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Abstract: The stabilization problem of the affine control system ẋ = f0(x)+
∑m
i=1 uifi(x) with

homogeneous functions f0, fi is studied. This class of systems is of interest due to the robust
properties of homogeneity and the fact that many affine systems can be approximated by or
transformed to the class under consideration. An advantage of the introduced design method is
that the tuning rules are presented in the form of linear matrix inequalities. Performance of the
approach is illustrated by a numerical example.
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1. INTRODUCTION

Homogeneous dynamical systems have a number of very
useful properties for system analysis, control design and
estimation. In particular, the local and global behaviours
are the same; homogeneous systems have certain intrinsic
robustness properties with respect to external perturba-
tions, measurement noises and time delays; convergence
rate of the system can be assessed by its homogeneity
degree, etc. (see, for example, Bacciotti and Rosier, 2001;
Bernuau et al., 2013; Ryan, 1995; Hong, 2001; Bhat and
Bernstein, 2005; Zimenko et al., 2017; Efimov et al., 2016).

For the stability analysis, a Lyapunov function of a homo-
geneous system can also be chosen homogeneous (see, e.g.
Zubov, 1958; Rosier, 1992; Bacciotti and Rosier, 2001),
and its negativeness can be checked only on the unit
sphere. The combination of this notion with the implicit
Lyapunov function method in some cases allows formaliz-
ing control/observer tuning algorithms (even in the case
of essentially nonlinear feedbacks) in the form of linear
matrix inequalities (LMI). However, in most cases, this
effect is achieved only for linear (almost linear) system
models (for example, Zimenko et al., 2020; Rios et al.,
2017).

The present paper addresses the control design problem
for the system

ẋ = f0(x) +

m∑
i=1

uifi(x), (1)

where x ∈ Rn are states, u = (u1, ..., um)T ∈ Rm are
controls, and f0, fi are homogeneous functions. In addition
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to the useful properties of homogeneity, interest in this
class of systems is based on the following reasons:

• the system (1) is of wider class than linear control
systems;

• if there is a nonhomogeneous function f0 or fi, it can
be homogenized by an appropriate control;

• nonhomogeneous functions may be approximated by
the homogeneous ones (see, for example, Andrieu
et al., 2008; Hermes, 1991; Ménard et al., 2013;
Efimov and Perruquetti, 2016).

The proposed homogeneous controller for the system (1) is
based on ’universal’ control design scheme given in (Son-
tag, 1989). Despite a significant nonlinearity of the system,
the applicability condition of the presented control is in
the form of LMI. This condition is obtained following ho-
mogeneous function representation in a certain canonical
form. The representation procedure substantially repeats
the mechanism of embedding nonlinear systems into linear
differential inclusions.

The paper is organized in the following way. Notation
used in the paper is given in Section 2. Section 3 presents
some preliminaries used in the paper. Section 4 introduces
the main result on controller design for the system (1).
Simulations are shown in Section 5. Finally, concluding
remarks are given in Section 6.

2. NOTATION

Through the paper the following notation will be used:

• N is the set of natural numbers;
• R+ = {x ∈ R : x > 0}, where R is the field of real

numbers;
• The symbol 1,m is used to denote a sequence of

integers 1, ...,m;



• | · | is used to signify the Euclidean norm in Rn, ‖ · ‖
denotes a weighted Euclidean norm;
• S = {x ∈ Rn : ‖x‖ = 1} is the unit sphere in Rn;

• ‖A‖ = supx∈Rn
‖Ax‖
‖x‖ if A ∈ Rn×n;

• In ∈ Rn×n is the identity matrix;
• the inequality P > 0 (P ≥ 0) means that a symmetric

matrix P = PT ∈ Rn×n is positive definite (positive
semi-definite);

• the eigenvalues of a matrix G ∈ Rn×n are denoted by
λi(G), i = 1, ..., n, λmin(G) = mini=1,n λi(G);

• Cn(X,Y ) is the set of continuously differentiable (at
least up to the order n) maps X → Y , where X and
Y are open subsets of finite-dimensional spaces;

• ∂
∂x =

(
∂
∂x1

, ∂
∂x2

, · · · , ∂
∂xn

)
;

• R(λ) denotes the real part of a complex number λ.

3. PRELIMINARIES

3.1 Stability Notions

Consider the following system

ẋ(t) = f(x(t)), x(0) = x0, t ≥ 0, (2)

where x(t) ∈ Rn is the state vector, f ∈ Rn → Rn is
continuous, f(0) = 0.

Definition 1 (Bhat and Bernstein, 2000; Orlov,
2004) The origin of (2) is said to be globally finite-time
stable if it is globally asymptotically stable and any solution
x(t, x0) of the system (2) reaches the equilibrium point at
some finite time moment, i.e. x(t, x0) = 0 ∀t ≥ T (x0) and
x(t, x0) 6= 0 ∀t ∈ [0, T (x0)), x0 6= 0, where T : Rn → R+ ∪
{0}, T (0) = 0 is the settling-time function.

Definition 2 (Polyakov, 2012) A set M ⊂ Rn is said
to be globally finite-time attractive for (2) if any solution
x(t, x0) of (2) reaches M in some finite time moment
t = T (x0) and remains there ∀t ≥ T (x0), T : Rn → R+ ∪
{0} is the settling-time function. It is fixed-time attractive
if in addition the settling-time function T (x0) is globally
bounded by some number Tmax > 0.

Theorem 1. (Bhat and Bernstein, 2000). Suppose there ex-
ist a positive definite C1 function V defined on an open
neighborhood of the origin D ⊂ Rn and real numbers
C > 0 and σ ≥ 0, such that the following condition is
true for the system (2)

V̇ (x) ≤ −CV σ(x), x ∈ D \ {0}.
Then depending on the value σ the origin is stable with
different types of convergence:

• if σ = 1, the origin is exponentially stable;
• if 0 ≤ σ < 1, the origin is finite-time stable and T (x0) ≤

1
C(1−σ)V

1−σ
0 , where V0 = V (x0);

• if σ > 1 the origin is asymptotically stable and, for every
ε ∈ R+, the set B = {x ∈ D : V (x) < ε} is fixed-
time (independent on the initial values) attractive with
Tmax = 1

C(σ−1)εσ−1 .

If D = Rn and function V is radially unbounded, then the
system (2) admits these properties globally.

3.2 ’Universal’ Stabilizer for Control Affine Systems

Consider a system in the form (1), where f0, fi ∈ C∞,
and f0(0) = 0. Let this system admits a control-Lyapunov
function V that is, a smooth, proper, and positive definite
function Rn → R+ ∪ {0} so that

inf
u∈Rm

{
∂V (x)

∂x
f0(x) +

∂V (x)

∂x

m∑
i=1

uifi(x)

}
< 0 (3)

for each x 6= 0.

Definition 3 (Sontag, 1989) The control-Lyapunov
function V satisfies the small control property if for each
ε > 0 there is a δ > 0 such that, if x 6= 0 satisfies ‖x‖ < δ,
then there is some u with ‖u‖ < ε such that

∂V (x)

∂x
f0(x) +

∂V (x)

∂x

m∑
i=1

uifi(x) < 0.

Definition 4 (Sontag, 1989) Let k : Rn → Rm
be a mapping, smooth on Rn \ {0} and with k(0) = 0.
This is a smooth feedback stabilizer provided that, with
k = (k1, ..., km)T the closed-loop system

ẋ = f0(x) +

m∑
i=1

ki(x)fi(x)

is globally asymptotically stable.

Theorem 2. (Sontag, 1989). There is a smooth feedback
stabilizer k iff there is a smooth control-Lyapunov function
V , and k can be chosen continuous at the origin if V
satisfied the small control property. Moreover, such k can
be chosen in the form

k(x) =

 a(x) +
√
a2(x) + |B(x)|4
|B(x)|2

B(x), if |B(x)| 6= 0,

0, if |B(x)| = 0,

where a(x) = ∂V (x)
∂x f0(x), B(x) = (b1, ..., bm)T , bi(x) =

∂V (x)
∂x fi(x) for i = 1,m.

3.3 Generalized Homogeneity

The homogeneity is a dilation symmetry property. For
example, if a mathematical object f (e.g., function, vector
field, and operator) remains invariant with respect to
scaling (dilation operation) of its argument f(esx) =
eνsf(x), s ∈ R, x ∈ Rn then it is called homogeneous,
where ν ∈ R is a constant called the degree of homogeneity.
In the general case, we can consider a non-uniform scaling
x → d(s)x, where an operator d(s) : Rn → Rn is called
dilation in the space Rn if it satisfies:

• group property: d(0) = In and d(t + s) =
d(t)d(s) = d(s)d(t) for t, s ∈ R;

• continuity property: d is a continuous map;
• limit property: lims→−∞ ‖d(s)x‖ = 0 and

lims→+∞ ‖d(s)x‖ = +∞ uniformly on the unit
sphere S.

In (Kawski, 1995; Rosier, 1993; Khomenuk, 1961), the
dilation d is suggested to be generated as a flow of C1
vector field. Such a dilation is known as geometric dilation.
In this paper we deal with generalized homogeneity based
on groups of linear dilations, that also can be called linear
geometric homogeneity. For this type of homogeneity there



exists a generator matrix Gd = lims→0
d(s)−In

s that
satisfies the following properties (Pazy, 1983):

∂

∂s
d(s) = Gdd(s) = d(s)Gd,

d(s) = eGds =

+∞∑
i=0

siGid
i!

, s ∈ R.

Definition 5 (Polyakov et al., 2016) The dilation d is
said to be monotone if ‖d(s)‖ < 1 as s < 0. It is said to
be strictly monotone if ∃β > 0 : ‖d(s)‖ < eβs for s ≤ 0.

Thus, monotonicity means that d(s) is a strong contrac-
tion for s < 0 (strong expansion for s > 0) and implies that
for any x ∈ R\{0} there exists a unique pair (s0, x0) ∈ R×
S such that x = d(s0)x0.

Note, that monotonicity property may depend on a norm
‖ · ‖.
Theorem 3. (Polyakov, 2019). If d is a dilation in Rn, then

• the generator matrixGd is anti-Hurwitz (i.e. R(λi(Gd)) >
0, i = 1, n) and there exists a matrix P ∈ Rn×n such that

PGd +GTdP > 0, P > 0. (4)

• the dilation d is strictly monotone with respect to the

norm ‖x‖ =
√
xTPx for x ∈ Rn and P satisfying (4):

eαs ≤ ‖d(s)‖ ≤ eβs if s ≤ 0,
eβs ≤ ‖d(s)‖ ≤ eαs if s ≥ 0,

where α = 1
2λmax

(
P

1
2GdP

− 1
2 + P−

1
2GTdP

1
2

)
, β =

1
2λmin

(
P

1
2GdP

− 1
2 + P−

1
2GTdP

1
2

)
.

The dilation d introduces a sort of norm topology in Rn by
means of the so-called homogeneous norm (Kawski, 1995).

Definition 6 (Polyakov, 2019) A continuous function
p : Rn → R+ ∪ {0} is said to be a d-homogeneous norm
if p(x) → 0 as x → 0 and p(d(s)x) = esp(x) > 0 for
x ∈ Rn \ {0} and s ∈ R.

For monotone dilations we define the canonical homoge-
neous norm ‖·‖d : Rn → R+∪{0} as ‖x‖d = esx for x 6= 0,
where sx ∈ R such that ‖d(−sx)x‖ = 1 and, by continuity,
we assign ‖0‖d = 0. Note that ‖d(s)x‖d = es‖x‖d and

‖d(− ln ‖x‖d)x‖ = 1. (5)

Definition 7 (Polyakov et al., 2016) A vector field
f : Rn → Rn (a function h : Rn → R) is said to be d-
homogeneous of degree ν ∈ R if

f(d(s)x) = eνsd(s)f(x), ∀x ∈ Rn, ∀s ∈ R.
(resp. h(d(s)x) = eνsh(x), ∀x ∈ Rn, ∀s ∈ R.) (6)

Let Fd(Rn) be the set of vector fields Rn → Rn satisfying
the identity (6), which are continuous on Rn \ {0}. Let
degFd

(f) denote the homogeneity degree of f ∈ Fd(Rn).

Lemma 4. (Polyakov, 2019). The vector field f ∈ Fd(Rn)
is Lipschitz continuous (smooth) on Rn \ {0} if and only
if it satisfies a Lipschitz condition (it is smooth) on the
unit sphere S, provided that d is strictly monotone on Rn
equipped with a (smooth on Rn \ {0}) norm ‖ · ‖.

If a function (or a vector field) is smooth, then homogene-
ity is inherited by its derivatives in a certain way.

Claim 5. If f ∈ Fd(Rn) ∩ C1(Rn \ {0},Rn), then

edegFd
(f)sd(s)

∂f(x)

∂x
=
∂f(z)

∂z

∣∣∣∣
z=d(s)x

d(s) (7)

for x ∈ Rn \ {0} and s ∈ R.

The rate of convergence of homogeneous systems can be
assessed by its homogeneity degree (Nakamura et al., 2002;
Bhat and Bernstein, 2005; Polyakov, 2019).

Theorem 6. An asymptotically stable d-homogeneous sys-
tem ẋ = f(x), f : Rn → Rn is uniformly finite-time stable
if and only if degFd

(f) < 0.

Analogously, if degFd
(f) > 0 and the system is stable,

then any compact set containing the origin is fixed-time
attractive.

The homogeneity theory provides many other advantages
to analysis and design of nonlinear control system. For
instance, some results about ISS of homogeneous systems
can be found in Bernuau et al. (2018, 2013); Ryan (1995).
Of particular interest is the use of homogenising control
algorithms due to delay robustness properties of homo-
geneous systems (see, for example, Efimov et al., 2016;
Zimenko et al., 2017, 2019).

4. MAIN RESULTS

In this paper we consider the system (1), where fi(0) = 0
for i = 0,m, and fi ∈ Fd(Rn) ∩ C1(Rn,Rn) with strictly
monotone dilation d equipped with the norm ‖x‖ =√
xTPx, P = PT > 0.

The main goal of the paper is to propose a constructive
(i.e. equipped with reliable tuning rules and robustness
abilities) stabilizing control algorithm.

4.1 Canonical Representation of Homogeneous Systems

Let us consider the system in the form

ẋ = f(x), (8)

where f ∈ Fd(Rn)∩C1(Rn,Rn), f(0) = 0. For this system
let us define the following bounds

gij = sup
y∈Rn:‖y‖<1

∂fi(z)

∂zj

∣∣∣∣
z=y

,

g
ij

= inf
y∈Rn:‖y‖<1

∂fi(z)

∂zj

∣∣∣∣
z=y

,

that are always exist due to f ∈ C1(Rn,Rn). Denote the
bounded convex domain

Ω =
{
θ = (θ11, ..., θ1n, ..., θnn) : g

jl
≤ θjl ≤ gjl, j, l = 1, n

}
with the set of vertices defined by

V=
{
α=(α11, ..., α1n, ..., αnn) :αjl∈{gjl, gjl}, j, l = 1, n

}
.

Proposition 7. Every trajectory of (8) is also a trajectory
of

ẋ =

N∑
i=1

αi(x)‖x‖
degFd

(f)

d d(ln ‖x‖d)Aid(− ln ‖x‖d)x, (9)

where Ai ∈ V,
∑N
i=1 αi(x) = 1, 0 ≤ αi(x) ≤ 1, and N ∈ N.



Remark 1 Proposition 7 is mostly based on the mech-
anism of representing a nonlinear systems in the form of
linear differential inclusions and convex embedding (see,
for example, Boyd et al., 1994; Zemouche et al., 2008;
Pyatnitskiy and Rapoport, 1996).

Note that this approach can be used for the case f(0) 6= 0
also, where

f(x)=

N∑
i=1

αi(x)‖x‖
degFd

(f)

d d(ln ‖x‖d)Aid(−ln ‖x‖d)x+f(0).

The choice of the form
N∑
i=1

αi(x)‖x‖
degFd

(f)

d d(ln ‖x‖d)Aid(− ln ‖x‖d)x

for homogeneous functions representation is based on the
fact that this form may be effective in control design with
a simple tuning in the form of LMI as we will demonstrate
below.

It should be noted that the condition f ∈ C1(Rn,Rn) of
Proposition 7 sufficiently restricts the class of homoge-
neous functions for representation in the form (9). One of
the main directions for the future research is development
of such method, that will not require such restrictions on
the function f .

4.2 Homogeneous Control Design

Using the result of Proposition 7 the control for (1) can be
obtained based on the scheme of a ’universal’ stabilizing
control design given in the work of Sontag (1989).

Before stating the main contribution of this paper, ac-
cordingly to Proposition 7 let us define the matrices Ai,j ,

i = 0,m, j = 1, N , and αi,j(x), such that fi in (1) can be
represented as

fi(x)=

N∑
j=1

αi,j(x)‖x‖
degFd

(fi)

d d(ln ‖x‖d)Ai,jd(−ln ‖x‖d)x.

(10)

Theorem 8. Let degFd
(f0) ≥ −1, and degFd

(f0) ≥
degFd

(fi) for i = 1,m. If the system of LMIs

PA0,j +AT0,jP <

m∑
i=1

τi(PAi,l +ATi,lP ), j, l = 1, N (11)

is feasible for some τi ∈ R, then the control in the form

ui(x) =


−‖x‖νid bi(x)

a(x) +
√
a2(x) + |B(x)|4
|B(x)|2

,

if |B(x)| 6= 0,
0, if |B(x)| = 0,

(12)

where i = 1,m, νi = degFd
(f0) − degFd

(fi), B(·) =

(b1(·), ..., bm(·))T , and

a(x) =
2xTdT (− ln ‖x‖d)Pf0(d(− ln ‖x‖d)x)

xTdT (− ln ‖x‖d)(PGd +GTdP )d(− ln ‖x‖d)x
,

bi(x) =
2xTdT (− ln ‖x‖d)Pfi(d(− ln ‖x‖d)x)

xTdT (− ln ‖x‖d)(PGd +GTdP )d(− ln ‖x‖d)x
,

globally asymptotically stabilizes the system (1) at the
origin.

Remark 2 The system of LMIs (11) guarantees that the
condition

|B(x)| = 0⇒ a(x) < 0 (13)

is satisfied, which according to (3) follows from the as-
sumption that V = ‖x‖d is a control-Lyapunov function.

Remark 3 If in Theorem 8 the strict inequality degFd
(f0)>

degFd
(fi) is satisfied, then the control-Lyapunov function

satisfies the small control property and the control (12) is
continuous at 0.

The controller (12) homogenizes the closed-loop system
with homogeneity degree degFd

(f0). Thus, if degFd
(f0) >

0, then any compact set containing the origin is fixed-
time attractive. If degFd

(f0) < 0 the system is finite-
time stable. It should be noted that in the case of the use
of Proposition 7 for system representation, the condition
f ∈ C1(Rn,Rn) restricts an application of control (12),
especially for the case degFd

(f0) < 0. However, as it shown

in the following remark, the condition f ∈ C1(Rn,Rn) can
be neglected if instead of Proposition 7 we would use the
numerical calculation of a(x), B(x) on a proper grid.

Remark 4 The system of LMI (11) is only a sufficient
condition to satisfy (13). In general, since

a(x) =
2yTPf0(y)

yT (PGd +GTdP )y
, bi(x) =

2yTPfi(y)

yT (PGd +GTdP )y
,

y = d(− ln ‖x‖d)x ∈ S, i = 1,m,

the condition (13) can be numerically checked using a
numerical grid on a sphere. Explicitly calculating a(x) and
B(x) we can obtain that

∂V (x)

∂x
f0(x) +

∂V (x)

∂x

m∑
i=1

uifi(x) ≤ −CV 1+degFd
(f0),

where C = miny∈S
√
a2(y) + |B(y)|4. Then, utilizing The-

orem 1 we can get estimations for settling-time functions.
Moreover, in this case we do not apply the represen-
tation (10), and the condition f ∈ C1(Rn,Rn) can be
neglected.

5. EXAMPLE

Consider the system (1) with x ∈ R3, m = 3, where

f0 =

(−x1x3
−x1
x2

)
, f1 =

(
x2
−x3

0

)
,

f2 =

x330
x3

 and f3 =

(
x1
x2
0

)
.

In this system f0, f1, f2 and f3 are d-homogeneous of
degrees 1, −1, 0 and 0, respectively, where d is strictly

monotone dilation equipped with the norm ‖x‖ =
√
xTx,

and Gd =

(
3 0 0
0 2 0
0 0 1

)
is a generator of the dilation. For

these functions we have representations in the form (10)
with corresponding matrices



A01 =

(
1 0 1
−1 0 0
0 1 0

)
, A02 =

(
1 0 −1
−1 0 0
0 1 0

)
, A03 =

(−1 0 1
−1 0 0
0 1 0

)
,

A04 =

(−1 0 −1
−1 0 0
0 1 0

)
, A1 =

(
0 1 0
0 0 −1
0 0 0

)
, A21 =

(
0 0 3
0 0 0
0 0 1

)
,

A22 =

(
0 0 0
0 0 0
0 0 1

)
, A3 =

(
1 0 0
0 1 0
0 0 0

)
,

for which the system (11) is feasible. The results of
the numerical simulation for the considered controller
are depicted in Figures 1 and 2. The system has been
discretized by means of the explicit Euler method with
the step size 0.01.

Fig. 1. Evolution of the state of the closed-loop system

Fig. 2. Evolution of the control signals

6. CONCLUSIONS

The paper presents stabilizing control algorithm for affine
control system (1) with homogeneous functions fi, i =
0,m. Due to homogeneity the closed-loop system has a
number of robust properties necessary in practice (e.g.
ISS, robustness with respect to delays, etc.). Despite
nonlinearity the main condition the system has to satisfy is
presented in the form of LMI. This condition is obtained
with the use of homogeneous function representation in
the form (10).

There are two main directions for future research. In
particular, it is expedient to develop a convex embedding
method, that allows representing of homogeneous systems
in the form (10) for the wider class than in Proposition 7.
The second direction is related to transformation and
approximation techniques to represent nonhomogeneous
systems in the form (1) with homogeneous fi.
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