N
N

N

HAL

open science

Hydrodynamic limit for a chain with thermal and
mechanical boundary forces

Tomasz Komorowski, Stefano Olla, Marielle Simon

» To cite this version:

Tomasz Komorowski, Stefano Olla, Marielle Simon. Hydrodynamic limit for a chain with thermal and
mechanical boundary forces. 2020. hal-02538469v1

HAL Id: hal-02538469
https://inria.hal.science/hal-02538469v1

Preprint submitted on 9 Apr 2020 (v1), last revised 18 Apr 2020 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-02538469v1
https://hal.archives-ouvertes.fr

HYDRODYNAMIC LIMIT FOR A CHAIN WITH THERMAL
AND MECHANICAL BOUNDARY FORCES

TOMASZ KOMOROWSKI, STEFANO OLLA, AND MARIELLE SIMON

ABSTRACT. We prove the hydrodynamic limit for an harmonic chain with
a random exchange of momentum that conserves the kinetic energy but not
the momentum. The system is open and subject to two thermostats at the
boundaries and to external tension. Under a diffusive scaling of space-time,
we prove that the empirical profiles of the two locally conserved quantities, the
volume stretch and the energy, converge to the solution of a non-linear diffusive
systems of conservative partial differential equations.

1. INTRODUCTION

The mathematical rigorous derivation of the macroscopic evolution of the con-
served quantities of a system, from its microscopic dynamics, throug a rescaling
of space and time (so called hydrodynamic limit) has been the subject of much re-
search in the last 40 years (cf. [9] and references within). If heuristic assumptions
like local equilibrium and linear response allows to formally derive the macroscopic
equations [14], mathematical proofs are very difficult and most of the techniques
used are based on relative entropy methods (cf. [9] and references within). Un-
fortunately, in diffusive scaling when energy is one of the conserved quantities,
relative entropy methods cannot be used. In some situation a different approach,
based on Wigner distributions, is effective in controlling macroscopic evolution
of the energy. This is the case of a chain of harmonic springs with a random flip
of sign of the velocities, and with periodic boundary conditions, where the total
energy and the total length of the system are the two conserved quantities, where
the hydrodynamic limit has been proven in [10].

The porpouse of the present article is to deal when microscopic mechanical
forces and thermal heat-baths, acting on the boundaries, are present, and deter-
mine macroscopic boundary conditions for the hydrodynamic diffusive equations.
In the scaling limit the presence of the boundary conditions is challenging, as the
action of the forces and thermostats that are acting at the boundaries become
singular. In [3] the authors prove the existence and the uniqueness of the non-
equilibrium stationary state, even in the an-harmonic case. The existence of the
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Green-Kubo formula for the thermal conductivity is also proven in [3]. But it
turned out very difficult to control the limit properties as the size of the system
became infinite (i.e. macroscopic). In particular it is still an open problem the
proof of the Fourier’s law, i.e.the average energy current is inversely proportional
to the size of the system and proportional to the negative temperature difference
of the thermostats. One of the main difficulties of this open dynamics is to prove
that energy inside the system remains proportional to the size of the system (a
trivial fact for the periodic case where energy is globally conserved). In fact the
random flip of the velocity signs does not move the energy in the system, and the
energy transport is entirely due to the hamiltonian part of the dynamics, that is
very hard to control.

This difficulty forced us to consider a different energy conserving random dy-
namics, where kinetic energy is exchanged between nearest neighbor particles in
a continuous random mechanism. In this case the stochastic dynamics is also re-
sponsible of the energy transport. The non-equilibrium stationary state for this
dynamics was already considered in [2], where Fourier law was proven without
external force, i.e. in mechanical (but not thermal) equilibrium. In [11] Fourier
law is studied the stationary state when also an external tension force is present
(mechanical and thermal non-equilibrium). Furthermore, at least in a particular
case, in [11] are proven stationary macroscopic profiles of temperature and vol-
ume stretch. In particular the temperature profile has the interesting feature that
stationary temperatures in the bulk can be much higher than at the boundaries,
a general behavior conjectured in the non-equilibrium stationary states of many
systems [13].

In the present work we give a proof on the non-stationary hydrodynamic limit
for such open system, where we are able to apply the Wigner distribution method
and overcome the difficulties of the singular limit coming from the action of the
thermostats and the external tension.

We hope that in the future these results will help in solving the more challenging
case of the an-harmonic springs. We also hope to find a way to prove similar result
for the harmonic chain with the simple random flip of the sign of velocities.

2. PRELIMINARIES

2.1. Open chain of oscillators. For n > 1 an integer we let I, :== {0,1,...,n}
and Ig := {1,...,n—1}. The points 0 and n are the extremities of the chain. Let
also the continuous counterpart be I:= [0,1]. We suppose that the position and
momentum of a harmonic oscillator at site z € I, are denoted by (q.,p.) € R2.
The interaction between two particles situated at x — 1,z € I, is described by the
quadratic potential energy

V(Q:c - q:t—l) = %(qw - q:z:—l)z'

At the boundaries the system is connected to two Langevin heat baths at tem-
peratures Ty :=T_ and T,, := T,. We also assume that a force (tension) of constant



value 7, € R is acting on the utmost right point x = n. Since the system is un-
pinned, the absolute positions ¢, do not have precise meaning, and the dynamics
depends only on the interparticle stretch

Te'=Qy— (e, Torx=1....n,

and by convention throughout the paper we set ry := 0. The configurations are
then described by

(r,p) = (71, "0y D0y - -1 Pn) € 2y 1= R? x R (2.1)
The total energy of the chain is defined by the Hamiltonian:
Hn(rap) = Z gx(rap)a (22)
zel,

where the microscopic energy density is given by

2 2
&,(r,p) = % V)= e, (2.3)

Finally, we assume that for each x € I, the momentum p, can be flipped, at a
random exponential time swith intensity yn?, to —p,, with v > 0.

Therefore, the microscopic dynamics of the process {(r(t), p(t)) }+s0 describing
the total chain is given in the bulk by

dr.(t) =n? (p(t) — pa_1(t)) dt, xe{l,...,n},

Ape(1) =12 (reon () = (D)) dt =2, () AN (nPt), e, 20
and at the boundaries by
ro(t) =0,
dpo(t) = n?r1(t) dt — 2p(t7) ANy (yn2t) = Fnpy dt + n\/25T_duwy, (2.5)

dpn(t) = —=n?r,(t) dt + 0?7, dt - 2p,(¢7) AN, (yn*t) = Fn’p, dt + n\/ 27T, dw,,

where wy(t) and w,(t) are independent standard Wiener processes and N, (t),
x €I, are independent of them i.i.d. Poisson processes of intensity 1. Besides,
7 > 0 regulates the intensity of the Langevin thermostats. All processes are given
over some probability space (X, F,P). The factor n? appearing in the temporal
scaling comes from the fact that ¢, used in the equations above, is the macroscopic
time, and the microscopic time scale is the diffusive one.

We assume that the initial data is random, distributed according to the prob-
ability distribution u,, over €2,,. We denote by P, := i, ® P (resp. E,) the product
probability distribution over ,, x ¥ (resp. its expectation).

Equivalently, the generator of this dynamics is given by
L:=n? (A+WS+'7V§), (2.6)
where
n n-1
A= Z(pif ~Pa-1)0r, + Z(rwﬂ = 13)0p, + T10py + (T4 (t) = 10) Op, (2.7)
r=1 z=1
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and
SF(r,p) := Z%(F(r,p””) - F(r,p)) (2.8)

for any C?-class smooth function F'. Here p* is the momentum configuration
obtained from p with p, replaced by —p,. Finally, the generator of the Langevin
heat bath at the boundary points equals:

S= Y (Tw% -ps0,),  with Ty=T., T,:=T.. (2.9)

z=0,n

2.2. Notations. We collect here notations and conventions that we use through-
out the paper.
e Given an integrable function G : I - C, its Fourier transform is defined by

FG(n) = AG(U)@‘””" du, neZ. (2.10)
If G € L2(I), then the inverse Fourier transform reads as
G(u) =Y e*™FG(n), uell, (2.11)
nez

where the sum converges in the L? sense.
e Given a sequence {f,, = €}, its Fourier transform is given by

fk) =Y foe2mt, kel,={0,-L,....: %} (2.12)

xzell,

Reciprocally, for any f/]fn — C, the inverse Fourier transform reads
fo= S F(R)eX™k pel,, (2.13)
kefn

where we use the following short notation

= 1
S = 3 (2.14)
keﬁ\n n+1 keﬁfn

for the averaged summation over frequencies k € T,,. The Parseval identity can be
then expressed

2R (k)= ) fogz,  fi9:L~C. (2.15)
kETn zely
For a given function f we adopt the convention
(k)= f(k) and [ (k):=f"(-k), keT,. (2.16)
According to our notation, given a configuration
(r’ p) = (T17 A 7Tn’p0’ A apn) e Qn = Rn X Rn+1

we let, for any k €T,

?(k’) = Z T$€_27rmk, ﬁ(k’) = Z pze—Qwixk’

xel, zel,



recalling the convention ry := 0. Since the configuration components are real
valued, the corresponding Fourier transforms have the property:

P (k) =p(-k), 7 (k) =7(-k). (2.17)

e For a function G : I - C, we define three discrete approximations: of the
function itself, of its gradient and Laplacian, respectively by

G, =G(2), zel,,
VaGe = n(G(EL) - G(2)), ze{0,...,n-1}, (2.18)
NGy =n?(G(EL) + G(EL) -2G(8)), el

e Having two families of functions f;, g, : A > R, 7 € I, where I, A are some sets
we write f; < g;, ¢ € [ if there exists C' > 0 such that

fila) < Cgi(a), for any i€ I, a € A.
If both f; Sgi,iel and g; S fi,7 € I, then we shall write f; ~ g;,71 € I.

3. HYDRODYNAMIC LIMITS: STATEMENTS OF THE MAIN RESULTS

In this section we state our main results, given below in Theorem 3.2, Theorem
3.3 and Theorem 3.5.

Suppose that T' > 0. Let us denote by vr(dr,dp) the product Gaussian measure
on €2, of null average and variance T' > 0 given by

e=6o/T n o e=E/T

\/— dpo H \/—dpa:

Let u,(t) be the probability law on ,, of the configurations (r(¢),p(t)) and let
fn(t,r,p) be the density of the measure pu,(t) with respect to vp.
We now define the linear interpolation between the inverse boundary temper-

atures T-! and 7! by
Bu) = (T -TH)u+T", wuel (3.2)

vr(dr,dp) := dr,. (3.1)

Recall the definition of its discrete approximation: S, := 5(x/n), z € L,. Let 7 be
the corresponding inhomogeneous product measure with tension 7,:

v(dr,dp) := dpo H eXp{ B (Ex=Tyry) — g(ﬁx,i)}dmdpx, (3.3)

¢~Bop
V2Bt

where the Gibbs potential is

R
for >0, 7 € R. Consider then the density
~ dVT
t):= t)—. .
Fut) = fu() 2 (3.5)



Finally, we define the relative entropy

(1) = fﬂ 7.(1) log T (£)d7. (3.6)
In the whole paper we assume
fn(0)eC?,) and  H,(0)sn, n>xl. (3.7)

3.1. Empirical distributions of the averages. We are interested in the evo-
lution of the microscopic profiles of stretch, momentum, and energy, which we
now define. For any n>1,¢t>0 and x €1, let

MO0 =Efn®] B0 =Ep0]l B0 =E[a0] (63

and /f(n)(t,k), ?n)(t, k) with k €T,, are the Fourier transforms of the first two

fields defined in (3.8). We shall make the following hypothesis:
Assumption 3.1. We assume
(1) an energy bound on the initial data:

supL > Ein)(O) < 400 ; (3.9)

n>1 1+ xell,

(2) a uniform bound satisfied by the spectrum of the initial averages:
sup sup (|/F\(n)(0, k)| + sup |/ﬁ(n)((), k)|) < +00. (3.10)
nzl kel, ke,

3.2. Convergence of the average stretch and momentum. In order to state
the results about convergence of the profiles, we extend the definition (3.8) to
profiles on I, as follows: for any u €l and z €I, let

T (tu) =K, [r.(t)],
prt ) =Bl @) ifue i) (3:11)
7 (tu) =E,[&@®)],
Let r(t,u) be the solution of the following partial differential equation
1
opr(t,u) = 2—83u7“(t,u), (t,u) e Ry x 1, (3.12)
Y
with the boundary and initial conditions:
r(t,0) =0, r(t,1) =7,,
r(0,u) =7ro(u),

for any (¢,u) € R, xI. To guarantee the regularity of the solution of the above
problem we assume that

(3.13)

roe C*(I) and 1o(1) =7,. (3.14)

Let pp € C(I) be an initial momentum profile. Our first result can be formulated
as follows.



Theorem 3.2 (Convergence of the stretch and momentum profiles). Assume
that the initial distribution of the stretch and momentum weakly converges to
r0(+), po(+) introduced above, i.e. for any test function G € C*(I) we have

lim —— ¥ 7 (0)G, - f ro(w)G(u)du
n—+oo n, s I
" (3.15)
lim n— > M (0)G, = fpo(u)G(u)du
e zel,
Then, under Assumption 3.1, for any t >0 the following holds:
lim 7™ (t,-) = r(t,") (3.16)

n—>+00

weakly in L2(1), where r(-) is the solution of (3.12)—(3.13). In addition, we have

t
tim, [ 55, [ s = 0. (3.17)

n—+oo

It is not difficult to prove (see Section 4 below) that, under the same as-
sumptions as in Theorem 3.2, for each ¢t > 0 the sequence of the squares of the
mean stretches {[FUV]2(:)}ns1 — the mechanical energy density — is sequentially
x—weakly compact in (L'([0,t];C(I)))". However, in order to characterize its
convergence one needs substantial extra work, and this is why we state it as an
additional important result:

Let C2(I) be the class of C? functions on I such that G(0) = G(1) =0.

Theorem 3.3 (Convergence of the mechanical energy profile). Assume that As-
sumption 3.1 holds. Then, for any test function G(-) € L*([0,t]; CZ(I)) we have

lim OtdsfH(F(”)(s,u))ZG(s,u)du='/OtdSATQ(s,u)G(s,u)du, (3.18)

n—+oo
where r(s,u) is the solution of (3.12)—(3.13).

The proof of this theorem is contained in Section 5.3.

3.3. Convergence of the energy density average. Our last result concerns

the microscopic energy profile. To obtain the convergence of Ein)(t) for t >0, we
add an assumption on the fluctuating part of the initial data distribution. For
any x €[, let

() = (1) T (),
P () = pat) =BV (1),

Similarly as before, let 7™ (¢, k), Pt (¢, k) be the Fourier transforms of the fields
defined in (3.19). We shall assume the following hypothesis on the covariance of
the stretch and momentum fluctuations.

(3.19)



Assumption 3.4. The following correlations sums are finite:

1 =) (5™ () TV
E, | Dz ;
Ti?nm;d (E. [A7 05 (0)]) < +oo
2
. [#7 ()7 (0
Sngllam x;ﬂ (B [F7 )7 (0)]) < +oo (3.20)
1 =) (™ (0 ])
SUp - (B[ (007 (0)]) < +oo.

x,x’€ly,

Let e(t,u) be the solution of the initial-boundary value problem for the inho-
mogeneus heat equation

1 1
et u) = 0%, {e(t,u) ; §r2(t,u)}, (Lu)eR, I, (3.21)
Y
with the boundary and initial conditions
1
e(t,0) =T, e(t,1) =T, + 5?3

e(0,u) = ep(u),

for any (t,u) € R,y xI. Here r(t,u) is the solution of (3.12)—(3.13). Our principal
result concerning the convergence of the energy functional is contained in the
following;:

(3.22)

Theorem 3.5 (Convergence of the total energy profile). Similarly to (3.15),

assume that the initial distribution of the energy converges weakly to some eq €
C (D), i.e. for any G € C’°°(]I) we have:

> £ 0)a, = f eo ()G (u)du. (3.23)

zely,

lim
n—>+oo n +

Then, under Assumptions 3.1 and 3.4, for any t > 0 and any test function G €
LY([0,t];C2(1)) we have

. t _(n) B t
nl_l)rgoj(; dsAE (s,u)G(s,u)dU—fO ds[ﬂe(s,u)G(s,u)du, (3.24)
where e(-) is the solution of (3.21)—(3.22).

The proof of this theorem is presented in Section 5.4.

4. SKETCHES OF PROOF AND EQUIPARTITION OF ENERGY

In this section we present some essential intermediate results which will be used
to prove the convergence theorems, and which are consequences of the various
assumptions made. We have decided to expose them in an independent section
in order to emphasize the main steps of the proofs, and to highlight the role of
our hypotheses.

4.1. Consequences of Assumption 3.1.



4.1.1. The boundary terms. An important feature of our model is the presence
of 7, # 0. A significant part of the work consists in estimating boundary terms.
Let us first state in this section the crucial bounds that we are able to get, under
Assumption 3.1, and which concern the extremity points x =0 and = = 2. One of
the most important results is

Proposition 4.1. Under Assumption 3.1, for any t >0 we have

b _ 2 1
[0 |p0(8) _pn(8)| dS S ﬁv nz ]-7 (41)
and
1 1
[ o ( )+pn(s)| ds g og( n2+ ), n> 1. (4.2)
n

This result is proved in Section 6.1. One other consequence of Assumption
3.1 is the following one-point estimate, which uses the previous result (4.1), but
allows us to get a sharper bound:

Proposition 4.2. Under Assumption 3.1, for any t >0 we have

t t
[ and | [0
0 0 n

This proposition is proved in Section 6.2.

n 21 (4.3)

Remark 4.3. In fact, in the whole paper, only the second estimate in (4.3) will
be used. However, in its proof, the first estimate comes freely.

4.1.2. Estimates in the bulk. Provided with a good control on the boundaries,
one can then obtain several estimates in the bulk of the chain. Two of them
are uses several times in the argument, and can be proved independently of each
other. The first one is

Proposition 4.4 (L? bound on average momenta and stretches). Under Assump-
tion 3.1, for any t >0

! sup Y. {(?:(c")(s)) (pi”)( )) }sl, n>l (4.4)

1+ 1 se[0,t] 2el,

In addition, for any t >0 we have

ny / p(")(s) ds <1, n>1. (4.5)
zel,
The proof of Proposition 4.4 can be found in Section 6.4 below, and makes use
of Proposition 4.2. Here we formulate some of its immediate consequences:

e thanks to (4.4) we conclude that that for each ¢ > 0 the sequence of
the averages {7 (t)}ns1 is bounded in L2(I), thus it is weakly compact.
Therefore, to prove Theorem 3.2 one needs to identify the limit in (3.16),
which is carried out in Section 5.2,

e the second equality (3.17) of Theorem 3.2 simply follows from (4.5).



e finally, the estimate (4.4) implies in particular that
sup sup] H[F(")]Z(s, -)HLl(H) S 1. (4.6)

nzl se[0,¢
Therefore, we conclude that, for each ¢ > 0 the sequence {[F™]2(:)}ps1 is
sequentially »—weakly compact in (L'([0,¢];C(TI)))", as claimed. This is
the first step to prove Theorem 3.3.
The second important estimate focuses on the microscopic energy averages and
is formulated as follows:

Proposition 4.5 (Energy bound). Under Assumption 3.1, for any t >0 we have

sup { ! Zgin)(s)}<+oo. (4.7)

s€[0,t], n>1 n+1 zel,

This estimate is proved in Section 7.1, using a bound on the entropy produc-
tion, given in Proposition 7.3 below. Thanks to Proposition 4.5 the sequence

{E(n)(-)}nﬂ is sequentially x—weakly compact in (L([0,t];CF,(I)))* for each
t > 0. Therefore, to prove Theorem 3.5, one needs to identify the limit. This

identification requires the extra Assumption 3.4.

4.2. Consequence of Assumption 3.4. The proof of Theorem 3.5 is based on
a mechanical and thermal energy equipartition result given as follows:

Proposition 4.6 (Equipartition of energy). Under Assumptions 3.1 and 3./, for
any complex valued test function G € C§°([0,+00) x I x T') we have
) t1 n 2 n 2
T [~ 5 G (B ()" - (3 () s = 0 (4.8)
xel,

The proof of this result is presented in Section 8 (cf. conclusion in Section 8.3),
and uses some of the results above, namely Proposition 4.1 and Proposition 4.5.

5. PROOFS OF THE HYDRODYNAMIC LIMIT THEOREMS

In the present section we show Theorems 3.2 and 3.5 announced in Section 3.
The proof of the latter is contingent on several intermediate results:

o first of all, specific boundary estimates which will be all stated in Section
5.1, and which are byproducts of Proposition 4.2, Proposition 4.4 and
Proposition 4.5 ;

e second, a uniform L? bound on the averages of momentum, see Lemma
5.4 below. The latter will be proved in Section 6.3, as a consequence of
Proposition 4.1 ;

e finally, the equipartition result for the fluctuation of the potential and
kinetic energy of the chain, which has already been stated in Section 4,
see Proposition 4.6.

The proof of Theorem 3.3 requires more detailed analysis of the average dy-
namics (7™, p{™),q, that will be carried out in Section 7.
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5.1. Treatment of boundary terms. First of all, the conservation of the en-
ergy gives the following microscopic identity:

n2LE(L) = fora(t) — Jownr (), well, (5.1)
where
Jea+1(t) = e (v(t), (1)), With ju z+1(T, P) 5= —Paras, (5.2)
are the microscopic currents. At the boundaries we have
n 2 LE(t) = —jo(t) +7(T— —pg(t)) (5.3)
n2LEN(t) = fuorn(t) + Tapa(t) +7 (T4 - P2(2)) . (5.4)

One can see that boundaries play an important role. Before proving the hy-
drodynamic limit results, one needs to understand very precisely how boundary
variables behave. This is why we start with collecting here all the estimates that
we are able to prove, and are essential in the following argument. Their proofs
require quite some work, and for the sake of clarity this will be postponed to
Section 7.3.

Lemma 5.1 (Boundary estimates). The following holds: for anyt >0

(i) (Momentum correlations)

B[ [Cpm)s| =0 lmE [ [Tpaepds] -0 69)

(7i) (Boundary correlations)

B[ mon@s|[s = B[ [Tponas)|s 2 e
(iii) (Boundary stretches) o0
En[fotrl(s)ds] < % En[fot(rn(s)—ﬂ)ds] < % n31 (5.7)
(iv) (Boundary temperatures, part 1)
En[fot(T_—pg(s))ds] S % E, [fot(T+—pi(s))ds] S in n>1
(5.8)

(v) (Mechanical energy at the boundaries, part I)

E, [fot (ri(s) +r2(s)) ds] S, n>l. (5.9)

(vi) (Boundary currents)
t ¢
lim E [/ jojl(s)ds] =0, lim E [f jn_ljn(s)ds] =0. (5.10)
n—o0 0 n—oo 0

11



(vit) (Mechanical energy at the boundaries) : at the left boundary point

t 1
En[fo (3(5) —T_>ds] S e m2l (5.11)
and at the right boundary point
o 2 1
E, [/0 (rn(s) -7 —T+)ds] S NG n> 1. (5.12)

(viii) (Boundary temperatures, part II)

Y T,E, ['/Ot (Tx—pi(s))ds] S %, n

z=0,n

WV
—

(5.13)

Provided with all the previous results which have been stated (but not proved
yet), we are ready to prove Theorem 3.2 and 3.5. Before that, in order to make
the presentation unequivocal, let us draw in Figure 1 a diagram with the previous
statements, and the sections where they will be proved into parentheses.

Proposition 4.4
.- (Section 6.4) -~

L N
, N
, N
, N

N

Proposition42 ( Lemma 5.1
(Section 6.2) (Section 7.3)
i

’ A 7’
/ \
/ N ’ /

Proposition 4.1 - Proposition 45 }--
(Section 6.1) (Section 7.1) K

’

s
-
-
-

ye

!

|

N |
|

|

|

|

“"~---__ [ Proposition 4.6
(Section 8)

FIGURE 1. An arrow from A to B means that A is used to prove
B, but is not necessarily a direct implication.
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5.2. Proof of Theorem 3.2. Let us start with the diffusive equation (3.12),
which can be formulated in a weak form as:

‘/01 G(u)(r(ta u) _ 7«(()’ u))du
:%fﬂamem@mm—%@mﬂu t20, (5.14)

for any test function G € C3(I). Existence and uniqueness of such weak solutions
in an appropriate space of integrable functions are standard.
By the microscopic evolution equations, see (2.4)—(2.5), we have (cf. (2.18))

n2

S| [ e5e e o)
_E, [fotds {—nf(vnc)m po(s) = (n + 1)G1p0(3)}] +o(1). (5.15)

=1

[ ) wwmﬂ

As usual, the symbol o(1) denotes an expression that vanishes with n - +oo.
The dynamics of the averages (T(t),p(t)) is easy to deduce from the evolution
equations (see also (6.2) where it is detailed). We can therefore rewrite the right
hand side of (5.15) as

E*J%%§LW£MM@%%@W el

ml
+E[

Since G is smooth we have lim,, ;e SUpP, ‘(VHG)I - G’(x)‘ = (. Using this and
Proposition 4.4 one can show that the second expression in (5.16) converges to
0, leaving as the only possible significant the first term. Summing by parts and
recalling that G(0) =0, it can be rewritten as

G)a (pe(t) = pe(0)) + o=

(wwmwwmmbdm
(5.16)

(2y N)Q

B i SO0 - (.60 o)
(27 =(V nG)o——(VnG)) [_/Oth(s)ds]. (5.17)

Therefore, we need to understand the macroscopic behavior of the boundary
strech variables, which is done thanks to Lemma 5.1: from (5.7) we conclude
that the second term vanishes, as n - +oo0. Using again (5.7) we infer that (5.17)
can be written as

‘/:ds{%/:G//(u)F(n)(57u)du—G'(l)?+} +0p(1), (5.18)
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where lim,, ;0 SUPs[g,4 0n(s) = 0. Thanks to Proposition 4.4 we know that for a
given t, >0
() S 1. 5.19
5o, e ¢ 519)
The above means, in particular that the sequence {7 (-)},51 is bounded in the
space L*([0,t.]; L2(I)). As this space is dual to the separable Banach space
LY([0,t.]; L2(T)), the sequence {F(™(-)},s1 is *-weakly sequentially compact.
Suppose that r € L*([0,¢,]; L?(T)) is its *-weakly limiting point. Any limit-
ing point of the sequence satisfies (5.14), which shows that has to be unique and
as a result {7 (-)} 1 is *-weakly convergent to r € L=([0,t.]; L2(I)).

5.3. Proof of Theorem 3.3. The following estimate of the H'-norm shall be
crucial in our subsequent argument.

Lemma 5.2. For any t >0 we have

n—1 t
ny, f PRIOE ("’(8))2 dss1l, n>l (5.20)
z=0 70

The proof of the lemma uses Proposition 4.2, and is postponed to Section 6.5.
Define rl(nt) :[0,+00) xIT - R as the function obtained by the piecewise linear

interpolation between the nodal points (z/(n+1),7,), ©=0,...,n+ 1. Here we
let 7,,,1 :=7,. As a consequence of Lemma 5.2 above we obtain

Lemma 5.3. For any t >0 we have

n 2
sup[ Hrl(m)(s, -)HHI(H)ds =h(t) < +o0, (5.21)
where HY(I) is the H' Sobolev norm: ||FHH1(H) ||F||L2(11) + HF’H%Q(H). Moreover,
t
lim sup f o " (s, u)ds—/ r(s,u)ds|=0. (5.22)

Proof. 1t is easy to see that

Hrl(;lt) (t, ) -7 (ta )Hi?(ﬂ) 1 Z (Tx+1(t Fx(t))2, n>l. (523)

Thanks to (5.20) we obtain (5.21). Using (5.23) we also get

n+

lim

n—>+00

mt (s N =7 (s, )HLQ(H) =0, t>0. (5.24)

From the proof of Theorem 3.2 given in Section 5.2 we know that the sequence
fot 7 (s,u)ds weakly converges in L2(I) to fot'r’(s,u)ds. From (5.21) and the

mt
compactness of Sobolev embedding into C'(I) in dimension 1 we conclude (5.22).

O
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Thanks to (5.21) we know that for any ¢, >0 we have

ses[gi |72 (s, My st n>l (5.25)

The above implies that the sequence {[T mt] (‘) }ns1 is sequentially x—weakly
compact in (L'([0,t.];C(I)))". One can choose a subsequence, that for con-
venience sake we denote by the same symbol, which is x—weakly convergent in
any (L'([0,t.];C(I)))", t. > 0. We prove that for any G(-) € L'([0,t.]; C3(I))
we have

tx
im [ dt f [P (£, 0) PG (¢, u)du = / dt f P2t u) Gt u)du,  (5.26)
0 I

n—+oo

where 7‘() is the solution of (3.12). By a density argument is suffices only to
consider functions of the form G(t,u) = 14,)(t)G(u), where G € C§(I), t. > 0.
To prove (5.26) it suffices therefore to show that

nliglmni [ dt S {[F @2 -2 (8, 2)} G, = 0. (5.27)

zelly,

Let M > 1 be an integer, that shall be specified later on, and ¢, := ¢t, /M, { =
0,...,M. The expression under the limit in (5.27) can be rewritten as BL(M)
B2(M) + 0,(1), where 0,(1) - 0, as n - +00, and

tov1 ten
{r;m(t,_,) / T (#)dt 1 (t, 1) f r(t, ﬁ)dt}
(=0 zel, te E

1 M-1 tost t d
2 . =(n) 7(n)
BXM)=——= 3 ¥ G, [ dt 7 (t)fté ds —7()(s)

=0 zely,

Ty [arw [[aEne-phe). 6

n+1 =0 zcl,

+

1 M-1

BY{(M) :=

n2

The last equality follows from (2.4)-(2.5). In what follows we prove that
llrn limsup |BZ(M)| = j=12. (5.29)

+00 nos4too

Summing by parts in the utmost right hand side of (5.28) we obtain B2(M) =
> B (M), where

n2 M-1n-1
>y / (GF(1) = GV (1)) f ds P (s)
=0 z=1

n+1
, o I 70 —(n)
B2 f dt G (¢ fd n
2, n+1;0 [ ® [ a5
nQ Ml —(n "
Blgi=- el [ dtGlrg )(t)f dsp[())(s)

15



2 _p2 2
We have B, = B; |, + B}, | ,, where

M-1n-1

quz,m = Z Z/ th(”)(t)(VnG) f dsp(")
n+1 7 =
M-1n-1 (n)
Blioi= ) f At Gt (PO (1) -7,(1)) f ds P (s).
/=0 x=1

By the Cauchy-Schwarz inequality we can bound |Bn 1 2| from above by

n”i”lw {"Zi [ (7 (1) -7 (1)) dt} {M 5 [ t{ f p(”’(s)ds} }

S{n§1§Lt£+l(t—t4) _/: (ﬁg;”)(s))Zdet}/ < {]\/[2 Zf p(")(s) }1/2

by virtue of Lemma 5.2. Using Proposition 4.4 (estimate (4.5)), we conclude
|B2 1ol $ 1/M and limp/ o0 limsup,, o, | By |, = 0. The argument for |B7 | | is
analogous As a result we conclude limy_, .o, lim SUD,, 100 | B 1] =

Concerning B2, we can write

1/2

M-1 tov1

2 _
Bn,2 -

(VaG)n TV (1) {ft;ﬁg")(s)ds}dt

=0 Yt
Therefore, we have

B, s (;) fe ‘r(”) t)| {f |p(”)(s)|ds}dt
[ oo ([ @) s o

by virtue of Lemma 5.1-(5.9) and Proposition 4.4 (estimate (4.5)). We conclude
therefore that limps . e limsup,, .o |B2,| = 0. An analogous argument shows
that also limp/ e limsup,, o, [ B2 5| = 0. Thus, (5.29) holds for j = 2.

We have BY(M) = B} (M) + Bn (M), where

1<M>—#lezw<”><m S e ) - ()

zelly,

Z Y G, F(")(tg)f 7 (#) = 7 (b, 22) .

B}L (M) :=
? +1) (=0 xzel,

where 7(¢,z) is the solution of (3.12) with the initial-boundary condition (3.13).
By the regularity of the r(¢,u), Lemma 5.3 and estimate (5.25) we can easily
conclude that limp ;e limsup,,_, o, [B), ;| =0, j = 1,2. Thus, (5.29) holds also for
7 =1, which ends the proof of Theorem 3 3.
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5.4. Proof of Theorem 3.5. Concerning equation (3.21)—(3.22), its weak for-
mulation is as follows: for any test function G € L'([0,+00); CZ(I)) which is
compactly supported, we have

0= foldu G(O,u)eo(u)+/0+oo ds Aldu (88G(s,u)+i&gG(s,u))e(s,u)

i +00 1 9 9
+ 8,7 fo ds v/(; du auG(S,U)T (S,U)
B % 0 +00 ds (auG(S, 1) (T+ +?E) — T_ﬁuG(S, O)) . (530)

Given a non-negative initial data ey € L'(I) and the macroscopic stretch r(-)
(determined via (5.14)) one can easily show that the respective weak formulation
of the boundary value problem for a linear heat equation, resulting from (5.30),
admits a unique measure valued solution.

Recall that the averaged energy density function E(n)(t, u) has been defined in
(3.11). It is easy to see, thanks to Proposition 4.5, that for any ¢, >0 we have

E(t,) :=sup sup] HE(”)(t)HLI(H) < +00.

n2l te[0,t.

Thus the sequence
t_(n
Eo(t) = f " (s)ds, mx1,te[0,t.] (5.31)
0

lies in the space C([O,t*],M(E(t*)), where M(E(t,)) is the space of all Borel
measures on I with mass less than, or equal to, E(t.), equipped with the topology
of weak convergence of measures. Since I is compact, the space M(E(t,)) is
compact and metrizable. The sequence (5.31) is equicontinuous in the space
C ([0, t.]; /\/l(E(t*)))7 therefore it is sequentially compact by virtue of the Ascoli-
Arzela Theorem, see e.g. [8, p. 234].

Suppose that E(-) € C([0,t.], M(E(t.))) is the limiting point of {E,},»1, as
n — +o0o. We shall show that for any G as in (5.30) we have

Atds AG(S,U)E(s,du) = —fot* ds [Hdu E(s,u)0,G(s,u) + [Hdu G(0,u)eo(u)
+Atds ‘/H%%G(S,U)E(s,du)+%_/otd5 _/Hdu 02 G (s,u)r?(s,u)
- %(@LG(S, (T, +72) - T-0.G(s, 0)), tel0,t.]. (5.32)

This identifies the limit E of {E,,} as a function F : [0,+00) x I - R that is the
unique solution of the problem

t
M(t,@:%agu{m,u)% A r2(s,u)ds}+eo(u), (tu) €R, xI, (5.33)
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with the boundary conditions

1
E(t,0)="T.t, E(t,1) = (T+ + 5?3) t, t20 (5.34)

and the initial condition F(0,u) = 0. Here r(t,u) is the solution of (3.12).

Concerning the limit identification for {E(”)}m we can write

[Cas [auE™ w60 = [au B ()6
_ fo "ds fﬂ du B, (s,1)0,G(s, 1),

and, by passing to the limit n - co, we get that the left hand side converges to
t t
fdu E(t,u)G(t,u)—[ dsdu [E(s,u)&‘sG(s,u) = / ds [du&sE(s,u)G(s,u).
1 0 I 0 I

Hence, any —weak limiting point e € (L*([0,t.]; C2(I)))* of the sequence {E(”)}m
is given by e(t,u) = &, E(t,u), which in turn satisfies (5.30) and Theorem 3.5 would
then follow. Therefore one is left with proving (5.32).

Consider now a smooth test function G € C*([0, +o0) x I) such that G(s,0) =
G(s,1) =0, s>0. Then, from (5.1), we get

Adu G(t,u)z(n)(t,u) - fﬂdu G(O,u)g(n)(o,u)
im0 |- 15| £ 60a0 |00

zely, zelly,

_ % fotdsEn [0:(Ga()E:(5))] + 0n(1) = L + 1Ly + 0 (1),

where o(1) - 0, as n - +oo0 and

_ 1 t n—-1 (n) ~ t —(n)
I, ._—A ds E, l;}@sGw(s)Ex (s)]—/; ds/];du 0sG(s,u)E" " (s,u) +0,(1),

n
_1r (S (n)
11, "Efo dsIEnL;Ga;(s)é’sgz (s)].

Thanks to (5.1), and after an integration by parts, we can write

1 t n-1
IIn = — f ds En [Z Gw(s)] (jm—l,ax - jx,z+1)(3) = :[In,l + IIn,Qa (535)
n Jo =1

with
t n—2
IIn,l = ‘/0 ds E [Z(an)x(S) jm,x+1(s)] )
z=1

t
11,5 := ./0 ds E[-nGp-1(8)Jn-1(s) + nG1(8)jo1(s)].
By Lemma 5.1-(5.10), we conclude that II, 5 = 0,(1).

18



By a direct calculation we conclude the following fluctuation-dissipation rela-
tion for the microscopic currents:

jx,x+1 = n_QLgJ: - (V;Hl - ‘/:c)a HARS H%a (536)
with

1

1 1
$:=__2+ 2Tz + Tz ‘/x::— 2+xmf .
Go 3=~ Vit P (7o +Tur1), 47(% PuPo-1)

Using the notation g, (t) := gI(r(t) p(t)) (and similarly for other local functions),
this allows us to write II,, ; = Z _1 11,5, where

M, ::f ds E, Unf(A Q) (s)V, (s)]
1,10 ;=‘/0 ds E l Z(VnG) Lgl,(s)]

5= [ s E[(Va@)aa(5)Vis (5)],

.= [ s EL[(VaG)(5)Vi(5)]

We have
T, = iz (VG (DE [9:(1)] - z<vn +(0)E, [.(0)]
- ds—an(Vna ). (5)En [9:(5)].

which vanishes, thanks to Proposition 4.5. By Lemma 5.1-(5.5) and (5.11)—
have:

t
lim IT,,; 4 = lim E,, [[ (VHG)I(S)Vl(s)]ds =— hm f 0.G(s,0)E, [ f(s)]ds
n—oo n—oo 0
-0 fo 2,G(s,0)ds, (5.37)

which takes care of the left boundary condition. Concerning the right one:

I, = -E, U ds (VnG)no(8) Vi 1(5)] 1t T, (5.38)

where

Ju1=E [[ ds (TG a(s) (Vs = V. 1)(5)]
s = -E, [ fo ds (VnG)n_g(s)Vn(s)] .
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By virtue of Lemma 5.1-(5.12) we have

lim Jp =~ lim E, [f ds (VnG)n-2(s)V, (s)]

1 —
& (T, +72) fo 0uG(s,1)ds.
On the other hand, using (5.36) for © =n -1, the term .J, ; equals

I = —%En [[Otds (VnG)ng(s)Lgnl(s)] + fotds (VaG)n-2(8)En[jn-1.n(8)].
(5.39)

From Lemma 5.1-(5.10) we conclude that the second term vanishes, with n — +oo.
By integration by parts the first term equals

SE[(700)02(0)g0-1(0) = (VaG)na (D901 (1)

E, [ JA ds (vnasa)n_z(s)gn_l(s)], (5.40)

which vanishes, thanks to Proposition 4.5. Summarizing, we have shown that

t
lim 11,15 = lim ]En[ [ as (an)n_2(s)vn_1(s)]
n—>+00 n—+00 0

= _ﬁ (T, +72) fot 0.G(s,1)ds. (5.41)

Now, for the bulk expression II,, ; ;, we can write II,, 11 = J5,1 + Jn,2, Where

Tt :=%f0tdsE [WZ(A G)e (s)r“’(s)]
G [ 6B LR 00 Onemao)]

5.4.1. Estimates of J, 2. After a direct calculation, it follows from (2.6) that

n2Lhy = (Wee1 = Wa) = Daba-1, r=2,...,n-2, (5.42)
with
h L (1( + )2 + 2)
= — | =(rgp +7ae Pz — T
x 27 92 T x—1 Pz-1Px z |
1
W;r = %]%—2(7%—1 + Tx)~

Substituting into the expression for J,. we conclude that 7,2 = K, 1 + K, 2,
where K,,; and K, 5 correspond to (W, —W,) and n=2Lh,, respectively. Using
the summation by parts to deal with K, ;, performing time integration in the
case of K, o and subsequently invoking the energy bound from Proposition 4.5,
we conclude that

lim J,2 = (5.43)

n—+oo
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5.4.2. Limit of J,1. We write Jp1 = Tnag + Tni2 + Tna3, Where

Toin ::%fotdslﬁl [WZ(A @) (5)E, (s)]
Tz g | tds{l YA EF - ) }}
Tuns= g [las EH[E S @O OF - 6}

To deal with the term 7,13 we use Proposition 4.6, which allows us to conclude
that lim,, e Jn13 = 0.
Concerning the term 7,1 2 we first note that lim, e (Jp1.2—Tn12) =0, where

1= 2
jle = 8 / ds{ (AnG)e (3)[7"3(5”)(3)]2}-
This is a consequence of the following result, proved in Section 6.3, which uses

Proposition 4.1.

Lemma 5.4. Under Assumption 3.1, for any t >0 we have

t log*(n + 1
fo sup|p(”) ‘d SM, n>l. (5.44)

zel, n?

Next, using Theorem 3.3, we conclude that

lim 7,10 = = fotds [Hdu (AG) (s, 1)r(s, 1), (5.45)

n—+oo

where 7(-) is the solution of (3.12).
Summarizing, the results announced above, allow us to conclude that

/H du G(t,u)E™ (¢, u) - fﬂ du G(0, )™ (0, ) (5.46)
- i ftds fdu (AG)(S,U)E(H)(t,u) = i ftds fdu (AG)(s,u)r*(s,u)
—f ds 0,G(s,0) - (T +72 f ds 0,G(s,1) +0,(t),

where supyo,,1lon(s)[ =0 for a fixed ¢, > 0. This obviously implies (5.32) and
ends the proof of Theorem 3.5.

6. DYNAMICS OF THE AVERAGES

This part aims at proving previous results which have been left aside:
e (Sections 6.1 and 6.2) Proposition 4.1 and Proposition 4.2, which only
deal with the extremity points z =0 and x =n ;
e (Section 6.3) Lemma 5.4, which controls sup,. |p(”)(s)|2
(its proof uses Proposition 4.1) ;
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e (Section 6.4) Proposition 4.4 which gives an L? bound on all the averages
(its proof uses Proposition 4.2) ;
e (Section 6.5) finally, Lemma 5.2, which gives a bound on the H'-norm of
the stretch averages
(its proof uses Proposition 4.2, Proposition 4.4 and Proposition 4.5).

Their proof is based on a refined analysis of the system of equations satisfied by
the averages of momenta and stretches.

To simplify the notation, in the present section we omit writing the superscript
n by the averages p(™(t), 7" (t) defined in (3.11). Their dynamics is given by
the following system of ordinary differential equations

SR =0 () ~Bia(), =1 (6.1)

%@:(t) L2 (o () —Fu(8)) = 290 (1), w=1om-1  (6.2)

and at the boundaries: 7 (t) = 0,

S =2 T () =22y + DR, (63
SP(1) =0 Tu0) 40 (1) ~ (2 + )P 1), (64

We have allowed above the forcing 7, (¢) to depend on ¢. Although in most cases
we shall consider 7,(t) = 7, constant, yet in some instances we also admit to be
in the form 7,(t) = 1jo4,)(t)7. for some ¢, >0, 7, € R.

The resolution of these equations will allow us to get several crucial estimates.
For that purpose, we first rewrite the system in terms of Fourier transforms, and
we will then take its Laplace transform. Let us define

T(t k) =E.[F(t.k)],  D(t.k)=E.[p(t,k)].
From (6.1) and (6.2) we conclude that
d (7(t, k) o, (7(t,k) e 0 o 1 . 1
& (’I_;(t, k:)) = n°A (}?\(t, k:)) + 17T, (t) (€2mk) = n"Py(t) (7) +n°p, (1) (_:Yfezm'k) )

(6.5)

where

0 1- €—2i7rk
A= (€2i7rk_1 _2,)/ )
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Assuming that 7,(¢) = 7,, t > 0 we can rewriting equation (6.5) in the mild
formulation and obtain

[6010) o tea o) erim [ v lreat o o
-n? fot exp {nQA(t - s)}po(s) (},) ds
+n f exp {n?A(t - 5) } pu( 5)( ~12mk,)ds. (6.6)

Denoting by A, (k) = —(7 + \/72 - 4sin2(7rk;)) the eigenvalues of A we obtain the
following autonomous integral equation for {p,(t)}e,

t
R =TO 0+ [ -9 s)s+ [l 9mne)s, (67
where

(n) n? 2riks (g2nik _ 1) (" 20, (k) _en2t>\_(k))

Qo (1) = Zme

037 (1) —’YZ 2N B e e B - (e ),

Poin (8) =Dy (s) = Ba(s),

Pom () = Po(s) +€*™*P,,(s),

( -(1- e2m’k)’7‘(0, k) + F+€2m'k)(en2t)\_(k) _ eth)H.(k‘))

'7\;(71) (t) = /z\:e%rikx

kel A_(k) = A (k) ;
4 3 eriel P(0, k) (A (k)M — X, (k)etr+ ()
keT, /\_(k?) - )\+( ) ’

6.1. Proof of Proposition 4.1. Let, for any x € I,,, and any A € C such that
Re(\) > 0, the Laplace transforms:

5. () = fo Mg (1)dt,  Fo() = fo ez (Dt
and
FO\ k) = fo TN )AL Tk = fo MGt k.
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Performing the Laplace transform on both sides of (6.5) we obtain the following
system

%()\,k) _ 12 2)-1 /T_\(ka) 2= 2 A4)-1 0
(5@\,/{;)) =(A-n°A) 50.%) +n°T,(A)(A=n*A) ook (6.8)
1
Oy (L) T O ).
Here
2 )1 1 % +2y  1-e 2k
N\ = ____ - __In
A=) = RO B ik A
n2
and A(\ k) := A2 + 29\ + 4sin’(7k). Let
~diff ~(+ ~ ~
P (V) =Fo(N) =B, () and - B, (3) = Fo(N) +F, (V).
Since i,@j((), k) =1o =0 we have
5 ~Asin®(7k)F(0, k) 5 (- 4sin®(7k) + A(A\/n2,k)) 7(0, k)
w A/ k) et A(Nn? k)
<= Mn2(\/n? +27) 7(0,k)
=y : (6.9)
et A(Nn? k)
. . ~diff ~(+)
Using (6.8) and (6.9) we conclude the expressions for py,, (\) and py,, (\)
~diff 1 = (\/n2 + 29)7(0, k)
q
pOn( ) 2ed,n()\/n2)k’ﬂ* A()\/TLQ,]{) (6 0)
N 1 Z (1-e2mk)p(0,k)  27,.()\) /Z\ sin?(7k)
n*eqn(A/n?) = A(Nn2 k) edn()\/nQ) A()\/nz,k)
and
~(+) < sin(27k)7(0, k)
A) = A1
n (V) = nes, )\/n2) Z A(A/n? k) (6.11)
. A = (1 +e2mk)p(0, k) . 227, (\) = cos?(wk)
ntes,(An?) = A(\n? k) n’es,(An?) Z A(ANn? k)’
where
A+ 27 + 2 sin® (k)

edm(/\) = ’Z\

e, A+ 4sin®(mk) + 29\
A2+ 29\ + 27\ cos? (k) + 4sin®(7k)

esn(A) = /z\:

k é]fn

A2+ 4sin? (k) + 27\
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6.1.1. First part of Proposition 4.1: estimates of |Py = Ppllr2(r.)- -
Let us fix ¢, >0 and consider 7,(t) := T, 104,1(). Then

7.(\) =?+'/0 e Mdt = f(l—e‘”*).

By the Plancherel Theorem we have

— 1 ~diff |2
[Fo=Pulsce = 5= . Fow ()", (6.12)
therefore, from (6.10), we can estimate
1Po = PulZoe.y § Pra + Pra + Paa, (6.13)
where
d 1 2 -2
Pn,l = ) ‘pd,n(n)| ‘ed,n(n)‘ dn? (614)
n? Jr
1 2 -2
Plyi=— [ |ran(m)| |ean(n)| dn, (6.15)
n? Jr
1 sin(n2nt,/2)|? 2 -2
P??,?) = _2f (—/)‘ |an(77)‘ |€d,n(n)| d777 (616)
n? Jr n
and
ean(n) = €qn(in) (6.17)
= in+29)7(0, k
pan(n) = 3, ( Jr(0.%) (6.18)

Pl 4sin®(mk) —n? + 2iyn’

_=_ (1-em)p(0, k)
Tan (1) = kgmélsinz(wk) I (6.19)
an(n) =3 2¢in (k) (6.20)

kefnélsinz(ﬂk) - n2+ 2iyn

After elementary, but somewhat tedious calculations, see the Appendix sections
A, B, D and E for details, we conclude that: for any n € R,

1
— S lean(n); (6.21)
7]
< -
lan(m] S 1 el (6.22)
1
|7Td7n(lr])| 5 2 1 IOg (1 + |n|_1)7 (623)
n 1
pan(n)| —, >l (6.24)
ed,n(n) n°+1

Let us emphasize here that these bounds are obtained thanks to the assumption
that we made on the spectrum of the averages at initial time, recall Assumption
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3.1-(3.10). From (6.16), (6.21) and (6.22) we get

1 1 preody 1
P7f3~n2/0 51n2(n217t*/2)dn+ﬁv/; — < —.

n2 n2

A similar argument, using (6.23) and (6.24), shows that Pg; < n2, for j = 1,2.

As a result we conclude (4.1).

6.1.2. Second part of Proposition 4.1: estimates of [Py + Py r2(r,)- -

Recall that 7,(t) = T, 1[o4,)(t). The strategy to estimate |py + P, [r2r,) is

completely similar. First, we write
(+)
1Py + Pl = 5= [ o i)

with 582 given by (6.11). Substituting from (6.11) we get
Hpo"'anL2(R)~Ps + Lo+ P,

where

Py = [ Jounn)fecn (],

Py, = ﬁénz\m,m(n)l ean(m)] “dn,

Prai= 5 [ sl 2t 2)]enn)f ewn ()]
and

es,n(n) = es,n(in)
=  sin(27k)7(0,k)

ps,n(n) = ; ] ’
g:fn -2 + 2iyn + 4sin’ (k)
- (1 + 6—27rik /5 O)k
(1) = = —n? + 2y + zJLS(iI12(7)T/<J) 7
kel
— 1+ cos(27k
AOEDY .

T+ 4sin®(nk) + iy

We have, see the Appendix sections C, D, E, F, for any n e R
1< lesn(n)l;

1
|Cn(77)| N )
VInl(1+nPr?)
1 _
- 1log(1+ln| Y,

|pS,n(77)| S

|7Tsn(77)| n2l.

"l
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(6.25)

(6.26)

(6.27)
(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)
(6.35)

(6.36)

(6.37)



Using (6.34) and (6.35) we conclude that

1 rresin®(n?nt./2) d 1t dp 1
Ps.< — f sin”(n®t./2) _dn S — f sir12(11217t*/2)—77 +— (6.38)
0 0 non

w3 2 n 1+~ n?
) 1 petesin® (n)dy L < log(n?t, + 1)7 0ol
n? Jo n n? n?

From (6.34), (6.36) and (6.37) we can easily obtain P} ; n™?, n>1, for j =1,2.
By virtue of (6.26) we can easily conclude (4.2).
Finally, Proposition 4.1 is proved. U

6.2. Proof of Proposition 4.2. To prove Proposition 4.2, we use once again
the autonomous system of equations for the averages of the momenta, and we
will prove two estimates, on

fot (1_70(8) +Z_7n(8))ds and fot (ﬁo(s) —ﬁn(s))ds.

Recall that 7,(t) = 7,.1(04,)(t). Note that for any 0 <a <b<t. we can write

b_ @in(b—a)_l o~
fa px(S)dS=fRW6’”“px(m)dn‘ (6.39)

Using (6.10) and (6.11) we conclude that
in(b-a) _ 1 . i ~ ~ ~
6—-6’”]&;_;015(“7) = P7§1 "'PSQ*'PS?,
2min ’ ' ' ’
in(b-a) _ 1 = _, - ~ ~
e—.emaﬁg(in) =P+ P, +Pf33
2min ’ ' ’ ’

where, for ¢ € {d,s}, we denote

~ 1 — egin(b-a)
PTLL,l = —elnapL’n (ﬂ) eL_}L

27in®n n? (
~ ein(b-a) _ 1 ina ( n ) i ( n )
=———e"m S e |l 5 ],
™2 27min2n "\n2) " \n?

1’5,?’3 = —%(ei"(b’“) - 1)(6’”7“ - 1)e™Mq,, (i) eg}n (i) ,

2mn n? n?
P’s _ T+ in(b-a) _ 1 —ints _ 1)eina . (ﬂ) -1 (i)
n,3 2mwin?n (6 )(e )e ¢ n? Cam n?

Hence,

[ ) -pa)as

o[ =0 ) Lt an)

< (b-a)'/?
~ n

: (6.40)

27



where we have used Proposition 4.1-(4.1). On the other hand

[ 0s) +7u5)as

S In71 + In,Q + In,?n (641)

where

L= 5 Jsin(tn = a)/2) oo ()] lewn ™

o= [ [5G0~ @)f2)] [ron(n)] eun (DI d,

L= g [ lsin(rn(o=a)/2)sin(une. /2 e () lesn (07 -

Suppose that p € (0,1] and 0 < b-a < 1. Thanks to the estimates (6.34)—(6.37)
we conclude that

o L [T [ 0" |sin(n2n(b - a)/2) sin(nnt. /2)|dn
"0 Jomaye 02 Jo Vi(1+nP?)
(b —a)’
where Ifl 3, 7 = 1,2 correspond to splitting the domain of integration in the last

integral into [0, 1] and [1, (b—-a)?], respectively. We have
|sinz| S 2P, z>0.

Using this estimate to bound |sin(n?n(b—a)/2)|, since |sin(n?nt./2)| < 1, we can
bound (recall that p € (0, 3]).

(b—a)r 1 dn <(b—a)p'

1
In3 ~ n2(1—P) 0 771/2—10 ~ n (643)
In addition,
o (b—a)p O™ dp _(b-a)’
Lus & 2a) o S (6.44)

As a result, we obtain I,, 3 < (b - a)?/n. Estimates for I, ;, 7 = 1,2 are similar.
Hence, for any ¢ > 0 we can find p > 0 such that

‘fab(ﬁo(s)Jrﬁn(s))ds < (b—na)p7

and this together with (6.40) implies (4.3). O

n2l, (6.45)

6.3. Proof of Lemma 5.4. To prove Lemma 5.4, we need an estimate for

sup ‘p

zel,
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which can be done using the explicit formula (6.7). Note first that we have the
following inequalities for A, (k):

—4<in2 i, PR
4sin®(mk) (k) < 2sin (7rk‘)
v v

Therefore, in order to estimate the members which appear in the right hand side
of (6.7), let us introduce, for ¢ =0,1,2,

n = |sin(7wk)[f 2t sin? (k)
( )(t) = ZP\ OF) (kj)|(exp{—f}+exp{—’yt}).

-2y <A (k) <= and

Lemma 6.1. We have

(n) 1

(t),\,m, t?O,n>1,€=0,1,2. (646)

Proof. We prove the result for £ = 2. The argument in the remaining cases is
similar. It suffices only to show that

= 2t sin? 1
> sin® (k) exp { - fsm (”k)}< t>0,n>1. (6.47)
/Y

et (1+1)3/2

Since the left hand side of (6.47) is obviously bounded it suffices to show that

];z;siﬁ(ﬁk)exp{—w}s#, t>0,n>1, (6.48)

which follows easily from the fact that sin®(7k) ~ k2, as |k| «< 1. O
From (6.7) we get that for any ¢, >0

sup [P, ()| 10,0, (1) < In(t) + 1L, (2) + 111, (¢), (6.49)

xel,

where
L(t) = Qg (n%) 10 (1),
t(6)= [ (- 9P 1o (5)ds
L (1) = [ g (- ) 7 (5) o (5)ds

and qé )(t) = an (n2t)1[0,t*](t), for ¢ = 1,2. Therefore, from Lemma 6.1 we

get
2
) ~ () [ 9.\ 2 1 n“te dt 10g(n+1)
Loy = [ @87 () e s 5 [ 5 5 2B
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We also have

2

it = [ @ 2tars [T S tog(ne 1),
’ 0 0 1+¢

t n?t
(n) o [, < dt
i g0 =2 [ @ et [ sl nl

In order to estimate |pd1H, recall Proposition 4.1: using (4.1) and the Young

inequality for convolution we obtain

2 (n) —diff 2 I—Og (n * 1)
(1888 ||L2[0,+oo) X H HLl 0 +oo)Hp0”1[0 teJll L2 [0,400) S n?
and
2 (n) —sum 2 log(n + 1)
L 0,00y <1057 7y [P L0001 270 ooy S —
Thus, the conclusion of Lemma 5.4 follows. O

6.4. Proof of Proposition 4.4. Let

%m:zﬁw+§ﬁm, Bu(t) = 3 F2(0).

xel, xel,

Multiplying the equations (6.1), (6.2) by 7,(¢) and p,(t), respectively and (6.3),
(6.4) by py(t) and p,,(t) and summing up we get

1d

S5 E 0 = {0 - RO - FBEO BT (650)

Hence, by virtue of (4.3), we conclude that for any t, >0

Atﬁn(s)ds

and (4.4) follows. From (6.50) we obtain further

—@m%é<><wm

sn,  te[0,t.]. (6.51)

(6.52)

'[Otﬁn(s)ds

Using Assumption 3.1-(3.9) and Proposition 4.2 we conclude that given ¢, > 0 we
have

%mn(t) < %En(o) _n? fo "B (s)ds + n?7|

P lt) < n-nZ[Otﬁn(s)ds, Fe[0,6.]n> 1. (6.53)

Therefore (4.5) follows upon an application of the Gronwall inequality. O
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6.5. Proof of Lemma 5.2. To prove Lemma 5.2 we need to get an expression
for

S D0 -700)”

=0
Using (6.1) and then summing by parts we get

n

i( Ly Fg@)) SR NAOICKORNG)

dt n+1/g =

n2

Dn ()T (t) = == Po ()T (2).

(t)(m(t) ~Ten (1)) +

Computing px(t) from (6.2) we can rewrite the utmost right hand side as

27(” +1) 1= Z () - T“l(t)) 2’7(n +1) 2 nZ d_dzft) (7o (1) =Taa (1))

n2

1P (O7n(t) = == Do ()T1(1).

Therefore after 1ntegrat10n by parts in the temporal variable, we get

27(n+ 1) / Z Ta(s T”””(S)) ds=—— Z [72(t) = 72(0)]

:ce]l

n+1 [MZ:I_%(S)AE(S)dS

S A (n+1)(zpm(t)(m(t) Ton(t)) - nf@(@)(m(())_ml(o)))

fo ﬁn(s)?n(s)ds——[ By (5)71 (s)ds.

Using (4.4) from Proposition 4.4 we conclude that the first and third expressions
in the right hand side stay bounded, as n > 1. Summing by parts we conclude
that the second expression equals

ey i S B
sy Sy () -T) ~Fors() (7o) ~Foca(2)

The expression stays bounded, due to Proposition 4.4—(4.5).
Multiplying (6.3) by p,(t) and integrating we get

(O -FO) =0 [ T@Re)ds-n@y+D) [ s (659

From here, thanks to Proposition 4.4—(4.5) (which controls [ p7) and thanks to
Proposition 4.5 (which controls the left hand side of (6.54) since pa(t) < 2E0(t)

n+1
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by convexity), we conclude that
t
[ r(ma(s)as| 5 1
0
Multiplying (6.4) by p,(t) and integrating we get

o= (B0 -F0) =07, [ Bu()ds— n [ Tu(p(s)ds - n(2y+9) [ B(s)ds.

From here, thanks to Proposition 4.4—(4.5), Proposition 4.2 and Proposition 4.5
we conclude that

n

t
il [ ap s 51
0
This ends the proof of (5.20). O

7. ENTROPY PRODUCTION

This section is mainly devoted to proving Proposition 4.5, which will be con-
cluded in Section 7.2. For that purpose, we will obtain an entropy production
bound stated in Proposition 7.1 below, in Section 7.1. Its proof uses Proposition
4.2. This new result, together with the estimates given in Proposition 4.2 and
Proposition 4.4, will finally allow us to conclude the proof of Lemma 5.1 about
boundary estimates, in Section 7.3.

7.1. Entropy production bound. To prove Proposition 4.5, we show that

s .| T 60|

SE[O t xel,

grows at most linearly in n. We first relate this quantity to the entropy production,
as follows: recall that f,(t) is the density of the distribution p,(t) of (r(¢),p(t))
with respect to vr, see (3.1). We denote the expectation with respect to vy by
(-)r. Given a density F' € L?(vr) we define the relative entropy H, r[F'] of the
measure du := F'dyp, with respect to vr by

H,7[F] = (Flog F)y f Flog Fduy. (7.1)

We interpret F'log F' = 0, whenever F' = 0. Finally, we denote

nT(t) - nT[fn(t)] (7-2)

Then, by virtue of the entropy inequality, see e.g. [9, p. 338] (and also (7.18)
below), and from (3.7), we conclude that: for any a >0 we can find C,, > 0 such
that

E, [ > Ex(t)] < é(C’an +H,r(t), t>0. (7.3)

xel,

This reduces the problem to showing a linear bound on H,, 7(¢), which is the
main result of this section.
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Proposition 7.1. Under Assumptions 3.1, for any t, T >0 we have

sup H, r(s) $n, n> 1. (7.4)
s€[0,t]

In order to prove Proposition 7.1 (which will be achieved in Section 7.1.3), we
first introduce another relative entropy which takes into account the boundary
temperatures fixed at 7_ and T, and explains how relate them to each other.

7.1.1. Relative entropy of an inhomogeneous product measure. Recall the defini-
tion of the non-homogeneous product measure ¥ given in (3.3) and of the density

fn(t) given in (3.5). The relative entropies H,(t) (defined in (3.6)) and H, 1 (t)
(defined in (7.1)) are related by the following formula.

Proposition 7.2. For any T >0 and n > 1 we have

Qn zelly,

(g(ﬁxm) G(T" 0))——log(TT) t>0. (7.5)

In addition, for any t, >0
H,r(t)sH,(t)+n, n>1,te[0,t]. (7.6)

Proof. Formula (7.5) can be obtained by a direct calculation. To prove the bound
(7.6) note first that one can choose a sufficiently small a > 0 so that

sup llog{—/Q exp{ -« Z ((ﬁx - T’l)Ex - Bxirrz) }'ﬁ(dr,dp)} =1, < +00.

nxl N

xel,
(7.7)
From the entropy inequality we can write
1 _
-y f (Bo = TV) s - BFurs) Tu(£)dT < = (Can + T, (1))
zely, (0%
Thus (7.6) follows from (7.5). O

7.1.2. Estimate of H,(t). Next step consists in estimating H,(¢) by computing
its derivative. Using the regularity theory for solutions of stochastic differential
equations and Duhamel formula, see e.g. Section 8 of [3], we can argue that
f;l(t,r,p) is twice continuously differentiable in (r,p) and once in ¢, provided
that f,(0) € C2(Q,), which is the case, due to (3.7). Using the dynamics (2.4)—
(2.5) we therefore obtain:

n-1

B (1) =~ (17 = 1) 0 Y Banaen ()] + 02T 7000 (1) - n®D(Fo(8). (7.8)

z=0
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where jg z+1(t) = jrze1(r(t), p(t)), with j, 441 given in (5.2), and the operator D
is defined for any F' > 0 such that F'log F' € L'(¥) and (V,F)'/? € L*(7), by

(e 1)’

D(F)i=7 ¥ Des(F)+7 T T fQ e, (7.9)
with
D, 5(F) = - fQ n F(r,p)log(%)d?]. (7.10)

It is standard to show, using the inequality alog(b/a) < 2/a(v/b - \/a) for any
a,b> 0, that: for any positive, measurable function F on €2,, and any x €I,

D.s(F)> [ (Fep?) - Fe.p) >0, (7.11)

The main result of this section is the following:

Proposition 7.3 (Entropy production). For any t >0 we have

[OtD(f;(s))ds < % (£1,,(0) +n) (7.12)
and

sup H,(s) s H,(0) +n, n>1. (7.13)

s€[0,t]

Proof. From (7.8) we get
H,(t) = H,(0) + I, + I, + III,, (7.14)
where
n-1 t
L, :=- (TII - T__l) n Z f ]En[jz,$+1(8)]d57
z=0 70
t
I1, := nZT;1F+f M (s)ds,
0
t ~
1L, := —n? f D(f.(s))ds.
0
We now estimate the first two terms appearing in its right hand side.

(i) Estimates of 1,. Recall the fluctuation-dissipation relation (5.36) and recall
also the notation g,(t) := g,(r(¢),p(t)) (and similarly for other local functions).
We can write

|In| < In,l + In,2 + In,37
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where

1 n-1 _
et | A RORYRO) | (7.15)
L= T _T_—1|n‘/ot1an'vn(s) - Vi(s)]as|. (7.16)
o = T2 = T fo tEn'jO,l(s)]ds . (7.17)

To deal with I,,; we invoke the entropy inequality: for any a >0 we have

/g; ( Y &, )fn(t)du< —{log(fexp{% Z(pi+r§)}d’ﬁ)+f—in(t)} (7.18)

n - oxely, xel,

for any t > 0. Choosing a > 0 sufficiently small it allows us to estimate

Liis— Zs 0)+—25(t)<—25(0)+1+ Hn(t) n>1,t>0.

ace]l ace]l me]ln

To deal with I,, 5, which involves boundary terms, we shall need some auxiliary
estimates.

Lemma 7.4. For any t, >0 we have: for n>1,t€[0,t,],

En[[ot(pf(s) +pg(s))ds] <1+ fOtD(ﬁL(s))ds (7.19)

and

E, [[Ot (ri(s) +ri(s))ds] S1+ %ﬁn(t) + fOtD(ﬁ(s))ds

v {1 N fotﬁn(s)ds}m {fOtD(};(s))ds}

1/2

(7.20)
Proof. Note that

B[] =7 [ T [ 0y, o)

Therefore, by the Cauchy-Schwarz inequality

fotEn[pi(s)]ds S1+ fotds fﬂnpn\/ﬁ(s)%\/is))dﬁ‘

o [ [ani};(s)d;;} ([of <apnfn O }
<1+{f0tmn[pg(s)]ds}l/2{fo 13(]?;(5))@13}1/2

A similar calculation can be made at the left boundary point. This yields (7.19).
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To prove (7.20) note that, by (2.4)—(2.5),
n‘2]En[pn(t)7’n(t) —pn(O)rn(O)] (7.21)
= [0 En[Pn(8)(0n(8) = Pa1(8)) + (Fr = 7(8))1n(5) = (F +27)pa(5)rn(s) ]ds.

Thanks to the assumption on the initial energy bound (3.9) we have

E, [fotri(s)ds] < /;tEn[pr(s)]d5+ fot]En[pn(S)pnl(S)]dS
" {fOtE[ri(s)]ds}l/z +(7+27) ‘/OtEn[pn(s)rn(s)]ds

1
+n 2B [p2(t) +r2(t)]+ =,  n>1t>0. (7.22)
n

Similarly we get

1/2

" 1/2 : _
5{ [0 En[rg(s)]ds} { fo D(fn(s))ds} (7.23)
. 1/2 . N 1/2
of [l | [ D)

for n> 1, t > 0. Using the entropy inequality the last bound leads to

‘fotEn[pn(s)rn(s)]ds

and

‘ fo B [pu(s)paca(5)]ds

. 1/2 ' _ 1/2
5{1+[0 Hn(s)ds} {fo D(fn(s))ds} . (7.24)

for n> 1, ¢t > 0. By the entropy inequality we also get

‘ fo Eo[pu(s)pni ()]s

- 1 ~
2B, [p2(t) +r2(1)] 5 ﬁ(1 +H,(1)) (7.25)
Substituting these bounds into (7.22) we conclude (7.20). The proofs for the case
of the left boundary point are analogous. O

Returning to the proof of Proposition 7.3, with the help of Lemma 7.4, we get

Losn+ nfOtD(fn(s))ds + %ﬁn(t)

. 1/2 . 1/2
+n{1+/0 ﬁn(s)ds} {'/0 D(ﬁ(s))ds} : n>1,t>0.

By an application of the Young inequality we conclude that for any a > 0 we can
choose C' >0 so that

t - ~ t
In,2$0n+om2f D(fn(s))ds+9Hn(t)+0f M. (s)ds, n>1,¢>0. (7.26)
0 n 0

36



An analogous bound holds for In 3. Therefore we conclude that for any a > 0,

In5n+om2/ D(fn(s))ds+ L, (1) + fH s, nxl,t20. (7.27)

(it) Estimates of 11,,. To estimate 1I,, we need Proposition 4.2. Thanks to (4.3)
we conclude that

t
L] = n2T V7| ’ JALRIOLE T RSt (7.28)
0

Choosing « sufficiently small in (7.27) and substituting from (7.27) and (7.28)
into (7.8) we conclude that there exists ¢ > 0, for which
- ~ t t
(1) s FL.(0) + 1+ [ L, (s)ds - en? f D(F.(s))ds. (7.29)
0 0
This, by an application of the Gronwall inequality, in particular implies that
H,(t) sH,(0) +n. (7.30)

Thus (7.13) follows. Estimate (7.12) is an easy consequence of (7.29) and (7.13).
U

7.1.3. Proof of Proposition 7.1. From the assumption (3.7), one has
H,(0) $n, n>l.

Therefore, Proposition 7.1 directly follows from (7.6) and (7.13).

7.2. The end of the proof of Proposition 4.5. Proposition 4.5 directly follows
from the entropy inequality (7.18) and bound (7.6).

7.3. Boundary estimates: proof of Lemma 5.1. The entropy production
bound from Proposition 7.3 is also crucial in order to get information on the
behavior of boundary quantities. We prove here all the estimates of Lemma 5.1.

Proof of Lemma 5.1, estimate (5.5). We start with the right boundary point x =
n. Using the deﬁmtlon (3.3) we can write

‘fIE Pu($)pn-1(s)]d ‘f ds[ PrPn-t1fn(8)dT

e apnfn(s ~
o DPn-1\/ fn(s)fdu‘

o[ o] o S e

Invoking the entropy production bound (7.12) we conclude that

=T

ds
0

/2

{ [/ i 1(s)ds]} %, n>1, (7.32)
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in light of the energy estimate (4.7) of Proposition 4.5, which is now proved. The
proof for x =1 is similar. O

Proof of Lemma 5.1, estimate (5.6). To show (5.6) note that

E, [fotrn(s)pn(s)ds] = ‘fotds/rnﬁpnf;(s)dﬁ
oo | [ S

e o]

in light of Proposition 4.5—(4.7). The proof for the left boundary is similar. [J

(7.33)

Proof of Lemma 5.1, estimate (5.7). From the time evolution of the dynamics
(2.5) (see also (6.4)) we obtain for x =n

<(”)(t) P (0)) = [0 (7. =7 (5))ds - (27 +7) [ P (s)ds.  (7.34)

Using the energy bound (4.7) we conclude that the right hand side is of order of
magnitude n=3/2 as n — +oo. Thanks to Proposition 4.2 we conclude (5.7). The
proof for x =1 is analogous. O

Proof of Lemma 5.1, estimate (5.8). We show the proof for x = n only, as the
argument for x = 0 is analogous. Note that,

E [f (pn(s) T)ds:|— [ ds/ Py, [ (5)dD.

Thus, by the Cauchy-Schwarz inequality

E[ [ ) —T+)ds]
e

T+{ [ ds i npgﬁ(s)da}l/z{ / f ap’}f”S) } (7.35)

From (7.21), Lemma 5.1-(5.5) and (5.6), which have been proved above, we get

B [ () -7 - p)as | 5

Then, by Lemma 5.1-(5.9) and (7.36), for any ¢ >0

t ~
/ds[ﬂ RE(s)dr<l, n>l. (7.37)
0 n

Using this estimate together with Proposition 4.5-(4.7) we conclude (5.8). O

—. n>l (7.36)
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Proof of Lemma 5.1, estimate (5.9). From (7.21) and Lemma 5.1-(5.5) for z =n
we get

[Ot E,[r7(s)]ds < /:]En[pi(s)]ds + |7 fotIEn[rn(s)]d3|
+(7+ 27)| fotEn[pn(s)rn(s)]ds| +0,(1), (7.38)

where 0,(1) = 0, as n > +o0. Using the Young inequality we conclude that
E, [/Otr,%(s)ds] SE, [fotpi(s)ds] +1, n> 1. (7.39)
We use Lemma 5.1-(5.8) to conclude that
En[—/otri(s) ds]Sl, n>1.

An analogous estimate on E,, [ fot r2(s) ds] follows from the same argument, using
the relation

n~2L(por1) = (pr = po)po + 11 = (7 +27)por (7.40)
and the entropy production bound at z = 0. O
Proof of Lemma 5.1, estimate (5.10). For the right boundary current j,_;,, the
equality follows from the definition (5.4), thanks to: Proposition 4.2, Lemma 5.1—

(5.8), and the energy estimate (4.7). An analogous argument, using (5.3) instead,
works for left boundary current. O

Proof of Lemma 5.1, estimate (5.11)—(5.12). From (7.21), combined with the above
(7.36), and Lemma 5.1-(5.8), the result follows. O

Proof of Lemma 5.1, estimate (5.13). The derivative of H,, 7-(¢) can be computed
similarly to (7.8) as

H, (1) = w*Dr(f(0) ~n* ¥ (17 -1,1) (T~ [ 20 5(0)dvr)

CRTEEO, (7.41)
where

and h, 1 = g1, /gr. Using (7.41) we conclude that for any 7' > 0

n? Y (T—l_Tm—l)fot(Tw—anpi(s)fn(s)dyT) ds

z=0,n

+ n2 AtDT(fn(S))dS + Hn,T(t) = Hn,T(O) + n2T71 At7+ﬁ£n)(5>d8. (742)
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Since the entropy H,, r(¢) and the form Dr(f,(s)) are both non-negative (from
a similar argument as in (7.11)), and the right hand side of (7.42) grows at most
linearly in n (from Proposition 4.2) we conclude

Z (T—l _ Tx—l) [ot (Tx - En[pi(s)]) ds g % (7.43)

z=0,n

Let T-1:=T; '+ T;1. From (7.43) we get

(LT S T, fot(Tx—]En[pi(s)])dss

z=0,n

(7.44)

SRS

and (5.13) follows. O

8. ENERGY BALANCE IDENTITY AND EQUIPARTITION

The main result which is left to be proved is Proposition 4.6, which describes
an equipartition phenomenon between the mechanical and thermal energies. To
prove that result, we will use the Fourier-Wigner distributions which permit to
control the energy profiles over various frequency modes, and have been success-
fully used in previous works. The major difficulty here is the presence of boundary
terms, which all need to be controlled. In Section 8.1 we introduce definitions
and write down the evolution equation satisfied by wave functions. In Section 8.2
we obtain an energy balance identity (Proposition 8.1). The proof of Proposition
4.6 is achieved in Section 8.3.

8.1. The wave and Wigner functions. In the present section we restore the
superscript n when referring to the mean and fluctuation of the stretch and
momentum. We define the fluctuating wave function as

@) =T @) +ip (), wel,t>0, (8.1)
and its Fourier transform,
T =T k) + B3 k), kel t>0. (8.2)

The wave function extends to a periodic function on —=Z, by letting w(”)(k:+ 1) =

5(”)(@ for any k € T,,. In particular E(”) (k+-L

Then for k €T, neZ,t>0 we define the Fourier-Wigner functions:

) is well defined for any n € Z.

Wt k) = ﬁﬂz” 70 (1 + 1) [17<”’]*(t7k)] ,

W (8. k) = 2(n1+ Ty (50 (tk = 25) ()| = (T2 (1 =),
Vi(t,n k) = 2(n1+ B :$<n> (£ k+22) (¢, —k)] :

Tt k) = 5B [T (1= 20 [7) )] = () 1)
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As a direct corollary from Proposition 4.5 we conclude the following bound: for
any t >0 we have

( sup sup ’Z\|’W’7§(3,n,k)| + sup sup /Z\|}7,j(s,n,k)|) < +00. (8.3)
L=+

se[0,t] neZ se[0,t] 1< 15

Note that, similarly to (8.1)—(8.2), we can also define the (full) wave function
M) =8 () +ipl™ (t) and its Fourier transform (" (¢, k). Using (2.4)—(2.5)
we conclude that the fluctuating wave function satisfies

AP (¢, k) = —n? (22’ Sin? (k)™ (£, k) + sin(2rk) [B ] (¢, k)) dt (8.4)

—vnQ{ZL[@")r(t,k)}dt— > {zwnw—,k_m}dﬁ(t,k') + R, (4, k),

k’éfn L=+
where N(t,k) == N'(t, k) = yn?t(n + 1), is a martingale, with

N(t, k)= > Na(yn?t)e ek,

zel,

where [¢)(™]#(t, k) are defined by (2.16) and finally

AR, (1, k) =2 (B (t) - Fo(t)) +i S €27 (= Fn2F, (£)dt + ny/ 2 Tpduw, (t)).

z=0,n

Here ¢,, is the usual Kronecker delta function, which equals 1 if = y and 0
otherwise. The process N (t,k) is a semi-martingale whose mean and covari-
ation can be computed from the relations (AN (t,k)) = yn2(n + 1)d;0dt, and
(AN (t, k), AN (t, k")) = yn2(n + 1)t6, L.
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8.2. Energy balance for the fluctuating Wigner functions. After straight-
forward computations one gets, for ¢ = +:

oW = L (=in(0,5) W' —n?sin(2rk) Y —n 2sin (27 (k + ) ?n_L) (8.5)
+n? LW + W, =Y, =) + oy (W, - W)
22

+ ZUnt + n

Z 6—271'1':6 L Ta;

z=0,n

+2(nn+1) [Z (DT (8 k+ ) + Z (t e+ 220 [9 ] k)]
3T =1 (o) T 0(o) -t (el ) W) (50

+yn? L(?n* +Y W - Wg) + Lfyn2(§7n‘ - ?J)

A2

_ 7”2 Un(t, 77) _ mn Z 6727ri3677/(n+1)TI
+1 z=0,n
n’ > o = =
o) B [Zn(t, —k)O (b k+ ) + 25 (t k + 25 ) (¢, —k)] :
Here, the operator L is defined by (Lf)(k) := 2 f(k") = f(k) for any f:T, - C

k'<T,
and we let

(0ns)(n, k) := Qn( sin? (W(k + %)) - sinQ(ﬂk)),
(ons)(n, k) = 2( sin? (7r(k: + #)) + sinQ(ﬂk)),

1 (8.7)
(k) == P (t) = Po(t) - i % e MR (1),
Ualtm) = —= LB [5" (Lh+25) ) (1.1)].
ke]ln

We are interested in the time evolution of the following quantity: let us denote

Eu(t):= X S (W + W2 + [T + [T ) (£, k) (8.8)
nely, k:efn

- ey S (B[ R 0] (m [ 0 0]

2 (B [ 0F (0)]) }
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After a tedious but direct calculation we get the following identity

g0 -T2 3 (1w 0] e 0]

n+1 ar;

P (@00) B (7 0) ]

n+1 ocl,

2Ty S EEORO]) - w08 o))

n+1,5 7,

-4”“2{ Y (e o) 5 (En[ﬁ"%t%’f%w]f}- 9

n+1 z,x’ €l xta’ x,z'el,

The main result of this section is the following

Proposition 8.1 (Energy balance identity). For any t. > 0 there exists C' > 0
such that

€, (1) +yn? > i fot (‘WJ - WT;‘Q + |}N/n+ - 17”“2) (s,m, k)ds

neln kel,
<E,(0)+Ctlogi(n+1),  tel0,t.],n>1. (8.10)

Proof. Thanks to Lemma 5.1-(5.13) we can write

> (Tz—En [m")(t)]Q)En o] <Y (TI—En [mm(t)r) = % n>1.

z=0,n =0,n

By Proposition 4.5 and Lemma 5.4 for any ¢, >0 we also have

5 [ 00 [0 as
S( 2 E“[(w)(s))z]) (fotsup (Fé”)(s))zdS) s logQ(++1) (8.11)

SE[O,t*] xel, xely,

for n>1, t€[0,t.]. Since

< (57 157 Ve Y 4 n n 2
> 2 (W =Wl + [T =T ) (tmk) = — % {E [P0 0]}
neln ke, ' €ly,
we conclude (8.10). O

8.3. Equipartition of energy: proof of Proposition 4.6. In this section we
prove Proposition 4.6. Let us recall here its statement: under the assumptions
of Theorem 3.5 (namely Assumptions 3.1, and 3.4), for any complex valued test
function G € C° ([0, +00) x I x T') we have

lim fot% > Gx(s)]En[(?gm(s))? - (]54;0(3))2](13 =0. (8.12)

n—+oo
xel,
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Let us introduce
Vat,m, k) =Y, (t,n, k) + Y, (t,n,k), (8.13)
§N(tv 7, k) = ?n+(tv n, k) - ?n_(t, n, k)

By the Parseval identity,

> YWtk -

> (B (O (0] - B0 058 (1))

neln kT, 2(TL+ 1) z,x’ely,
(8.14)
and for any G € C>~(I), cf. (2.18),
7 ki 1 *
nely, kefn n+ xel,
To prove Proposition 4.6 we need to show that
T 3% [Vt G (L k) = 0 (8.15)

neln kel,

for any complex valued test function G € C§°([0,+00) x I x T). From (8.6) we
obtain,

&Ry = n2(6,3)(n, k) ( -W; ) = in?(0,5) V, +2vn’R, (8.16)
(B [ T () F (1 b %)]+En[<m<t>—p’o<t>>ﬁ*<t,k>])
I (e [ Rk ¢ )] e O 007 (1)),

z=0,n
where 0,5 is given by (8.7) and
(6,3)(n, k) = sin(2rk) —sin (27 (k + =1 )).
Given s € (0,1) we let
/]TM = {k €T, : 0<k< (n+ 1)‘5} and T =T, ~ Ls.

We can write

— bt .
Z Z f Vn(S, U k)G*(Sa 7, kf)dS = On,s + 07817 (817)
0

neln kel,

where terms O, ; and Of correspond to the summation in & over ]I n,s and ]In,
respectively, and s € (0,1) is to be determined later on. Denoting Gy := ~G/(0,5)
and Gy := 0,5 G/(0,s), and using (8.16) we can write

O =1, + 11, + 111, + IV, + Vi, (8.18)
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where

— t —~ —
I, :=— Z Z; _/ 5sRn(Sﬂ7ak)GI(3ﬂ7ak)d3’

n? neln keTs
=i Y 5 [ (- T,) (s.m. k)il R)ds,

WEanei%
M,=-23i Y 5 [ Bl 0)Gi(s,m B)ds,

ﬁEanETS
Vo 8 [ B[ - () F (s b+ 525)]
n+1 nel hel,
E, [(5n(5) - 5o(s)) B (5, k)] }Gi (s,m, k) ds,
1 TIT

Vai= = )] Zf e B, [Be(s)D (s, h + 7)]

r=0,n nely, e T3

+€—27r7,w(k+ L [pm(g)p (S k?)] }@1(3’777]{})(13

Estimates of O, s. We show that for any s € (0,1)
lim O, =0. (8.19)

n—>+oo

Choose an arbitrary € > 0. Since G € Cg°([0,+00) x [0,1] x I) we can find a
sufficiently large M > 0 such that

sup  |G(s,m, k)| <e (8.20)

[n|=M kel,s€[0,t]

We can write O, 5 = Oy 5 1 + On ., where the terms O,, s, and O}, correspond in
(8.17) to the summation over |77| < M and |n| > M, respectively. Thanks to (8.19)
and (8.3) we conclude that

[CANES t{ sup 3 [V, /f)\}{ > sup |G(s,m, /f)\} <o, (821)
s€[0,t],nel, kT, [n|>M kel,se[0,t] 2

provided M > 0 is sufficiently large. On the other hand, using the Cauchy-Schwarz

inequality and (8.10) we get

Onsatl <Gl [ 3 T Talsm bl

Inl<M ke, s
_ = ) MY (Mlog?(n+1)) 112
< |Gt sup Z Z Va(s,m, k)| 5/2 & 5/ ‘
se[0,t] \ gt kel s " "

Therefore limy, 10 |On s = 0. Combining with (8.21) we obtain (8.19).
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FEstimates of OF. To estimate OF we use the decomposition (8.18). By integration
by parts formula we get I,, =1, 1 +1,, 2, where

+o00

L, = 2 > [ B.(0)a,.0r (H)dt,

neﬂn keTs,

n2_ QZZR (O)G* )

neln keTs

Using the Cauchy-Schwarz inequality and G; (t,n,k) =0, t>t, for some t, >0 we
obtain

>3 [ - En(t)até‘;(t)dt‘

neln keTs

Ao s [moral {2 S [Craore)

neln kT, neln keTs

Let ¢(n) :=1/(1+n?). We have

* A QS(T]) L) 3
f 0,8 (5) < <n®. (8.22)
nel, g:]ls | | ne]I" kel (/{32 + (k‘ + n/n)2)2 k%f:i k4

Thanks to (8.10) we conclude that

s 3log(n+1), n>1.

SIS T [T R0aGio

neln kels,

Thus, for any s € (0,2) we get lim,, o 1,1 = 0. The argument to prove that
lim,, 40 I, 2 = 0 is analogous.
Concerning II,,, by the Cauchy-Schwarz inequality we get

/2

|Hn|<{ Z Z / | (s 77,1{:)| ds} {Z Z f |G2 (s 77,]{:)|2ds} )
neln kT, neln ks

Using (8.10) we can estimate the right hand side by an expression of the form

log(n+1){ 5 Z f (5 s) (s, n,k;)|2ds}1/2

n

neln kel
1/2
log(n+1) 10g(n+1) |
s 0+, ded s € (0,2).
" 77621[: gn: (1 +772)k2 T2 poe Oy provided se (0,2)

46



Estimates of 111,,. By the Cauchy-Schwarz inequality we can write

mvmzz/ymmw@@wms

nelyn kel$
(s,m, k)|
<29{ > Z[ |R (s, n,k)‘ ds Z Z/ (0ns)? ds
neln ke, neln kels, n

Using (8.10), together with (8.22), we can estimate the right hand side by
Cn?/?log(n +1)

n n—oo

0+, provided s € (O,%

Estimates of IV,, and V,,. The argument in both cases is the same, so we only
consider IV,,. We can write IV,, =1V, ; +IV,, 5, where

IVp1i=- (pn(s) pg(s))p(s k+ nzl)] @I(s,n, k)ds,

UEHn kels,

V2= - n[(Bu(s) = Bo()) P (5.k) ] G (5,m, k) ds.

neﬂn kel3,
By the Plancherel identity we can write
Voo = 3 [ Eal[fu(s) ~7o(s)17 ()] G (s)ds,
zel,

where

G o(s) = 30 S G (s,m, k).

nely keffl

As a result, invoking (4.7), the Cauchy-Schwarz inequality and Plancherel iden-
tity, we can find a constant C' > 0, independent of n, and such that

=3 [ E L O] (7 6] 16l

xely,

. ) 1/2 1/2
eI CASS) §§1En[@z<s>]ds} [z er ds}

T+l
n+ xel xel,

< ﬁ{fotﬂfn [P2(s) + P }1/2{f Z > Gis, 77,/’</‘)| dS}

ks neln

v,
| ’2| n+1

Invoking Lemma 5.1, see (5.8), we conclude that

1 1 1 " 3s/2

—_— n S
Vol $ ——7 v ( —) N 0+,
(n+1)1/2 %\:%k‘l gﬂzn 1 +7? (n+1)1/2 n-eo

provided s € (0, %) The proof of the fact that lim, . IV, 1 follows the same
lines as the argument presented above.
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8.3.1. Conclusion. Therefore, for s € (0, %) we have proved that both O, ; and
O3 vanish as n - oo, and we conclude (8.15).
This ends the proof of Proposition 4.6.

APPENDIX A. PROOF OF (6.22)

Clearly

2
n S 5 . 2 8 Al
|an ()] 1 T (A1)
Suppose that 12 € (0,8). Let ®(u, k) := [4sin*(7k) — u]? + 472u. From (6.20) we
see that )
<= sin” (k)
lan (M s X =3
ke']'f% ®(n27 k)
After a simple calculation one concludes that 72sin*(7k) s ®(u, k) for u € (0,8),

k el,. Hence |a,(n)| $ 1, n?€(0,8). This together with (A.1) yield (6.22).

APPENDIX B. PROOF OF (6.21)

Recall that
in+2y+2ysin’(vk)  E(n,k)

ean (1) = Z -2+ 4sin®(mk) + 2iyn - ©(n, k)|*

k eTfn

(B.1)

where
2(n, k) :=sin®(7k)[ - 20°7 + 8y + 8¥sin®(wk) | + in[-n* + 4sin® (7k) (1 - Fy) — 49°],
O(n, k) = —n? + 4sin*(7k) + 2iyn.
We have
1 N 1
©(n, k)2~ dy2n?
Let p := sin®(wk). Let I' be the parabola in the (z,%) plane described by the
system of equations
F(p) = p| =207 + 8y + 87p],
g(p) =nl-n*+4p(1-F7) - 49*], peR.
By a direct calculation one can check that there exist two tangent lines to I
passing through (0,0). Hence (0,0) ¢ Conv(I") - the closed region bounded by T.
Denote by d, >0 the distance between (0,0) and Conv(I") and P, the respective
nearest neighbor projection of (0,0). Note that
D(p) = f2(p) + g*(p) = p*[=20°F + 8y + 87p]* + n?[? + 49° = 4p(1 - 7).

When 77 > 1 then D?(p) > 4+%n?. If, on the one hand, 77y < 1, then for p < y2+n?/4,
we have

(B.2)

1/

_ 2 .
D(p) =7l (n* +49%) """ > 2972
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If, on the other hand, p > ~? + n?/4, then,

2077 + 87 + 87p > —20*F + 8y + 27 (47 + n?) > 8y + 8F7% > 0.
Therefore,

D(p) > p| = 20*7 + 8 + 87| 2 2(v + 77*) (492 + n*) 2 8v* (1 + 7).
We conclude that

Re (2(n,k)- |P|) d. > 29% min {4y(1+77),7ln[}.

Therefore, by virtue of (B.1) and (B.2) we conclude

5.2 {4 (1 + 7). T}

ean(n)|> e (B.3)
and (6.21) follows.
AppPENDIX C. PROOF OF (6.34)
Note that
cos? (k) < cos?(wk)[4sin* (k) - 2]

ean(n) = 1+ 48592 S
ha

+ 271m Z

|4sin®(7k) — 12 + 2iyn[2 = |Asin®(7k) - n? + 2iyn?

and (6.34) follows. O

ApPPENDIX D. PROOF OF (6.23) AND (6.36)

We only prove (6.23), as the argument for (6.36) follows the same lines. It is
clear from (6.19) that

1
" S —— 2> 8. D.1
(1) e (D.1)
By an elementary calculation one gets

1/2

1 1/2
{§ [(4 sin?(7k) - n?)% + 4v2772]} > (8y%sin* (k) + 4v°n?)
for n? < 8. Hence,

= |sin(7k)| 1 )
man(M)] S ), ——5—=Slog(l+—), 7n°<8
k% ] + sin® (k) ( |77|)

and combining with (D.1) we conclude (6.23).
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ApPPENDIX E. PROOFS OF (6.24) AND (6.37)

Estimate (6.37) follows straightforwardly from the definition (6.32) and as-
sumption (3.10) on (0, k).

Concerning (6.24) we estimate first in the case n? < 8. Hypothesis (3.10) allows
us then to estimate |pg,(n)| $ 1/|n| for n > 1, cf. (6.19). Combing with (6.34) we
conclude |pan(n)/ean(n)| S 1.

In the case 72 > 8, using the fact that 3 7(0,k) = ro = 0, we write

kefn
oun)|= |5 (in+27)7(0.k) 5 Gt 27)7(0, k) E1)
’ kefn4sin2(7rk) -2+ 2iyn ret -n2 + 2iyn

2

= 4sin®(7k) (in + 27)7(0, k) ‘ o1

Z [4sin®(wk) =02 + 2iym][-n? + 2iyn] |~ L+ )P
and (6.24) follows.
AppPENDIX F. PROOF OF (6.35)
From the definition of ¢,, we conclude that
1
(Ml S ——, neR,nx1. (F.1)
[l +n?

By an elementary calculation one gets, for any w e C~[-1,1]

i e2mik (@ (T +w)+ )P (1 +w) (F.2)

keﬁ‘ne4ﬁik -2(1+w)e? ik +1  (P2(1+w)-1)(1 -0 (1+w))’ '

where @, : C\ [-1,1] - D~ {0} is the inverse to the function

J(z) ::%(an%), zeD~ {0}.

Here D := {z € C : |z] < 1}. Using the branch of the square root that maps
C~ (=00,0] into C, := {w: Rew >0} we can write

O, (w) =w-vVw?-1, weC,n(C~\[-1,1]). (F.3)
Using (6.33) and (F.2) we can write

e27rik

1 4-n?+2iym<
en(n) =-5 - Z — —
2 2 et F—2(1+w)e?mik + 1
1 2
-5~ (2= T i) b, (P.4)
where w(n) := -n?/2 +iyn and
orrl(1 1)o, (1
bn(n)_ ( + ( +w)+ ) +( +w)

(@1 w) -1 - (L w))
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Suppose now that 1% < for a sufficiently small § > 0 so that

@.(1- L s i) <1 S, v <o

Let A, := {n: n>>21sin?(w/n)}. Then, for any n € A, we have n® > 2/(mn)?,
therefore, thanks to (F.3),
2 1(21/2,)/)1/2

|<I>+(1—%+m7)| <1-3

In| <&
™

and

2
D, (1—%+i’yn)

limsup sup

n—+0o0 77€An,|77|<5

n+l 1,91/2~ 127"
Slimsupll——( 7) ] =0.
n—+oo 2 ™

Therefore,

1
|@K0NS]E@5, forneA,, n>l.

Combining with (F.1) we conclude that (6.35) holds for 2 > 2-1sin*(7/n). When
n? < 271sin?(7/n) we conclude directly from (6.33) that

— 1 b dk 1
< N S
|Cn(n)| ~ Z 4Sin2(7Tk3) + |77| ~ f() k2 + |77| b |77|1/2

ké]fn

and (6.35) is also in force.
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