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Abstract We focus on the minimization of the least square loss function under a
k-sparse constraint with a £o pseudo-norm. This is a non-convex, non-continuous
and NP-hard problem. Recently, for the penalized form (sum of the least square
loss function and a £y penalty term) a relaxation has been introduced which has
strong results in terms of minimizers. This relaxation is continuous and does not
change the global minimizers, among other favorable properties. The question that
has driven this paper is the following: can a continuous relaxation of the k-sparse
constraint problem be developed following the same idea and same steps from the
penalized €2 — o problem? We calculate the convex envelope of the constrained
problem when the observation matrix is orthogonal and propose a continuous
non-smooth, non-convex relaxation of the k-sparse constraint functional. We give
some equivalence of minimizers between the original and the relaxed problems.
The subgradient is calculated as well as the proximal operator of the relaxation,
and we propose an algorithm that ensures convergence to a critical point of the
k-sparse constraint problem. We apply the algorithm to the problem of single-
molecule localization microscopy and compare the results with well-known sparse
minimization schemes. The results of the proposed algorithm are as good as the
state-of-the-art results for the penalized form, while fixing the constraint constant
is usually more intuitive than fixing the penalty parameter.
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1 Introduction

In this paper we consider the constrained fo — £ problem:

1
min ~||Az — d||? such that ||z|jo < k (1)
zERN 2
where A € RM*¥ is an observation matrix, d € RM is the data, and || - ||o is, by

abuse of terminology, referred to as the £p-norm:

with #S defined as the number of elements in S. This formulation ensures that
the solution Z has at maximum k non-zeros entries. This type of problem appears
in many applications, such as source separation, machine learning, and single-
molecule localization microscopy, problems where M <« N. A more studied sparse
problem is the penalized 2 — £p problem:

1
min = Az — d||* + Alz||o (2)
zERN 2

where A € R> is a trade-off parameter. Even though the formulations and
are similar, they are not equivalent (see for example [24] for theoretical compari-
son). These problems also differ in their sparsity parameter. With the A parameter,
it is not possible to know the sparsity of the solution without testing it. The con-
strained problem does not have this problem as k fix the number of non-zero
components. However, the problems are both non-convex, non-smooth and NP-
hard. In the following paragraph we will outline the different methods to solve (1))
and .

Greedy algorithms Greedy algorithms are designed to solve problems of the
form . These algorithms start with a zero initialization and add one component
to the signal x at each iteration until the wished-for sparsity is obtained. Among
them, we find the Matching Pursuit (MP) algorithm [22], and the Orthogonal
Matching Pursuit (OMP) [25]. Newer algorithms add and subtract components at
each iteration, among them are the algorithm Greedy sparse simplex [3] or Single
Best Replacement (SBR) [35].

Mathematical program with equilibrium constraint Another method to
solve a sparse optimization problem is to introduce auxiliary variables to simulate
the nature of the £p-norm and add a constraint between primaries and auxiliaries,
and thus called a mathematical program with equilibrium constraint. Mixed In-
teger reformulations [7] and Boolean relaxation [27] are two among the many
algorithms based on this method. Algorithms of this method have been proposed
to solve sparse problems (see [BL21], for example). A recent paper [2] proved the
exactness of a reformulation of the constrained f3 — £y problem and showed its
abilities on single-molecule localization microscopy.

Relaxations An alternative to working with the non-convex fp-norm is to
replace it with the convex f¢i;-norm. This is called convex relaxation, but only
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under strict assumptions such as the RIP conditions, the original and the con-
vex relaxed problems are equivalent in terms of minimizers [I0]. Furthermore,
||z||1 penalizes not only the number of components in z but also their magnitude.
Thus, the ¢p-norm and ¢;-norm are very different when x contains large values.
Non-smooth, non-convex but continuous relaxations were primarily introduced to
avoid this difference. These relaxations are still non-convex, and the convergence
of the algorithms to a global minimum is not assured. Some of the non-convex
continuous relaxations are the NonNegative Garrote [§], the Log-Sum penalty [1T]
or Capped-/1 [26] to mention some. The continuous Exact o penalty introduced in
[33] proposes an exact relaxation for problem and a unified view of these func-
tions is given in [34]. A recent convex relaxation has been proposed in [31], which
replace the £p-norm with a non-convex term, but where the sum of the data-fitting
term and the relaxation is convex. Relaxation of the constrained £2 — £o problem
is less studied. However, the fixed rank problem and its convex envelope has been
presented in [I], and the problem has certain similarities with the constrained
lo — £y problem.

Contributions and outline The paper presents and studies a non-smooth
and non-convex relaxation of the constrained problem . Following the procedure
used to design the C'E L0O-relaxation of problem [33], we want to explore if an
equivalent continuous relaxation can be found for . The next section shows the
computation of the convex hull of the constrained ¢2 — fp formulation in the case
of orthogonal matrices. The convex hull yields to the square norm plus a penalty
term that we name Q(z). Note that the expression of Q(z) could be obtained by
applying the quadratic envelope presented in [13], choosing the right parameters.
However, in [13] the author uses an additional parameter that depends on the
observation matrix A. In section [3] the relaxed formulation is investigated as a
continuous relaxation of the initial problem for any matrix A. We prove some
basic properties of Q(z) to show that the relaxation favors k-sparse vectors. The
relaxation does not always ensure a k-sparse solution, but it promotes sparsity. We
show that if a minimizer of the relaxed expression is k-sparse, then the minimizer
of the relaxed problem is a minimizer of the initial one. We propose an algorithm to
minimize the relaxed formulation using an accelerated FBS method, and we add a
”fail-safe” which ensures convergence to a critical point of the initial problem. The
relaxation and its associated algorithm is applied to the problem of single-molecule
localization microscopy and compared to other state-of-the-art algorithms.

Notations and Assumption

— The vector 2+ € RY is the vector z sorted by its magnitude until the index k,
Le. |zt| > |os| > .. |a], Jak| > |ab], Vi > k.
— The vector z+Y is the vector that sorted such that < Y, >=< yi, ot >,

— a; is the i-th column of A. We suppose ||a;|| # 0Vi.
— The indicator function t,¢cx is defined for X C RY as

+ooifz ¢ X
teex () = {0 ifzeX

— sign™(z) is the function sign for = # 0 and sign*(0) = {—1,1}.
- Rgo denotes the space {x € R |z; > 0,Vi}.

Proposition 1 We can suppose that ||ai||2 = 1, V i without loss of generality.
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Proof The proof is based on the fact that £p-norm is invariant to a multiplication
factor. Let A4, and A _1_ be diagonal matrices with the norm of a; (respectively

lFasll

1/[|a:|[) on its diagonal, and let z = A4, |z, then ||Aﬁz||0 = ||Izllo = ||z|lo, and
thus )

1 1
argm1n§||Ax—d||§+LH.HUSk(3:) =A_1_ argmin §||Anz—d||§ + oy o<k (2)
xT z

el

where A,, is a matrix deduced from A where the norm of the columns are 1. O

‘We assume therefore that A has normalized columns throughout this
paper.

2 Convex envelope

In this section, we are interested in the case where A is an orthogonal matrix, i.e.
< aj,a; >= 0,Vi # j. In contrast to the penalized form, the functional with A
orthogonal is not separable so the computation of the convex envelope in the N
dimensional case cannot be reduced to the sum of N one dimensional cases (as in
[33]). The problem can be written as

G(@) = 3114z = dI* + 1), 2 (@) 3)

where ¢ is the indicator function defined in Notations. Before calculating the convex
envelope, some preliminary results are needed.

2.1 Preliminary results

Proposition 2 ([36]) g(z) : RN — R defined as g(z) = %Zle miu, where ¥ is
defined as in Notations, is conver.

Lemma 1 Letz € RY o non-increasing and non-negative vector, with x; > 0 and
x1 > x9 > --- > xN. Let us consider the concave problem

k
1 2
sup —§Zyi+<y,x>. (4)
Y12 >y >0 i=1
yp >y Vimk+1..N

Then there ezists a function T : RY — N, 0 < T(z) < k defined as the smallest
integer satisfying the double inequality

N

1
Th—T(z)+1 < (@) Y mi<ar@ (5)
i=k—T(x)+1

where the left inequality is strict if T'(x) # 1, and where xo = +o0o and such that
problem has the following optimal solution
T(l:r) Zﬁvzk{r(x)ﬂ T ifk>j>k—T(z)+1
orifj>kandz; #0
N o
|:07 ﬁ Zi:k*T(x)+l CL‘zi| Zf] >k and Tj = 0
x; ifj <k—T(x)+ 1

Yj =
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The value of the supremum problem is

k—T(x) N

2 X g | X ) "

i=1 i=k—T(z)+1

Proof Let z € RY be a non negative non increasing vector. Problem can be

written as
k Lk N
sup dowivi— 5 Dyt Y T (8)
=1 =1

Y122y >0 4
>y >0Vi=k+1..N i=k+1

We remark that finding the supremum for y; ,i > k reduces to

N
sup Z TiYi. (9)

Yp>yi>0
Viekt1..N =kt1

We divide the proof into different scenarios.
1a)3j>k,xz; =0. When z; =0, for j > k, we observe that y; is multiplied

with zero, and can take on every value between 0 and its upper bound yx. Thus
yj €[0,yr] if x; =05 > k.

1 b) zx = 0. Since z is non-increasing, this means that z; = 0,47 > k. So
problem can be written as

k—1 1 k—1 1
2 2
sup Tiyi— 5 > Yi £ sup  —Syk. (10)
ylz-z%_lzoi; 2 ; Veo12ye20 2

The supremum of y; in is yp = 0. From 1 a), y; = [0,yx], and thus y; =
0Vj > k. Furthermore, for y;, j < k the problems are strictly concave and thus the
derivative can be used to find its supremum, which yields y; = z;,Vj < k. More-
over, the solution y satisfies the inequality constraints since x is non-increasing.

1 c¢) 3j < k,xz; = 0. Since z is sorted, this means also z; = 0, ¢4 > j. Then
the results form 1 a) and 1 b) are valid. In fact this does not change the results
and we will have the same results as in 1 b) with y; = 0Vi > j, and y; = z; Vi < j.

2a)Vj>ka;#0and YN, #; < 2. The sum in @ is non-negative and
increasing with respect to y; and the supremum is obtained when y; reaches its
upper bound, i.e y; = yi, Vj > k and z; # 0 and we have

N N
sup Z TiYi = Yk Z Zj.

J, S

Thus in this case problem is equivalent to

k—1 k-1 N
1 1
sup > miyi — 3 Sui+  sup yk > @i+ TRk — 52;1%- (11)
Y12 >Yk-120 i=1 i=1 Yk—1>Yr >0 i=k+1
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Since problem is concave with respect to y the solution is given by the zeros
of the gradient:

N N
Tk — Yk + Zﬂ:i:O@yk:Z$i,
i=k+1 i=k

2
and the value of the supremum in y; is reached at % (Zf\; N ml) . Furthermore,

for each y;, j < k we have the following expression
Yj = 5.

We further assumed that vazk z; < xx—1 and thus the inequality constraints
in are verified, and the solution is of the form

SN wiif j > kand z; #0
yi =< [0, N, @] if j > kand z; =0 (12)
T; ifj<k.

The second line of the solution comes from 1 a).

2 b) Vj > k,z; # 0 and Zf\]:km@ > xp_1. If Zf\’:km, > xk_1, then y
obtained in does not verify yr < yr—1 and thus cannot be a solution. The
optimal argument of yj is reached at its constraint border, this yields yr = yx—1.
Furthermore, y; = yx,% > k. Problem can therefore be written as

k—

2 k—2 N
1
sup E TiYi — 5 E yi+  sup Y1 E Ti — Y1 (13)
i=1 i=k—

Y12 2Yk-220 ;4 Yr—22Yk-120 i 1

We solve the above equation by differentiating with respect to y;,5 = {1,...,k—1}
as the problem is concave in y;. The optimal solution is given by

%va:kflxi ifj>k-1
yi =005 il 2] if j > k and z; = 0 (14)
zjif j <k—1

The second line of (14)) comes from 1 a). The constraints are satisfied if xx_o >
% Zé\;kfl x;. Furthermore, such a solution can be found if z_1 < Zf\]:k x;, other-

wise is the solution. What lower bound has %Zi,%l x;? Comparing it with
Tr—1 yields

1 & 1 (&
5 Z zi—wk1=2(zwi—$k1> > 0.

i=k
This shows that the optimal arguments (14]) satisfies the constraints if xp_1 <
%Zé\;kq x; < xr_o. However, as in the last case, it is not certain that zxz_o >

% Z?’:k_l x;. If the inequality is false, it yields that yr = yx—1 = yx—2, in addition
to yr = ¥i, 4 > k. In this case problem ([13)) can be rewritten. By recursion, if there



A continuous relaxation of the constrained ¢o — ¢y problem 7

exist T(x) : RY = N, 0 < T(z) < k such that yp =yp_1 = --- = Yk—T(z)+1 then
problem can be written as :

k—(T(z)+1)+1 E—(T(z)+1)+1

1 2
S et o>
Y12 2 Yk (T(2)+1)+1=>0 i—1 =1
N
o T(z) o
+ sup Yk—T(z)+1 Z Ti — 9 Ye—T(z)+1-
Yk—(T(2)+1)+1 2 Yk—T()+1 20 i=k—T(z)+1

Then the above problem yields an optimal argument of the form

ﬁZf:k—T(m)-Hxi ifj>k—T(x)+1and z; #0
Ui = 310, 7y Sy aysa @] if >k and @ =0 (15)
x; if j <k—T(x)+1.

This is a solution only if

N T 1 N
in > Th—1, 5 Z Ti > Tp—2,. .- T2 -1 Z Ti > Tk—T(z)+1
i=k i=k—1 i=k—(T(z)—1)—1

(16)
and ﬁ Zf\;k_T(m)_H 7; < Tp_7(a), since, for example, if the first inequality in
(16)) was not true, then the solution found in 2 a) would verify the constraints and
would be a solution. If the second inequality of was not true, then would
be a solution. Thus, T'(x) is the smallest integer to satisfy ﬁ Zi\]:ka(x}kl x; <
Tkp—1(2)- A lower bound can be found of ﬁ Zf;k_T(w) x; by comparing it with
LTp—T(z)—1-

1 N
m Z Ti— ThoT ()41 =
i=k—T(xz)+1
1 N
m Z zi — (T(x) = Dap—1(@)+1 | > 0.

i=k—(T(x)—1)+1
The inequality comes from the last inequality in . Thus we can write the
optimal argument on a general form:
ﬁ Zf\]:k_T(I)_H z;if j > k—T(x)+1and z; #0
Ui = [0, 7ay Zilhor(ayr @il if j > k and 25 =0 (17)
zjifj<k—T(z)+1
where 0 < T'(z) < k so that

N
Th-T(a)+1 < @) Z ZTi < Tp—7(z)
i=k—T(x)+1

and the left inequality is strict if T'(z) # 1. We denote z¢o = +oo. The function
T'(x) ensures that the solution verifies the constraints.
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Note that if zj, = 0, then T'(z) = 1 as %Zf\;k z; = 0 < xi_1, and thus the
solution in , with a slight modification to, can serve as a general solution of

problem . a

Lemma 2 Let x € RYN. The following concave supremum problem

k
1
sup -3 Zy;ﬂ_'_ < yi’xiy > (18)

lyt 1= >]yx] >0 et
lyk >y} Vi=k+1..N

is equivalent to

k
1
sup -3 Zziu—l— <zh |2V > (19)
2> >2{>0 i=1
2>zt Vi=k+1..N

The arguments are such that yj = sign* (xfz)zf
Proof
1 & N
Problem (18) = sup -5 Syt > sign(a)yflar’l. (20)
lyy > >yt >0 i=1 i=1

lyf|>1yf| VYi=k+1..N

Note that 3% (sign(z!¥)y})? = SF_ 4% Let us define z; = sign(z;)y;, then

problem writes as

k
1 12 $i,42
sup PRI el (21)
lzt]>-->|zf>0 = —~
|25 >|2}] Vimk+1..N

Let’s assume that there is a 27 < 0, optimal argument for the ith component of

21).
If ¢ > k, then éj realises the supremum of
sup  z7|zr?.
|z >=} ]

We have thus 2} |z}7| > z¥|at?|,V|zi| < |zx|. Let chose a Z; = —2}, then we have
gHar?| > —2)|at?| © 25F|a?| > 0, which is impossible if 2% # 0. If 2; = 0, then

2} < |2}|, and could take negative values, however the value of supremum does
1

not change as z; is only multiplied with 0, and thus we can suppose z; > 0,7 > k.

If i < k, then éf is the supremum of

1 2 z
sup ffzii + |xf |zll
\fol\lef\Z\sz\

Assume that 27 < 0 then

22+ 2|5 > 22 4 22V 2, |zima] > 2] 2z .
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In particular, we chose z = —2¥ and we have

i

~d2 ~ A~ 2 ~ ~ A~

57+ |yt |2y > (—50)? — P15 a5y > — |25 &
2z?|5F >0

which is absurd if |chz| is positive and ézi is negative. If xfz = 0, then we have

21¢ =0or |21¢| = |zi+1/, and thus we can assume éj non-negative Vi < k. In order

to recover y; we define y¥ = sign*(z}7)z}, sign*(0) = {—1,1}. O
Corollary 1 Let z € RN. The problem @) can be written as a sum of strictly

concave problems and linear problems

k N
1
E sup —5232+|xfz|z2’ + E sup [|wl¢z|zﬂ (22)
i >

i i=k+125>2)
Theorem 1 Let z € RY. Consider the following concave supremum problem
L
sup —= Zyiu—i— <yt vV > . (23)
. 1 2 ¢
lyy|=-->]y; |20 i=1
|2 lyf| Visk+1..N
Let T(z) as in Lemma . Then the value of the supremum problem is
1 k—T(X) . N 2
12 +
=1 1=k—T+1
The supremum argument is given by

Sign(27) 7y Doino (o)1 15| Uk 252 k= T(@)+1
orifj>k andmf;«éo

1
yj(z) = L (24)
/ -1, 1]% Zi\]:ka(x)+1 ;| if j >k and le =
} if j <k—T(z)+ 1.
"

y(x) can be reconstructed using the same permutation as x uses to go to x.

Proof Note that a similar problem has been studied in [I]. They do however work
with low-rank approximation, therefore they did not have the problem of the s
since they work with matrices. This inspired us to this proof. From Lemma [2] we
can rather study .
We construct two functions and we prove a relation between them. First, defining
the space

D(a) = {b;b is sorted the same way as a}.

z € D(a) means a** = a*.

We define two functions f1 : RIZ\]O xRY - Rand fa: RIZ\]O x RV — R.

k
1
fi(z0) =<z la] > —5 > "=} (25)
i=1

k
1
fa(z,a) =< 2%, |at| > -5 >zt (26)
=1

3
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First, we can observe that

Supfl(zaa)z sup fl(Z)a)'
z z€D(a)

We want to establish a relation between the supremum of fi and f2. From [32]
Lemma 1.8], we have that V(z,a) € ]R]ZVO X Rgo we have the following inequality:

< z,a ><L ZJ’,a¢ >

and thus
sup f1(z,a) < sup fa(z,a).
The sup, fa2(z,a) is known from Lemma 1}

k—T(a) N

sup fa(z,a) = % > a4+ 2T1(a) > eyl - (27)

i=1 i=k—T(a)+1

We have further:

N k
1
sup fi(z,a) = sup E zﬂaﬂ ~3 E z;ﬂ = sup fa2(z,a).
z€D(a) ) i=1 z

Since sup, f1(z,a) is upper and lower bounded by the same value, we have

2

L FT@ 1 N
2
sup f1(z,a) = 5 Z a7’ + 7T | > ol (28)
i=1 i=k—T(a)+1
It remains to find all z for which fi reaches its supremum value. Let |a;| = |z;].

Problem can be decomposed into a sum of strict concave problems and linear
bounded problems as seen in Corollary [I] and we have

N
1
S| Lt e S s [ -
=1 zzl71zzii22j+1 i:k+12,ﬁ22f
k—T(x) 1
> sup oz el |+ (29)
i=1 |z 22>z,
k 1 N
Z sup —521-”—|—|:ciz|zii + Z sup [|ﬂcl¢z|zﬂ (30)
i=k—T(z)4+1 | #1122t >z, i=kt1 2L =2

We observe from the supremum value the following equality

k—T(X) k—T(X)

1 1
33 ett= 3 |-gelt+letleh]. (1)
i=1

1=1

Letting z be such that z¥* = 2+ and replacing zj’ in by |;vj’| for j < k—
T (zx) yields , and is thus a solution of for zii,i < k — T(z). Further, by
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. . . 1 1 k—T(X) | 1
identification, we remark that we can replace zj in 1) by T D it |z} |

for j > k — T(x) and obtain the second part of (28). We have thus identified
optimal arguments of problem . Furthermore, the supremum problem is
strictly concave for zj-, j < k, as observed in Corollary |1} and thus the supremum

argument is unique. For z}L, j > k, we observe the non-uniqueness in the case
where xj’ =0, as Zj' can take the values [0, ﬁ Zf;lT(X) \Jcﬂ] Let P € RV*YN be
such that Pz = z*, then z can be constructed from z* by letting z = P~ !2z% and
y; is reconstructed from z; by multiplying with the sign*(x;). O

2.2 The convex envelope of the constrained 2 — ¢y problem when A is orthogonal

Following [33], we suppose that AT A is a diagonal matrix D? (which is equivalent
to say that the columns of A is orthogonal). Note that D = I, the identity matrix
since A has normalized columns. In this case the function Gy, can be rewritten
as

1 1
Gr(z) = 1) p<k(®) + 3 ld — b2 + 5 lz — 2|2 (32)

where b = AATd and z = ATd. This reformulation allows us to decompose the
data-fitting term into a sum of 1-dimensional functions.

To calculate the convex envelope of a function f : RN — RU {+o0c} we use the
Legendre-Fenchel transformation defined as

f (™) = sup <wu,u” >—f(u).
u€RN

The biconjugate of a function, that is applying the Legendre-Fenchel transforma-
tion twice, is the convex envelope of the function. We apply the Legendre trans-
formation on the functional

« 1 1
Gr(y) = sup < z,y > —y.,<k(T) — 3 ld — bl — 3 o — 2|3
T€RN

We leave out the terms that are not depending on x.
* 1 2 1 2
Gi(y) = =5 lld=0blz + { sup <@y > =y o<k(@) = 5 lz =213 ) -
z€RN

Writing differently the expression inside the supremum we get

* 1 2

Gr(y) =— ) ld—0bll5+
1 , 1 S T
(5up, ~stenea(e) = 5 lle = G+ 03 + 3l + 13 - 51e0)
zERN

To simplify the notations, we denote w = z + y.

. 1 1 1 1
Gr(y) = =5 ld = bll5 = 511213 + 5wl +  sup =4y o<k(@) = 5 o —wlf3 ).
2 2 2 SCRN 2
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The supremum is reached when z; = wii7 1 < k,and z; =0, Vi > k. The Legendre
transformation of G is therefore

k
* 1 1 1
Gi(y) = =5 lld = bll; = 5 ll2llz + 5 D (= + )7

i=1

To get the convex envelope of the function Gy, we compute the Legendre trans-
formation of G,

k
* % 1 2 1 2 1 12
G’ (@) =sup <y > +3 ld = Bll3 + 5 ll=lz — 5 ;(2 +y)i2

We add and subtract %||ac||2 and < x,z > in order to obtain an expression that is
easier to work with.

o 1 1 1 1
Gy (2) = sup < 2,y >+ 5 = b3 + S 1203 + S lal® = 5 )
Y

k
1 2
+<a:7z>—<:c7z>—§é_l(z+y)i’
1 1 1 1<
Gif(z) = “d=b|* + Z|lx — 2|2 = Z||z||2 = = 12
k () St;p<a:,z+y>+2|| Iz + 5l z||2 2HFEII 2i§:1(z+y)z

Noticing that & [|[d — b||3 + 1|z — 2|13 = 1||Az — d||3, using the notation w = z+y,
and given the definition of w*, this is equivalent of

k
ok 1 1 1
G (z) = = ||Az — d||3 — = ||z||* + sup <z wh > fwaiu.
2 2 4 4 2 N
‘w1|2“‘2|wk,‘ =1
|wi|>|w} | Vi=k+1..N

(33)
The above supremum problem can be solved by using Theorem [I| with z+¥ = z+¥
and w' = y*. This yields

2

1 - 1 ol
ok _ 2 12 +
Gy (z) = §||A1’ —dlz - 2 Z Ty + 7@ | Z |7 | (34)
i=k—T(z)+1 i=k—T(z)+1
or )
Gi*(z) = 5| Az — d3 + Q=) (35)
where
JR— 1 o :
Q)=-5 Y w+gm—~| D lefl (36)
2 27 (z) | .
i=k—T(x)+1 i=k—T(x)+1

and where T'(x) is defined as in Lemma This expression of the convex envelope
may be hard to grasp since the expression is on a non-closed form. To understand
better Q(x) and its properties we have the following lemmas.

Lemma 3 Q(z): R™ — [0, 00].
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Proof Let us show that Q(x) > 0, V. We use equation (36| as starting point.

R 1 al i
=_= 12 +
i=k—T(z)+1 i=k—T(x)+1
1 a 1 al i
4 4 4
> _§|$k‘7T(m)+1| . Z |7 | + 2T () | Z |7 |
i=k—T(x)+1 i=k—T(z)+1
1 al 1 al
. ' ' 1
1 T D DR B o 15 Sty B R 1
i=k—T(z)+1 i=k—T(z)+1

> 0.

We used the fact that |mt7T(x)+1| > |¢t|, Vi > k—T(x)+1 for the first inequality.
For the second inequality, we used the inequality in the definition of T'(z) (see
Lemma [1)) to go from the second to third line. Note that for T'(z) > 1 the last
inequality is strict. u

Lemma 4 The function Q(z) is continuous.

Proof By definition we have that G}*(z) = 3||Az —d||* + Q(x) when A is orthogo-
nal, and G%* is lower semi-continuous, and continuous in the interior of its domain.
From [28], Corollary 3.47] for coercive functions, dom(co(f)) = co(dom(f)), where
co is the convex envelope of a function and dom is the domain of the function.
First, G, is coercive when A is orthogonal since we have ||Az|?* = (Az)T Az =
2T AT Az = ||z||?. G}* is continuous on RY. dom(G}) is made up of all different
supports where ||z[o < k, so its convex envelope is RY. Thus dom(G}*) = RY,
and G}* is continuous on RY. Moreover, Q(z) = G3*(z) — 5[|Az — d||*, so Q(z)
is the difference between a continuous function and a continuous function, and is
independent of A, and thus continuous. a

Lemma 5 Let ||z|o < k. Then T(z) in Lemma[]] is such that T(z) = 1. The
inverse it not necessarily true.
Proof From Lemma [I] we know that T(x) satisfies

N

. 1 . +
Tk r@nl S Ty Yl < lap_pl
i=k—T(z)+1

First, note that for all z such that ||z|jo < k, we have Vj > k, :cj =0, and in this
case the inequalities are clearly satisfied for T(x)=1. Since T'(z) is the smallest
possible integer, T'(z) = 1.

An example to prove the inverse it not true: Let z = (6,3,2,1)7. Let k = 2,
then

N
>zl =6 <oy | =6.
i=k
T'(xz) = 1 but the constraint is clearly not satisfied. O

Lemma 6 Q(z) =0 if and only if ||z|o < k.
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Proof From Lemma Q(x) > 0 and the inequality is strict if 7'(z) > 1. Thus, it
suffices to investigate T'(z) = 1. The expression is thus reduced to:

N j-1
Q)= Y > |atlly|

j=k+1i=k

which is equal to 0 only if at least Vj, j > k, xi =0.
O

Corollary 2 Vz, ||z|lo < k we have that Gg(x) = Gr(x). This comes from
Lemma @ since Q(x) = 0 and in the case of Gy, v|.|,<x(z) = 0, and thus the
values are the same.

In the next section, we will investigate the use of Q(z) when A is not orthogonal.

3 A new relaxation

From now on, we suppose A € RM*Y with A not necessarily orthogonal.
We are interested in a continuous relaxation of GG}, defined as

1
G = Sl Az — d|I* + 1), <u ().

Following the C EL0 approach, we propose the following relaxation of Gg:

1
Gaoe) = LAz —dI* + Q) (37)
where
R 1 ol i
= ‘!,2 J,
i=k—T(x)+1 i=k—T(x)+1

with T'(x) is the function defined in Lemma [l and is the smallest positive integer
satisfying
N

. 1 1 '
%1 (@)1] < T(z) X; |25 < 12| (39)
i=k—T(z)+1

where the inequality is by definition strict if T'(z) > 1.
Remark that Q(z) can be written as

N k
_ 1 2 1 12
Q(x)——iiz:;xi-i'sgp—iizzlwi +<w,x>. (40)

Note that the properties of Q(z) proved in Sectionare valid for any A. The ex-
actness of a relaxation signifies that the relaxation has the same global minimizers
as the initial function. Furthermore, it does not add any minimizers that are not
minimizers of the initial function. The C' E L0 relaxation is exact relaxation of the
penalized functional . The proposed relaxation G of the constraint functional
Gk is not exact as a counterexample later in the paper shows. We can prove,
however, some partial results.
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Theorem 2 Let & be a local (respectively global) minimizer of Gg. If ||Z|lo < k,
then & is a local (respectively global) minimizer of Gy,.

Proof Let . := {z : ||z|]lo < k}. Let & be a local minimizer of G¢, such that
l|Z|lo < k and let 4#'(&, ) denote the y-neighborhood of #. By contradiction assume
that 3 € A (&,7) U7 s.t. Gi(T) < Gr(&). From Corollary 2| Go(Z) = Gi(Z)
and Gg(&) = Gk(&), which means 3% € A (Z,7) U ¥5.t.Gq(Z) < Go(&) which is
a contradiction since % is a minimizer of G'g. The same reasoning can be applied
in the case of global minimizers. a

Thus, if a minimizer of the relaxed functional satisfies the sparsity constraint,
then it is a minimizer of the initial problem. Furthermore, the relaxation is a mix
of absolute values and squares and promotes therefore sparsity. The subgradient,
as can be seen in the next section, promotes a k-sparse solution.

3.1 The subgradient, preliminaries

In this section, we calculate the subgradient of Gg. Since G is neither smooth
nor convex, we cannot calculate the gradient nor the subgradient in the sense of
convex analysis. We calculate the generalized subgradient (or Clarke subgradient).
The obtained expression shows the difficulties to give optimal necessary conditions
for the relaxation.

To calculate the generalized subgradient, we must first prove that Q(zx) is
locally Lipschitz.

Definition 1 A function f: RY — R is locally Lipschitz at point x if
I(L,e),V(y,y') € N (x,6) | f(y) — F) < LIy — |

where L € R>g, and .#/(z, €) is a € neighborhood of x.

Lemma 7 Q(x) is locally Lipschitz, Yz € RY.

Proof First, it is well-known that the supremum of locally Lipschitz functions is

locally Lipschitz. Let’s use the definition of Q(z) from . The function defined

1 —k .¢2

as T — Sup,, —5 ) ,—q Wy + < w,x > is locally Lipschitz since Vi the functions

2
T — f% Zle wi’ + < w,x > are locally Lipschitz. Furthermore, the sum of two
locally Lipschitz functions is locally Lipschitz. a

Since Q(z) is locally Lipschitz, we can search for the generalized subgradient,
denoted 0.

Definition 2 The generalized subgradient [I5] of a function f : RY — R (which
is locally Lipschitz) is defined by

f(z) :={€ e RY : fOz,v) >< v,& >, Vv e RV}
where fO(x,v) is the generalized directional derivative in the direction v,

fo(iE v) = lim sup w
’ Yy—x 77 :
1740
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Theorem 3 Let z € RY, let T(z) be as defined in Lemma |1, and let y(x) be
defined as in Theorem on page B The subgradient of Gg(x) is

0Gq(z) = A" (Ax — d) — = + co(y(z)) (41)

where co(y(x)) is the conver envelope of the set of subgradients where the supremum
is reached in Theorem [1l

2
Proof GQ is sum of three functions, sup,, —3 le wzl + <w,z >, 3||Az — d||?
and —5 fv , x7. From [I5, Proposition 2.3.3 and Corollary 1] and since the two

last functions are differentiable, we can write the generalized subgradient of G as
the sum of the gradient of the two last functions and the generalized subgradient
of the first, i.e.

;_n

N
0Go =V [f||A —d|]?)( EZ ()40 Sup—wa + < w,- >](z). (42)

From [23] Theorem 2.93], the subgradient of the supremum is the convex envelop
of the subgradient where the supremum is reached. Our problem is

k
1 ~L2
Bc[sgp—g iglyi + <y, >|(z).

2
We define g(y,z) = — 5 le yﬁ’ + < y,x >. The subgradient of g with respect to
x is 9:(g9(y,))(x) = y. It suffices therefore to find y that realises the supremum.
Note that we can write the supremum problem as follows

k

1

Sub —S> oyt <yttt > (43)
lyf 1> >y >0 —

lyg|>ly}| Vi=k+1..N

Theorem [I| identifies the optimal arguments y(z). Inserting the result into the
expression of subgradient in we obtain

0Gg(x) = A" (Az — d) — = + co(y(z))

where co(y(x)) denotes the convex envelop of the supremum set. a

A natural question that arises is what is co(y(z))? We have seen that y(x) is
not unique when z¥ = 0 for i > k. Moreover the permutation to recover y(z) from
i(:17) is not unique thus y(z) is not unique. Let us take an artificial example: Let
x € R* be such that |z1| = |x2|, with |z4| the largest coordinate in absolute value
and |z3| the smallest, and z* can be either written as &+ = (x4, 21,22, 23)7 or
it = (24,22, 21,23)T. Let k = 3, and suppose T'(x) = 1. Then, with Z* we will to
obtain §¥(z) = (x4, 1, sign(z2)(|z2|+|z3|), sign(zs) (|z2|+|z3]))T and &+ we will to
obtain ¢¥(z) = (x4, x2, sign(x1)(|z1|+]|z3|), sign(zs)(|z1|+|z3]))T. We reconstruct
gy and y by applying the inverse permutation that was applied to x in order to
obtain Z+ and @t. §(z) = (z1, sign(x2)(|z2| + |x3|), sign(zs)(|za| + |za]), z4)T is
not equal to g(z) = (sign(z1)(|z1] + |z3]), z2, sign(xs)(|z1| + |z3]), z4)”. This is
an artificial example and in the following corollary we will show that the function
T'(zx) is such that y(z) is always unique up to a permutation.
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Corollary 3 The subgradient of Gq is non-unique only if 3x; = 0, i.e. y(z) is
always unique with respect to permutations, and co(y(x)) = y(x). Thus

G (z) = A" (Az — d) — = + y(=). (44)

Proof In the artificial example above, we have seen that y(x) is not unique if there
exist multiple elements of x which are equal in their absolute value, and, depending
on the permutations that yield z¥, would yield different y(z). This would happen
if = is such that for |z;| = |x;|, and for one permutation we would have z; =
xtiT(le and z; = l‘th(x)’ and for another permutation, we would have the
opposite. This would lead to y(x) being not unique in the sense of permutation.
Let us investigate if the function T'(x) would allow this to happen. Lets call z; = 2
and z; = v. To simplify the notation, let us set T'(x) = T' > 1 which then satisfies

1 N
LY ezl
i=k—T+1

where act_T = z and :ct_T 41 = v. We can rewrite the above inequality

N N

otz X kH<kEer > leH<ll-ghl
i=k—(T—1)+1 i=k—(T—1)+1
Since |z| = |v| we have
N

1
7 > l=l<

i=k—(T—1)+1
and more precisely,

N

1 1 '
71 Z 27| <l oyl
i=k—(T—1)+1

This is not possible since T is the smallest value that satisfies the inequality in
(5), and here T'— 1 verifies the inequality.
If T(x) =T =1, then

N
> x| < =y
i—=k

can only be true if xt_,_l =0as |zr_,| = |z}|. And in that case y(z) is unique as
yt = sign(xt)(Zf\;k lzt]) = zt, and thus y(z) = z.

Thus T'(z) will ensure that y(z) is unique with respect to permutation, and
the co(y(x)) = y(x). O
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3.1.1 Examples of the uniqueness of y(x)

Let 2 € R® be such that |z2| > |z1]| = |z3|. We choose k = 2, let = be such that
T(z) in is T(x) = 1, note that T'(x) is not necessarily 1, but is assumed here.
Then the permutation that obtains z' is not unique, and we note z¥ and &' for
the two different permuted vectors. y*(x), solution from Theorem |1} is thus either

T2 T2
gt = (sign(z1)(ja1| + |za]) | or §" = | sign(ws)(|21| + |2a))
sign(x3)(|z1] + |3]) sign(z1)(|z1| + |z3|).

In order to reconstruct y(z) from y¥(z), we perform the inverse permutation that
defined x*. In both cases we have that

sign(z1)(Jz1| + |x3))
y=9= T2
sign(wz)(|z1| + |=3])

We observe that y(x) is unique.

3.1.2 A second example involving a zero coordinate

Let € R? and let |z1| = |x2| and |23 = 0. k = 2, T(z) is defined in and we
have T'(z) = 1 (since x verify the constraint). And y* can be these 2 vectors

" = | sign(w2)(|z2|) | or §" = {sign(a1)(jz1))
[=la2], [z2]] [=l1]; z1]])

In order to reconstruct y(z) from y*(z), we perform the inverse permutation that
defined z*, and we obtain

1 T
y= 2 or y= x2
(=[], 1] [—[z2], 2]
However, since |z1| = |z2|, § = y, and thus y is unique.

3.2 A numerical example of the relaxation in two dimensions

In order to obtain a clearer view of what is gained with the proposed relaxation,
we study two numerical examples in two dimensions. We set k = 1 and the initial
problem is

1
Gi(z) = EHAw —d||* + <1 (2)-

In two dimensions the problem G—; is a simple problem to minimise. The solution
is either when the first component, Z; is 0, or when the second component Z2 = 0,
or both. For k =1 we have that T'(z) = 1, and the relaxed formulation is then

1
Ga(z) = 5llAz — d|l* + |a1|z].
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RZ)(Q

We consider the case where A € , and the two following examples:

32 1

A= (1 3> /11/||ai|| and d = (2) (45)
-3 -2 1

A= ( 1 3 > /11/”,“” and d = (2) (46)

where A;/||q,) is a diagonal matrix with ﬁ on its diagonal, and ||a;|| is the
norm of the i-th column of A. Figure El presents the contour lines of G, and Gg.
The red semi-transparency layer over the contour line of the Gy represents the
infinite value, and the blue semi-transparency layer over the relaxation marks the
axes. The figures show the advantages of using G¢ as relaxation. The relaxation
is continuous, and in Example , the relaxation is exact. This can be observed
in the upper row in Fig. [1 Example gives an example when the relaxation
is not exact. In the lower row of Fig. [I] we observe the effect of the relaxation,
as it is a product of the absolute value of x1 and z2. The global minima for the
relaxation in this case is situated in (—0.086,1.0912) and the two minima for Gy,

are (—0.3162,0) and (0,1.094).

Relaxation

Fig. 1: Top: Level lines of the function G and Gq for the example . Bottom:
Level lines of the function Gy and G¢g for the example 1D

4 Algorithms to deal with Gq

The analysis of the relaxation shows that it promotes sparsity. The function G is
non-convex and non-smooth, but in comparison to the initial function Gy, Gq is
continuous. One could implement a subgradient method, either by using gradient
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bundle methods (see [9] for an overview), or classical subgradient methods. How-
ever, there are no convergence guarantees for the latter. Both methods are also
known to be slow compared to the classical Forward-Backward splitting algorithm
(FBS). The FBS algorithm is proven to converge when the objective function has
the Kurdyka-Lojasiewicz (K-L) property. More recent algorithms propose accel-
erations of the FBS, such as the Nonmonotone Accelerated Proximal gradient
algorithm (nmAPG) [20] which is used in the numerical experiences of this paper.
They are designed to work on problems on the form

S argmmin J(z) = f(x) + g(x) (47)

where f is a differential function, V f is L-Lipschitz, and the proximal operator of
g can be calculated. It is possible to add a fail-safe to be sure that the algorithm
always converges to a solution that satisfies the sparsity constraint. A simple pro-
jection to the constraint ||z|jo < k using the proximal of the constraint and then
the calculation of the optimal intensity for the given support would suffice. To use
the FBS and its variants, we need to calculate the proximal operator of Q(z). To do
so, we present some preliminary results before presenting the proximal operator.

Lemma 8 Gq satisfies the K-L property.

Proof %||Azx — d||? is semi-algebraic. Using the definition of Q(z) in we can
prove that Q(z) is semi-algebraic. ||z||3 is semi-algebraic. Since

k
2 1 2
> @ =supg(z,y) = —t).o<n(y) — Sllz =l
Yy

=1

and g(zx,y) is semi-algebraic [6], then Zle .TJ{Q is semi-algebraic. Thus, f(z,y) :=
- Zle yl-w—ﬁ— < x,y > is semi-algebraic, and the supremum as well. We can con-
clude that Q(z) is semi-algebraic, and thus G satisfies the K-Eproperty. a

Lemma 9 Let g : R — R be a strictly convex function, let w = arg min, g(¢t), and
let us suppose that g is symmetric with respect to its minimum, i.e. g(w —t) =
g(w + t)vt € R. The problem

z = argmin g(t)
b<|t|<a

with a and b positive, has the following solution

w ifb<|wl<a
z = qsign®(w)a  if lw| > a
sign®(w)b  if |w| < b.

Proof Since g is symmetric over its minimum g(w + t1) < g(w + t2)V|t1] < |t2].
Assume that 0 < w < b. We can write g(b) = g(w + @), @ > 0 and g(—b) =
g(w + B),8 < 0. Since w > 0 then |a| < |A| and thus the minimum is reached
with z = b on the interval [b, a]. Similar reasoning can be used to prove the other
cases. O
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Lemma 10 Let g; ,i € [1..N] be strictly convex and let w = (w1, w2, ... wy)’ =
argmin, 3 gi(t;) and let us assume that |wi1| > [w2| > -+ > |wg| and |wgi1]| >
|wkt2| > -+ > |wn]|. Let g; be symmetric with respect to its minimum. Consider
the following problem
N
arg min Z gi(ti). (48)
[t1]>->tg] i
[te|>]t:| Vi=k+1..N
The optimal solution is
ign™ (w; ; ifl1<i<k
iy = {8 omax(d. )12 i< ”
sign®™ (w;) min(|w;|, 7)  ifi >k

where T € R is in [min(Jwg]|, |wk+1|), max(|wk|, |lwks1])] and is the value that min-
imizes Y gi(ti(1)).

Proof Note that this proof is inspired by [19], Theorem 2], with some modifications.
First, if |wi| > |wg+1], then w satisfies the constraints in Problem ([48)), and thus
w is the optimal solution. If |wg| < |wk+1| we must search a little more. In both
cases we can, since each g; is convex and symmetric with respect to its minimum,
apply Lemma |§| for t;, and the choices can be limited to the following choices:

w; if [ti—1]| > |wi| > |tit1] and @ < k
sign®(w;)|tig1|  if |wi| < |[ti+1] and @ < k

t; = ¢ sign™(w;)|ti—1|  if Jws| > |[ti—1] and ¢ < k (50)
w; if |¢g] > |w;i| and ¢ > k
sign™ (w;) |tk if |tx| < |wi| and @ > k.

This can be rewritten in a shorter form, at first in the case where i < k.
t; = sign(w;)" max (|wil, [tit1]). (51)
This can be proved by recursion. In the case of i = 1, w; is the optimal argument if

|w1| > |t2], otherwise sign™ (w1)|t2| is optimal. Therefore t1 = sign™ (w1) max(|wi], [t2]).
Assume that this is true for the i-th index.

Wi+1 if |t1| > |wi+1| > |ti+2| and i+ 1<k
tit1 = sign* (wi+1)|ti+2| if |wi+1| < |t1‘+2| andi+1<k (52)
sign™ (wi4+1)|¢i| if jwit1]| > |t;| and ¢ + 1 < k.

But ¢; = sign™ (w;) max(|w;|, [ti+1]), which yields |¢;] > |wi| > |wi+1] and thus the
third case of can be ignored.
When i > k the following solution is evident

t; = sign™ (w;) min(|tx|, |wil). (53)

Now assume for an i < k that ¢; # w;. This implies that

[ti] = [tita] > fwil.
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Since w; is non increasing for ¢ < k, the following inequality |t;+1] > |wit1] is true.
Furthermore, |t;41| = max(|wit1], |ti+2|) = |ti+2|. This argument can be repeated
just till k£ so that

til = [tiga] = [tig2| = -+ = [tk]-

To facilitate the notations, |t;| = 7. The theorem is proved by inserting 7 instead
of |ti+1] and |tg| into equation and . ]

Remark 1 Note that if w, defined in Lemma is such that |wg| > |wk41], then
t(r) = w.

Theorem 4 Lety € RY. The prozimal operator of—(%) ng:k_i_l(:r)u, denoted
Proz_ce=y s o (yi2(y) i

i

sign(yﬁ)maxﬂyﬂj) ifi <k

1

54
sign(yy) min(r, [pyy|)  if i > k. 59

proxf(%)zﬁv:kﬂ(_)ﬂ (y)i = {
If |yt\ < p|yt+1\ then T is a value in the interval [|yt|,p|yt+1|], and is defined as

P icn, Wi+ P Y icn, 1471
T =
p#n1 + #ne

(55)

where n1 and na are two groups of indices that indicates when yii <71 forani<k
and T < p\yzﬂ for an i > k respectively. #n1 and #n2 are the sizes of nl and n2.

The proof is similar to the proof of Theorem [I| and thus is omitted.

Note that the search for 7 can be done iteratively by sorting in descending
order all values of yj i <k and pyi¢ i > k that are (with respect to their absolute
value) in the interval [|y}], ply;: 411]- The sorted elements defined in Theorem and
denoted p;. n1,n2 must calculated for each interval [p;+1,pi]. The search is over if
Tis € [piy1,pil-

The expression of Q(z) in is not on a closed-form expression because of the
function T'(x) and calculating the proximal operator directly from the expression
is difficult. The following proposition facilitates the calculation of proxg. The
proposition is inspired by [12, Proposition 3.3], and the proof is omitted in this
article as it follows the same steps and arguments as in the referenced article.

Proposition 3 Let p > 1 and z = PrOT_(p=1yson (2 (y). We have

-z
proze (y) = P (56)

Theorem 5 The proximal operator of Q for p > 1 is

L py,%fsign(ypf_)inaX(\yfl,T) ifi <k
pmx% ()i = py} —sign(y}) min(7,ply}|) ifi>k

p—1
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or, equivalently

e ifi < k*
Vosi Y . * . ok
proze (y)i = pyl?% ifk* <i<k
0 if K <.

where k™ is the first index such that 7 > |yzi| and k™™ is the first index such that
p\yzﬂ < 7. T 1is as defined in Theorem .

Proof The result is direct by applying Proposition [3] and Theorem [ O

Note that the proximal operator of Q) is only a relaxation of the proximal operator
of ||z|lo < k, which keeps the k largest values of x.

The codes to compute the proximal operator and the cost function are available
online: https://github.com/abechens/SMLM-Constraint-Relaxation

5 Application to 2D single-molecule localization microscopy

In this section, we compare the minimization of the relaxation with other state-
of-the-art sparse algorithms. Namely CoBic [2] and the Iterative Hard Thresh-
olding (IHT) [16] which minimize functions on the constrained form (T]), and the
CELO [I7] and the ¢ relaxation, both relaxations of the penalized formulation (2).
G is minimized with the Nonmonotone Accelerated Proximal gradient algorithm
(nmAPG) [20]. The algorithms are applied to the problem of 2D Single-Molecule
Localization Microscopy (SMLM).

SMLM is a microscopy method that is used to obtain images with a higher
resolution than what is possible with normal optical microscopes. The method
was first introduced in [I841[29]. Fluorescent microscopy uses photoactivable fluo-
rophores that can emit light when they are excited with a laser. The fluorophores
are observed with an optical microscope, and, since the fluorophores are smaller
than the diffraction limit, what is observed is not each fluorophore, but rather
a diffraction disk (or equivalently the Point Spread Function (PSF)) larger than
the fluorophores. This limits the resolution of the image. SMLM exploits photoac-
tivatable fluorophores, and, instead of activating all the fluorophores at once as
done by other fluorescent microscopy methods, one activates a sparse set of fluo-
rescent fluorophores. The probability that two fluorophores are in the same PSF is
low when only a few fluorophores are activated (low-density images), and precise
localization of each is therefore possible. The localization becomes harder if the
density of emitting fluorophores is higher because of the possibility of overlapping
PSF’s. Once each molecule has been precisely localized, they are switched off and
the process is repeated until all the fluorophores have been activated. The total
acquisition time may be long when activating few fluorophores at a time, which is
unfortunate as SMLM may be used on living samples that can move during this
time. We are, in this paper, interested in high-density acquisitions.

The localization problem of SMLM can be described as a f2 — £p minimization
problem such as and with an added positivity constraint since we recon-
struct the intensity of the fluorophores. For G, this is done by using the distance
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Fig. 2: Simulated images, from left to right: 15 acquisition, 361" acquisition, and
the sum of all the acquisitions.

function to the non-negative space since the proximal operator of the sum of Q(x)
and the positivity constraint is not known. A is the matrix operator that performs
a convolution with the Point Spread function and a reduction of dimensions. The
fluorophores are reconstructed on a finer grid € RMLXML than the observed im-
age € RM*M with L > 1. A complete lecture of the mathematical model can
be found in [2]. Note that an estimation of excited fluorophores is possible to do
beforehand as this is dependent on the intensity of the excitation-laser. Thus the
constrained sparse formulation may be more suitable to use compared to the
penalized sparse formulation as the sparsity parameter k is the maximum num-
ber of non-zero pixels to reconstruct, and one pixel can be roughly equivalent to
one observed excited fluorophore.

The algorithms are tested on two datasets with high-density acquisitions, acces-
sible from the ISBI 2013 challenge [30]. For a review of the SMLM and the different
localization algorithms, see the ISBI-SMLM challenge [30]. Figure |2 shows two of
the 361 acquisitions of the simulated dataset as well as the sum of all the acquisi-
tions. We apply the localization algorithm to each acquisition, and the sum of the
results of the localization of the 361 acquisitions yield one super-resolution image.
We use the Jaccard index to do a numerical evaluation of the reconstructions.
The Jaccard index is known from probability and is used to evaluate similarities
between sets. In this case it evaluates the localization of the reconstructed fluo-
rophores (see [30]), and is defined as the ratio between the correctly reconstructed
(CR) fluorophores and the sum of CR-, false negatives (FN)- and false positives
(FP) fluorophores. The index is 1 for a perfect reconstruction, and the lower the
index, the poorer the reconstruction. The Jaccard index includes a tolerance of
error in its calculations when identifying the CR, FN and FP.

CR

- Y q00%.
Rt PP FN < 100%

Jac

5.1 Results of the ISBI simulated dataset

The simulated dataset represents 8 tubes of 30 nm diameter. The acquisition is
captured on a 64 x 64 pixel grid with a pixel size of 100 x 100 nm?. The acquisition
used a simulated Point Spread Function (PSF) modeled by a Gaussian function
with a Full Width at Half Maximum (FWHM) is 258.21 nm. Among the 361
images are 81 049 fluorophores.
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(c) Constrained THT

(d) Ground truth (e) CELO (f) £1-relaxation

Fig. 3: Reconstructed images from the simulated ISBI dataset, 99 non-zero pixels
on average. Top: From left to right: Gg, CoBic and IHT. Bottom: From left to
right: Ground Truth, CELO, and ¢;-relaxation.

The algorithms localize the fluorophores with higher precision on a 256 x 256
grid, where each pixel measures 25 x 25 nm?. This can be written as a reconstruc-
tion of z € RMEXML with an acquisition d € RM*M  where L = 4 and M = 64.
The position of the fluorophore is estimated using the center of the pixel.

We test the reconstruction ability of Gg with the sparsity constraint k, set
to three different values and the Jaccard index is presented in Table I The A
parameters for the penalized functional is set such that the same number of
non-zero pixels is reconstructed as for the constrained problem. The reconstruc-
tions for 99 non-zero pixels from the different algorithms are presented in Fig.
The proposed relaxation performs better or equivalent to the state-of-the-art
CELO. The relaxation performs better than any of the constrained formulation
algorithms (CoBic and Constrained THT), moreover, CoBic does not reconstruct
more than 99 non-zero pixels on average. The average reconstruction time for one
acquisition is found in Table

Table 1: The Jaccard index obtained for an reconstruction of around 90, 100 and
142 non zero pixels on average. In bold: Best reconstruction for the tolerance and
the number of pixel reconstructed.

Jaccard index (%) for 90 | 99 [142 non-zero pixels on average
Method/Tolerance | 50nm 100nm 150nm
Constrained THT 20.2|21.3|22.0 35.0[37.8]42.2 38.9(42.9|51.0
CELO 26.7]29.3|32.7 37.7|41.3]46.9 | 38.8]42.4]|49.2
CoBic 23.9|25.2|- 36.3]40.0 |- 38.2|43.2|-
Go 27.3[29.5]32.5 | 37.4|41.9]42.5 | 39.543.5/44.0
7;-relaxation 20.1[22.4]27.5 | 33.5|37.747.3 | 37.5/42.4]54.1
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Table 2: Average reconstruction time for one image acquisition for the different
methods.

Average reconstruction time
Method Gg | C.IHT | CELO | CoBic | 41
Time (s) | 84 67 105 87 49

5.2 Results of the real dataset

The algorithms are applied to the real high-density dataset, provided from the 2013
ISBI SMLM challenge [30]. In total there are 500 acquisitions and each acquisition
is of size 128 x 128 pixels and each pixel measures 100 x 100 nm?. The FWHM is
evaluated to be 351.8 nm [I4]. The localization is done on a fine 512 x 512 pixel
grid, where each pixel measures 25 x 25 nm?. Extensive testing of the sparsity
parameters has been done to obtain the results, presented in Fig. 4] as we have
no prior knowledge of the solution. The parameters were chosen such that the
parts in red and green had distinctive tubes, as well as the overall tubulins, were
reconstructed. An example of this trade-off is in the top right corner of Fig. 4| (f),
where tubulins visible in the original data are barely visible in the reconstruction.
Furthermore, increasing the penalty parameter A deteriorates the resolution in
the red and green parts. The results of the real dataset confirm the results of the
simulated data.

An important note In these numerical experiences, the proposed relaxed for-
mulation converges always to a critical point that satisfies the sparsity constraint,
and thus the ”fail-safe” is never activated.

6 Conclusion

We have investigated in this paper a continuous relaxation of the constrained
lo — Lo problem. We compute the convex hull of G} when A is orthogonal. We
further propose to use the same relaxation for any A and name this relaxation Gq.
This is the same procedure as the authors used to obtain CELO [33]. The question
that has driven us has been answered, the proposed relaxation, G¢g is not exact
for every observation matrix A. However, it promotes sparsity and is continuous.
We propose an algorithm to minimize the relaxed function. We further add a
”fail-safe” which ensures convergence to a critical point of the initial functional.
In the case of SMLM, the relaxation performs as good as state-of-the-art, and
it converges towards a critical point of the initial problem each time without the
”fail-safe” activated. Furthermore, the constraint parameter of G is usually easier
to fix than the regularizing parameter A in CELQ in many sparse optimization
problems.
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(d) Data (e) CELO (f) ¢1-relaxation

Fig. 4: Reconstructed images from the Real ISBI dataset. Top: From left to right:
Gg, CoBic and IHT. Bottom: From left to right: Sum of all acquisitions, CELO,
and /-relaxation.
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