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Abstract In this paper we present a global-in-time non-overlapping Schwarz method
applied to the Ekman boundary layer problem. Such a coupled problem is represen-
tative of large-scale atmospheric and oceanic flows in the vicinity of the air-sea in-
terface. Schwarz waveform relaxation (SWR) algorithms provide attractive methods
for ensuring a “’tight coupling” between the ocean and the atmosphere. However the
convergence study of such algorithms in this context raises a number of challenges.
Numerous convergence studies of Schwarz methods have been carried out in ide-
alized settings, but the underlying assumptions to make these studies tractable may
prohibit them to be directly extended to the complexity of climate models. We il-
lustrate this aspect on the coupled Ekman problem, which includes several essential
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features inherent to climate modeling while being simple enough for analytical re-
sults to be derived. We investigate its well-posedness and derive an appropriate SWR
algorithm. Sufficient conditions for ensuring its convergence for different viscosity
profiles are then established. Finally, we illustrate the relevance of our theoretical
analysis with numerical results and suggest ways to improve the computational cost
of the coupling. Our study emphasizes the fact that the convergence properties can be
highly sensitive to some model characteristics such as the geometry of the problem
and the use of continuously variable viscosity coefficients.

Keywords Schwarz waveform relaxation, variable coefficients, multiphysics
coupling, coupled Ekman problem, numerical climate modeling.

1 Introduction
1.1 Context and motivations

Owing to advances in computer resources and simulation tools, weather prediction
systems now routinely include coupling mechanisms between several Earth system
compartments; e.g. atmosphere, waves, ocean, sea-ice [5, 37]. For such applications,
the coupling methods used between individual components are usually ad-hoc algo-
rithms raising synchrony issues [2, 23]. Following [20], such methods are referred
to as loose coupling methods, since it can be shown that the coupling is relaxed to
one single iteration of what should be an iterative process. Due to the overwhelm-
ing complexity of the coupling mechanisms in the context of weather and climate,
the consequences of inaccuracies in coupling algorithms on the stability and regu-
larity of solutions are hard to untangle for realistic applications, unless a strongly
coupled solution can be used as a reference. Schwarz waveform relaxation (SWR)
algorithms are attractive iterative coupling methods for geophysical applications. In-
deed, they are very weakly intrusive, can be enhanced by an appropriate choice of
transmission conditions, are naturally able to handle nonconformities in time and
space, and can be combined with time parallelization techniques [4, 11, 15]. Sev-
eral mathematical studies have investigated applying SWR algorithms to increase the
efficiency of domain decomposition methods for increasingly complex problems de-
rived from Earth sciences, e.g. for the so-called shallow-water equations [31, 36], or
for the ocean primitive equations [1]. At a more practical level, the dynamical core of
at least one Earth system numerical model relies on a SWR algorithm for its domain
decomposition method [35], and empirical studies have been undertaken for includ-
ing Schwarz methods in ocean - atmosphere couplers [30]. Generally speaking, the
theoretical convergence analysis of SWR algorithms is restricted to relatively sim-
ple linear model problems, often approximating space-varying quantities as constant
coefficients, assuming that scalar variables are independent from each other, so that
all the conditions to apply Fourier and Laplace transformations are met. As a mat-
ter of fact, coupled problems arising in Earth system modeling often exhibit sharp
turbulent boundary layers near the interfaces whose effect is parameterized using a
spatially variable viscosity coefficient [32, 33]. The objective of this paper is to study
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the SWR algorithm for a model problem representative of the coupling between the
turbulent oceanic and atmospheric surface boundary layers.

1.2 The coupled Ekman problem

We specifically study the so-called coupled Ekman layer problem [9], which has al-
ready been investigated by several physicists and mathematicians [e.g. 6, 19, 25, 39]
since it is representative of large-scale atmospheric and oceanic flows in the vicinity
of the air-sea interface. So far, this type of coupled problems has been rarely studied
with a focus on the numerical techniques to solve it, as proposed in the present work.
The atmospheric and oceanic flows at large scale are generally represented by the
so-called primitive equations, i.e. Navier-Stokes equations written in a rotated frame
under the hydrostatic assumption. Assuming that the fluid is vertically homogeneous
(i.e. time and space independent density) and that horizontal velocity gradients are
small compared to vertical ones, the equation for the horizontal velocity U = (u, v)
reduces to the Reynolds averaged primitive equations:

U+ fk x U= -9, (Uw) - p 'Vp+Fy, (1)

where k is a vertical unit vector, (U’w’) is the vertical component of the Reynolds
stress tensor, p is the density, p is the corresponding hydrostatic pressure, and Fy;
contains any other forcing terms. f corresponds to the local Coriolis frequency as-
sociated with the Earth’s rotation, whose values typically range from f = 0 s~ ! at
the Equator to f ~ +1.45 x 10~* s=1 at the poles. For the (U'w’) term, a com-
mon closure assumption (known as the Boussinesq hypothesis) is to consider that
turbulence acts as a mixing term, thus leading to (U'w’) = —v(2)d.U where v is
a so-called turbulent viscosity, much larger than the each fluid’s molecular viscosi-
ties, and which varies with 2z [33]. Introducing the stationary geostrophic velocity Uy,
defined as — fk x U, = p~1Vp, (1) becomes

0, U+ fk x U -0, (¥(2)0,U) =Fy + fk x U, 2)

Assuming that Uy is known, the problem is one-dimensional and represents the bal-
ance between the Coriolis term and the stress due to small-scale turbulent motion,
under the assumption that the large-scale dynamics are in geostrophic balance. This
problem typically involves boundary layers (in this context, also known as Ekman
layers) which have a typical depth of tens of meters in the ocean and hundreds of
meters in the atmosphere.

In the following, the physical domain of interest is {2 =]hy, ho[ where h; < 0 < ho,
and {z = 0} is the interface between two non-overlapping subdomains. The index
j € {1,2} is used to distinguish subdomains, and for sake of simplicity the interval
(a,b) stands for ]a,b[ if a < b and for ]b,a[ if a > b. We note U; = (u;,v;)
the Ekman components of the velocity in subdomain (2; = (0, h;), v;(z) > 0 the
turbulent viscosity, and the r.h.s. in (2) is grouped as a single forcing term denoted F ;.
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On the time interval ]0, T'], the coupled Ekman boundary layer problem of interest is:

0U; + fk x U, — 8. (v;(2)0.U;) = F,, (z,1) € 2;x]0,T], j € {1,2},
(3a)
U]‘(Z,O) = Uj’o(Z), z € Qj,j c {172},

(3b)

Uj(hj’t) = Uj7g(t)7 te [07T]7] € {172}7

(3¢)

v1(07)9,U1(07,t) = 12(07)0,U2(0F,¢), te[0,7], (3d)

U2(0+at) = U1(077t)a te [07T]7 (3e)

where Uj (z) is the initial condition, and U; 4(t) is the geostrophic velocity com-
ponent imposed at the external boundaries of the spatial domain.

1.3 Outline of the paper

When discretizing (3a) in numerical models, the turbulent viscosity is systematically
treated implicitly in time due to the small vertical grid spacing (relative to the hori-
zontal one) typically used in most configurations [24]. This implicit treatment yields
significant challenges in solving the coupled problem at a numerical level. A pos-
sibility is to consider iterative SWR methods to solve (3), as motivated in Sec. 1.1.
The convergence properties of Schwarz algorithms with continuously variable coeffi-
cients in each subdomain have already been studied using the technique of separation
of variables to decouple the space and time variables (or equivalently the two spatial
variables for steady-state problems) directly in the physical space. However, previ-
ously obtained results are either restricted to cases where the coefficients vary in the
direction parallel to the interface [12], or difficult to interpret because the resulting
convergence factors are given by a numerical series of abstract eigenmodes and eigen-
values [22]. The seminal work of [28] showed, for the one-dimensional steady-state
model problem —0,(v(z)0,u) = F, that the absorbing boundary conditions depend
on the full diffusion profile and not only on its local interfacial values. In the same
spirit, the aim of the present paper is to further study the effect of continuously vari-
able coefficients on the convergence properties of SWR algorithms. We study three
specific expressions of the viscosity v (z), which have already been considered in the
Ekman problem literature:

(i) the laminar case of [9] with constant viscosity (v;(z) = v; = cst);

(ii) asin [25, 29], a more realistic case is studied by considering turbulent viscosities
linearly increasing with depth (resp. with height);

(iii) asin [19, 33], nearly parabolic shape functions for l/j(Z) are introduced, consis-
tently with what is used in climate simulations.

These studies addressed exclusively physical issues, and none of them tackled the
numerical resolution of the associated coupled problem.
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The paper is organized as follows. The well-posedness of the coupled Ekman problem
(3) is studied in Sec. 2, leading to a SWR algorithm being formulated. Its convergence
rates for various interface conditions and viscosity profiles are determined in Sec. 3.
Their asymptotic behaviour w.r.t. the parameters of the problem are investigated in
Sec. 4. Finally, numerical results illustrating the relevance of our theoretical analysis
are shown in Sec. 5.

2 Formulation of the global-in-time Schwarz method and well-posedness
2.1 Well-posedness of the coupled problem

The coupled model (3) corresponds to a global parabolic problem with a discontinu-
ous diffusion coefficient at the interface:

ﬁtU + (5()- _Of) U - az (V(Z)azU) = Fa (th) E]hh hQ[X]()?T}?
(4a)
U(Z,O) = UO(Z)v z e [hla h2]7 (4b)
U(hj’t) = Ug(t)7 te [OaT]a .] € 1a2 (4C)

In [26] (Chapter 4 and example 4.7.1.), it is shown that if ¥(z) > 0 is bounded in
[h1, ha), Ug € L2(2), U, € H3*([0,T]) and F € £2(0,T; L2(£2)), then (4) has a
unique weak solution in £2(0, T; H*(£2)) N C°(0, T; £2(£2)). This proof is based on
an energy estimate.

The corresponding natural transmission conditions for (4) at z = 0 read:
v1(07)9. U1 (07, ) = 12(07)9. U (07, 1), tel0,T], (52
U,(07,1) = Uy (07, %), te[0,7],  (5b)

where v; = V|_Qj. These are the interface conditions (3d) and (3e) of the original
problem. (4) is thus equivalent to (3), hence it is well-posed in £2(0,T; H'(£2)) N
CY(0,T; L2(£2)).

2.2 Change of variables
In each medium (ocean and atmosphere), the evolution of the two velocity compo-

nents, u; and v;, are coupled by the Coriolis term. In a matrix form, the systems (4a)
for j € {1,2} can be rewritten as:

8tUj + AUJ - 82 (l/j(Z) GZUJ-) = Fj, with A = <2 _0f> . (6)

In order to decouple the equations on ¢ and ¢, we diagonalize A = PDP !,

where:
if 0 1 11 _ 1 /1 4
o= (7 ) P=g5 (L) mer =550 5):
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Inserting this diagonalization and multiplying on the left by P!, (6) becomes:

615453' + D@j - 82 (l/j(z) 8z45j) = F?, with 45]- = P_lUj = (ij(%t)) s (7)

/ @j (Za t)

which is equivalent to the following set of two independent scalar equations:
Oupj +if p; — 0x (vj(2) 02005) = FY, (8a)
Oip; —if 9y — 0- (vi(2) 0.9;) = FY = FY. (8b)

Rewritten with these new variables, the coupled Ekman layer problem (3) now reads:

0 ®; +D®; — 0. (v;(z) 0.®;) = F7, (z,t) € 2;x]0,T] ,j € {1,2},
(9a)
@j(Z,O) = ¢0,j(2)7 z € Qj 7j e {1,2}7

(9b)

Di(h;,t) = Pg ;(t), te0,T],5€{1,2},

(9¢)

&, (07,t) = Do (01, 1), te[0,T], (9d)

1/1(07) 8Z¢1(07,t) = 1/2(0+) 82@2(0+,t), te [O,T] (96)

Note that since (3) is well-posed, so is (9).

2.3 Schwarz Waveform Relaxation algorithms for the coupled Ekman
problem

We consider that both submodels are independent from each other, thus prohibiting
solving (9) with a single-model monolithic method. Let us introduce a SWR algo-
rithm for solving the first component of (9), related to . The time interval [0, T is
partitioned into N windows (7,,); .,,< - the iterative algorithm being applied suc-
cessively on each window. For a given window 7,,, two sequences of subsolutions

(go?)keN* (j € {1,2}) are defined by:

Ol +afeh — 0. (v;0.9F) = FY, (2,8) € 2; x To,j € {1,2),
(10a)

ok (2,07,) = 37" (), 2 € 9,

(10b)

OF (hj,t) = pg;(t), teT,,

(10c¢)

Biagh (07,t) = Biowh (07,1) t € Tn,

(10d)

Byl (0F,8) = Boapi ™' (07,1, te T

(10e)
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In (10b), O, is the initial time in 7;,, and @?’7—” are either given by (9b) (if n = 1), or

by the final state of the solution on 7,1 (if n > 2). In the interface conditions (10d)
and (10e), B, are four interface operators to be chosen. The simplest choice would
be Biy = Bio =1d, Bo1 = 1v1(07)9, and B2 = v2(0")3,, which, provided that
the SWR algorithm converges, ensures that the coupling constraints (9d)-(9e) will
be satisfied by the solution (7, ©3). However, as discussed in Sec. 3, other choices
are possible to accelerate the convergence of (10) toward the solution of (9). Here
we study the “multiplicative” Schwarz method: first, the problem on ¢} is solved
using golf ~1: then, the problem on ¢ can be solved. Note that the well-posedness of
the coupled problem, as well as SWR algorithm, applied to a similar problem with
constant viscosity in each subdomain (but discontinuous at the interface) has been
studied in [14].

2.4 Well-posedness of the SWR algorithm

The coupling algorithm (10) is made of successive resolutions restricted to one sub-
domain (either (hy,0) or (0, he)). To ensure the well-posedness of the algorithm, it
is first necessary to ensure the well-posedness of the subproblems, i.e. the existence
and uniqueness of both subsolutions, and a sufficient regularity for these solutions to
be applied as a boundary condition for the other subproblem. This leads to study the
generic problem:

at(p(zvt) + ifgo(z,t) - az (V(Z)az@(z»t)) = FW(Zat)v (Zat) € (Oa h)X}O, T]a
(11a)

(,0(2,0) = 900(2)7 Z € (Ovh)a
(11b)

@(h,t) = py(t), t€[0,17,
(11¢)

Bp(0,t) = G(1), t € [0,71,
(11d)

where B is a boundary operator. In the same way as in Sec. 2.1, the Coriolis effect has
no impact on the well-posedness. Thus, according to [27], if the following conditions
are satisfied:

(i) v is bounded and strictly positive on (0, h);
(i) F¥ e £%0,T,L2(0,h));
(ili) @q(t =0) = po(z =h)and po(t =0) = G(z =0,t =0);
(iv) wo € H'(0,h);
(V) g € HY4(0,T);
(vi) Bis a Dirichlet (B = Id) or a Neumann (B = J,) operator;

(vii) G € H3/4(0,T) if B is a Dirichlet operator or G € H'/*(0, T) if B is a Neumann
operator;
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then there exists a unique solution of (11)in £2(0, T, H2(0, h))NH(0, T, £L2(0, h)).
Both subproblems of the (10) coupled problem are thus well-posed. Moreover, the
conditions (i)-(vii) listed above also guarantee that the trace By(0,t) satisfies both
regularity conditions required for G in (vii). Therefore, the Schwarz algorithm on
coupled problem (10) is well-posed. If B is a Robin operator (B = 0, + rld), the
same result can be obtained by introducing further constraints (see Sec. 3.2.2). While
less constraining regularity conditions guaranteeing the well-posedness of (11) exist
(depending on B), from now on we will assume the conditions (i)-(vii) to be satisfied,
since they offer enough flexibility given our context.

3 Analytical determination of convergence rates

Setting the (53; ;) operators directly from (9d) and (9¢) would mean using the physical
coupling operators. This has been shown to be at best suboptimal (slow SWR conver-
gence), at worst leading to non-converging algorithms, even with both subproblems
being well-posed (e.g., in the case of non-overlapping domains [13]). In the follow-
ing, we derive convergence rates for two different sets of boundary operators.

3.1 General form of convergence rates
3.1.1 Ordinary differential equation for Schwarz iterate errors

A usual approach to prove the convergence of SWR algorithms is to analytically de-
termine e =k 7 — ;. the errors between SWR iterates and the exact solution 7.
In a given tlme interval [0, T, these errors satisfy the Ekman problem (10) with null
r.h.s., null initial conditions, and null boundary conditions at z = h;. Results intro-
duced in Sec. 2.4 guarantee that ew has £? space regularity in [0, T] A continuous
time Fourier transform can be performed assuming that 7' — oo and extending all
functions to zero for ¢ < 0. The problem satisfied by the errors €* (z,w) in Fourier

K ]
space 1s:

o f —l—w)’e\l;)j — 0. (vj(2)0.€ %7) =0, (z,w) € £2; xR, (12a)
el i (hj,w) =0, w € R, (12b)

Biael, (07,w) = Bigelh, (07, w), weR, (12¢)

By el 5 (07 ,w) = Bg’le%ll (07,w), weR. (12d)

For each w € R, (12) is a set of two linear second-order ordinary differential equa-
tions on z for (€% |, € ,). The differential operators in (12a) being independent of £,
in each medium (j = 1, 2), there exists two basis functions f, ;(z,w) and g, ;(z,w)
such that:

/e\f:a_,j (va) = Al;j,j(w) fu,j(sz) + Bllj,j(w) gl/,j(za OJ), (va) € Qj X Rv
(13)
where (A , B j) is determined thanks to the boundary conditions (12b) and trans-
mission condmons (12¢)-(12d). In Sec. 3.3, explicit forms of the basis functions are
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given for the three physically meaningful forms of v; introduced at the end of Sec.
1.3.

3.1.2 Convergence rates in the Fourier and the physical spaces

Convergence rates are the usual metric for assessing the asymptotic behavior of a
SWR algorithm. They can be defined either in the Fourier space or in the physical
space. Here we proceed as usually done with SWR algorithms: first, we define the
convergence rate in the Fourier space for ; second, we investigate its relation to the
convergence rate in the physical space for U, which is our final interest.

In the Fourier space, the convergence rate of the SWR algorithm (10) can be defined
as:

eF —0F
k _ |€s07j(’270 ,w)’ *
Poj (W) = |€f,,_jl (z:()?,w)w weR, keN", je{l,2}, (14)

where F depends on j € {1,2}. p’;, ;j(w) represents the damping (or the amplifica-
tion) of the error at the £* SWR iteration in the Fourier space, at the frequency w. A
sufficient condition for the convergence of the SWR algorithm is:

su;épfw» (w) < 1, Vk e N*, V5 € {1, 2}. (15)
we

The smaller p’:,’ ;» the faster convergence is reached. Condition (15) is formulated in
the Fourier space, yet our main interest is convergence in the physical space. Since
t— eS}‘;J(O;,t) and w — 3277-(0;,0.1) are £ functions, Parseval’s theorem yields:

[l ; (0T, )], _ €55 (0%, w)l,

= 10w <spph,@). (6

inf p* . (w) =
“J @l;,jl(Oﬁw)HQ weR

weR |
2

(15) is therefore a sufficient condition for (10) to converge in the £2 physical space as
well. In practice, we are interested in the numerical solutions of the time-dependent

problem (3), using the physical variables (U, Uj). The numerically observed error
of this problem is:

ES™(z) = UN™(2) — Uj(2,t7), 1<m< M, jef{1,2}, {7

where mn is a time step index, ¢7" is the physical time corresponding to m, and M; is
the total number of time steps for the numerical approximation of U; in a given time
window 7,,. The associated convergence rate of the SWR algorithm in the physical
space is:

M;
o el
R, = A’;fl : keN* je{1,2}. (18)
k—1,m
Gyl

>

m=1
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Using the change of variables (7), it is shown in App. 2 that:

k k
R%j < max sup P (W), sup ps (W) o +e (19
|w|<m/ min {6t;} |w|<m/ min {6t;}
je{1,2} j€{1,2}

where k € N*, j € {1,2}ande — 0.

Mj ——+00
(19) bounds ’R% , the SWR algorithm convergence rate in the physical space, with its
Fourier-space translation pw ;» Which is easier to assess. Inequality (19) will be used
for the numerical results presented in Sec. 5. In the remainder, the interval of relevant
values for w from (19), which depends on the time discretization, is:

™ ™

" min {6t; mln Ot
J€{12}{ } Je{L, { i}

I, = = [~Wmax; Wmax]- (20)

Remark 1 The upper bound (19) does not account for the partitioning in time win-
dows. In [17], a link is established between the length of the time windows and the
L convergence. However this result is valid for a particular case of interface con-
ditions with a relaxation parameter, which is not directly translatable to our case.
Indeed, the convergence factors arising from (10) do not benefit from the same regu-
larity properties as those from [17].

3.2 Convergence rates for different interface conditions

‘We now provide exact expressions of convergence rates (14) for two different choices
of interface operators (3,;).

3.2.1 Dirichlet-Neumann interface conditions

Implementing a SWR algorithm with the natural Dirichlet-Neumann (DN) transmis-
sion conditions (9d) and (9e) yields choosing B11 = Bi,2 = Id, and By ; = v; 0,.
The determination of the (A B Bk ;) coefficients can be done by injecting the gen-
eral form (13) for é* €y j into boundary conditions (12c) and (12d). The following con-
vergence rate, independent of both £ € N and j € {1,2}, can then be obtained:

pp7 N (W) =pfN (@) = A [S1(W) S (W),  weER @1)

where:
e
SR T o s T
1) = 0 = e ) DT 0) 229



Schwarz algorithms for coupled Ekman layers 11

In the next subsections, we will give the exact expressions of S; and So for different
forms of v;. If v; and vy are of similar nature (i.e. both constant, linear or parabolic),
then &1 = 1 (h1,1v1) and So = 1/¢(he, v2), where ¢ depends on the particular form
of vj.

3.2.2 Robin-Robin interface conditions

‘We now consider the Robin-Robin (RR) transmission conditions:

Bi1 =1d 4 ¢)o., Bi,2 = 1d + ¢0;, 23)

Bso =pld+ 0., Ba1 =pld+ A0,
where (p,q) € C? are free parameters and ) is defined in (22a). In order to be
compatible with (12), the Robin-Robin B;,; operators must be in the form of (23),
since any other choice of RR operators would not provide the same coupled solution
as the natural DN transmission conditions (9d)-(9e).

Proposition 1 [f:
(p,q) € P ={(p,q) € C* / Re(p) < 0 and Re(q) > 0}, 24)

then SWR algorithm (10), using Robin-Robin transmission conditions as defined in
(23), is well-posed on each T,, window.

The proof (not detailed here) is based on a priori energy estimates, can be directly
derived from [3], and is available in [38]. From now on, we will assume that (p, q) €
‘P, so that the SWR algorithm (12) with RR conditions is well-posed.

Similar to the DN case, the (Al’f I B,’f’ j) decomposition coefficients are determined
using the boundary conditions (12b), (12c) and (12d). The resulting convergence rate
for Robin-Robin conditions, written in terms of the S; functions defined in (22),
reads:

(So 4 q)(p+ AS1)
1+ pS2)(1 + AgSt)

_ PN ’ (14¢S;H(1+A""pS )
Y (14 pS2)(1 + AgS1)

Pt (p,q,w) = (

As expected, setting p = ¢ = 0 in (25) corresponds to the DN case, i.e. pgN(w) =
pa(0,0,w).

3.3 Analytical expressions of the solution for various forms of v

We now give analytical expressions of the solutions to (12) for choices of v(z) (con-
stant, affine, and parabolic) commonly used in Earth system applications. We aim
at investigating and comparing ppn(w) and prr(p, ¢,w), for such forms of v;(z)
assumed strictly positive and bounded in {2;.
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Remark 2 As explained in Sec. 2.2, convergence rates should be studied for both ¢
and its complex conjugate . However, since both subequations of (8) are conjugation
of one another, Fourier transform properties yield:

p2N(w) = pEN (—w), (26a)
PgR(R q, w) = PgR(lT?» q, —OJ). (26b)

Since I, the interval of interest for w, is symmetric w.r.t. 0 (see (20)), we restrict our
study to , with results on P arising from (26).

3.3.1 Constant viscosity

In the case v(z) = v§, the basis functions (f;, g;) are:

[75(2) = exp | x ! th and  g§%(2) = exp | —x ! th , (27
Y Vi
where y = ¢*. Injecting (27) into (22) yields:
. AV F01 . _ |h2|
St = — coth (— Fo ) , S5t = — 17tanh( Fo ) ,
1 X |h1| X 1 2 X \/FTQ X 2
(28)
. . (f+w)h? .
where the nondimensional number Fo; = ~——<— has been introduced.
J

3.3.2 Affine viscosity profile

We now consider v;(z) = 1/5 + bz with the constraints by < 0, by > 0 leading to
vj(z) > 01n £2;. The basis functions (f;, g,) are:

a frw
vi(z) and gjﬂ(z) = Ky [QX 72 vi(2)],
J
(29)
where I and K are the modified 0*"-order Bessel functions. Injecting (29) into (22)
yields:

fH+w

7

2x

fi(z) =1Io

VFor Io(2xy/Foip1(p1 + 1)) K1(2xvFoipur) + Ko(2xv/Forpu (1 4 1)) I (2xv/For i)

ha| - To(2x+/Forpa (i1 + 1)) Ko(2xvFor ) — To(2xvFor ) Ko(2xy/Forp (1 + 1))
(30a)

ST =x

Saff — _y 1 lha| Io(2x+/Foopa(p2 + 1)) Ko(2xvFoauz) — Io(2xvFoapz) Ko(2x\/Foapa (p2 + 1))
2 — )
VEFoz In(2x\/Foapa(pz + 1)) K1(2xvFoapz) + Ko(2x\/Foapua(pz + 1)) I (2xv/Fozp2)
(30b)
where (i; is the following positive nondimensional number:
vi vi
i — = . 31
M0 00hs |~ by ey
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3.3.3 Quadratic viscosity profile

Let us finally consider v;(2) = v§ + bjz + ajz2. To be consistent with the ocean-
atmosphere context, we impose a; < 0, v;(h;) = v;(0) and v;(2) > 0in §2;, which

implies v;(z) = v§ — ajh;z + a;2°. The basis functions (f;, g;) are:
par 0 1 1
fj (Z) :Péj (77] (Z)) :2F1 £j+1>7£j71377§77j(z) ) (323)
ar 1
B =By () =oh (6 +L-6, L3+ gula) . G2

where ng are Legendre’s functions and 2 F (a, b, ¢, ) is the hypergeometric function
[34]. (32) also introduces &; € C and n;(z) € C for j € {1, 2}, which are given in
App. 1. Since we assume a; < 0 and v;(z) > 0 in {2}, {; and n; can be simplified
to:

gj(w):—;<1i 1+W>:—;(1+\/1—4z1«“ouj), (33a)

aj
9.v;(2)

(a]—h]—)Q - 4ajl/;

(33b)

(6] C

l/j V s
9:.v(0)h; |ag|h2
tives of the f*" and g5 functions defined in (32) yields:

where p; is defined like in (31): p; = Computing the deriva-

gpPar _ (fl + 1){1 Pgl (771)G£1 (771) + P, 1( nl)Gfl( ) (34a)
1 - 9
PV o]~ o]
2
Spar |h2|\/ 1 +4U2 [P P2 } (34b)
(2 +1)& P (12)Ge, (772) + P2 (—12)Ge, (—12)’
here, for j € {1,2},n; = -(0)—(_71)j—— i(Hj), and
w s J y 45 Ty =15 = \/m = —ni\;),
1 1
Ge, (£n)) = 2F1 <§j +2,1-6,2,5 2(inj)> : (35)

At this point we have prepared all the necessary ingredients to proceed to the actual
convergence analysis for these three particular forms of v;.
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4 Convergence analysis

In this section, we study the behaviour of the convergence rates introduced in Sec.
3. Sec. 4.1 and 4.2 offer a review of known results on those convergence rates in
specific cases, with the consistency of our results being checked in those limit cases.
Sec. 4.3 focuses on the DN case and describes the derivation of upper bounds for the
convergence factor in the linear and parabolic cases. Finally, Sec. 4.4 deals with the
acceleration of SWR algorithm convergence using RR interface conditions.

4.1 Overview of the results obtained in simplified cases

Existing literature has already covered different results corresponding to particular
cases of the more general problem (3). Here we described three such cases and ex-
press the corresponding S; quantities of interest.

4.1.1 Stationary case without rotation (w =0, f =0)

As emphasized by Sec. 5 of [28], if one considers the equation 9, (v(2)0,¢) = 0,
it is possible to guarantee convergence of the SWR algorithm in two iterations. This
result can easily be extended to the case where v(z) is discontinuous at the interface.
Using our notations, we get:

t ]‘ 0 1 - t h2 1
si?_oyf(/h (11 ()" dz) L Sty / (val2))1dz |

(36)
with S§'%y = Sj(w = 0,f = 0,75(2)). The DN convergence factor thus reads
PoN =0 = ASTHSi%, and the boundary conditions leading to convergence in
two iterations (i.e., transparent boundary conditions) are conditions (23) with p =

—ASH'p and ¢ = —S5'% . For our three particular viscosity profiles of interest, we
easily find that:
Ssta,cst . i Ssta,cst —
1,/=0 — |h1| ’ 2,f=0 — 25
Ssta,aff o 1 1 Ssta,aff - _h 1
om0 = —hepeIn(l+1/p2),

L0 ] g In(1 + 1 /)

Ssta,par _ L Vv 1+ 4/141 Ssta7par = _h 4,“2 arCCOth\/ T+ 4;“/2
1,£=0 |h1| 4 arccothy/T + 4y’ 250 2 VI +4dus '
(37)

. sta,aff sta,cst sta,cst sta,aff sta,par sta,cst
The behaviours of S, ¢ /825:0 (resp. Sy 12 /81,f:0 )and Sy /Sg,f:o

sta,cst sta,par

(resp. 87 /Sis, ) as functions of g (resp. p1) are displayed in Fig. 1a. Since
the viscosity profiles tend to a constant value as p; — o0, the ratios tend to 1 for
large values of ;. However, for values of p; smaller than 1, a significant impact
of the variations in the viscosity profile on the values of Sjsfta can be observed. This
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. ta,aff ; osta,cst .
(a) Behaviours of S; P /S;’?:COS (b) Behaviours of ’X\/Fo coth (—x\/Fo))
ta,cst sta, aff
and SOt/ STH (solid line) and o tanh(xvFo ) )
sm’parl fscoa Cstl f= sta,cst | esta,par (solid line) and % (dashed line) with
S5t /S5 =0 and 5120 /Sl,f:O . -
(dashed line) with respect to the dimensionless respect to the dimensionless parameter Fo. Those
Ve quantities are involved in (38). Any significant
parameter  defined as u = 900 )| departure from 1 in those quantities would indicate
z

a potentially significant impact of the rotation on
the convergence rate.

Fig. 1: Behaviours of various S; in the stationary case, (a) without and (b) with rota-
tion .

would affect the convergence rate in the DN case as well as the optimal coefficients
in the RR one.

4.1.2 Stationary case with rotation and constant viscosity (w = 0, v; = v5)

In the stationary (0; = 0) and constant viscosity case (v;(z) = l/}:), the values of

wt‘ -t . .
S;" can easily be derived:

0 tanh ( x1/Fo)
1 x4/ Fo < 2
Sbta ,est 1 Ssta ,cst —hg , (38)

)

Il tanh (X\ / Fo?) x1/Fod

where Fo? =f hf / v; is the non-dimensional number introduced in (28), evaluated
here for w = 0. As shown in Fig. 1b, in the small Fo? limit, the rotation’s impact
is negligible. The same remark withholds when Fo! ~ FoJ with DN interface con-
ditions, since then |S7**** S5 | ~ ‘S;t?:c;tsst}l:cgt . In the general case, the ro-
tation can become important in the convergence analysis as soon as Fo; > 1. This
numerical conjecture implies that the relative importance of the Coriolis effect f, the

fluid’s viscosity 1/5, and the domain height A ;, determines the convergence (or lack
thereof) of SWR algorithm in this stationary case. In other words, in this case, SWR
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convergence is tributary to the particular setting of the physical problem: for exam-
ple, convergence may be observed close to the equator (small f and Fo), but not at
higher latitudes (large f and Fo).

4.1.3 Nonstationary case on infinite domains without rotation and with constant
viscosity (f = 0,v;(2) = v§, |h;| — oo)

This case is thoroughly studied in [10] for v{ = v§, and in [21] for v{ # v§. With
DN conditions, ppi™ = /v¢/vs = V/A. The transparent conditions cannot be
determined locally in time (i.e., in the physical space), but it is possible to optimize
the (p, ¢) parameters in order to minimize the convergence rate over a given range of
temporal frequencies w € [Wmin, Wmax)- Such an optimization problem is analytically
solved in [21]. In Sec. 5, we use those optimized transmission conditions obtained for
constant viscosity in the case of non-constant viscosity profiles, and investigate their
efficiency.

4.2 Consistency between the different viscosity profiles

We now promptly check that the convergence rates derived in Sec. 3 encompass the
limit cases discussed in Sec. 4.1. In particular, we consider (w + f) — 0, u; — oo,
and |h;| — oco. Including the rotation (i.e. f # 0) makes the Fo = 0 case important,
since it corresponds to w = —f, which is to be encountered in numerical climate
applications. In the non-rotating case (f = 0), Fo = 0 is not encountered in practice,
since it only occurs when w = 0, and the stationary part of the SWR algorithm error
stays at its initial state, which is zero.

4.2.1 Stationary limit without rotation (Fo; — 0)

In the constant viscosity case, the S;St functions defined in (28) are such that Flim o S;St =
O —

st st . . . . . .
- f=0o - For linear viscosity profiles, using Taylor expansion of Bessel functions

yields:

1 tac
li Saﬁ — — Sstd‘,aff 39
Fors0l T Tlpin (1 4+ 1pg) | Ob=0 (392)
: aff sta,aff
Jim 857 = —hopaIn (1+1/p2) = S350, (39b)

which also holds in the parabolic case.

Similarly, assuming |k ;| — oo, the known results obtained under the infinite domain
assumption can be obtained, both with and without rotation. It is worth mentioning
that to maintain the consistency between the stationary and nonstationary cases for
the convergence rates, we need to consider subdomains of finite sizes. Indeed, con-
sidering subdomains of infinite size implies that h > v§/(f + w), which can not
hold as f + w — 0.
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4.2.2 Small viscosity gradient limit (p; — 00)
Since the parameters p; are defined as u; = Mg;i%’ the limit case 0,v;(0) — 0
(i.e. u; — oo) should lead to results similar to those obtained in the constant viscosity
case. Indeed, studying S} and 821 Jeads to:

lim |SP*
pj—oo 7

= lim |83 =|S¢. (40)

j—>00

This result implies that for both DN and RR transmission conditions, in the p; —
oo limit, the convergence rates become equivalent for constant, affine and parabolic
V.

J

4.3 Behaviour of the convergence rates with DN transmission conditions

At this point we have checked that the convergence rates have the proper stationary
(i.e. small Fo;) limit and small viscosity gradients (i.e. j1; — oo) limit. The objective
is now to characterize the parameter values for which the effect of the continuous
viscosity variations on the convergence rate can be significant in the DN case. [22]
suggested that the convergence is insensitive to variations of v;(z) at large frequen-
cies. Indeed, in the w — oo limit, regardless of the viscosity profile, the $1S2 prod-
uct, with §; defined in either (28), (30), or (34), converges towards the same value
\/V5/v§ = A71/2. The high frequency asymptote of the DN convergence rate is thus
the same as the one obtained with constant coefficients and under the infinite domain
assumption.

On the contrary, the stationary case discussed in Sec. 4.1 suggests that variations of
the viscosity can have a large impact on the convergence rate at lower frequencies.
Since the DN convergence rate is A|S;Ss|, the variations in the viscosity profiles on
the Dirichlet side (i.e. in (0, 1)) and on the Neumann side (i.e. in (0, hs)) will have
opposite effects in terms of convergence speed. To further investigate this aspect, we
introduce the following two quantities:

s

Soft
Raﬁ,cst _ | J | — ysc-st
J

J - ’ c_st|’
SJ

par,cst
Rj

; (41)

which are functions of the dimensionless parameters Fo; and f;. In the station-
ary case without rotation, we had RT" = 1 /[ In (1 4 1/p1)] and RY** =

VI F 4p [4parceoth (T +4p) ] ~h RSt 4nd RE*™ can be obtained by
taking the inverses of these expressions and replacing 14 by po. In the nonstation-
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Fig. 2: R (left) and RP™ " (right) with respect to Foy, for various values of /i
(legend box above canvas).

ary case, Fig. 2 suggests the following conjectures:

sta,aff
1< RSt o iy gaffest _ W01 1 (42a)
Fo,—0 stwest| I (1+1/m)’
sta,par
| < RIS < iy RO _ S50 _ NE M  42b)
Fo,—0 Syt 4pparccoth (T +4pq)

In the stationary case without Coriolis effect, from (36), and assuming that min, v¥®" =
v¥(0) = v, it can be shown that S bt? >S bt; 8! In the nonstationary case and
with Coriolis effect, (42) can only be numerically checked and is assumed true from
now on. Upper and lower bounds of RAT" (resp. RE™ ") are obtained by taking
the inverse of R3T (resp. RP*"). Moreover:

bl = 5% [RE[RE], @

which, combined to (42), leads to:

Ssta,aff Ssta,aﬁ
2,f=0 t ff 1,f=0 t
Ssta,cst p]CDSN < paDN < Ssta,cst p]C)SN (44a)
2,f=0 1,f=0
S;ta,par Ssta,par
T2,f=0_ t par C1,f=0_ "
Sbta ,cst p(]SSN < ppn = Sbta ,cst p]CDSN (44b)
2,f=0 1,f=0
with |15 | /ST and [543 | /] 5575 | given by 42). (44) contains up-

per bounds for the convergence rate with DN interface conditions in both the lin-
ear and parabolic viscosity cases. (44) and Fig. 1a suggest that different behaviours
should be expected between pSY and pik , or p&t and ply, for example:

[t > 1and po > 1] = [panIf\I/par pcsf\j] (45)
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The numerical conjecture expressed in (45) suggest that, as in previously covered
simplified cases (e.g. Sec. 4.1.2), the particular physical setting of the problem (trans-
lated into the signs of p; — 1), over which the user has no control, bears an impact
on the convergence properties of DN-derived SWR algorithms. For example, with
parabolic v;, convergence is less likely to occur as ho increases and h; decreases,
since such a configuration would favour small y; and large p5. Hence, in addition to
the physics of the problem (translating into the values of v; and 0,v;), its geometric
setting (h;) also impacts the potential convergence.

Upper and lower bounds for p3Y We now describe the derivation of an upper bound

for p$st; to further exploit inequalities (44). First, injecting (28) into (21) and refor-
mulating yields:

9(1/2Fo3) coshx — cosz

cst 3 —
PON = AiQ( Foy)’ with Q(x) (46)

coshx + cosz’

Introducing %) = 2.36502 and 2(*) ~ 5.49780 the two smallest positive roots of
the transcendental equation tanh z-+tan = = 0, and denoting 8 = Q(z(*?))/Q(z*V) ~
1.32165, it can then be proved (see App. 3) that:

VB < ik < A |2 itV > 2]
hy hy
. . (47)
)\‘hQ < pest < /AB if VA < hi .
1 1

Note that these upper (resp. lower) bounds are reached maxima (resp. minima). More-
over, when studying convergence, w is a common parameter in Foy and Fo; and

[Aha/hi| = \/AFoqs/Fo; with Fos /Fo; independent of w.

Upper and lower bounds for panlf\I/par Replacing pSt by its upper bound in inequal-

ities (44), the following upper bound for the convergence rate in the DN case with
affine viscosities can be obtained :

h _
)\‘hQ‘ (pyIn (14 1/p,))"" if Foy > Foy,
1

Pk < Upk = (48)
VB (uiln (1+1/py))"" if Foy < Foy.
Similarly, with parabolic viscosities:
h V1+4
-2 + A if Fo, > For,
P < par hq 4y, arccoth (\/1 + 4p1) (49)
PN TN AB(1 + 4pa)

if F02 S FOl.

4u, arccoth (\/1 + 4/“)
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So far, we have considered that w may vary in R. However, for a discretized problem,
w € I, defined in (20). Limiting w to bounded values leads to reformulating (42) as:

aff,cst aff,cst aff,cst
R4y (Wmax) < R} <Ry (

par,cst par,cst par,cst
Ry (Wmax) < RYTT < RYTH(

)
)

since Fo1(—f) = 0 and Fog(wmax) = mz?x(|F02 (w)]), and since R decreases
wely,

(50a)

—f
—f (50b)

)
b

with Fo; (see Fig. 2). Therefore, |R% ™ (w)| < RY***(wmax) can be inferred from
(50). The following more restrictive upper bounds can then be obtained by injecting
this into (43):

f f aff,cst c p ar,cst
rhn < Upn R; “(Wmax)s p%?\? < U%?\? Rﬁmr “(Wmax ) (51)

where U (resp. URY ) is the upper bound of p3fk (resp. URy) defined in (48) (resp.

(49)), and Rgﬁ’m (Wmax), RS (Wmax) — 1. To our knowledge, similar
wmax—>oo

upper bounds had already been derived only in the case of constant coefficients and
subdomains of infinite size. In that case, they are all equal to ppy" = V.

4.4 Convergence analysis for RR transmission conditions

The exact transparent conditions (leading to p = 0 for all w, hence convergence
in two iterations) can easily be found in the Fourier space. For our model prob-
lem (10), considering the interface operators B1 1 = Id + A Ay, By 2 = Id + As,
Ba1 = A1 + 0, and By o = Ay + MO, convergence in two iterations is obtained
for Ay(ps) = F 1 (=AS1P2) and As(p1) = F 1 (=8520.%1) where F~! denotes
the inverse Fourier transform. In the stationary case (w = 0), the A; operators can
be found in the physical space (A; = —AS5*, Ay = —85%23,), but in the general
case w # 0, these conditions are nonlocal in time. Nevertheless, it is possible to
improve the convergence speed by using RR interface conditions as given in (23),
which amounts to assimilating A; to pId and A5 to ¢d,, with (p,q) € P so that the
problem is well-posed. A classical way to find suitable values for (p, ¢) is to solve
the optimization problem:

Find (p*, ¢*) € P such that max pgrg(w,p*,¢") = min {Inax PRR(w, D, q)}
wel, (p,g)€P (wels
(52)

(52) has been analytically solved for simple cases with constant viscosity and infinite
domain [e.g. 10, 21]. For more complicated settings, the min-max problem can only
be solved numerically. In our case, with spatially-variable viscosity coefficients and
bounded domains, the optimization can only be done numerically (see Sec. 5.3 for
specific examples).

We now aim at finding values of (p,q) € P which would at least guarantee the
convergence of the algorithm, without necessarily being the optimal choice. Let us
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first recall that the convergence rate with RR interface conditions is:

(S2(w) +9)(p + AS1(w))
(14 pS2(w)) (1 + AgSi(w)) |

Convergence (i.e. prr < 1) then amounts to:

PRR(Z%Q;‘JJ) = (53)

Pq + AS182 + AgS1 + pSal® < |1+ pgASi8z + AgS1 +pSa|. (54)

Ensuring SWR convergence thus boils down to finding sufficient conditions on (p, ¢) €
P for satisfying (54). In order to simplify this endeavor, we will from now on assume
that:

(p,q) € PN (R*)* =R* x RY, (55)

which is a limitation guided by pragmatic motivations. By splitting (54) into real and
imaginary parts and relying on (55), it is possible to show that (54) is equivalent to:

(o = 1) (g + 1) + 20 (Re (AS1) [Sal — Re(S2))

o (56)
+2g (Re (S2) IAS1[? — Re ()\81)) <0
V2
Moreover:
{(55), Re(S1) > 0and Re(S2) < 0} = {p¥; < 0and g2 < 0}. (57)

While the left condition of (57) can readily be analytically checked in the constant

Slff
10°
) ﬂ '
104

10 1072 1070 10° 0! 02 10°107% 1072 bl 0!
Fo Fo

10?

Fig. 3: Re (S8¢) —1 (left) and Re (S7™")—1 (right) with respect to Fo and 1. Note that
both axes and the colorbar are in logarithmic scale. The hatched area corresponds to
values of (Fo, z1) for which the computations of Bessel functions in S suffer from
numerical instability.

viscosity case (using S]‘?St defined in (28)), we have only been able to numerically
check it in the affine and parabolic cases (see Fig. 3). Hence, from now on, we assume
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the left condition of (57) to be true, so that its right condition is satisfied as well. By
injecting this into (56), we obtain:

{(p, q) € R* x RY and pg = —1} = {Vw € R, prr(p,q,w) < 1}. (58)

The left condition of (58) is not optimal in terms of convergence speed, partly because
of the limitations induced by (55), but it does ensure the convergence of the SWR
algorithm with RR interface conditions, and its simple formulation can easily be im-
plemented. Moreover, (58) illustrates the benefits of investigating RR-based SWR
algorithms. Indeed, for DN-based ones, pp is directly derived from the problem’s
setting, hence convergence cannot be guaranteed; for RR-based ones, the pg+ 1 term
in (56) permits modulating prr and thus potentially converging for problem settings
under which DN-based algorithms diverge.

We now aim at extending the analytically certified region of convergence in the
(p,q) € R* x R% space beyond the particular line pg = —1. For doing so, we
still assume that the left condition of (57) is satisfied. Thanks to the bounds on ppn
determined in Sec. 4.3, in some cases, it is possible to predict the constant sign of
p%N — 1, and then to choose (p,q) € R* x R such that pg 4 1 has the opposite
sign of pd — 1. Yet, in other cases, the sign of p%,,, — 1 can change with respect to
w. However, this issue can be circumvented at theoretical (constant v;) or practical
(affine or parabolic v;) levels.

Proposition 2 [f the viscosity profiles are constant on each subdomain (v = v5), and
if (p,q) € R* x R% are such that:

2
a2 g g )

|hal, (59)

where 1y ~ 1.45529 is independent of the problem setting, then the SWR algorithm
(10) with the RR transmission conditions defined in (23) converges for all w € R.

Proposition 3 [f the viscosity profiles are constant on each subdomain (v = v5§), and
if (p,q) € R* x R are such that:

2
2 TN )| and < |5 ()] . 60)
0

then the SWR algorithm (10) with the RR transmission conditions defined in (23)
converges for all w € 1.

Conjecture 1 Proposition 2 holds in the case of affine or parabolic viscosities. This

means for all three choices of viscosity profiles, the choice of RR parameters provid-

ing the exact transparent conditions in the stationary case with the constant viscosity
cst

profiles v§** = v;(0) (i.e. po = —A/|h1| and go = |h2]) leads to SWR convergence
(PrRR(W; Po; go) < 1).
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Conjecture 2 In the cases of affine or parabolic v, if (p, ¢) € R* xR are such that
either of these conditions are met:

|$i/ (wmax)| (F0)2 cst,sta |85 (wmax)| 2 cst,sta
- A ’S = d —_ ’ ol
ISP (Wmax)| 2 L.f=0 a 1= |S§St(wma><>| I 2,f=0
(61a)
v,sta v,sta
’ S 2
‘ 1,f=0| 2 2,f=0| (I o
> S )] s € 1t L S )
’SLf=0 0 ’52,f=0
(61b)

then the SWR algorithm (10) with the RR transmission conditions defined in (23)
converges forall w € 1.

Conjecture 3 Moreover, if w — |Re [S1(w)] | is increasing and w — |Re [Sa(w)] | is
decreasing, then (59) and (61) can be substituted with these less constraining sets of
conditions:

2 sta,v (F0)2 sta,v
—p< Fo)\ “51?]0:0 and q> 3 ‘82ff=0 , (62a)
or
Ip)? 2
—p> ( g) MSY (wmax)|  and ¢ < o S (Wimax)| - (62b)

In App. 4, Props. 2 and 3 are proved and Conjs. 1, 2 and 3 are discussed. While Prop.
2 and (62a) offer sufficient condition for theoretical SWR convergence (w € R),
Prop. 3 and (62b) are limited to its discrete implementation (w € I,). Interestingly,
for all three choices of viscosity profiles, the choice of RR parameters providing
S130

the exact transparent conditions in the stationary case (i.e. pg = —A\ and

g = ‘S;t;io ) leads to SWR convergence (prg (w, po, q0) < 1).

5 Numerical experiments

In this section, we illustrate the different properties highlighted in the previous sec-
tions with numerical experiments. In particular, we numerically investigate the influ-
ence of continuously variable coefficients on the convergence in the case of DN and
RR interface conditions in view of our theoretical results. We directly simulate the
equations for the errors, i.e. we set Fy = Fp =0, U g = Uy ; = 0in (3).



24 Sophie Thery et al.

1
1
| = |l a | e |
<1
1
1
1

Q1 QQ

Fig. 4: Grid arrangement for the discretization of model problem (3) on subdomains
{27 and (2. Vertical lines indicate interfaces between grid cells while ellipses indicate
cell centers. The vertical dashed line represents the interface between (2; and (2.

5.1 Discretization

Because viscosity coefficients v;(z) can have large variations in space, we use a
nonuniform grid with increased resolution in the vicinity of the interface. On subdo-
main £2; of length |h;|, the location of the cell center z;, for grid cell k is
sinh(o05) k

Ok = =7, k‘:O,...,N;

2L = h,co'k; + (Ih.7| - hc) Sil’lhes ’ N

where N + 1 is the number of grid points for the discretization on (2;, and (he, 6;)
two parameters controlling the grid stretching. For our experiments, we choose h, =
1073|h;|, 65 = 107* N and N >> 10, which leads to a resolution of Az ~ 1073|h;|
near the interface and Az ~ 107!|h;| near the external boundaries. As shown in
Fig. 4, the interface is located in the middle of a grid cell at zy = 0. Regarding the
discretization in time, in order to circumvent the stability issues of the Euler forward
scheme to integrate the Coriolis term in (3), a Forward-Backward approach is used.
For a velocity vector U = (u, v), this scheme reads:

uy = uy + At fop, vy = vy — At fu.

The order of integration of u and v is inverted from one time-step to the other to
minimize splitting errors. The diffusion is then discretized using a standard implicit
finite-difference scheme. This leads to a tridiagonal system for interior grid points,
which reads (for u, with the same applying for v):

a4 b et =g, k=1,...,N -1, (63)
V179 At v At
where ap = —L, Ccr = —%, and b, = 1 — a; — ¢, with
AzkAzk,l/Q AZkAZk+1/2

Az, = zpq1/2 — 2k—1/2 and Azp4q/2 = 2k41 — 2x. Same applies to the v velocity
component.

Since the interface is located at a cell center (Fig. 4), the evaluation of the gradient
(0.u),, at the interface (required for Neumann and Robin conditions) is obtained via
extrapolation with a second-order formula. Simulations have been performed using
a multiplicative Schwarz algorithm initialized with a random guess at the interface,
so that the observed error widely samples the temporal frequencies that can be repre-
sented by the computational grid.
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5.2 Numerical experiments for Dirichlet-Neumann interface conditions

We compare the theoretical convergence rate p,(w) on I,,, with the observed one
p¥;(z = 0) defined in (18), for the three viscosity profiles, and for fixed parameters
h;, v§ and 0.v;(0). This comparison is illustrated by Fig. 5 and 6. The left panels

represent the theoretical convergence rates pSy (w), pk (w) and py (w) for different

parameter values, and the convergence rates obtained from numerical simulations.
Since the latter vary from one Schwarz iteration to the next one, they are not restricted
to a single line but are materialized by a shaded area delimited by the minimum
and maximum observed values over I,. Since we consider f # 0, the theoretical
convergence rates are not symmetrical with respect to w = 0, hence the figures feature
two curves for each rates: one for p,(w > 0) and one for p,(w < 0), with |w| as the
x-axis. Several remarks can be drawn. First, the numerically observed convergence
rates satisfy the theoretical bound given by (19). Indeed, the maximum of the curves
is systematically above the grey shaded areas, which are bounded by mkin p’{b (z=0)

k. . . .
and max py;, (z = 0) (where k is the iteration number). As expected, the convergence

(or divergence) of the SWR algorithm depends on both the physical configuration
and the nature of the viscosity profile (constant, affine or parabolic). For instance,
as shown in the right panels of Fig. 5 and 6, there are situations where the algorithm
converges only for the constant viscosity case and diverges in the affine and parabolic
cases (while the exact opposite behaviour can be found for other parameter values).
These examples illustrate that the spatial variations of the diffusion coefficient is
determining for the SWR algorithm convergence, and that results from one particular
choice cannot be generalized to other ones.

Figure 6 confirms the consistency between the numerically observed convergence
rate, computed in the physical space, and the theoretical convergence rate, computed
in the Fourier space. The observed convergence rates (right panel) are smaller during
the first iterations. This is due to the rapid damping of error components correspond-
ing to the frequencies with fast convergence. As iterations progress, the errors at
slower-converging frequencies have more influence on the £2 norm, and thus on the
observed convergence rate. This results in observed convergence rates which increas-
ing at each iteration. Consistently, when the variations of the theoretical convergence
rate in the Fourier space are small, the observed convergence rate is more stable
throughout the iterations.

Figure 6 also shows that the peak corresponding to w + f = 0 in the theoretical
convergence rates indeed impacts the convergence at a numerical level. Such peak
appears in the theoretical derivation only when considering finite size domains . With-
out these hypotheses, the curve for the convergence rate would be flat, corresponding
to p(w > 0). This example illustrates that the observed convergence rate is larger
than the one given by the flat portion of the theoretical convergence rate, because its
maximum value is influenced by the asymptotic case w + f — 0. Adding the rotation
(f # 0) shifts this peak by — f in the w space. In the case where |f| < 7/dt, the
bounds for p°®* are the same as with the Coriolis effect. But if | f| > 7/dt, or in the
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stationary case, this shift could change the bounds and thus the convergence of the
algorithm.

—— Theor. p™* === Theor. p*T  «eeen Theor. pP** — ez =0)]l2 e [[eP*(z = 0)]]
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Fig. 5: Left panel: convergence rates with respect to |w| < /At for three different
viscosity profiles: constant (solid lines), parabolic (dotted lines) and affine (dashed
lines). The two curves correspond to the theoretical convergence rate p(w > 0) and
p(w < 0). The grey or hatched areas correspond to the values reached by the observed
convergence rate in £2 norm. Right panel: £2 norm of the error on (u,v)(z = 0) as
a function of the iteration number. Here the parameter values are: h; = —50m,
vy = 0.8m?s~ 1, an1(0) = —0.006 ms~!, hy = 100.0m, vy = 0.09m?2s~1,
0.v2(0) = 0.4ms™!, f =5x107°s71, At =2000s.

5.3 Numerical experiments for RR interface

Here we focus on the calculation of Robin coefficients for optimizing the SWR al-
gorithm convergence, as explained in Sec. 4.4. While previous studies have already
determined the optimized coefficients in various cases with infinite domain, constants
viscosity profiles and without Coriolis effect [e.g. 10, 11, 21], the assumptions made
during their determination may lead to such coefficients being irrelevant in the cases
investigated below. In Fig. 7, the behaviour of the SWR algorithm for a parabolic
profile is shown, with four different choices of Robin coefficients leading to four
different convergence rates:

(@) P, corresponding to optimized coefficients analytically determined in [21]
for infinite domain, constant viscosity and no Coriolis term (the corresponding

convergence rate will be referred to as i P");

b) pllm’par, corresponding to numerically optimized coefficients by solving the (52)

min-max problem on p§5f;

(c) pHRPY same as (b) with solving (52) on paf;
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Fig. 6: Left panel: same as left panel of Fig. 5 but for different parameter values.
Right panel: observed convergence rates in £2 norm on (u,v)(z = 0) as a function
of the iterations. Both panels use the same y-axis. Here the parameter values are:
h1 —50m, ¢ = 0.012m?s7 !, 9,11(0) = —0.04ms~!, hy = 200m, v§
0.06m?s71, 9,15(0) = 0.01ms™!, f =5 x 107> s~ and At = 2000s.

(@ p?R’par, same as (b) with solving (52) on piR.

As in the DN case, the numerically observed convergence rates agree well with the
theoretical bound given by (19). Figure 7a displays the theoretical convergence rates
pRR-Par (g £0...3}). This figure clearly illustrates that significant gain in perfor-
mance can be obtained through optimizing Robin coefficients as consistently as pos-
sible with the practical problem of interest. As confirmed by the experiments shown
in Fig. 7b, optimizing the Robin coefficients using a convergence rate which accounts
for the parabolic viscosity profile, finite size subdomains and the Coriolis effect pro-
vides a very efficient algorithm. On the contrary, other alternatives, where simpli-
fications had been made, are at best suboptimal and may even lead to divergence.
Once again, neglecting the variations of the viscosity in the convergence analysis can
conduct to critically erroneous choices of Robin coefficients.

Besides the determination of optimized Robin coefficients, Sec. 4.4 dealt with differ-
ent ways of choosing acceptable coefficients without numerically solving the costly
(52) min-max problem. Figure 8 maps the maximum (w.r.t. w) of the convergence rate
as a function of p < 0 and ¢ > 0, for the three types of considered viscosity profiles,
with specific symbols localizing the four different couples of (p, ¢) values discussed

in previous paragraph, and used in Fig. 7. (p, q) values corresponding to optimized
sta,par

parameter values in the nonrotating and stationary case (i.e., pg = —)\SL F=0 and
qo = —S;?i’gr), are also displayed.

The left panel of Fig. 8 underlines that using Robin coefficients obtained from opti-
mizing the constant or affine viscosity case does not ensure good convergence of the
model with a parabolic viscosity profile. These maps also display the areas of suffi-
cient conditions for RR-based SWR algorithm convergence, established in Sec. 4.4.
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Fig. 7: (a): Theoretical convergence rate with respect to |w| < 7/At for a given
parabolic viscosity profile. The four couples of curves correspond to different choices
of Robin coefficients (see Sec. 5.3). (b): Evolution of the £Z-norm of the error
on (u,v)(z = 0) with respect to the iterations for numerical simulations in the
same setting as reported in (a). (c)-(f): details of the four cases from (a), one by
one. Grey zones correspond to the amplitude of the values reached by the observed
convergence rate over the iterations and the temporal frequencies. Parameter val-
ues are: by = —50m, v{ = 0.06m?s %, 9,11(0) = —0.001ms~1, hy = 200m,
v§ =0.012m?s7 !, 0,15(0) = 0.04ms™!, f =5 x 1074571, At = 1000s.

As explained in Sec. 4.4, the (pg, qo) couple from the nonrotating and stationary case
is located close to the white zone, which ensures convergence for all three viscosity
profiles without requiring solving a costly optimization problem.

6 Conclusion

In this paper, we have analyzed the convergence of global-in-time Schwarz wave-
form relaxation algorithms on the coupled Ekman layer problem with continuously
variable viscosity coefficients. We have obtained new theoretical results for problems
featuring several delicacies which are very often neglected in existing convergence
analyses: viscosity profiles are allowed to vary in space and the Coriolis effect as-
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Fig. 8: Contour lines: max,, log, prr(w) with respect to (—p,q) € R2 for differ-
ent viscosity profiles: (a) parabolic; (b) affine; (c) constant. The bold line indicates
max,, log,g prr(w) = 0; thin full (resp. dashed) lines are drawn with a £0.2 in-
crement. White zones correspond to areas of convergence guaranteed by Props. 2-3
(for constant v;) and Conjecture 3 (for affine and parabolic v;); light grey zones to
observed convergence without having those conditions satisfied; dark grey zones to
divergence. The first four symbols correspond to the values of (p,q) used in Fig.
7. The fifth symbol corresponds to (pg, go) obtained in the stationary case without

rotation (Sec. 4.4). The parameter values are the same as in Fig. 7.

sociated with the Earth’s rotation is accounted for. First, we have emphasized that
including the Coriolis effect amounts to investigating a reaction-diffusion equation
in the complex space. We then have considered two types of SWR interface condi-
tions (Dirichlet-Neumann (DN) and Robin-Robin (RR)), and three types of viscosity
profiles (constant, affine and parabolic). Fourier space convergence rates have been
given for all three cases, with indications on how such results are linked to empirical
convergence rates observed from numerically simulated problems. In our physically
realistic setting, we have defined analytical bounds of SWR convergence rate for
constant viscosity profiles for the DN interface conditions, while for the RR case we
have conjectured sufficient conditions ensuring convergence. Similar results extended
to the affine and parabolic viscosity cases have also been numerically assessed. More
importantly, we have emphasized that spatial variations in viscosity can be deter-
mining on the convergence of SWR algorithm, and that neglecting them can mislead
preliminary convergence analyses.

This work is part of a community effort to mathematically and numerically evalu-
ate the coupling methods presently used in realistic climate models. Several open
perspectives are left. First, some of this work’s conclusions rely on numerical conjec-
tures that have not been proved, but only observed. Second, generalizing our study
to cubic viscosity profiles would be interesting, as this would include the profile pro-
posed by [33] which is used as a baseline in broadly-used turbulence schemes. In the
same way as Bessel (resp. hypergeometric) functions are used for describing SWR
algorithm solutions for affine (resp. parabolic) viscosity profiles, Heun’s function is a
good candidate for studying the cubic case. However, preliminary numerical studies
have suffered from numerical instabilities arising from evaluating such functions. It
should also be borne in mind that other recently proposed waveform relaxation al-
gorithms derived from Dirichlet-Neumann conditions [e.g., 16, 18] have not been
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investigated here, and may lead to convergence properties able to compete with the
RR-based SWR algorithms presented here.

On the longer term, a significant challenge would be to investigate SWR algorithms
in the context of viscosity profiles resulting from a turbulent kinetic energy (TKE)
closure. Such methods, which are increasingly used in climate models, rely on solv-
ing an additional prognostic equation and result in space and time varying viscosity
profiles depending nonlinearly on model variables. Investigating idealized testcases
are a necessary and instructive endeavor for accurately seizing the main numerical
challenges arising from model coupling.
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1 Quadratic viscosity basis functions

Eq. (12a) using the quadratic viscosity v(z) = c+bz+az? for z € 2, can be reduced

to the Legendre ODE (1 — nz) @ — 277% +&(E+ 1)y =0 with
dn? dn
2a b 1 4o (f +w)
. — d =—1+4/14+ —= 64
103 = e <Z+2a) and & 2( L ) ©4)

where the choice of the sign in (64) does not bear any consequence. In particular, one
can show that using relevant quadratic viscosity functions, (e.g. satisfying v(z) > 0
for all z € §2 and (a,b,c) € R* x R?), n € R and satisfies —1 < n(z) < 1
for z € 2. The functions given by (32) are then numerically satisfactory solutions
to the Legendre ODE [meaning that computing a reasonable amount of sum terms
leads to accurate values, 8], and thus to (12a). In our numerical results, Legendre
functions have been computed using the hypergeometric function o F; [34] through:

P2 (n) =oF1 (§+1,-& 1;m).

2 On the observed discretized convergence factor

Let us consider the numerical solution of the coupled problem (3) on a given time
window 7, using a finite difference discretization in time. The observed error can be
written as (with U; = (u;, v;)):

ES™(z) = UP™(2) — Uj(2,t7") 1<m< Mj,je{1,2},keN* (65

where m is an index for the time step, ¢7" is the physical time corresponding to time
step m, and Mj is the total number of time steps for the numerical approximation of
U in 7,,. A convergence rate characterizing the behaviour of Ef’m = (E’;;", Efjm)
as a function of k is:

) ) 1/2
o) |, [ (o) s o))
%j ) H(Ekl’m(oﬂgl '2’ - M; 2 N FeNje il
LT ()
(66)

Also the discrete errors on the complex variables (i, @) are:

Sy — [ _ (07" (R) — elxth)
J‘ ”(%2?(@)(é”(z)—so(z,tm | “

)
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Where <,0;C " and @f’m are defined by the Schwarz algorithm (10). Ef’m is linked to
™ by:
1 el g b
EFm —pefm = [ T T , 68
J e ﬂ ( k m + zei ( )

S . . . o =T
where P is given in Sec. 2.2. Since P is a unitary matrix (i.e. P~ =P ),

k.,m k,m =T km _ [(=km T km
= (&) Pre = (o) e @
meaning that (66) becomes
1/2
M; 2 2
k,m m
F0F)) + (e 0F )
B (e o) )
RUj: 1727 ]CGN,]G{:[,Q}
% k—1,m 0F 2 k—1,m 0F 2
2 (a5 mom) + (o5t mom
(70)
|:]\/Ij ) 1/2
k, 7n F Z ( k,}'rrL(Oq:)) :|
Let us now define ﬁijjwf = ””( )| PR = e 7z for k €

ek~ 1 ™ (2=0%F) j
N*,j € {1,2}. When M; — +oo (i.e. simulating (10) on a infinite time win-
dow), the temporal grid can only generate modes which frequencies lie in I, :=

[— — { ST o o0 _}] . This is due to the Nyquist-Shannon sampling theorem
J (.2 ]

je{1,2}

[7]. ( y ’7-”(03F)> corresponds to the Fourier transform of the continuous error é% on

I,,. The convergence factor denoted P<p can be linked to the errors in the Fourier
space by the Parseval’s theorem:

®sJ]

o 1/2
BT (g e e @)

o 1/2 et 2, \1/2 ’
5 oo (e et )
m=1
which implies that inf ph (W), < P < sup Pk (w).
‘W|§Tf/j€rr{1¥12}{5tj} ’ ’ |w|§7r/j€n{1}r,12}{6tj} ’

M;

Moreover, using the identity me = (ixm) 1— i T o/ { ixm} ,
m=1 =

m=1
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e, M . .
P, ;  can easily be linked to ﬁﬁ’?o:

00 2
k,m
k,M; > (%’,j (OJF)>
M\ (oo\2 LG th M mEMiH
Po.j ) N 1_Fk:flM w1 ©.J o o
©.j > (%’,j (Oﬂ)
m=1
(71)

Since Fk M5 0as M; — oo (thanks to §2.1), (71) can be rewritten as p¢ ] =
pcp J “+0 ( M; oy o LM; ) Finally the same relationships being true for e . j , we
end up with:

R%j < max sup ,olj,,j((,u)7 sup p%j(w) +e (72

|w|<m/ min {dt;} |w|<m/ min {dt;}
je{1,2} je{1,2}

3 Proof for the upper bound (47)

In this appendix we provide the proof for the upper bound (47) on p§k for constant
viscosity and Dirichlet—Neumann interface conditions given in Sec. 4.3. We first re-
cst cst \/2F03)

formulate pt; as p&k = VA \/ﬁ) with

coshx — cosx
Q(z) =

coshx + coszx’

3.1 Proof for the upper bound (47) for Foy < Foq

The derivative of Q(z) cancels for 2* such that tanh(z*) + tan(z*) = 0. This
transcendental equation has no root on [0, /2] (and 0 < Q(z) < 1 on that interval)
and then one root z(***) per interval [r/2 + km,37/2 + kn] (k > 0). For even
values of k, Q(x(*’k)) is a local maximum and Q(z) > 1, while for odd values
of k, Q(z*)) is a local minimum and Q(x) < 1. Moreover it can be shown that
Qz*0) > Q(z*?) > Q%) > ... > T and Q(z*V) < Q(z™*?¥)) <
Q(z*)) < ... < 1. This implies that the maximum of Q(z) is Q(2*)) and thus
that
Q(z) < Q(gc(*’o))7 z > 0.

If we now introduce @« = /Foy/Fo; and consider x = /2Fo1, our problem is to
find the upper bound of QQ((Q;;) with o < 1 (because we consider the case Fo, < Foq

here). It is straightforward to prove that Q(az) < Q(z™*%), for z > 0, < 1
and Q(ax) behaves like Q(z) on the subintervals [5= + km, 3% + kx]. We can then

7 2
proceed sub-interval by sub-interval: (i) on [0, 7 /2] ( ) increases more rapidly than

Q(ax). We thus have QQ((O“)) < lassoonasa < 1; (i) on [r/2,37/2] Q(z) is larger

than 1, meaning that ( 5 < 1. We thus have Q((M) < Q(z*9)) whatever the value
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of a; (ifi) on [37/2, 57 /2] Q(x) has a local minimum Q(z*2)) which is smaller than
1. We thus have % < m and the worst case scenario is when this coincides
with values of « such that the maximum of Q(«ax) occurs for x € [37/2, 57/2]. We

thus obtain:
Qaz) _ Qa*")
Q) ~ QztxM)
Because of the ordering of the values Q(z(***)) given earlier (i.e. Q(z**)) gets

closer and closer to 1 as k increases), it is not needed to go beyond x = 57/2 since
the upper bound could not be larger for x > 57/2.

3.2 Proof for the upper bound (47) for Foy > Fo;

The sign of the derivative of %

For this proof, we first study the behaviour of %

with respect to x is the same as

cos?(x) — cosh?(z) + z(cosh(x) sin(z) + sinh(z) cos(z)),

Qz(f ) is thus a decreasing function of x for

Qar) _ Q)

o2r2 — 2

which is smaller or equal to zero for z > 0,

x > 0. In the case a > 1 (i.e. Foo > Fo1) we have ax < z, hence

T
QQ((M)) < a? where z = v/ 2Fo; and o = y/Foq /Fo;. We can rewrite
T

this last inequality in terms of Fo; to obtain

F02
Bx < A/ A=—. 73
PDN = Fo, (73)

Note that this also proves that | S5*t (Fo)| decreases, and thus | S (Fo)| < [S5™| =
S¢%(Fo)| increases and |S{*t(Fo)| > |S7*"| = |hy| L.

which leads to

|h2|. Similarly,

4 Details on sufficient conditions for RR-based SWR algorithms
4.1 Proofs of Props. 2 and 3

These proofs are based upon the following lemma:

Lemma 1 [f there exists (v, 0%, X%) € R such that, Vw € R:

Vi€ {1,2}, [Im(S;(w))| <" [Re(S;(w))l, (74a)
[Re (S1(w))] = a7, (74b)
[Re (S2(w))| < 25, (74¢)



36 Sophie Thery et al.

then the following combination of conditions on (p,q) € R* x R* guarantees the
convergence of the RR-based SWR algorithm, for all w € R:

1 v\2
—p < 2X\o¥ and q> #2’2’ (75)

Proof (of Lemma 1) By reorganising (56), prr(p, ¢, w) < 1 is equivalent to :

papin — 1+ 2pY; +2qRe (Sy) |)\S1\2 + pin —q(p+2Re(A\S1)) < 0. (76)
93 P 95

Since pg < 0 and per hypothesis (57), we have ¥3 < 0. Let us now exploit the
conditions (74) to obtain (76). Using p%, 5 = |AS1||S2], and recalling that Re(Ss) <
0 and g > 0, then 94 < 0 is equivalent to —2¢| Re(Sz)| + |Sa2|? < 0. (74c) implies
a2 < (14 (%)) Re(Sa)[% Then q > L2 Re(S,)| with Iy = /T + (77)?
implies ¥4 < 0. In the same way, because ¢ > 0 and Re(S1) > 0, —p < 2A| Re(S1)|
is a sufficient condition for 995 > 0.

Proof (of Prop. 2) As previously mentioned, we rely on Lemma 1. In the case of
constant viscosities, then, using (28) and extensive reformulation (not detailed, ana-
loguous to (46)) yields:

m (S (@) sinh(y;) — sin(y;)
Re(St (o) | — “\Wi) = ith = 1/2F0;(w).
Re(‘squt (W) V(y;) sinh(y;) + sin(y;) w1 Yj 0;(w)

)
Analogously to what is done in App. 3, it can then be proved that:
Ion (S5 (w))
Yw € R, o[ <=V, (78)
Re(85* (w))

where y* is the smallest positive root of tanh(y) — tan(y) = 0. Hence, (74a) is
satisfied. Moreover, still in App. 3, it is proved that Vw € R, |S$5¢(w)| > |SS“1 o =

1/|h1] and that | S$** (w)| < |Sbta 5| = | ha|. Hence, (74b) and (74c) can be obtained
by defining:

1
oSt = (\/1 + (72| | ) and TS = |hy. (79)
Injecting (79) into (75), and defining Iy := /1 + (7°%)2, lead to (59). O

Proof (of Prop. 3) The proof is analogous to that of Prop. 2, hence extensive detail
is not provided. (78) still holds in that case with the same 5. Moreover, since here
w € I, € R, we know that there exists (2§, 05°") € R? such that:

Vw e IL,, X >|Re(Si(w))| and o5 < |Re(Sa(w))]. (80)



Schwarz algorithms for coupled Ekman layers 37

Analogously to the proof of Lemma 1, and using (80), it can then be shown that (76),
and thus SWR convergence, are satisfied as soon as:

cst)2
o 1+

-p> AXPSE and q < 205 (81)

|0

~—

Moreover, since | Re(S{**(w))| < |S§%(w)| and w +— |S§5%(w)]| is increasing (see

App. 3), then X5 1= | S (wyax )| is a suitable choice in (80). In the same way,

since Iy Re(S5 (w))| > |85 (w)| and w +— |SS$°(w)] is decreasing, then 0§t =

|S55 (wmax )|/ T o satisfies (80). Reinjecting this into (81) and relying on [ := /1 + (7°5¢)2
lead to (60), which, as previously mentioned, is a sufficient condition for SWR con-
vergence with RR transmission conditions for w € I,. [

4.2 Discussion on Conjectures 1, 2 and 3

As soon as the viscosity profiles are no longer constant, the validity of (57) and (74)
can only be numerically assessed. From Fig. 3 we can conjecture that Re(S3f) >
1 (resp. Re(S7™) > 1), which suggests that (57) and (74b) are satisfied on Sj.
Since Sa(p, Fo) = —|ha|/(|h1|S1(u, Fo)), this would imply that (57) and (74c)
are also satisfied for S. Figure 9 shows numerical values of log,,(7y), with v =
Im(S7)|/|Re(SY)| in the cases where v is affine and parabolic. It supports the idea
that this ratio does not significantly depart from its constant viscosity value, which
has been analytically found before. Then using result from App. 3 and (50) we find a
lower bound to | Re(SY (w))]:

|Re(S (W) = IS7 ()15 = [RY (@) 5 S (w)| > |STH0 | Ip - (82)

Analogously, an upper bound to | Re(S% (w))]| can be found. Both bounds justify the
first part of Conj. 1.

If w € I, then the bounds on | Re(S} (w))| can be adjusted:

IRY ()| [ S0 67 < [ Re(SY ()] < RYZS] S5 (wna)] ;- (83)

with analogous results for | Re(S% (w))

, hence Conj. 2.
Finally, assuming that w — |Re(S}(w))| is increasing and w +— |Re(S¥(w))] is
decreasing, these new bounds justifying Conj. 3 can be established:
[STFIE < TRe(SY720)] < [Re(SY ()] < [Re(SY (wimax))| < |ST (@max)|,
(84a)
|85 (wnax) [ Tg < [Re(S5 (wmax))| < |Re(S3 (w))] < [Re(S577%)| < 185775,
(84b)
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logy th (S;’U> ‘/ Re (Sr”) H log, o [Im |(S7")|/[Re (ST")|]
3 - T T
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Fig. 9: Left: logy, [|Im (S3)|/|Re (83)|]; right: logy, [[Tm (SF*)|/|Re (S*)]
with respect to Fo and p (both axes are in logarithmic scale). The grey area corre-
sponds to values of (Fo, i) for which the computations of Sy 77 suffer from numerical
instability (in the Bessel function evaluation).
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