh ∈ N p(T e) ∩HΓe
N

(curl, ωe), wh ∈ RT p(T e) ∩HΓe
N

(div, ωe), and ϕh ∈ Pp(T e).
We note that from the optimality condition associated with (3.6), using j or jeh in (3.11) is
equivalent.

3.2.3. Broken patchwise equilibration by sequential sweeps. The patch problems (3.10b) lead
to the solution of the linear systems (3.11). Although these are local around each edge and
are mutually independent, they entail some computational cost. This cost can be significantly
reduced by taking inspiration from [18], [36], [48, Section 4.3.3], the proof of [5, Theorem 7],
or [25, Section 6] and literally following the proof in Section 6.5 below, as summarized in
Theorem 3.2. This leads to an alternative error estimator whose price is the sequential
sweep through tetrahedra sharing the given edge, where for each tetrahedron, one solves the



10 STABLE BROKEN H(CURL) POLYNOMIAL EXTENSIONS & p-ROBUST BROKEN EQUILIBRATION

elementwise problem (3.2) for the datum jeh from (3.6) and χh := (∇×Ah)|ωe , i.e.,

(3.12a) he,♥h |K := min
hh∈N p(K)
∇×hh=jeh
hh|τF=rF

‖hh −∇×Ah‖K ∀K ∈ T e,

and then set

(3.12b) ηe := ‖he,♥h −∇×Ah‖ωe .

3.2.4. Guaranteed, locally efficient, and p-robust a posteriori error estimates. For each edge
e ∈ Eh, let ψe be the (scaled) edge basis functions of the lowest-order Nédélec space, in
particular satisfying suppψe = ωe. More precisely, let ψe be the unique function in N 0(Th)∩
H(curl,Ω) such that

(3.13)

∫
e′
ψe · τ e′ = δe,e′ |e|,

recalling that τ e′ is the unit tangent vector orienting the edge e′. We define

(3.14) Ccont,e := ‖ψe‖∞,ωe + CP,ehωe‖∇×ψe‖∞,ωe ∀e ∈ Eh,
where CP,e is Poincaré’s constant from (3.5) and hωe is the diameter of the patch domain ωe.
We actually show in Lemma 5.3 below that

(3.15) Ccont,e ≤ Cκe :=
2|e|
ρe

(1 + CP,eκe) ∀e ∈ Eh,

where ρe is defined in (2.3); Ccont,e is thus uniformly bounded by the patch-regularity param-
eter κe defined in (2.4).

Theorem 3.3 (p-robust a posteriori error estimate). Let A be the weak solution of the curl–
curl problem (2.1) and let Ah be its Nédélec finite element approximation solving (2.6). Let
the data oscillation estimators osce be defined in (3.7) and the broken patchwise equilibration
estimators ηe be defined in either (3.10) or (3.12). Then, with the constants CL, Ccont,e, and
Cst,e from respectively (3.9), (3.14), and (3.1), the following global upper bound holds true:

(3.16) ‖∇× (A−Ah)‖Ω ≤
√

6CL

∑
e∈Eh

C2
cont,e (ηe + osce)

2

1/2

,

as well as the following lower bound local to the edge patches ωe:

(3.17) ηe ≤ Cst,e (‖∇× (A−Ah)‖ωe + osce) ∀e ∈ Eh.
3.3. Comments. A few comments about Theorem 3.3 are in order.

• The constant CL from (3.9) can be taken as 1 for convex domains Ω and if either
ΓD or ΓN is empty. In the general case however, we do not know the value of this
constant. The presence of the constant CL is customary in a posteriori error analysis
of the curl–curl problem, it appears, e.g., in Lemma 3.10 of [41] and Assumption 2
of [2].
• The constant Ccont,e defined in (3.14) can be fully computed in practical implementa-

tions. Indeed, computable values of Poincaré’s constant CP,e from (3.5) are discussed
in, e.g., [8, 47], see also the concise discussion in [3]; CP,e can be taken as 1/π for
convex interior patches and as 1 for most Dirichlet boundary patches. Recall also
that Ccont,e only depends on the shape-regularity parameter κe of the edge patch T e.
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• A computable upper bound on the constant Cst,e from (3.1) can be obtained by
proceeding as in [24, Lemma 3.23]. The crucial property is again that Cst,e can be
uniformly bounded by the shape-regularity parameter κe of the edge patch T e.
• The key feature of the error estimators of Theorem 3.3 is their polynomial-degree-

robustness (or, shortly, p-robustness). This suggests to use them in hp-adaptation
strategies, cf., e.g., [13, 14, 46] and the references therein.
• In contrast to [6, 29, 30, 35], we do not obtain here an equilibrated flux, i.e., a

piecewise polynomial h?h in the global space N p(Th) ∩HΓN
(curl,Ω) satisfying, for

piecewise polynomial j, ∇ × h?h = j. We only obtain from (3.10b) or (3.12a) that
he,?h ∈N p(T e)∩HΓe

N
(curl, ωe) and ∇×he,?h = j locally in every edge patch T e and

similarly for he,♥h , but we do not build a HΓN
(curl,Ω)-conforming discrete field; we

call this process broken patchwise equilibration.
• The upper bound (3.16) does not come from the Prager–Synge inequality (1.3) and is

typically larger than those obtained from (1.3) with an equilibrated flux h?h ∈N p(Th)∩
HΓN

(curl,Ω), because of the presence of the multiplicative factors
√

6CLCcont,e. On
the other hand, it is typically cheaper to compute the upper bound (3.16) than those
based on an equilibrated flux since 1) the problems (3.10) and (3.12) involve edge
patches, whereas full equilibration would require solving problems also on vertex
patches which are larger than edge patches; 2) the error estimators are computed
in one stage only solving the problems (3.10b) or (3.12a); 3) the broken patchwise
equilibration procedure enables the construction of a p-robust error estimator using
polynomials of degree p, in contrast to the usual procedure requiring the use of poly-
nomials of degree p+ 1, cf. [5, 24, 25]; the reason is that the usual procedure involves
multiplication by the “hat function” ψa inside the estimators, which increases the
polynomial degree by one, whereas the current procedure only encapsulates an oper-
ation featuring ψe into the multiplicative constant Ccont,e, see (3.14).
• The sequential sweep through the patch in (3.12a) eliminates the patchwise prob-

lems (3.10b) and leads instead to merely elementwise problems. These are much
cheaper than (3.10b), and, in particular, for p = 0, i.e., for lowest-order Nédélec ele-
ments in (2.6) with one unknown per edge, they can be made explicit. Indeed, there
is only one unknown in (3.12a) for each tetrahedron K ∈ T e if K is not the first
or the last tetrahedron in the sweep. In the last tetrahedron, there is no unknown
left except if it contains a face that lies in ΓeD, in which case there is also only one
unknown in (3.12a). If the first tetrahedron contains a face that lies in ΓeN, there is
again only one unknown in (3.12a). Finally, if the first tetrahedron does not contain
a face that lies in ΓeN, it is possible, instead of F = ∅, to consider the set F formed by
the face F that either 1) lies in ΓeD (if any) or 2) is shared with the last element and
to employ for the boundary datum rF in (3.12a) the 1) value or 2) the mean value of
the tangential trace ∇×Ah on F . This again leads to only one unknown in (3.12a),
with all the theoretical properties maintained.

4. Numerical experiments

In this section, we present some numerical experiments to illustrate the a posteriori error
estimates from Theorem 3.3 and its use within an adaptive mesh refinement procedure. We
consider a test case with a smooth solution and a test case with a solution featuring an edge
singularity.
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Below, we rely on the indicator ηe evaluated using (3.10), i.e., involving the edge-patch
solves (3.11). Moreover, we let

(4.1) (ηofree)
2 := 6

∑
e∈Eh

(Ccont,eηe)
2 , (ηcofree)

2 :=
∑
e∈Eh

(ηe)
2 .

Here, ηofree corresponds to an “oscillation-free” error estimator, obtained by discarding the
oscillation terms osce in (3.16), whereas ηcofree corresponds to a “constant-and-oscillation-free”
error estimator, discarding in addition the multiplicative constants

√
6CL and Ccont,e.

4.1. Smooth solution in the unit cube. We first consider an example in the unit cube
Ω := (0, 1)3 and Neumann boundary conditions, ΓN := ∂Ω in (1.2) and its weak form (2.1).
The analytical solution reads

A(x) :=

 sin(πx1) cos(πx2) cos(πx3)
− cos(πx1) sin(πx2) cos(πx3)

0

 .

One checks that ∇ ·A = 0 and that

j(x) := (∇×∇×A)(x) = 3π2

 sin(πx1) cos(πx2) cos(πx3)
− cos(πx1) sin(πx2) cos(πx3)

0

 .

We notice that CL = 1 since Ω is convex.
We first propose an “h-convergence” test case in which, for a fixed polynomial degree p, we

study the behavior of the Nédélec approximationAh solving (2.6) and of the error estimator of
Theorem 3.3. We consider a sequence of meshes obtained by first splitting the unit cube into
an N ×N ×N Cartesian grid and then splitting each of the small cubes into six tetrahedra,
with the resulting mesh size h =

√
3/N . More precisely, each resulting edge patch is convex

here, so that the constant CP,e in (3.14) can be taken as 1/π for all internal patches, see the
discussion in Section 3.2.1. Figure 2 presents the results. The top-left panel shows that the
expected convergence rates of Ah are obtained for p = 0, . . . , 3. The top-right panel presents
the local efficiency of the error estimator based on the indicator ηe evaluated using (3.10).
We see that it is very good, the ratio of the patch indicator to the patch error being at most
2 for p = 0, and close to 1 for higher-order polynomials. This seems to indicate that the
constant Cst,e in (3.1) is rather small. The bottom panels of Figure 2 report on the global
efficiency of the error indicators ηofree and ηcofree from (4.1). As shown in the bottom-right
panel, the global efficiency of ηcofree is independent of the mesh size. The bottom-left panel
shows a slight dependency of the global efficiency of ηofree on the mesh size, but this is only
due to the fact that Poincaré’s constants differ for boundary and internal patches. These
two panels show that the efficiency actually slightly improves as the polynomial degree is
increased, highlighting the p-robustness of the proposed error estimator. We also notice that
the multiplicative factor

√
6Ccont,e can lead to some error overestimation.

We then present a “p-convergence” test case where for a fixed mesh, we study the behavior
of the solution and of the error estimator when the polynomial degree p is increased. We
provide this analysis for four different meshes. The three first meshes are structured as
previously described with N = 1, 2, and 4, whereas the last mesh is unstructured. The
unstructured mesh has 358 elements, 1774 edges, and h = 0.37. Figure 3 presents the results.
The top-left panel shows an exponential convergence rate as p is increased for all the meshes,
which is in agreement with the theory, since the solution is analytic. The top-right panel shows
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Figure 2. h-convergence for the unit cube experiment

that the local patch-by-patch efficiency is very good, and seems to tend to 1 as p increases.
The bottom-right panel shows that the global efficiency of ηcofree also slightly improves as p
is increased, and it seems to be rather independent of the mesh. The bottom-left panel shows
that the global efficiency of ηofree is significantly worse on the unstructured mesh. This is
because in the absence of convex patches, we employ for CP,e the estimate from [47] instead
of the constant 1/π. We believe that this performance could be improved by providing sharper
Poincaré constants.

4.2. Singular solution in an L-shaped domain. We now turn our attention to an L-
shaped domain featuring a singular solution. Specifically, Ω := L× (0, 1), where

L := {x = (r cos θ, r sin θ) | |x1|, |x2| ≤ 1 0 ≤ θ ≤ 3π/2} ,

see Figure 5, where L is represented. We consider the case ΓD := ∂Ω, and the solution reads

A(x) :=
(
0, 0, χ(r)rα sin(αθ)

)T
, where α := 3/2, r2 := |x1|2 + |x2|2, (x1,x2) = r(cos θ, sin θ),

and χ : (0, 1) → R is a smooth cutoff function such that χ = 0 in a neighborhood of 1. We
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Figure 3. p-convergence for the unit cube experiment

emphasize that ∇ ·A = 0 and that, since ∆ (rα sin(αθ)) = 0 near the origin, the right-hand
side j associated with A belongs to H(div,Ω).

We use an adaptive mesh-refinement strategy based on Dörfler’s marking [20]. The initial
mesh we employ for p = 0 and p = 1 consists of 294 elements and 1418 edges with h = 0.57,
whereas a mesh with 23 elements, 86 edges, and h = 2 is employed for p = 2 and 3. The
meshing package MMG3D is employed to generate the sequence of adapted meshes [19]. Figure 4
shows the convergence histories of the adaptive algorithm for different values of p. In the top-

left panel, we observe the optimal convergence rate (limited to N
2/3
dofs for isotropic elements

in the presence of an edge singularity). We employ the indicator ηcofree defined in (4.1). The
top-right and bottom-left panels respectively present the local and global efficiency indices. In
both cases, the efficiency is good considering that the mesh is fully unstructured with localized
features. We also emphasize that the efficiency does not deteriorate when p increases.

Finally, Figure 5 depicts the estimated and the actual errors at the last iteration of the
adaptive algorithm. The face on the top of the domain Ω is represented, and the colors
are associated with the edges of the mesh. The left panels correspond to the values of the
estimator ηe of (3.10), whereas the value of ‖∇ × (A − Ah)‖ωe is represented in the right
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Figure 4. Convergence histories for the L-shaped domain experiment

panels. Overall, this figure shows excellent agreement between the estimated and actual error
distribution.

5. Proof of Theorem 3.3 (p-robust a posteriori error estimate)

In this section, we prove Theorem 3.3.

5.1. Residuals. Recall thatAh ∈ Vh ⊂HΓD
(curl,Ω) solves (2.6) and satisfies (2.7). In view

of the characterization of the weak solution (2.2), we define the residual R ∈ (HΓD
(curl,Ω))′

by setting

〈R,v〉 := (j,v)Ω − (∇×Ah,∇× v)Ω = (∇× (A−Ah),∇× v)Ω ∀v ∈HΓD
(curl,Ω).

Taking v = A−Ah and using a duality characterization, we have the error–residual link

(5.1) ‖∇× (A−Ah)‖Ω = 〈R,A−Ah〉1/2 = sup
v∈HΓD

(curl,Ω)

‖∇×v‖Ω=1

〈R,v〉.
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We will also employ local dual norms of the residual R. Specifically, for each edge e ∈ Eh, we
set

(5.2) ‖R‖?,e := sup
v∈HΓe

D
(curl,ωe)

‖∇×v‖ωe=1

〈R,v〉.

For each e ∈ Eh, we will also need an oscillation-free residual Re
h ∈

(
HΓe

D
(curl, ωe)

)′
defined

using the projected right-hand side introduced in (3.6),

〈Re
h,v〉 := (jeh,v)ωe − (∇×Ah,∇× v)ωe ∀v ∈HΓe

D
(curl, ωe).

We also employ the notation

‖Re
h‖?,e := sup

v∈HΓe
D

(curl,ωe)

‖∇×v‖ωe=1

〈Re
h,v〉

for the dual norm of Re
h. Note that Re

h = R|HΓe
D

(curl,ωe) whenever the source term j is a

piecewise RT p(Th) polynomial.

5.2. Data oscillation. Recalling the definition (3.7) of osce, we have the following compar-
ison:

Lemma 5.1 (Data oscillation). The following holds true:

(5.3a) ‖Re
h‖?,e ≤ ‖R‖?,e + osce

and

(5.3b) ‖R‖?,e ≤ ‖Re
h‖?,e + osce .

Proof. Let v ∈HΓe
D

(curl, ωe) with ‖∇× v‖ωe = 1 be fixed. We have

〈Re
h,v〉 = 〈R,v〉 − (j − jeh,v)ωe .

We define q as the unique element of H1
Γe

D
(ωe) such that

(∇q,∇w) = (v,∇w) ∀w ∈ H1
Γe

D
(ωe),

and set ṽ := v − ∇q. Since ∇ · j = ∇ · jeh = 0 and j − jeh ∈ HΓe
N

(div, ωe), we have

(j − jeh,∇q)ωe = 0, and it follows that

〈Re
h,v〉 = 〈R,v〉 − (j − jeh, ṽ)ωe ≤ ‖R‖?,e + ‖j − jeh‖ωe‖ṽ‖ωe .

Since ṽ ∈HΓe
D

(curl, ωe) ∩HΓe
N

(div, ωe) with ∇ · ṽ = 0 in ωe, recalling (3.8), we have

‖ṽ‖ωe ≤ CPFW,ehωe‖∇× ṽ‖ωe = CPFW,ehωe‖∇× v‖ωe = CPFW,ehωe ,

and we obtain (5.3a) by taking the supremum over all v. The proof of (5.3b) follows exactly
the same path. �
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5.3. Partition of unity and cut-off estimates. We now analyze a partition of unity for
vector-valued functions that we later employ to localize the error onto edge patches. Recalling
the notation τ e for the unit tangent vector orienting e, we quote the following classical
partition of unity [22, Chapter 15]:

Lemma 5.2 (Vectorial partition of unity). Let I be the identity matrix in R3×3. The edge
basis functions ψe from (3.13) satisfy∑

e∈Eh

τ e ⊗ψe =
∑
e∈Eh

ψe ⊗ τ e = I,

where ⊗ denotes the outer product, so that we have

(5.4) w =
∑
e∈Eh

(w · τ e)|ωeψe ∀w ∈ L2(Ω).

Lemma 5.3 (Cut-off stability). For every edge e ∈ Eh, recalling the space H1
? (ωe) defined

in (3.4) and the constant Ccont,e defined in (3.14), we have

(5.5) ‖∇× (vψe)‖ωe ≤ Ccont,e‖∇v‖ωe ∀v ∈ H1
? (ωe).

Moreover, the upper bound (3.15) on Ccont,e holds true.

Proof. Let an edge e ∈ Eh and v ∈ H1
? (ωe) be fixed. Since ∇× (vψe) = v∇×ψe +∇v×ψe,

we have, using (3.5),

‖∇× (vψe)‖ωe ≤ ‖∇×ψe‖∞,ωe‖v‖ωe + ‖ψe‖∞,ωe‖∇v‖ωe

≤ (‖∇×ψe‖∞,ωeCP,ehωe + ‖ψe‖∞,ωe)‖∇v‖ωe

= Ccont,e‖∇v‖ωe .

This proves (5.5). To prove (3.15), we remark that in every tetrahedron K ∈ T e, we have
(see for instance [37, Section 5.5.1], [22, Chapter 15])

ψe|K = |e|(λ1∇λ2 − λ2∇λ1), (∇×ψe)|K = 2|e|∇λ1 ×∇λ2,

where λ1 and λ2 are the barycentric coordinates of K associated with the two endpoints of e
such that τ e points from the first to the second vertex. Since ‖λj‖∞,K = 1 and ‖∇λj‖∞,K ≤
ρ−1
K , we have

‖ψe‖∞,K ≤
2

ρK
|e|, ‖∇×ψe‖∞,K ≤

2

ρ2
K

|e|

for every K ∈ T e. Recalling the definition (2.3) of ρe, which implies that ρe ≤ ρK , as well as
the definition κe in (2.4), we conclude that

Ccont,e = ‖ψe‖∞,ωe + CP,ehωe‖∇×ψe‖∞,ωe ≤
2|e|
ρe

(
1 + CP,e

hωe

ρe

)
= Cκe .

�

5.4. Upper bound using localized residual dual norms. We now establish an upper
bound on the error using the localized residual dual norms ‖Re

h‖?,e, in the spirit of [3], [23,
Chapter 34], and the references therein.
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Proposition 5.4 (Upper bound by localized residual dual norms). Let Ccont,e and CL be
defined in (3.14) and (3.9), respectively. Then the following holds:

(5.6) ‖∇× (A−Ah)‖Ω ≤
√

6CL

∑
e∈Eh

C2
cont,e (‖Re

h‖?,e + osce)
2

1/2

.

Proof. We start with (5.1). Let v ∈ HΓD
(curl,Ω) with ‖∇ × v‖Ω = 1 be fixed. Follow-

ing (3.9), we define w ∈H1(Ω) ∩HΓD
(curl,Ω) such that ∇×w = ∇× v with

(5.7) ‖∇w‖Ω ≤ CL‖∇× v‖Ω.

As a consequence of (2.2) and (2.7), the residual R is (in particular) orthogonal to N 0(Th)∩
HΓD

(curl,Ω). Thus, by employing the partition of unity (5.4), we have

〈R,v〉 = 〈R,w〉 =
∑
e∈Eh

〈R, (w · τ e)|ωeψe〉 =
∑
e∈Eh

〈R, (w · τ e − we)|ωeψe〉,

where we := 0 if e ∈ ED
h and

we :=
1

|ωe|

∫
ωe

w · τ e

otherwise. Since (w · τ e − we)ψe ∈HΓe
D

(curl, ωe) for all e ∈ Eh, we have from (5.2)

〈R,v〉 ≤
∑
e∈Eh

‖R‖?,e‖∇× ((w · τ e − we)ψe) ‖ωe .

We observe that w · τ e − we ∈ H1
? (ωe) for all e ∈ Eh and that

‖∇(w · τ e − we)‖ωe = ‖∇(w · τ e)‖ωe ≤ ‖∇w‖ωe .

As a result, (5.5) shows that

〈R,v〉 ≤
∑
e∈Eh

Ccont,e‖R‖?,e‖∇w‖ωe ≤

∑
e∈Eh

C2
cont,e‖R‖2?,e

1/2∑
e∈Eh

‖∇w‖2ωe

1/2

.

At this point, as each tetrahedron K ∈ Th has 6 edges, we have∑
e∈Eh

‖∇w‖2ωe
= 6‖∇w‖2Ω,

and using (5.7), we infer that

〈R,v〉 ≤
√

6CL

∑
e∈Eh

C2
cont,e‖R‖2?,e

1/2

‖∇× v‖Ω.

Then, we conclude with (5.3b). �
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5.5. Lower bound using localized residual dual norms. We now consider the derivation
of local lower bounds on the error using the residual dual norms. We first establish a result
for the residual R.

Lemma 5.5 (Local residual). For every edge e ∈ Eh, the following holds:

(5.8) ‖R‖?,e = min
h∈HΓe

N
(curl,ωe)

∇×h=j

‖h−∇×Ah‖ωe ,

as well as

(5.9) ‖R‖?,e ≤ ‖∇× (A−Ah)‖ωe .

Proof. Let us define h? as the unique element of L2(ωe) such that

(5.10)


∇ · h? = 0 in ωe,

∇× h? = j in ωe,
h? · nωe = ∇×Ah · nωe on ΓeD,
h? × nωe = 0 on ΓeN.

The existence and uniqueness of h? follows from [26, Proposition 7.4] after lifting by ∇×Ah.
The second and fourth equations in (5.10) imply that h? belongs to the minimization set

of (5.8). If h′ ∈ HΓe
N

(curl, ωe) with ∇× h′ = j is another element of the minimization set,

then h? − h′ = ∇q for some q ∈ H1
Γe

N
(ωe), and we see that

‖h′ −∇×Ah‖2ωe
= ‖h? −∇×Ah −∇q‖2ωe

= ‖h? −∇×Ah‖2ωe
− 2(h? −∇×Ah,∇q)ωe + ‖∇q‖2ωe

= ‖h? −∇×Ah‖2ωe
+ ‖∇q‖2ωe

≥ ‖h? −∇×Ah‖2ωe
,

where we used that h? is divergence-free, (h? −∇×Ah) · nωe = 0 on ΓeD, and q = 0 on ΓeN
to infer that (h? −∇×Ah,∇q)ωe = 0. Hence, h? is a minimizer of (5.8).

Let v ∈HΓe
D

(curl, ωe). Since (∇× h?,v)ωe = (h?,∇× v)ωe , we have

〈R,v〉 = (j,v)ωe − (∇×Ah,∇× v)ωe

= (∇× h?,v)ωe − (∇×Ah,∇× v)ωe

= (h?,∇× v)ωe − (∇×Ah,∇× v)ωe

= (φ,∇× v)ωe ,

where we have set φ := h? −∇ ×Ah. As above, ∇ · φ = 0 in ωe and φ · nωe = 0 on ΓeD.
Therefore, Theorem 8.1 of [26] shows that φ = ∇× ω for some ω ∈HΓe

D
(curl, ωe), and

〈R,v〉 = (∇× ω,∇× v)ωe ∀v ∈HΓe
D

(curl, ωe).

At this point, it is clear that

‖R‖?,e = sup
v∈HΓe

D
(curl,ωe)

‖∇×v‖ωe=1

(∇× ω,∇× v)ωe = ‖∇× ω‖ωe = ‖h? −∇×Ah‖ωe .

Finally, we obtain (5.9) by observing that h̃ := (∇×A)|ωe is in the minimization set of (5.8).
�

We are now ready to state our results for the oscillation-free residuals Re
h.
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Lemma 5.6 (Local oscillation-free residual). For every edge e ∈ Eh, the following holds:

(5.11) ‖Re
h‖?,e = min

h∈HΓe
N

(curl,ωe)

∇×h=jeh

‖h−∇×Ah‖ωe ,

as well as

(5.12) ‖Re
h‖?,e ≤ ‖∇× (A−Ah)‖ωe + osce .

Proof. We establish (5.11) by following the same path as for (5.8). On the other hand, we
simply obtain (5.12) as a consequence of (5.3a) and (5.9). �

5.6. Proof of Theorem 3.3. We are now ready to give a proof of Theorem 3.3.
On the one hand, the broken patchwise equilibration estimator ηe defined in (3.10) is evalu-

ated from a field he,?h ∈N p(T e)∩HΓe
N

(curl, ωe) such that ∇×he,?h = jeh, and the sequential

sweep (3.12) produces he,♥h also satisfying these two properties. Since the minimization set
in (5.11) is larger, it is clear that

‖Re
h‖?,e ≤ ηe

for both estimators ηe. Then, (3.16) immediately follows from (5.6).
On the other hand, Theorem 3.1 with the choice χh := (∇ ×Ah)|ωe and the polynomial

degree p together with (5.11) of Lemma 5.6 implies that

ηe ≤ Cst,e‖Re
h‖?,e

for the estimator (3.10), whereas the same result for he,♥h from (3.12) follows from Theorem 3.2
with again χh := (∇×Ah)|ωe . Therefore, (3.17) is a direct consequence of (5.12).

6. Equivalent reformulation and proof of Theorem 3.1 (H(curl)
best-approximation in an edge patch)

In this section, we consider the minimization problem over an edge patch as posed in the
statement of Theorem 3.1, as well as its sweep variant of Theorem 3.2, which were central tools
to establish the efficiency of the broken patchwise equilibrated error estimators in Theorem 3.3.
These minimization problems are similar to the ones considered in [5, 24, 25] in the framework
of H1 and H(div) spaces. We prove here Theorem 3.1 via its equivalence with a stable broken
H(curl) polynomial extension on an edge patch, as formulated in Proposition 6.6 below. By
virtue of Remark 6.11, this also establishes the validity of Theorem 3.2.

6.1. Stability of discrete minimization in a tetrahedron.

6.1.1. Preliminaries. We first recall some necessary notation from [7]. Consider an arbitrary
mesh face F ∈ Fh oriented by the fixed unit vector normal nF . For all w ∈ L2(F ), we define
the tangential component of w as

(6.1) πτF (w) := w − (w · nF )nF .

Note that the orientation of nF is not important here. Let K ∈ Th and let FK be the
collection of the faces of K. For all v ∈H1(K) and all F ∈ FK , the tangential trace of v on
F is defined (with a slight abuse of notation) as πτF (v) := πτF (v|F ).

Consider now a nonempty subset F ⊆ FK . We denote ΓF ⊂ ∂K the corresponding part of
the boundary of K. Let p ≥ 0 be the polynomial degree and recall that N p(K) is the Nédélec
space on the tetrahedron K, see (2.5). We define the piecewise polynomial space on ΓF

(6.2) N τ
p (ΓF ) :=

{
wF ∈ L2(ΓF ) | ∃vp ∈N p(K);wF := (wF )|F = πτF (vp) ∀F ∈ F

}
.



22 STABLE BROKEN H(CURL) POLYNOMIAL EXTENSIONS & p-ROBUST BROKEN EQUILIBRATION

Note that wF ∈N τ
p (ΓF ) if and only if wF ∈N τ

p (Γ{F}) for all F ∈ F and whenever |F| ≥ 2,
for every pair (F−, F+) of distinct faces in F , the following tangential trace compatibility
condition holds true along their common edge e := F+ ∩ F−:

(6.3) (wF+)|e · τ e = (wF−)|e · τ e.
For all wF ∈N τ

p (ΓF ), we set

(6.4) curlF (wF ) := (∇× vp)|F · nF ∀F ∈ F ,
which is well-defined independently of the choice of vp. Note that the orientation of nF is
relevant here.

The definition (6.1) of the tangential trace cannot be applied to fields with the minimal
regularity v ∈ H(curl,K). In what follows, we use the following notion to prescribe the
tangential trace of a field in H(curl,K).

Definition 6.1 (Tangential trace by integration by parts in a single tetrahedron). Let K
be a tetrahedron and F ⊆ FK a nonempty (sub)set of its faces. Given rF ∈ N τ

p (ΓF ) and
v ∈H(curl,K), we employ the notation “v|τF = rF” to say that

(∇× v,φ)K − (v,∇× φ)K =
∑
F∈F

(rF ,φ× nK)F ∀φ ∈H1
τ ,Fc(K),

where

H1
τ ,Fc(K) :=

{
φ ∈H1(K) | φ|F × nK = 0 ∀F ∈ Fc := FK \ F

}
.

Whenever v ∈H1(K), v|τF = rF if and only if πτF (v) = rF for all F ∈ F .

6.1.2. Statement of the stability result in a tetrahedron. Recall the Raviart–Thomas space
RT p(K) on the simplex K, see (2.5). We are now ready to state a key technical tool from [7,
Theorem 2], based on [16, Theorem 7.2] and [10, Proposition 4.2].

Proposition 6.2 (Stable H(curl) polynomial extension on a tetrahedron). Let K be a tetra-
hedron and let ∅ ⊆ F ⊆ FK be a (sub)set of its faces. Then, for every polynomial degree p ≥ 0,
for all rK ∈ RT p(K) such that ∇ · rK = 0, and if F 6= ∅, for all rF ∈ N τ

p (ΓF ) such that
rK · nF = curlF (rF ) for all F ∈ F , the following holds:

(6.5) min
vp∈N p(K)
∇×vp=rK
vp|τF=rF

‖vp‖K ≤ Cst,K min
v∈H(curl,K)
∇×v=rK
v|τF=rF

‖v‖K ,

where the condition on the tangential trace in the minimizing sets is null if ∅ = F . Both
minimizers in (6.5) are uniquely defined and the constant Cst,K only depends on the shape-
regularity parameter κK of K.

6.2. Piola mappings. This short section reviews some useful properties of Piola mappings
used below, see [22, Chapter 9]. Consider two tetrahedra Kin,Kout ⊂ R3 and an invertible
affine mapping T : R3 → R3 such that Kout = T (Kin). Let JT be the (constant) Jacobian
matrix of T . Note that we do not require that det JT is positive. The affine mapping T can
be identified by specifying the image of each vertex of Kin. We consider the covariant and
contravariant Piola mappings

ψc
T (v) = (JT )−T

(
v ◦ T−1

)
, ψd

T (v) =
1

det (JT )
JT (v ◦ T−1)
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for vector-valued fields v : Kin → R3. It is well-known that ψc
T maps H(curl,Kin) onto

H(curl,Kout) and it maps N p(Kin) onto N p(Kout) for any polynomial degree p ≥ 0. Sim-

ilarly, ψd
T maps H(div,Kin) onto H(div,Kout) and it maps RT p(Kin) onto RT p(Kout).

Moreover, the Piola mappings ψc
T and ψd

T commute with the curl operator in the sense that

(6.6) ∇× (ψc
T (v)) = ψd

T (∇× v) ∀v ∈H(curl,Kin).

In addition, we have

(6.7) (ψc
T (vin),vout)Kout = sign(det JT )(vin, (ψ

d
T )−1(vout))Kin ,

for all vin ∈H(curl,Kin) and vout ∈H(curl,Kout). We also have ‖ψc
T (v)‖Kout ≤

hKin
ρKout

‖v‖Kin

for all v ∈ L2(Kin), so that whenever Kin,Kout belong to the same edge patch T e, we have

(6.8) ‖ψc
T (v)‖Kout ≤ C‖v‖Kin ∀v ∈ L2(Kin),

for a constant C only depending on the shape-regularity κe of the patch T e defined in (2.4).

6.3. Stability of discrete minimization in an edge patch.

6.3.1. Preliminaries. In this section, we consider an edge patch T e associated with a mesh
edge e ∈ Eh consisting of tetrahedral elements K sharing the edge e, cf. Figure 1. We denote
by n := |T e| the number of tetrahedra in the patch, by Fe the set of all faces of the patch,
by Feint ⊂ Fe the set of “internal” faces, i.e., those being shared by two different tetrahedra
from the patch, and finally, by Feext := Fe \ Feint the set of “external” faces. The patch is
either of “interior” type, corresponding to an edge in the interior of the domain Ω, in which
case there is a full loop around e, see Figure 1, left, or of “boundary” type, corresponding to
an edge on the boundary of the domain Ω, in which case there is no full loop around e, see
Figure 1, right, and Figure 6. We further distinguish three types of patches of boundary type
depending on the status of the two boundary faces sharing the associated boundary edge: the
patch is of Dirichlet boundary type if both faces lie in ΓD, of “mixed boundary” type if one
face lies in ΓD an the other in ΓN, and of Neumann boundary type if both faces lie in ΓN.
Note that for an interior patch, |Feint| = n, whereas |Feint| = n− 1 for a boundary patch. The
open domain associated with T e is denoted by ωe, and nωe stands for the unit normal vector
to ∂ωe pointing outward ωe.

e

T e

ΓD

ΓN

K1

K2

a0

a1a2

ad

au

e

T e

ΓN

ΓN

K1

K2

a0

a1a2

ad

au

Figure 6. Mixed (left) and Neumann (right) boundary patch T e
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patch type Feint F
interior {F1, . . . , Fn} Feint = {F1, . . . , Fn}
Dirichlet boundary {F1, . . . , Fn−1} Feint = {F1, . . . , Fn−1}
mixed boundary {F1, . . . , Fn−1} {F0} ∪ Feint = {F0, F1, . . . , Fn−1}
Neumann boundary {F1, . . . , Fn−1} {F0} ∪ Feint ∪ {Fn} = {F0, F1, . . . , Fn−1, Fn}

Table 1. The set of internal faces Feint and the set F used for the minimization
problems on the edge patch for the four patch types.

We denote by ad and au the two vertices of the edge e. The remaining vertices are
numbered consecutively in one sense of rotation around the edge e (this sense is only specific
for the “mixed boundary” patches) and denoted by a0,a1, . . . ,an, with a0 = an if the
patch is interior. Then T e =

⋃
j∈{1:n}Kj for Kj := conv(aj−1,aj ,ad,au); we also denote

K0 := Kn and Kn+1 := K1. For all j ∈ {0 : n}, we define Fj := conv(aj ,ad,au), and

for all j ∈ {1 : n}, we let F d
j := conv(aj−1,aj ,ad) and F u

j := conv(aj−1,aj ,au). Then

FKj = {Fj−1, Fj , F
d
j , F

u
j }, and F0 = Fn if the patch is interior. We observe that, respectively

for interior and boundary patches, Feint =
⋃
j∈{0:n−1}{Fj}, Feext =

⋃
j∈{1:n}{F d

j , F
u
j } and

Feint =
⋃
j∈{1:n−1}{Fj}, Feext =

⋃
j∈{1:n}{F d

j , F
u
j } ∪ {F0, Fn}. Finally, if Fj ∈ Feint is an

internal face, we define its normal vector by nFj := nKj+1 = −nKj , whereas for any external
face F ∈ Feext, we define its normal vector to coincide with the normal vector pointing outward
the patch, nF := nωe .

We now extend the notions of Section 6.1.1 to the edge patch T e. Consider the following
broken Sobolev spaces:

H(curl, T e) :=
{
v ∈ L2(ωe) | v|K ∈H(curl,K) ∀K ∈ T e

}
,

H1(T e) :=
{
v ∈ L2(ωe) | v|K ∈H1(K) ∀K ∈ T e

}
,

as well as the broken Nédélec space N p(T e). For all v ∈ H1(T e), we employ the notation

JvKF ∈ L2(F ) for the “(strong) jump” of v across any face F ∈ Fe. Specifically, for an
internal face Fj ∈ Feint, we set JvKFj := (v|Kj+1)|Fj − (v|Kj )|Fj , whereas for an external face
F ∈ Feext, we set JvKF := v|F . Note in particular that piecewise polynomial functions from
N p(T e) belong to H1(T e), so that their strong jumps are well-defined.

To define a notion of a “weak tangential jump” for functions of H(curl, T e), for which a
strong (pointwise) definition cannot apply, some preparation is necessary. Let F be a subset
of the faces of an edge patch T e containing the internal faces, i.e. Feint ⊆ F ⊆ Fe, and denote
by ΓF the corresponding open set. The set F represents the set of faces appearing in the
minimization. It depends on the type of edge patch and is reported in Table 1. In extension
of (6.2), we define the piecewise polynomial space on ΓF

(6.9) N τ
p (ΓF ) :=

{
wF ∈ L2(ΓF ) | ∃vp ∈N p(T e);wF := (wF )|F = πτF (JvpKF ) ∀F ∈ F

}
.

In extension of (6.4), for all wF ∈N τ
p (ΓF ), we set

(6.10) curlF (wF ) := J∇× vpKF · nF ∀F ∈ F .
Then we can extend Definition 6.1 to prescribe weak tangential jumps of functions inH(curl, T e)
as follows:
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Definition 6.3 (Tangential jumps by integration by parts in an edge patch). Given rF ∈
N τ

p (ΓF ) and v ∈H(curl, T e), we employ the notation “JvKτF = rF” to say that

(6.11)
∑
K∈T e

{(∇× v,φ)K − (v,∇× φ)K} =
∑
F∈F

(rF ,φ× nF )F ∀φ ∈H1
τ ,Fc(T e),

where

(6.12) H1
τ ,Fc(T e) :=

{
φ ∈H1(T e) | JφKF × nF = 0 ∀F ∈ Feint ∪ (Feext \ F)

}
.

Whenever v ∈ H1(T e), JvKτF = rF if and only if πτF (JvKF ) = rF for all F ∈ F . Note that

φ× nF in (6.11) is uniquely defined for all φ ∈H1
τ ,Fc(T e).

6.3.2. Statement of the stability result in an edge patch. Henceforth, if rT ∈ RT p(T e) is
an elementwise Raviart–Thomas function, we will employ the notation rK := rT |K for all
K ∈ T e. In addition, if vT ∈ N p(T e) is an elementwise Nédélec function, the notations
∇ · rT and ∇× vT will be understood elementwise.

Definition 6.4 (Compatible data). Let rT ∈RT p(T e) and rF ∈N τ
p (ΓF ). We say that the

data rT and rF are compatible if

∇ · rT = 0,(6.13a)

JrT KF · nF = curlF (rF ) ∀F ∈ F ,(6.13b)

and with the following additional condition whenever the patch is either of interior or Neu-
mann boundary type:∑

j∈{1:n}

rFj |e · τ e = 0 (interior type),(6.13c)

∑
j∈{0:n−1}

rFj |e · τ e = rFn |e · τ e (Neumann boundary type).(6.13d)

Definition 6.5 (Broken patch spaces). Let rT ∈RT p(T e) and rF ∈N τ
p (ΓF ) be compatible

data as per Definition 6.4. We define

V (T e) :=

{
v ∈H(curl, T e)

∣∣∣∣ ∇× v = rT
JvKτF = rF

}
,(6.14a)

V p(T e) := V (T e) ∩N p(T e).(6.14b)

We will show in Lemma 6.10 below that the space V p(T e) (and therefore also V (T e))
is nonempty. We are now ready to present our central result of independent interest. To
facilitate the reading, the proof is postponed to Section 6.5.

Proposition 6.6 (Stable broken H(curl) polynomial extension in an edge patch). Let an
edge e ∈ Eh and the associated edge patch T e with subdomain ωe be fixed. Let the set of faces
F be specified in Table 1. Then, for every polynomial degree p ≥ 0, all rT ∈ RT p(T e), and
all rF ∈N τ

p (ΓF ) compatible as per Definition 6.4, the following holds:
(6.15)

min
vp∈V p(T e)

‖vp‖ωe = min
vp∈N p(T e)
∇×vp=rT
JvpKτF=rF

‖vp‖ωe ≤ Cst,e min
v∈H(curl,T e)

∇×v=rT
JvKτF=rF

‖v‖ωe = Cst,e min
v∈V (T e)

‖v‖ωe .

Here, all the minimizers are uniquely defined and the constant Cst,e only depends on the
shape-regularity parameter κe of the patch T e defined in (2.4).
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Remark 6.7 (Converse inequality in Proposition 6.6). Note that the converse to the inequal-
ity (6.15) holds trivially with constant one.

6.4. Equivalence of Theorem 3.1 with Proposition 6.6. We have the following impor-
tant link, establishing Theorem 3.1, including the existence and uniqueness of the minimizers.

Lemma 6.8 (Equivalence of Theorem 3.1 with Proposition 6.6). Theorem 3.1 holds if and
only if Proposition 6.6 holds. More precisely, let h?p ∈ N p(T e) ∩HΓe

N
(curl, ωe) and h? ∈

HΓe
N

(curl, ωe) by any solutions to the minimization problems of Theorem 3.1 for the data

jeh ∈ RT p(T e) ∩HΓe
N

(div, ωe) with ∇ · jeh = 0 and χh ∈ N p(T e). Let v?p ∈ V p(T e) and

v? ∈ V (T e) be any minimizers of Proposition 6.6 for the data

(6.16) rT := jeh −∇× χh, rF := −πτF (JχhKF ) ∀F ∈ F ,
where F is specified in Table 1. Then

(6.17) h?p − χh = v?p, h? − χh = v?.

In the converse direction, for given data rT and rF in Proposition 6.6, compatible as per
Definition 6.4, taking any χh ∈ N p(T e) such that −πτF (JχhKF ) = rF for all F ∈ F and
jeh := rT + ∇× χh gives minimizers of Theorem 3.1 such that (6.17) holds true.

Proof. The proof follows via a shift by the datum χh. In order to show (6.17) in the forward
direction (the converse direction is actually easier), we merely need to show that rT and rF
prescribed by (6.16) are compatible data as per Definition 6.4. Indeed, to start with, since
jeh,∇× χh ∈RT p(T e), we have rT ∈RT p(T e). In addition, since ∇ · jeh = 0 from (3.6),

∇ · rT = ∇ · jeh −∇ · (∇× χh) = 0,

which is (6.13a). Then, for all j ∈ {1 : n} if the patch is of interior type and for all j ∈ {1 :
n− 1} if the patch is of boundary type, we have

rFj = πτFj
(χh|Kj )− πτFj

(χh|Kj+1),

and therefore, recalling the definition (6.4) of the surface curl, we infer that

curlFj (rFj ) = curlFj (π
τ
Fj

(χh|Kj ))− curlFj (π
τ
Fj

(χh|Kj+1))

= (∇× χh)|Kj |Fj · nFj − (∇× χh)|Kj+1 |Fj · nFj

= −J∇× χhKFj · nFj .

On the other hand, since jeh ∈H(div, ωe), we have JjehKFj · nFj = 0, and therefore

JrT KFj · nFj = −J∇× χhKFj · nFj = curlFj (rFj ).

Since a similar reasoning applies on the face F0 if the patch is of Neumann or mixed boundary
type and on the face Fn if the patch is of Neumann boundary type, (6.13b) is established.

It remains to show that rF satisfies the edge compatibility condition (6.13c) or (6.13d) if
the patch is interior or Neumann boundary type, respectively. Let us treat the first case (the
other case is treated similarly). Owing to the convention Kn+1 = K1, we infer that∑

j∈{1:n}

rFj |e · τ e =
∑

j∈{1:n}

(χh|Kj − χh|Kj+1)|e · τ e = 0,

which establishes (6.13c). We have thus shown that rT and rF are compatible data as per
Definition 6.4. �
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6.5. Proof of Proposition 6.6. The proof of Proposition 6.6 is performed in two steps. First
we prove that V p(T e) is nonempty by providing a generic elementwise construction of a field
in V p(T e); this in particular implies the existence and uniqueness of all minimizers in (6.15).
Then we prove the inequality (6.15) by using one such field ξ?p ∈ V p(T e). Throughout this
section, if A,B ≥ 0 are two real numbers, we employ the notation A . B to say that there
exists a constant C that only depends on the shape-regularity parameter κe of the patch T e
defined in (2.4), such that A ≤ CB. We note that in particular we have n = |T e| . 1 owing
to the shape-regularity of the mesh Th.

6.5.1. Generic elementwise construction of fields in V p(T e). The generic construction of
fields in V p(T e) is based on a loop over the mesh elements composing the edge patch T e.
This loop is enumerated by means of an index j ∈ {1 : n}.
Definition 6.9 (Element spaces). For each j ∈ {1 : n}, let ∅ ⊆ Fj ⊆ FKj be a (sub)set of

the faces of Kj . Let rKj ∈RT p(Kj) with ∇ · rKj = 0, and if ∅ 6= Fj , let r̃jFj
∈N τ

p (ΓFj ) in

the sense of (6.2) be given data. We define

V (Kj) :=

{
v ∈H(curl,Kj)

∣∣∣∣∣ ∇× v = rKj

v|τFj
= r̃jFj

,

}
,(6.18a)

V p(Kj) := V (Kj) ∩N p(Kj).(6.18b)

In what follows, we are only concerned with the cases where Fj is either empty or composed
of one or two faces of Kj . In this situation, the subspace V p(Kj) is nonempty if and only if

curlF (r̃jF ) = rKj · nF ∀F ∈ Fj ,(6.19a)

r̃jF+
|e · τ e = r̃jF− |e · τ e if Fj = {F+, F−} with e = F+ ∩ F−,(6.19b)

where nF is the unit normal orienting F used in the definition of the surface curl (see (6.4)).
The second condition (6.19b) is relevant only if |Fj | = 2.

Lemma 6.10 (Generic elementwise construction). Let e ∈ Eh, let T e be the edge patch
associated with e, and let the set of faces F be specified in Table 1. Let rT ∈ RT p(T e)
and rF ∈ N τ

p (ΓF ) be compatible data as per Definition 6.4. Define rKj := rT |Kj for all
j ∈ {1 : n}. Then, the following inductive procedure yields a sequence of nonempty spaces
(V p(Kj))j∈{1:n} in the sense of Definition 6.9, as well as a sequence of fields (ξjp)j∈{1:n} such

that ξjp ∈ V p(Kj) for all j ∈ {1 : n}. Moreover, the field ξp prescribed by ξp|Kj := ξjp for all
j ∈ {1 : n} belongs to the space V p(T e) of Definition 6.5:
1) First element (j = 1): Set F1 := ∅ if the patch is of interior or Dirichlet boundary type
and set F1 := {F0} if the patch is of Neumann or mixed boundary type together with

(6.20a) r̃1
F0

:= rF0 .

Define the space V p(K1) according to (6.18b) and pick any ξ1
p ∈ V p(K1).

2) Middle elements (j ∈ {2 : n− 1}): Set Fj := {Fj−1} together with

(6.20b) r̃jFj−1
:= πτFj−1

(ξj−1
p ) + rFj−1 ,

with ξj−1
p obtained in the previous step of the procedure. Define the space V p(Kj) according

to (6.18b) and pick any ξjp ∈ V p(Kj).
3) Last element (j = n): Set Fn := {Fn−1} if the patch is of Dirichlet or mixed boundary type
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and set Fn := {Fn−1, Fn} if the patch is of interior or Neumann boundary type and define
r̃nFn

as follows: For the four cases of the patch,

(6.20c) r̃nFn−1
:= πτFn−1

(ξn−1
p ) + rFn−1 ,

with ξn−1
p obtained in the previous step of the procedure, and in the two cases where Fn also

contains Fn:

r̃nFn
:= πτFn

(ξ1
p)− rFn interior type,(6.20d)

r̃nFn
:= rFn Neumann boundary type.(6.20e)

Define the space V p(Kn) according to (6.18b) and pick any ξnp ∈ V p(Kn).

Proof. We first show that ξjp is well-defined in V p(Kj) for all j ∈ {1 : n}. We do so by

verifying that r̃jFj
∈ N τ

p (ΓFj ) (recall (6.2)) and that the conditions (6.19) hold true for all

j ∈ {1 : n}. Then, we show that ξp ∈ V p(T e).
(1) First element (j = 1). If the patch is of interior or Dirichlet boundary type, there is

nothing to verify since F1 is empty. If the patch is of Neumann or mixed boundary type,
F1 = {F0} and we need to verify that r̃1

F0
∈ N τ

p (Γ{F0}) and that curlF0(r̃1
F0

) = rK1 · nF0 ,

see (6.19a). Since r̃1
F1

= rF0 ∈ N τ
p (Γ{F0}) by assumption, the first requirement is met. The

second one follows from rK1 ·nF0 = JrT KF0 ·nF0 = curlF0(rF0) = curlF0(r̃1
F0

) owing to (6.13b).

(2) Middle elements (j ∈ {2 : n − 1}). Since Fj = {Fj−1}, we need to show that r̃jFj−1
∈

N τ
p (Γ{Fj−1}) and that curlFj−1(r̃jFj−1

) = rKj · nFj−1 . The first requirement follows from the

definition (6.20b) of r̃jFj−1
. To verify the second requirement, we recall the definition (6.4) of

the surface curl and use the curl constraint from (6.18a) to infer that

curlFj−1(r̃jFj−1
) = curlFj−1(πτFj−1

(ξj−1
p )) + curlFj−1(rFj−1)

=
(
∇× ξj−1

p

)
|Fj−1 · nFj−1 + curlFj−1(rFj−1)

= rKj−1 · nFj−1 + curlFj−1(rFj−1).

By virtue of assumption (6.13b), it follows that

rKj · nFj−1 − curlFj−1(r̃jFj−1
) = rKj · nFj−1 − rKj−1 · nFj−1 − curlFj−1(rFj−1)

= JrT KFj−1 · nFj−1 − curlFj−1(rFj−1) = 0.

(3) Last element (j = n). We distinguish two cases.
(3a) Patch of Dirichlet or mixed boundary type. In this case, Fn = {Fn−1} and the

reasoning is identical to the case of a middle element.
(3b) Patch of interior or Neumann boundary type. In this case, Fn = {Fn−1, Fn}. First,

the prescriptions (6.20c)–(6.20d)–(6.20e) imply that r̃nFn
∈N τ

p (ΓFn) in the sense of (6.2). It
remains to show (6.19a), i.e.

(6.21) curlFn−1(r̃nFn−1
) = rKn · nFn−1 , curlFn(r̃nFn

) = rKn · nFn ,

and, since Fn is composed of two faces, we also need to show the edge compatibility condi-
tion (6.19b), i.e.

(6.22) r̃nFn−1
|e · τ e = r̃nFn

|e · τ e.
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The proof of the first identity in (6.21) is as above, so we now detail the proof of the second
identity in (6.21) and the proof of (6.22).

(3b-I) Let us consider the case of a patch of interior type. To prove the second identity
in (6.21), we use definition (6.4) of the surface curl together with the curl constraint in (6.18a)
and infer that

curlFn(r̃nFn
) = curlFn(πτFn

(ξ1
p)− rFn)

= ∇× ξ1
p · nFn − curlFn(rFn)

= rK1 · nFn − curlFn(rFn).

This gives

rKn · nFn − curlF (r̃nFn
) = (rKn − rK1) · nFn + curlF (rFn)

= −JrKFn · nFn + curlF (rFn) = 0,

where the last equality follows from (6.13b). This proves the expected identity on the curl.
Let us now prove (6.22). For all j ∈ {1 : n − 1}, since ξjp ∈ N p(Kj), its tangential traces

satisfy the edge compatibility condition

(6.23)
(
πτFj−1

(ξjp)
)∣∣∣
e
· τ e =

(
πτFj

(ξjp)
)∣∣∣
e
· τ e.

Moreover, for all j ∈ {1 : n − 2}, we have Fj ∈ Fj+1, so that by (6.18a) and the defini-

tion (6.20b) of r̃j+1
Fj

, we have

πτFj
(ξj+1
p ) = r̃j+1

Fj
= πτFj

(ξjp) + rFj ,

and, therefore, using (6.23) yields(
πτFj−1

(ξjp)
)∣∣∣
e
· τ e =

(
πτFj

(ξj+1
p )

)∣∣∣
e
· τ e − rFj |e · τ e.

Summing this identity for all j ∈ {1 : n− 2} leads to(
πτF0

(ξ1
p)
)∣∣
e
· τ e =

(
πτFn−2

(ξn−1
p )

)∣∣∣
e
· τ e −

∑
j∈{1:n−2}

rFj |e · τ e.

In addition, using again the edge compatibility condition (6.23) for j = n − 1 and the
definition (6.20c) of r̃nFn−1

leads to(
πτFn−2

(ξn−1
p )

)∣∣∣
e
· τ e = r̃nFn−1

|e · τ e − rFn−1 |e · τ e.

Summing the above two identities gives

(6.24)
(
πτF0

(ξ1
p)
)∣∣
e
· τ e = r̃nFn−1

|e · τ e −
∑

j∈{1:n−1}

rFj |e · τ e.
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Since F0 = Fn for a patch of interior type and r̃nFn
= πτFn

(ξ1
p) − rFn owing to (6.20d), the

identity (6.24) gives

r̃nFn
|e · τ e =

(
πτF0

(ξ1
p)
)∣∣
e
· τ e − (rFn |e · τ e)

= r̃nFn−1
|e · τ e −

∑
j∈{1:n−1}

rFj |e · τ e − (rFn |e · τ e)

= r̃nFn−1
|e · τ e −

∑
j∈{1:n}

rFj |e · τ e = r̃nFn−1
|e · τ e,

where we used the edge compatibility condition (6.13c) satisfied by rF in the last equality.
This proves (6.22) in the interior case.

(3b-N) Let us finally consider a patch of Neumann boundary type. The second identity
in (6.21) follows directly from (6.13b) and (6.20e). Let us now prove (6.22). The identity (6.24)
still holds true. Using that (πτF0

(ξ1
p))|e · τ e = rF0 |e · τ e, this identity is rewritten as

r̃nFn−1
|e · τ e =

∑
j∈{0:n−1}

rFj |e · τ e = rFn |e · τ e,

where the last equality follows from the edge compatibility condition (6.13d) satisfied by rF .
But since r̃nFn

= rFn owing to (6.20e), this again proves (6.22).
(4) It remains to show that ξp ∈ V p(T e) as per Definition 6.5. By construction, we have

πτFj
(ξp|Kj+1)−πτFj

(ξp|Kj ) = rFj for all j ∈ {1 : n− 1}, πτFn
(ξp|K0)−πτFn

(ξp|Kn) = rFn if the

patch is of interior type, πτF0
(ξp|K1) = rF0 if the patch is of Neumann or mixed boundary type,

and πτFn
(ξp|Kn) = rFn if the patch is of Neumann type. This proves that πτF (JξpKF ) = rF

for all F ∈ F , i.e., JξpKτF = rF in the sense of Definition 6.3. �

6.5.2. The actual proof. We are now ready to prove Proposition 6.6.

Proof of Proposition 6.6. Owing to Lemma 6.10, the fields

(6.25) ξ?jp := argmin
vp∈V p(Kj)

‖vp‖Kj , j ∈ {1 : n},

are uniquely defined in V p(Kj), and the field ξ?p such that ξ?p|Kj := ξ?jp for all j ∈ {1 : n}
satisfies ξ?p ∈ V p(T e). Since the minimizing sets in (6.15) are nonempty (they all contain
ξ?p), both the discrete and the continuous minimizers are uniquely defined owing to standard
convexity arguments. Let us set

v? := argmin
v∈V (T e)

‖v‖ωe , v?j := v?|Kj , j ∈ {1 : n}.

To prove Proposition 6.6, it is enough to show that

(6.26) ‖ξ?p‖ωe . ‖v?‖ωe .

Owing to Proposition 6.2 applied with K := Kj and F := Fj for all j ∈ {1 : n}, we have

(6.27) ‖ξ?p‖Kj . min
ζ∈V (Kj)

‖ζ‖Kj ,

where V (Kj) is defined in (6.18a). Therefore, recalling that |T e| . 1, (6.26) will be proved
if for all j ∈ {1 : n}, we can construct a field ζj ∈ V (Kj) such that ‖ζj‖Kj . ‖v?‖ωe . To do
so, we proceed once again by induction.



STABLE BROKEN H(curl) POLYNOMIAL EXTENSIONS & p-ROBUST BROKEN EQUILIBRATION 31

(1) First element (j = 1). Since v?1 ∈ V (K1), the claim is established with ζ1 := v?1 which
trivially satisfies ‖ζ1‖K1 = ‖v?‖K1 ≤ ‖v?‖ωe .

(2) Middle elements (j ∈ {2 : n − 1}). We proceed by induction. Given ζj−1 ∈ V (Kj−1)
such that ‖ζj−1‖Kj−1 . ‖v?‖ωe , let us construct a suitable ζj ∈ V (Kj) such that ‖ζj‖Kj .
‖v?‖ωe . We consider the affine geometric mapping T j−1,j : Kj−1 → Kj that leaves the three
vertices ad, aj−1, and au (and consequently the face Fj−1) invariant, whereas T j−1,j(aj−2) =
aj . We denote by ψc

j−1,j := ψc
T j−1,j

the associated Piola mapping, see Section 6.2. Let us

define the function ζj ∈H(curl,Kj) by

(6.28) ζj := v?j − εj−1,jψ
c
j−1,j(ξ

?j−1
p − v?j−1),

where εj−1,j := sign
(
det JT j−1,j

)
(notice that here εj−1,j = −1). Using the triangle inequal-

ity, the L2-stability of the Piola mapping (see (6.8)), inequality (6.27), and the induction
hypothesis, we have

‖ζj‖Kj ≤ ‖v?‖Kj + ‖ψc
j−1,j(ξ

?j−1
p − v?j−1)‖Kj

. ‖v?‖Kj + ‖ξ?p − v?‖Kj−1

≤ ‖v?‖Kj + ‖ξ?p‖Kj−1 + ‖v?‖Kj−1

. ‖v?‖Kj + ‖ζj−1‖Kj−1 + ‖v?‖Kj−1 . ‖v?‖ωe .

(6.29)

Thus it remains to establish that ζj ∈ V (Kj) in the sense of Definition 6.9, i.e., we need to

show that ∇×ζj = rKj and ζj |τFj
= r̃jFj

. Recalling the curl constraints in (6.14a) and (6.18a)

which yield ∇× ξ?p = ∇× v? = rT and using (6.6), we have

∇× ζj = ∇× v?j − εj−1,j∇×ψc
j−1,j(ξ

?j−1
p − v?j−1)

= rKj − εj−1,jψ
d
j−1,j

(
∇× (ξ?j−1

p − v?j−1)
)

= rKj ,
(6.30)

which proves the expected condition on the curl of ζj .

It remains to verify the weak tangential trace condition ζj |τFj
= r̃jFj

as per Definition 6.1.

To this purpose, let φ ∈H1
τ ,Fc

j
(Kj) and define φ̃ by

(6.31) φ̃|Kj := φ φ̃|Kj−1 := (ψc
j−1,j)

−1(φ), φ̃|Kl
= 0 ∀l ∈ {1 : n} \ {j − 1, j}.

These definitions imply that φ̃ ∈H(curl, ωe) ∩H1
τ ,Fc(T e) (recall (6.12)) with(

φ̃|Kj−1

)∣∣∣
Fj−1

× nFj−1 =
(
φ̃|Kj

)∣∣∣
Fj−1

× nFj−1 = φ|Fj−1 × nFj−1 ,

as well as

φ̃|F × nF = 0 ∀F ∈ Fe \ {Fj−1}.
(Note that φ̃|F ×nF is uniquely defined by assumption.) Recalling definition (6.28) of ζj and
that ∇× ζj = rKj = ∇× v?j , see (6.30), we have

(∇× ζj ,φ)Kj − (ζj ,∇× φ)Kj

= (∇× v?,φ)Kj − (v?,∇× φ)Kj + εj−1,j(ψ
c
j−1,j(ξ

?j−1
p − v?j−1),∇× φ)Kj

= (∇× v?, φ̃)Kj − (v?,∇× φ̃)Kj + (ξ?p − v?,∇× φ̃)Kj−1 ,
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where we used the definition of φ̃, properties (6.7), (6.6) of the Piola mapping, and the
definition of εj−1,j to infer that

εj−1,j(ψ
c
j−1,j(ξ

?j−1
p − v?j−1),∇× φ)Kj = ε2j−1,j(ξ

?
p − v?,∇×

(
(ψc

j−1,j)
−1φ|Kj

)
)Kj−1 .

= (ξ?p − v?,∇× φ̃)Kj−1 .

Since ∇× ξ?p = rT = ∇× v? and φ̃ = 0 outside Kj−1 ∪Kj , this gives

(∇× ζj ,φ)Kj − (ζj ,∇× φ)Kj(6.32)

= (∇× v?, φ̃)Kj − (v?,∇× φ̃)Kj + (ξ?p − v?,∇× φ̃)Kj−1 + (∇× (v? − ξ?p), φ̃)Kj−1

=
∑
K∈T e

{
(∇× v?, φ̃)K − (v?,∇× φ̃)K

}
−
(

(∇× ξ?p, φ̃)Kj−1 − (ξ?p,∇× φ̃)Kj−1

)
.

Since v? ∈ V (T e), φ̃ ∈H1
τ ,Fc(T e), and Jv?KτF = rF , we have from Definitions 6.3 and 6.5∑

K∈T e

{
(∇× v?, φ̃)K − (v?,∇× φ̃)K

}
=
∑
F∈F

(rF , φ̃× nF )F(6.33)

= (rFj−1 ,φ× nFj−1)Fj−1 ,

where in the last equality, we employed the definition (6.31) of φ̃. On the other hand, since

ξ?p|Kj−1 , φ̃|Kj−1 ∈ H1(Kj−1), we can employ the pointwise definition of the trace and infer
that

(∇× ξ?p, φ̃)Kj−1 − (ξ?p,∇× φ̃)Kj−1 = (πτFj−1
(ξ?j−1
p ), φ̃|Kj−1 × nKj−1)Fj−1(6.34)

= −(πτFj−1
(ξ?j−1
p ),φ× nFj−1)Fj−1 ,

where we used that nKj−1 = −nFj−1 . Then, plugging (6.33) and (6.34) into (6.32) and
employing (6.20b) and nKj = nFj−1 , we obtain

(∇× ζj ,φ)Kj − (ζj ,∇× φ)Kj = (rFj−1 ,φ× nFj−1)Fj−1 + (πτFj−1
(ξ?j−1
p ),φ× nFj−1)Fj−1

= (rFj−1 + πτFj−1
(ξ?j−1
p ),φ× nFj−1)Fj−1

= (r̃jFj−1
,φ× nKj )Fj−1 .

Since Fj := {Fj−1}, this shows that ζj satisfies the weak tangential trace condition in V (Kj)
by virtue of Definition 6.1.

(3) Last element (j = n). We need to distinguish the type of patch.
(3a) Patch of Dirichlet or mixed boundary type. In this case, we can employ the same

argument as for the middle elements since Fn = {Fn−1} is composed of only one face.
(3b) Patch of interior type. Owing to the induction hypothesis, we have ‖ζj‖Kj . ‖v?‖ωe

for all j ∈ {1 : n− 1}. Let us first assume that there is an even number of tetrahedra in the
patch T e, as in Figure 1, left. The case where this number is odd will be discussed below.
We build a geometric mapping T j,n : Kj → Kn for all j ∈ {1 : n− 1} as follows: T j,n leaves
the edge e pointwise invariant, T j,n(aj−1) := an, T j,n(aj) := an−1 if (n − j) is odd, and
T j,n(aj) := an, T j,n(aj−1) := an−1 if (n − j) is even. Since n is by assumption even, one
readily sees that T j,n(Fj) = T j+1,n(Fj) with Fj = Kj ∩Kj+1 for all j ∈ {1;n− 2}.

We define ζn ∈H(curl,Kn) by setting

(6.35) ζn := v?n −
∑

j∈{1:n−1}

εj,nψ
c
j,n(ξ?jp − v?j ),
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where εj,n := sign(det JT j,n) and ψc
j,n is the Piola mapping associated with T j,n. Reasoning

as above in (6.29) shows that

‖ζn‖Kn . ‖v?‖ωe .

It now remains to establish that ζn ∈ V (Kn) as per Definition 6.9, i.e. ∇ × ζn = rKn

and ζn|τFn
= r̃nFn

with Fn := {Fn−1, Fn}. Since ∇× ξ?p = rT = ∇× v?, using (6.6) leads to
∇× ζn = ∇× v?n = rKn as above in (6.30), which proves the expected condition on the curl
of ζn. It remains to verify the weak tangential trace condition as per Definition 6.1. To this

purpose, let φ ∈H1
τ ,Fc

n
(Kn) and define φ̃ by

(6.36) φ̃|Kn := φ, φ̃|Kj :=
(
ψc
j,n

)−1
(φ) ∀j ∈ {1 : n− 1}.

As φ ∈ H1
τ ,Fc

n
(Kn), its trace is defined in a strong sense, and the preservation of tangential

traces by Piola mappings shows that φ̃ ∈ H1
τ ,Fc(T e) in the sense of (6.12). Then, using

∇× ζn = ∇× v?n and (6.35), we have

(∇× ζn,φ)Kn − (ζn,∇× φ)Kn

= (∇× v?, φ̃)Kn − (v?,∇× φ̃)Kn +
∑

j∈{1:n−1}

εj,n(ψc
j,n(ξ?jp − v?j ),∇× φ)Kn ,

where we used the definition of φ̃ for the first two terms on the right-hand side. Moreover,
using (6.7) and (6.6) for all j ∈ {1 : n− 1}, we have

εj,n(ψc
j,n(ξ?jp − v?j ),∇× φ)Kn = ε2j,n(ξ?p − v?,∇× ((ψc

j,n)−1(φ|Kn)))Kj

= (ξ?p − v?,∇× φ̃)Kj

= (ξ?p − v?,∇× φ̃)Kj − (∇× (ξ?p − v?), φ̃)Kj ,

since ∇× ξ?p = rT = ∇× v?. It follows that

(∇× ζn,φ)Kn − (ζn,∇× φ)Kn

=
∑

j∈{1:n}

{
(∇× v?, φ̃)Kj − (v?,∇× φ̃)Kj

}
−

∑
j∈{1:n−1}

{
(∇× ξ?p, φ̃)Kj − (ξ?p,∇× φ̃)Kj

}
= (∇× ξ?p, φ̃)Kn − (ξ?p,∇× φ̃)Kn +

∑
j∈{1:n}

{
(∇× v?, φ̃)Kj − (v?,∇× φ̃)Kj

}
−

∑
j∈{1:n}

{
(∇× ξ?p, φ̃)Kj − (ξ?p,∇× φ̃)Kj

}
= (∇× ξ?p, φ̃)Kn − (ξ?p,∇× φ̃)Kn = (∇× ξ?p,φ)Kn − (ξ?p,∇× φ)Kn

=
∑
F∈Fn

(r̃nF ,φ× nKn)F ,

where we employed the fact that, since both ξ?p,v
? ∈ V (T e), Definition 6.3 gives∑

j∈{1:n}

{
(∇× v?, φ̃)Kj − (v?,∇× φ̃)Kj

}
=
∑
F∈F

(rF , φ̃× nF )F

=
∑

j∈{1:n}

{
(∇× ξ?p, φ̃)Kj − (ξ?p,∇× φ̃)Kj

}
.



34 STABLE BROKEN H(CURL) POLYNOMIAL EXTENSIONS & p-ROBUST BROKEN EQUILIBRATION

Thus ζn|τFn
= r̃nFn

in the sense of Definition 6.1. This establishes the weak tangential trace
condition on ζn when n is even.

If n is odd, one can proceed as in [25, Section 6.3]. For the purpose of the proof only, one
tetrahedron different from Kn is subdivided into two subtetrahedra as in [25, Lemma B.2].
Then, the above construction of ζn can be applied on the newly created patch which has an
even number of elements, and one verifies as above that ζn ∈ V (Kn).

(3c) Patch of Neumann boundary type. In this case, a similar argument as for a patch of
interior type applies, and we omit the proof for the sake of brevity.

�

Remark 6.11 (Quasi-optimality of ξ?p). Let ξ?p ∈ V p(T e) be defined in the above proof (see
in particular (6.25)). Since ‖v?‖ωe ≤ minvp∈V p(T e) ‖vp‖ωe , inequality (6.26) implies that
‖ξ?p‖ωe . minvp∈V p(T e) ‖vp‖ωe (note that the converse inequality is trivial with constant
one). This elementwise minimizer is the one used in Theorem 3.2 and in the simplified a
posteriori error estimator (3.12a).
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48. Martin Vohraĺık, Guaranteed and fully robust a posteriori error estimates for conforming discretizations of
diffusion problems with discontinuous coefficients, J. Sci. Comput. 46 (2011), no. 3, 397–438. MR 2765501
(2012a:65297)

49. C. Weber, A local compactness theorem for Maxwell’s equations, Math. Methods Appl. Sci. 2 (1980), no. 1,
12–25.

Appendix A. Poincaré-like inequality using the curl of divergence-free
fields

Theorem A.1 (Constant in the Poincaré-like inequality (3.8)). For every edge e ∈ Eh, the
constant

(A.1) CPFW,e :=
1

hωe

sup
v∈HΓe

D
(curl,ωe)∩HΓe

N
(div,ωe)

∇·v=0
‖∇×v‖ωe=1

‖v‖ωe

only depends on the shape-regularity parameter κe of the edge patch T e.
Proof. We proceed in two steps.

(1) Let us first establish a result regarding the transformation of this type of constant by a
bilipschitz mapping. Consider a Lipschitz and simply connected domain U with its boundary

∂U partitioned into two disjoint relatively open subdomains Γ and Γc. Let T : U → Ũ be a

bilipschitz mapping with Jacobian matrix J, and let Γ̃ := T (Γ) and Γ̃c := T (Γc). Let us set

CPFW(U,Γ) := sup
u∈HΓ(curl,U)∩HΓc (div,U)

∇·u=0
‖∇×u‖U=1

‖u‖U , CPFW(Ũ , Γ̃) := sup
ũ∈H

Γ̃
(curl,Ũ)∩H

Γ̃c
(div,Ũ)

∇·ũ=0
‖∇×ũ‖

Ũ
=1

‖ũ‖
Ũ
.

Remark that both constants are well-defined real numbers owing to [26, Proposition 7.4].
Then, we have

(A.2) CPFW(U,Γ) ≤ ‖φ‖2L∞(U)CPFW(Ũ , Γ̃),

with φ(x) := |det J(x)|− 1
2 ‖J(x)‖ for all x ∈ U . To show (A.2), let u ∈ HΓ(curl, U) ∩

HΓc(div, U) be such that ∇ · u = 0. Let us set ũ := (ψc
U )−1(u) where ψc

U : H
Γ̃
(curl, Ũ)→

HΓ(curl, U) is the covariant Piola mapping. Since ũ is not necessarily divergence-free and
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does not have necessarily a zero normal trace on Γ̃c, we define (up to a constant) the function

q̃ ∈ H1
Γ̃
(Ũ) such that

(∇q̃,∇w̃)
Ũ

= (ũ,∇w̃)
Ũ

∀w̃ ∈ H1
Γ̃
(Ũ).

Then, the field ṽ := ũ−∇q̃ is inH
Γ̃
(curl, Ũ)∩H

Γ̃c
(div, Ũ) and is divergence-free. Therefore,

we have

‖ṽ‖
Ũ
≤ CPFW(Ũ , Γ̃)‖∇× ṽ‖

Ũ
= CPFW(Ũ , Γ̃)‖∇× ũ‖

Ũ
.

Let us set

v := ψc
U (ṽ) = u−ψc

U (∇q̃) = u−∇q,

with q := ψg
U (q̃) := q̃ ◦ T . Since u ∈HΓc(div, U) with ∇ · u = 0 and q ∈ H1

Γ(U), there holds
(u,∇q)U = 0, which implies that ‖u‖U ≤ ‖u −∇q‖U = ‖v‖U . Moreover, proceeding as in
the proof of [22, Lemma 11.7] shows that

‖v‖U ≤ ‖φ‖L∞(U)‖ṽ‖Ũ .
Combining the above bounds shows that

‖u‖U ≤ ‖φ‖L∞(U)CPFW(Ũ , Γ̃)‖∇× ũ‖
Ũ
.

Finally, we have ∇× ũ = (ψd
U )−1(∇×u) where ψd

U is the contravariant Piola mapping, and
proceeding as in the proof of [22, Lemma 11.7] shows that

‖∇× ũ‖
Ũ
≤ ‖φ‖L∞(U)‖∇× u‖U .

Altogether, this yields

‖u‖U ≤ ‖φ‖2L∞(U)CPFW(Ũ , Γ̃)‖∇× u‖U ,
and (A.2) follows from the definition of CPFW(U,Γ).

(2) The maximum value of the shape-regularity parameter κe for all e ∈ Eh implicitly
constrains the minimum angle possible between two faces of each tetrahedron in the edge
patch T e. Therefore, there exists an integer n(κe) such that |T e| ≤ n(κe). Moreover, there
is a finite possibility for choosing the Dirichlet faces composing ΓeD. As a result, there exists

a finite set of pairs {(T̂ , Γ̂)} (where T̂ is a reference edge patch and Γ̂ is a (possibly empty)

collection of its boundary faces) such that, for every e ∈ Eh, there is a pair (T̂ , Γ̂) and a

bilipschitz, piecewise affine mapping satisfying T e : ω̂ → ωe and T e(Γ̂) = ΓeD, where ω̂ is the

simply connected domain associated with T̂ . Step (1) above implies that

CPFW,e ≤ max
x̂∈ω̂

( ‖Je(x̂)‖2
|det Je(x̂)|

)
CPFW(ω̂, Γ̂),

where Je is the Jacobian matrix of T e. Standard properties of affine mappings show that

max
x̂∈ω̂

( ‖Je(x̂)‖2
|det Je(x̂)|

)
= max

K∈T e

h2
K̂

ρ2
K

|K|
|K̂|

,

where K̂ = T−1
e (K) for all K ∈ Te. Since |K| ≤ h3

K , we have

max
x̂∈ω̂

( ‖J(x̂)‖2
|det J(x̂)|

)
≤
(

max
K̂∈T̂

h2
K̂

|K̂|

)
κ2
ehωe .

This concludes the proof. �


