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The stabilization problem of the affine control system ẋ = f 0 (x) + m i=1 u i f i (x) with homogeneous functions f 0 , f i is studied. This class of systems is of interest due to the robust properties of homogeneity and the fact that many affine systems can be approximated by or transformed to the class under consideration. An advantage of the introduced design method is that the tuning rules are presented in the form of linear matrix inequalities. Performance of the approach is illustrated by a numerical example.

INTRODUCTION

Homogeneous dynamical systems have a number of very useful properties for system analysis, control design and estimation. In particular, the local and global behaviours are the same; homogeneous systems have certain intrinsic robustness properties with respect to external perturbations, measurement noises and time delays; convergence rate of the system can be assessed by its homogeneity degree, etc. (see, for example, [START_REF] Bacciotti | Liapunov Functions and Stability in Control Theory[END_REF][START_REF] Bernuau | Verification of ISS, iISS and IOSS properties applying weighted homogeneity[END_REF][START_REF] Ryan | Universal stabilization of a class of nonlinear systems with homogeneous vector fields[END_REF][START_REF] Hong | H ∞ control, stabilization, and inputoutput stability of nonlinear systems with homogeneous properties[END_REF][START_REF] Bhat | Geometric homogeneity with applications to finite-time stability[END_REF][START_REF] Zimenko | A note on delay robustness for homogeneous systems with negative degree[END_REF]Efimov et al., 2016).

For the stability analysis, a Lyapunov function of a homogeneous system can also be chosen homogeneous (see, e.g. [START_REF] Zubov | On systems of ordinary differential equations with generalized homogenous right-hand sides[END_REF][START_REF] Rosier | Homogeneous Lyapunov function for homogeneous continuous vector field[END_REF][START_REF] Bacciotti | Liapunov Functions and Stability in Control Theory[END_REF], and its negativeness can be checked only on the unit sphere. The combination of this notion with the implicit Lyapunov function method in some cases allows formalizing control/observer tuning algorithms (even in the case of essentially nonlinear feedbacks) in the form of linear matrix inequalities (LMI). However, in most cases, this effect is achieved only for linear (almost linear) system models (for example, [START_REF] Zimenko | Robust feedback stabilization of linear MIMO systems using generalized homogenization[END_REF][START_REF] Rios | Robust output-control for uncertain linear systems: Homogeneous differentiator-based observer approach[END_REF].

The present paper addresses the control design problem for the system

ẋ = f 0 (x) + m i=1 u i f i (x), (1) 
where x ∈ R n are states, u = (u 1 , ..., u m ) T ∈ R m are controls, and f 0 , f i are homogeneous functions. In addition

This work was partially supported by the Government of Russian Federation (Grant 08-08) and by the Ministry of Science and Higher Education of Russian Federation, passport of goszadanie no. 2019-0898.

to the useful properties of homogeneity, interest in this class of systems is based on the following reasons:

• the system (1) is of wider class than linear control systems; • if there is a nonhomogeneous function f 0 or f i , it can be homogenized by an appropriate control; • nonhomogeneous functions may be approximated by the homogeneous ones (see, for example, [START_REF] Andrieu | Homogeneous approximation, recursive observer design, and output feedback[END_REF][START_REF] Hermes | Nilpotent and high-order approximations of vector field systems[END_REF][START_REF] Ménard | Homogeneous approximations and local observer design[END_REF]Efimov and Perruquetti, 2016).

The proposed homogeneous controller for the system (1) is based on 'universal' control design scheme given in [START_REF] Sontag | A 'universal' construction of artstein's theorem on nonlinear stabilization[END_REF]. Despite a significant nonlinearity of the system, the applicability condition of the presented control is in the form of LMI. This condition is obtained following homogeneous function representation in a certain canonical form. The representation procedure substantially repeats the mechanism of embedding nonlinear systems into linear differential inclusions.

The paper is organized in the following way. Notation used in the paper is given in Section 2. Section 3 presents some preliminaries used in the paper. Section 4 introduces the main result on controller design for the system (1). Simulations are shown in Section 5. Finally, concluding remarks are given in Section 6.

NOTATION

Through the paper the following notation will be used:

• N is the set of natural numbers;

• R + = {x ∈ R : x > 0}, where R is the field of real numbers; • The symbol 1, m is used to denote a sequence of integers 1, ..., m;

• | • | is used to signify the Euclidean norm in R n , • denotes a weighted Euclidean norm;

• S = {x ∈ R n : x = 1} is the unit sphere in R n ; • A = sup x∈R n Ax x if A ∈ R n×n ; • I n ∈ R n×n is the identity matrix;
• the inequality P > 0 (P ≥ 0) means that a symmetric matrix P = P T ∈ R n×n is positive definite (positive semi-definite); • the eigenvalues of a matrix G ∈ R n×n are denoted by λ i (G), i = 1, ..., n, λ min (G) = min i=1,n λ i (G); • C n (X, Y ) is the set of continuously differentiable (at least up to the order n) maps X → Y , where X and Y are open subsets of finite-dimensional spaces;

• ∂ ∂x = ∂ ∂x1 , ∂ ∂x2 , • • • , ∂ ∂xn ; • R(λ)
denotes the real part of a complex number λ.

PRELIMINARIES

Stability Notions

Consider the following system

ẋ(t) = f (x(t)), x(0) = x 0 , t ≥ 0, (2) 
where

x(t) ∈ R n is the state vector, f ∈ R n → R n is continuous, f (0) = 0.
Definition 1 [START_REF] Bhat | Finite-time stability of continuous autonomous systems[END_REF][START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF] The origin of ( 2) is said to be globally finite-time stable if it is globally asymptotically stable and any solution x(t, x 0 ) of the system (2) reaches the equilibrium point at some finite time moment, i.e. x(t, x 0 ) = 0 ∀t ≥ T (x 0 ) and x(t, x 0 ) = 0 ∀t ∈ [0, T (x 0 )), x 0 = 0, where T : R n → R + ∪ {0}, T (0) = 0 is the settling-time function.

Definition 2 [START_REF] Polyakov | Nonlinear feedback design for fixedtime stabilization of linear control systems[END_REF] A set M ⊂ R n is said to be globally finite-time attractive for (2) if any solution x(t, x 0 ) of (2) reaches M in some finite time moment t = T (x 0 ) and remains there ∀t ≥ T (x 0 ), T : R n → R + ∪ {0} is the settling-time function. It is fixed-time attractive if in addition the settling-time function T (x 0 ) is globally bounded by some number T max > 0.

Theorem 1. [START_REF] Bhat | Finite-time stability of continuous autonomous systems[END_REF]. Suppose there exist a positive definite C 1 function V defined on an open neighborhood of the origin D ⊂ R n and real numbers C > 0 and σ ≥ 0, such that the following condition is true for the system (2)

V (x) ≤ -CV σ (x), x ∈ D \ {0}.
Then depending on the value σ the origin is stable with different types of convergence:

• if σ = 1, the origin is exponentially stable; • if 0 ≤ σ < 1, the origin is finite-time stable and T (x 0 ) ≤ 1 C(1-σ) V 1-σ 0
, where V 0 = V (x 0 ); • if σ > 1 the origin is asymptotically stable and, for every

ε ∈ R + , the set B = {x ∈ D : V (x) < ε} is fixed- time (independent on the initial values) attractive with T max = 1 C(σ-1)ε σ-1 . If D = R n
and function V is radially unbounded, then the system (2) admits these properties globally.

'Universal' Stabilizer for Control Affine Systems

Consider a system in the form (1), where f 0 , f i ∈ C ∞ , and f 0 (0) = 0. Let this system admits a control-Lyapunov function V that is, a smooth, proper, and positive definite function

R n → R + ∪ {0} so that inf u∈R m ∂V (x) ∂x f 0 (x) + ∂V (x) ∂x m i=1 u i f i (x) < 0 (3)
for each x = 0.

Definition 3 [START_REF] Sontag | A 'universal' construction of artstein's theorem on nonlinear stabilization[END_REF] The control-Lyapunov function V satisfies the small control property if for each ε > 0 there is a δ > 0 such that, if x = 0 satisfies x < δ, then there is some u with u < ε such that

∂V (x) ∂x f 0 (x) + ∂V (x) ∂x m i=1 u i f i (x) < 0.
Definition 4 [START_REF] Sontag | A 'universal' construction of artstein's theorem on nonlinear stabilization[END_REF] Let k : R n → R m be a mapping, smooth on R n \ {0} and with k(0) = 0. This is a smooth feedback stabilizer provided that, with k = (k 1 , ..., k m ) T the closed-loop system

ẋ = f 0 (x) + m i=1 k i (x)f i (x)
is globally asymptotically stable. Theorem 2. [START_REF] Sontag | A 'universal' construction of artstein's theorem on nonlinear stabilization[END_REF]. There is a smooth feedback stabilizer k iff there is a smooth control-Lyapunov function V , and k can be chosen continuous at the origin if V satisfied the small control property. Moreover, such k can be chosen in the form

k(x) =    a(x) + a 2 (x) + |B(x)| 4 |B(x)| 2 B(x), if |B(x)| = 0, 0, if |B(x)| = 0, where a(x) = ∂V (x) ∂x f 0 (x), B(x) = (b 1 , ..., b m ) T , b i (x) = ∂V (x)
∂x f i (x) for i = 1, m.

Generalized Homogeneity

The homogeneity is a dilation symmetry property. For example, if a mathematical object f (e.g., function, vector field, and operator) remains invariant with respect to scaling (dilation operation) of its argument f (e s x) = e νs f (x), s ∈ R, x ∈ R n then it is called homogeneous, where ν ∈ R is a constant called the degree of homogeneity.

In the general case, we can consider a non-uniform scaling x → d(s)x, where an operator d(s) : R n → R n is called dilation in the space R n if it satisfies:

• group property: d(0) = I n and d(t + s) = d(t)d(s) = d(s)d(t) for t, s ∈ R; • continuity property: d is a continuous map; • limit property:
lim s→-∞ d(s)x = 0 and lim s→+∞ d(s)x = +∞ uniformly on the unit sphere S.

In [START_REF] Kawski | Geometric homogeneity and stabilization[END_REF][START_REF] Rosier | Etude de Quelques Problemes de Stabilization[END_REF][START_REF] Khomenuk | On systems of ordinary differential equations with generalized homogeneous right-hand sides[END_REF], the dilation d is suggested to be generated as a flow of C 1 vector field. Such a dilation is known as geometric dilation.

In this paper we deal with generalized homogeneity based on groups of linear dilations, that also can be called linear geometric homogeneity. For this type of homogeneity there exists a generator matrix G d = lim s→0 d(s)-In s that satisfies the following properties [START_REF] Pazy | Semigroups of Linear Operators and Applications to Partial Differential Equations[END_REF]:

∂ ∂s d(s) = G d d(s) = d(s)G d , d(s) = e G d s = +∞ i=0 s i G i d i! , s ∈ R.
Definition 5 [START_REF] Polyakov | On homogeneous distributed parameter systems[END_REF] The dilation d is said to be monotone if d(s) < 1 as s < 0. It is said to be strictly monotone if ∃β > 0 : d(s) < e βs for s ≤ 0.

Thus, monotonicity means that d(s) is a strong contraction for s < 0 (strong expansion for s > 0) and implies that for any x ∈ R\{0} there exists a unique pair (s 0 , x 0 ) ∈ R× S such that x = d(s 0 )x 0 . Note, that monotonicity property may depend on a norm • . Theorem 3. [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF]. If d is a dilation in R n , then

• the generator matrix G d is anti-Hurwitz (i.e. R(λ i (G d )) > 0, i = 1, n)
and there exists a matrix P ∈ R n×n such that

P G d + G T d P > 0, P > 0.
(4) • the dilation d is strictly monotone with respect to the norm x = √ x T P x for x ∈ R n and P satisfying ( 4):

e αs ≤ d(s) ≤ e βs if s ≤ 0, e βs ≤ d(s) ≤ e αs if s ≥ 0, where α = 1 2 λ max P 1 2 G d P -1 2 + P -1 2 G T d P 1 2 , β = 1 2 λ min P 1 2 G d P -1 2 + P -1 2 G T d P 1 2
.

The dilation d introduces a sort of norm topology in R n by means of the so-called homogeneous norm [START_REF] Kawski | Geometric homogeneity and stabilization[END_REF].

Definition 6 (Polyakov, 2019) A continuous function p : R n → R + ∪ {0} is said to be a d-homogeneous norm if p(x) → 0 as x → 0 and p(d(s)x) = e s p(x) > 0 for x ∈ R n \ {0} and s ∈ R.

For monotone dilations we define the canonical homogeneous norm • d : R n → R + ∪{0} as x d = e sx for x = 0, where s x ∈ R such that d(-s x )x = 1 and, by continuity, we assign 0 d = 0. Note that d(s)x d = e s x d and d(ln x d )x = 1.

(5)

Definition 7 [START_REF] Polyakov | On homogeneous distributed parameter systems[END_REF] A vector field

f : R n → R n (a function h : R n → R) is said to be d- homogeneous of degree ν ∈ R if f (d(s)x) = e νs d(s)f (x), ∀x ∈ R n , ∀s ∈ R. (resp. h(d(s)x) = e νs h(x), ∀x ∈ R n , ∀s ∈ R.) (6) 
Let F d (R n ) be the set of vector fields R n → R n satisfying the identity (6), which are continuous on

R n \ {0}. Let deg F d (f ) denote the homogeneity degree of f ∈ F d (R n ).
Lemma 4. [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF]. The vector field f ∈ F d (R n ) is Lipschitz continuous (smooth) on R n \ {0} if and only if it satisfies a Lipschitz condition (it is smooth) on the unit sphere S, provided that d is strictly monotone on R n equipped with a (smooth on R n \ {0}) norm • .

If a function (or a vector field) is smooth, then homogeneity is inherited by its derivatives in a certain way.

Claim 5. If f ∈ F d (R n ) ∩ C 1 (R n \ {0}, R n ), then e deg F d (f )s d(s) ∂f (x) ∂x = ∂f (z) ∂z z=d(s)x d(s) (7) for x ∈ R n \ {0} and s ∈ R.
The rate of convergence of homogeneous systems can be assessed by its homogeneity degree [START_REF] Nakamura | Smooth Lyapunov functions for homogeneous differential inclusions[END_REF][START_REF] Bhat | Geometric homogeneity with applications to finite-time stability[END_REF][START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF]. Theorem 6. An asymptotically stable d-homogeneous system ẋ = f (x), f : R n → R n is uniformly finite-time stable if and only if deg

F d (f ) < 0.
Analogously, if deg F d (f ) > 0 and the system is stable, then any compact set containing the origin is fixed-time attractive.

The homogeneity theory provides many other advantages to analysis and design of nonlinear control system. For instance, some results about ISS of homogeneous systems can be found in [START_REF] Bernuau | Robustness of homogeneous and homogeneizable differential inclusions[END_REF][START_REF] Bernuau | Verification of ISS, iISS and IOSS properties applying weighted homogeneity[END_REF]; [START_REF] Ryan | Universal stabilization of a class of nonlinear systems with homogeneous vector fields[END_REF].

Of particular interest is the use of homogenising control algorithms due to delay robustness properties of homogeneous systems (see, for example, Efimov et al., 2016;[START_REF] Zimenko | A note on delay robustness for homogeneous systems with negative degree[END_REF][START_REF] Zimenko | Independent of delay stabilization using implicit lyapunov function method[END_REF].

MAIN RESULTS

In this paper we consider the system (1), where f i (0) = 0 for i = 0, m, and

f i ∈ F d (R n ) ∩ C 1 (R n , R n ) with strictly monotone dilation d equipped with the norm x = √ x T P x, P = P T > 0.
The main goal of the paper is to propose a constructive (i.e. equipped with reliable tuning rules and robustness abilities) stabilizing control algorithm.

Canonical Representation of Homogeneous Systems

Let us consider the system in the form ẋ = f (x), ( 8)

where f ∈ F d (R n ) ∩ C 1 (R n , R n ), f ( 
0) = 0. For this system let us define the following bounds

g ij = sup y∈R n : y <1 ∂f i (z) ∂z j z=y , g ij = inf y∈R n : y <1 ∂f i (z) ∂z j z=y , that are always exist due to f ∈ C 1 (R n , R n ). Denote the bounded convex domain Ω = θ = (θ 11 , ..., θ 1n , ..., θ nn ) : g jl ≤ θ jl ≤ g jl , j, l = 1, n
with the set of vertices defined by V = α = (α 11 , ..., α 1n , ..., α nn ) : α jl ∈ {g jl , g jl }, j, l = 1, n .

Proposition 7. Every trajectory of ( 8) is also a trajectory of

ẋ = N i=1 α i (x) x deg F d (f ) d d(ln x d )A i d(-ln x d )x, (9)
where

A i ∈ V, N i=1 α i (x) = 1, 0 ≤ α i (x) ≤ 1, and N ∈ N.
Remark 1 Proposition 7 is mostly based on the mechanism of representing a nonlinear systems in the form of linear differential inclusions and convex embedding (see, for example, [START_REF] Boyd | Linear Matrix Inequalities in System and Control Theory[END_REF][START_REF] Zemouche | Observers for a class of lipschitz systems with extension to H ∞ performance analysis[END_REF][START_REF] Pyatnitskiy | Criteria of asymptotic stability of differential inclusions and periodic motions of time-varying nonlinear control systems[END_REF].

Note that this approach can be used for the case f (0) = 0 also, where

f (x) = N i=1 α i (x) x deg F d (f ) d d(ln x d )A i d(-ln x d )x+f (0).
The choice of the form

N i=1 α i (x) x deg F d (f ) d d(ln x d )A i d(-ln x d )x
for homogeneous functions representation is based on the fact that this form may be effective in control design with a simple tuning in the form of LMI as we will demonstrate below.

It should be noted that the condition f ∈ C 1 (R n , R n ) of Proposition 7 sufficiently restricts the class of homogeneous functions for representation in the form (9). One of the main directions for the future research is development of such method, that will not require such restrictions on the function f .

Homogeneous Control Design

Using the result of Proposition 7 the control for (1) can be obtained based on the scheme of a 'universal' stabilizing control design given in the work of [START_REF] Sontag | A 'universal' construction of artstein's theorem on nonlinear stabilization[END_REF].

Before stating the main contribution of this paper, accordingly to Proposition 7 let us define the matrices A i,j , i = 0, m, j = 1, N , and α i,j (x), such that f i in (1) can be represented as

f i (x) = N j=1 α i,j (x) x deg F d (fi) d d(ln x d )A i,j d(-ln x d )x. (10) Theorem 8. Let deg F d (f 0 ) ≥ -1, and deg F d (f 0 ) ≥ deg F d (f i ) for i = 1, m. If the system of LMIs P A 0,j + A T 0,j P < m i=1 τ i (P A i,l + A T i,l P ), j, l = 1, N (11) 
is feasible for some τ i ∈ R, then the control in the form

u i (x) =        -x νi d b i (x) a(x) + a 2 (x) + |B(x)| 4 |B(x)| 2 , if |B(x)| = 0, 0, if |B(x)| = 0, ( 12 
)
where i = 1, m, ν i = deg F d (f 0 ) -deg F d (f i ), B(•) = (b 1 (•), ..., b m (•)) T , and 
a(x) = 2x T d T (-ln x d )P f 0 (d(-ln x d )x) x T d T (-ln x d )(P G d + G T d P )d(-ln x d )x , b i (x) = 2x T d T (-ln x d )P f i (d(-ln x d )x) x T d T (-ln x d )(P G d + G T d P )d(-ln x d )x
, globally asymptotically stabilizes the system (1) at the origin.

Remark 2

The system of LMIs (11) guarantees that the condition

|B(x)| = 0 ⇒ a(x) < 0 (13)
is satisfied, which according to (3) follows from the assumption that V = x d is a control-Lyapunov function.

Remark 3 If in Theorem 8 the strict inequality deg

F d (f 0 )> deg F d (f i
) is satisfied, then the control-Lyapunov function satisfies the small control property and the control ( 12) is continuous at 0.

The controller (12) homogenizes the closed-loop system with homogeneity degree deg F d (f 0 ). Thus, if deg F d (f 0 ) > 0, then any compact set containing the origin is fixedtime attractive. If deg F d (f 0 ) < 0 the system is finitetime stable. It should be noted that in the case of the use of Proposition 7 for system representation, the condition f ∈ C 1 (R n , R n ) restricts an application of control ( 12), especially for the case deg F d (f 0 ) < 0. However, as it shown in the following remark, the condition f ∈ C 1 (R n , R n ) can be neglected if instead of Proposition 7 we would use the numerical calculation of a(x), B(x) on a proper grid.

Remark 4

The system of LMI ( 11) is only a sufficient condition to satisfy (13). In general, since

a(x) = 2y T P f 0 (y) y T (P G d + G T d P )y , b i (x) = 2y T P f i (y) y T (P G d + G T d P )y , y = d(-ln x d )x ∈ S, i = 1, m,
the condition (13) can be numerically checked using a numerical grid on a sphere. Explicitly calculating a(x) and B(x) we can obtain that f0) ,

∂V (x) ∂x f 0 (x) + ∂V (x) ∂x m i=1 u i f i (x) ≤ -CV 1+deg F d (
where C = min y∈S a 2 (y) + |B(y)| 4 . Then, utilizing Theorem 1 we can get estimations for settling-time functions. Moreover, in this case we do not apply the representation (10), and the condition f ∈ C 1 (R n , R n ) can be neglected.

EXAMPLE

Consider the system (1) with x ∈ R 3 , m = 3, where

f 0 = -x 1 x 3 -x 1 x 2 , f 1 = x 2 -x 3 0 , f 2 =   x 3 3 0 x 3   and f 3 = x 1 x 2 0 .
In this system f 0 , f 1 , f 2 and f 3 are d-homogeneous of degrees 1, -1, 0 and 0, respectively, where d is strictly monotone dilation equipped with the norm x = The paper presents stabilizing control algorithm for affine control system (1) with homogeneous functions f i , i = 0, m. Due to homogeneity the closed-loop system has a number of robust properties necessary in practice (e.g. ISS, robustness with respect to delays, etc.). Despite nonlinearity the main condition the system has to satisfy is presented in the form of LMI. This condition is obtained with the use of homogeneous function representation in the form (10).

There are two main directions for future research. In particular, it is expedient to develop a convex embedding method, that allows representing of homogeneous systems in the form (10) for the wider class than in Proposition 7.

The second direction is related to transformation and approximation techniques to represent nonhomogeneous systems in the form (1) with homogeneous f i .

  Fig. 1. Evolution of the state of the closed-loop system