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Abstract

In this paper, we propose a numerical scheme for the layer-averaged Euler with
variable density and the Navier-Stokes-Fourier systems presented in part I (Boittin
et al., |2020). These systems model hydrostatic free surface flows with density
variations. We show that the finite volume scheme presented is well balanced with
regards to the steady state of the lake at rest and preserves the positivity of the
water height. A maximum principle on the density is also proved as well as a
discrete entropy inequality in the case of the Euler system with variable density.
Some numerical validations are finally shown with comparisons to 3D analytical
solutions and experiments.

Keywords: Navier-Stokes equations, free surface flows, variable density flows, layer-
averaged formulation, finite volume scheme
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1 Introduction

In this paper we present a numerical scheme for the 3D incompressible Navier-Stokes-
Fourier system with variable density and free surface, as well as numerical test cases.
This model describes variable density flows with free surface, the density variations
coming from differences in temperature and/or salinity. The model is presented in the
companion paper (Boittin et al. |2020), in which a layer-averaged formulation is also
given. The layer-averaged formulation suppresses the need for moving meshes




and Gerbeau, 2009)), (Donea et al., 2004). It allows to perform 3D simulations with a
2D fixed mesh.

Variable density flows are frequently studied by oceanographers. Different systems
of coordinates exist, among which terrain-following coordinates and isopycnal coordi-
nates. For a discussion of the advantages and disadvantages of the various coordinates
frequently used in ocean models, the reader is referred to (Griffies et al., [2000) and (Song
and Hou|, 2006). The layer-averaged model presented here is not a terrain-following co-
ordinate model. Though the layer thicknesses are defined as fractions of the total water
height, it is not a o-coordinate system. The model also differs from isopycnal coordinate
models because in the layer-averaged formulation, the layers exchange mass between
themselves, which means that the internal layer boundaries are actually not physical.

For the Euler part of the Navier-Stokes-Fourier system with variable density, a finite-
volume formalism is adopted. The hydrostatic reconstruction technique is used (Audusse
et al., 2004). Therefore, the topography is accurately represented and the scheme is well-
balanced. Yet the discretization of the nonconservative pressure terms demands special
care. For the viscosity terms, we use finite elements as in (Allgeyer et al., |2019).

In (Audusse et al. 2011), a similar model was studied and simulated. The scheme
presented in (Audusse et al. [2011) was a 2D (x — z) scheme and relied on a kinetic
interpretation. In the present work we present a fully 3D scheme which is more flex-
ible in a certain sense, because the kinetic flux is only one of the possible choices for
the numerical flux. With any flux consistent with the semi-discrete in time Euler sys-
tem, the resulting scheme is well-balanced and preserves the nonnegativity of the water
depth. A maximum principle on the density is satisfied. In order to prove an in-cell
entropy inequality, we adopt a kinetic flux, already used in the context of the Shallow
Water equations in (Perthame and Simeoni, 2001), (Audusse et al., |2011)). The entropy
inequality is satisfied for a constant topography and includes third-order rest terms.
Moreover, the unknowns in (Audusse et al., 2011) were not the same, which resulted
in a complicated numerical scheme - nonlinear systems were solved at each step and
a Newton fixed-point method was used. The present scheme is simpler and does not
involve nonlinear systems. Finally, the present scheme is more stable than the scheme
in (Audusse et al 2011), the CFL condition of which could actually degenerate and
give a time step equal to zero. With the proposed scheme, the computational cost of
the simulation of a non-Boussinesq flow is not greater than that of the simulation of a
Boussinesq flow.

The proposed numerical scheme is validated on three test cases simulated with the
Freshkiss3d code [Freshkiss3d| (2020). Each of these test cases allows to validate an aspect
of the numerical scheme: wet/dry interface treatment, buoyancy terms, diffusion effects,
second order extensions (space and time)...A real application of hydrodynamics in a
river with chlorides entries will be presented in a forthcoming paper (the research report
is available (Souillé et al. |2017)), in French).

The first test is a convergence test towards an analytical solution (Bristeau et al.,
2020)) for the Euler system with variable density. In the second test, a lock exchange
simulation is performed and the results are compared with experimental data available



from the literature (Adduce et al.) 2012). Finally, in two diffusion cases, the differ-
ences between the Navier-Stokes-Fourier with variable density and Boussinesq models
are evidenced.

The paper is organized as follows. In section [2| the layer-averaged Navier-Stokes-
Fourier system and the Euler with variable density introduced in (Boittin et al., 2020) are
recalled. A numerical scheme for the layer-averaged Euler model with variable density
is presented in Section [3], its properties are studied. An extension of this scheme for the
layer-averaged Navier-Stokes-Fourier model with variable density is presented in section
[l The numerical test cases are presented in section [5}

2 The layer-averaged models

minder_models) From now on, we just call the Euler system, the Euler system with variable density. We
briefly recall the features of the multilayer models presented in (Boittin et al.; 2020) and
studied here. The multilayer Navier-Stokes-Fourier model is a layer-averaged version of
the incompressible, hydrostatic Navier-Stokes-Fourier system

(T 9,
V-U:—p( )<V-(/\VT)—|—,u|V$7yu|2—|—,u‘ =

2
), (1) [earMSF_1_p2

p3c, 0z
dp
e + V- (pU) =0, (2) ?eq:NSF_2_p2?
J(pu J(puw K 0 (0Ou
P vy e+ 20, [ gty = gl (52) 0

where U(t, z,y, z) = (u,v,w)T is the velocity, u = (u, v)? is the horizontal velocity vector

N\T
and p is the density. The notation V denotes V = (a%, (a%, (%) , Vg, corresponds

T
to the projection of V on the horizontal plane i.e. V,, = <%, 6%) and the quantity
|V, yu|? means |V, ul* = (V,,u): (V,,u)l.

The temperature T is linked to the density p via the state equation T'= T'(p). The
viscosity coefficient is denoted by g, the heat conductivity by A and the specific heat

capacity at constant pressure by c,.
The energy balance for model — is

0 ( |uf? > 7 uf”
: — =V.(A\VT
at(pz pe )+ Vay - (w05 —i—/z,ogdzl—l—pe V- ) = V.V,
with e is the internal energy of the fluid governed by

J(pe) K ou
0 V(o) = ([ poda) Vi Ve[

2
+V.(AVT).

z

We consider a free surface flow, therefore we assume
2(@,y) < 2 <t z,y) = h(t,z,y) + 22, y),
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Figure 1: Flow domain with water height h(t,z,y), free surface n(t,z,y) and bottom

Zb(xa y)
tations3d_rho)

with z,(x,y) the bottom elevation and h(t,z,y) the water depth, see Fig.
Let n;, and n, be the unit outward normals at the bottom and at the free surface
respectively defined by

1 1 _
n, = < Vg2 ) .~ and n, = ( Vayn ) ‘
\V4 1 + |Vx,yzb’2 —1 V 1 + ’V:c,yn‘z 1

On the bottom we prescribe an impermeability condition

Uy =0, (@)

and a friction condition given e.g. by a Navier law
ou
A/ 1+ | Va2 =— = —ku, (5) ?eq:fric_p2?
Ony, —_—

with x a Navier coefficient.
On the free surface, the kinematic boundary condition

0
8_2 +u(t,z,y,n) - Vy,n—w(t,z,y,n) =0, (6) ‘ eq:free_surf_]
is satisfied, along with the no stress condition
o8
Malllj;. =0, (7) ?eq:bound3ns_p

with @ = (u,0)7.
On solid walls, we prescribe a slip condition

U-n=0, (8) 7eq:slip?



f_multilayer)

coupled with an homogeneous Neumann boundary condition

ou
= -0
" oa )
n being the outward normal to the considered wall.
Boundary conditions for the temperature also have to be considered, we can choose

either Neumann or Dirichlet conditions namely at the bottom

oT
)\a—nb = ¢T|Zb7 (9)‘BC:neumann_bo1
or
T, =T, (10)[BC:dirichlet ]
and at the free surface a7
)\8115 = ¢T|n (11)‘BC:neumann_qu
or
T,=T° (12)[BC:dirichlet_;

where ¢r|,,, ¢r|, are two given temperature fluxes and 7, T? are two given tempera-
tures. Since T'= T'(p), the boundary conditions for p naturally ensue from the boundary
conditions for T'.

The system is completed with some initial conditions

h(0,z,y) = K (z,y), p(0,z,y) = p°(z,y), U(0,2,y,2) =UV"xz,y,2).

The system — was derived from the compressible Navier-Stokes system in (Boittin
et al., [2020). More specifically, the derivation consisted in performing the incompressible
limit. This model respects the second principle of thermodynamics (non-decreasing
entropy).

2.1 The layer-averaged Navier-Stokes-Fourier model

We consider a discretization of the fluid domain by layers (see Fig. where the layer
« contains the points of coordinates (x,y, 2) with z € Lo(t,2,y) = (2a—1/2, Za+1/2) and
{Za+1/2}a:17_,,7]v is defined by

{ Za+1/2(t,l’,y) = Zb(xay) + Z?:l hj(t,fb,?J), ac [Oa cee 7N]a

13 :1
ha(t7$7y) = Za+1/2(t7$ay) - Zafl/Q(tvwﬂy) = lah(t7$7y)7 ( )

and Zi\;l lo = 1.
Using the notations , let us consider the space IP’éV ,f of piecewise constant functions

defined by

]P’év;lt = {ﬂzeLa(t,r,y)<z>a o € {1, e N}} , (14) ?eq:PO_space?
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Figure 2: Notations for the layerwise discretization.
(fig:free_p2)

where 1.cr,(t24)(2) is the characteristic function of the layer L,(t,x,y). Using this
formalism, the projection of p, u, v and w on IP’éV ht is a piecewise constant function

defined by

XNtz y, 2, {2a}) = an% () (2) Xa(t, 2, 9), (15) 7eq:ulayer?

for X € (p,u,v,w). When the quantities {p,(t,2,y)}a=1,. n are known, if the function
T = T(p) is known, it is possible to recover the temperature using the formula

TN(tv X, z, {zoc} Z IlzeLa(t z,y) T(poz(t z y))

The layer-averaged Navier-Stokes-Fourier system introduced in (Boittin et al., 2020

reads
h N N
— + Z A\ (hauy) = Z — SMQ), (16)[eq:massesvm
a=1 a=1
Opaha
at + sz ( ahaua) == pa+1/2Ga+1/2 — pa—1/2Ga—1/27 a = ]_, RN N, (17) ?eq:massesvn
apa alq
T + vx,y . (pahozuoz X ua) + vm,y (hapa) = pa+1/2vx,yza+1/2 - pa—1/2vx,yza—1/2
FUat1/2Pa41/2Gat1/2 — Ua—1/2Pa—1/2Ga—1/2 + Vay - (1ha Ve yua)
+I‘a+1/2(ua+1 — ua) — Pa_l/g(ua - ua_l) — RqUq, a = ]_, ceey N, (18) eq:mvtsvml_]
with

Gay12 = —Z<le J<a) sy - (hjuy) —|—Zp T) (St — Suj), (19) ?eq:Qalphabis._
j=1

j=1 p=1

k If a=1
Ra = 5
0 if a#l



Ta+1—Ta T _Toc 1

0= AVay (haVa,Th) + 2 ai1 /9% — 2Ny jg———22 ), (20)[s_T_
8T7 ( V Y ( v Y >+ +1/2h0£+1+ho¢ 1/2ho¢+h04—1> (0)

)\a+1/2:)\ for 0421,...,N—1,
To = T(pa)-
For a =0, 2Aq41/27 i;g = ¢r|,, if the Neumann boundary condition @D is chosen, or
ho = hy, Ty = TO if the Dirichlet boundary condition ([10]) is chosen. Likewise, for « = N,

2)\a+1/gfailh = ¢rl, with the boundary condltlon or hyyr = hy, Ty = TP

with the boundary condition . The dissipation term due to the viscous effects is

|ua+1 _ua|2 |ua _uoz—1|2

’S,LL,oz = _ha,u’vz,yua|2 - Fa+1/2 92 - Fa_1/2# - Kia|ua‘2, (21)
with
Lati = M (22)‘Gamma alpha_p:
OL+ / ha+1 + ha7 _ —P-
0 if a=0
Hat1/2 = § K if a=1,...,N—-1 (23) ?mu_alpha_plus
0 if a=N.

The term |V, ,u,|* actually denotes

Veyal® = (Veyta) 0 (Voyua)”
— Ouq ’ + Ouq ’ + % i + % i
-\ Oz Ay 0w dy

The velocities u,41/2 and the densities p,41/2 at the interfaces are defined by

o Vo if Ga+1/2 S 0 2 .
Va+1/2 = { Vot i Ga+1/2 =~ 0 (24) feq:upwind_uT_

for v = u, p.
The pressure terms pg, pat1/2 are given by

N N
O{hoé
Pa=g <p2 + ) pjhj> and  papip=g Y phy. (25) ?eq:palphat_p:

j=a+1 j=a+1

The pressure is hydrostatic. The terms G,41/2 represent the mass exchanges between
the layers. Notice that some of the viscous and diffusion terms have been simplified,
see (Boittin et al., 2020)). Since the right-hand side of the total height conservation
equation is nonzero, we expect to observe dilatation and contraction due to the
temperature diffusion and to the viscosity.

We recall here the following result, obtained in (Boittin et al., [2020)).

8



‘Y—balance—nsﬁProposition 2.1 The system - completed with the equation

0
E(Pahaea) + Vay - (Pahallata) = pati/2€a+1/2Gat1/2 — Pa—1/2€a—1/2Ga—1/2

P (Ta)

+ Pa
P2 Cp

(ST,a - Sp,a) + ST,a - S,u,a

admits, for smooth solutions, the energy balance

0
EEa + vz,y : (ua (Ea + hapa - ,Uhavz,yua))
2 _ 2 2 _ 2
+T 12 [Uat1] || . || [ua—1|
2 2
2
Woti1/2 Zat1/2
= (Pa+1/2 5 / + gpati/2zat1/2 | Gati/2 + Pati/2 (Ga+1/2 - T/)
u’l_ 0%a-1/2
- (pa—l/Q 21/2 + 9Pa—1/2%—1/2> Gaz1/2 = Pa-1/2 (Ga—1/2 T / )
1 2
_5 (pa+1/2(ua+1/2 - ua) + gha(pa+1/2 - pa)) Ga+1/2
1
+§ (pa—l/Q(ua—l/Z - ua)2 — gha(pa—1/2 — pa)) Ga-1/2 + Sra; (26)\eqienerg}’_mcl
with " ) "
E, = pa a|;1a| + PQQQaZa + eq,. (27) ?eq:energ_al_N
Note that in , we use the notation
du v 2
Up Db g, PR |u
uavx, Uy = é)auma 591?;) = Va, —.
Y (uaa_y + Vag, Y2

The sum of Eqgs. fora=1,..., N gives

9 N N
a Zl Ea + Z vm,y cUq (Ea + hapa)

a=1

N . P N
-
= - E Pa+1/2%|Ga+1/2| + E Sra

a=1 a=1

e
WE

(ha(pa+1/2 — Pa) + hat1(Patije — Pa+1)) Gotiy2-

a=1

The sum of Sz, over the layers gives

N N
> Sra =AY Vay- (haVeyTo) = VT|, -1, + VT, - ny.
a=1 a=1

As explained in (Boittin et al., 2020), the terms on the last line of the right-hand side
are third-order terms.



2.2 The layer-averaged Euler system

What we refer to hereafter as the layer-averaged Euler system is the system ((16])-(18)
without viscosity and without diffusion terms, i.e.

A N
(Z_t 4 ; Vaiy (hatla) =0, (28)[eq:massesvm

Ipaha

pat + VLW . (pahalla) = pa+1/2Ga+1/2 — pa—l/ZGa—1/27 a = 1, ceey N, (29) ?eq:massesvn
0pahou,
pT + vx,y ' (pahozuoz & ua) + vaz,y (hapa) = pa+1/2vx,yza+1/2 - pa—l/2vx,yza—l/2

+ua+1/2pa+1/2Ga+1/2 - ua71/2pa71/2Ga71/27 a=1,..,N. (30) eq:mvtsvml_|

The quantity G172 (resp. Ga_1/2) corresponds to mass exchange accross the interface
Za+1/2 (r€SD. Zo—1/2) and Guy1/9 is defined here by

o Oh. N a
Gay12 = Z <a_tj + V- (hju]-)> = — Z(Z l, — ]ljga) Vay - (hjuy), (31)‘eq:Qa1phabis_]
j=1 p=1

j=1
for a« =1,..., N. Notice that the mass conservation for the layer o writes

Oha

ot + Vx,y . (haua) = Ga+1/2 - Ga,l/g, (32)‘eq:exchange_t<
and the sum (total or partial) of the previous equations with Gy2 = Gni12 = 0

(see (Boittin et al., [2020, Prop. 3.1)) gives Egs. and (31)).

The energy balance verified by the system (28)-(30) is given in (Boittin et al., 2020).
It is very similar to the balance (26]), obviously without the viscosity and diffusion
terms. In the balance for the Euler system, the internal energy e, does not intervene.
It is actually equal to 0 because there is no volume variation.

3 Numerical scheme for the layer-averaged Euler sys-
tem

reul . . . . .
sec:euler_num) In this section, a numerical scheme for the layer-averaged Euler system is designed and

analyzed. It extends the work done by some of the authors in (Allgeyer et all 2019;

Audusse et al., [2011). Before specifying the scheme for the Euler system, a common

strategy for the time discretization of the Navier-Stokes-Fourier and Euler systems is

presented. The discretization of the diffusion terms does not present any additional

difficulty, however including these terms considerably lengthens the equations. This is

why it seems preferable to explain the numerical scheme for the Euler system first.
The advantages of the numerical scheme are the following

e it gives a 3D approximation of the Navier-Stokes-Fourier system, while only 2D
situations were considered in (Audusse et al., 2011)

10



e it can be implemented with any flux that is consistent with the homogeneous Saint-
Venant system; the kinetic flux is used only for the discrete entropy property stated
for a constant topography

e the scheme is endowed with strong stability properties (well-balanced, positivity
of the water depth)

e convergence curves towards a 3D non-stationary analytical solution with wet-dry

interfaces are obtained, see paragraph [5.1]

3.1 Strategy for the time discretization

The system — has the form

ou
S+ Ve F(U) = §,(U,2) +5.(U,0,U,0,U) + ,,1(U), (33)

where the vector of unknowns is

U= (h7p1h17'"7pNhN7Qw,17"'7q:E,N7Qy,17"'7Qy,N)T7

With ¢ra = pafalia:s @ya = pPahave. We denote by F(U) = (F,(U), F,(U))" the fluxes
of the conservative part and by

5'23/2 (921/2 823/2 321/2 )T

S,(U =10,... — —
p( ,Zb) (> y P3/2 o P1/2 or »y D3/2 By P1/2 Dy

the non-conservative part of the pressure terms. The source terms are S.(U, 9,U, 9, U)
and S, f(U), representing respectively the mass and momentum exchanges and the vis-
cous and friction effects. Notice that, as a consequence of the layer-averaged discretiza-
tion, the system is made of only 2d (x,y) partial differential equations with source
terms. Hence, the spacial approximation of the considered PDEs is performed on a 2d
planar mesh.

We consider discrete times " with t"*! = " + At". For the time discretisation of
the layer-averaged Navier-Stokes-Fourier system (33]) we adopt the following scheme

U™ =U = A" (Vo - F(U) = S,(U, ) + ASIT 4+ AS)EL - (34)
where the integer [ = 0,1/2,1 will be precised below. In and wherever there is no

ambiguity the superscript ” has been omitted.

3.2 Semi-discrete (in time) scheme

From now on and until the end of this section, the system considered is the Euler system.
Similarly to (Allgeyer et al., [2019), the semi-discrete in time scheme with SZ;CZ =0
writes

11



hZJrl/Q = hy— Atnvx,y(haua) (35)‘eq:nscont_lay<
(paha)n+1/2 = paha — Atnvxﬂ . (pahaua) (36)‘eq:nsm122_dbi:

(Pahatia)™™? = pahou, — A" (Vx,y + (Pahatly @ Ug) + Vi (hapa)

“PaVayha & aghaVayia) (37)oamenizza

N N
N D DR BNE) S R RS) 39
a=1 a=1
(paha)n—i-l = (paha)n+1/2 + At" <pZii/2Ga+1/2 - pzt}/zGafl/2>> (39) ‘ eq:nsml33bis_c

(pahaua)n+1 = (pahaua)n+1/2 + At” (uZii/szii/gGa—Hﬁ - uZﬂ/QPZﬂ/QGa—Ué‘)Q)

with

N a

Gariy = = DXl = Liza) Vi - (). (41) [sqrnst_sa)

Jj=1 p=1

Since the relations

Pagha L Cet1y2 + Za-1/2

Pat1/2 = Pa + 9 a — 9

hold, in we often use the identity

pa+1/2vx7yza+1/2 - pafl/va,yzafl/Q = pavx,yh’a - paghav:c7yzoz- (42)

Notice that A"+ = [,h"*+ and A"+ £ b/ see Eq. ([32).

The first three equations — consist in an explicit time scheme where the
horizontal fluxes and the pressure terms are taken into account whereas in Eqs. —
an implicit treatment of the exchange terms between layers is proposed. The implicit
part of the scheme requires to solve a linear problem, see paragraph and |Allgeyer
et al.| (2019).

Following , Egs. — also writes
U2 =U - A" (V,, - F(U) = S,(U, %)), (43)

these computations being detailed in paragraphs [3.4.1] and [3.4.2] Equations. (38)-(40)

can be reformulated under the form

Ut = Ut o ApnSntt (44) 7eq:glo_dis2?

this implicit step being precised in paragraph [3.4.3

12



3.3 Eigenvalues for the advection and pressure part

In order to propose a finite volume discretisation for Egs. —, an estimation of the
eigenvalues is necessary and given below.

Without the exchange terms, the system — writes

oh &

o + az:; Vaiy - (hata) =0, (45)‘eq:massesvm1_:
aha

8(/0(% ) + Vaey * (pahay) =0, (46) ?eq:massesvml1

I(pahalia)

+ V%y . (pahaua & ua) + pavx,yha — paghavLyZa =0, (47)‘eq:mvtsvml_se

ot
with

N
1
pavx,yha - paghav:c,yza = gha ( Z vx,y(ﬁjhj) ‘I’ §vm,y<po¢ho¢)>

Jj=a+1

. ha a—1
4P g zyPa + Pagha (Z Vayhi + Vm,yzb) :

Jj=1

This system is the continuous version of system —.
We rewrite the system — under the form

ah, N N
e + Z (ljhvx,y . u]-) + Z (ljllj) “Vayh =0, (48)‘eq:massesvm1_:
j=1 j=1
0Pa
W -+ ua.vx,ypa =0, (49) 7eq:massesvmll
ou,, 1
En + (ug - Vw)ua + o (pavgwha — paghavx,yza) =0, (50)‘eq:mvtsvm1_se:

and the quasilinear form of the system — writes

oU " - -
= T AV, U = 5(0), (51)

with

U= <h7u1>"'7uN>p1a"'7pN)T7

and



Z;V:lljuj llh lNh,

ﬁl Uq 0 e e 0
~ ]32 0 U2 0 0
A (U) = .
() 0 u, 0o |’
0 o . 0
0 0
g0 .0
~ 2
AQ(U) = ghghl % 0 0 s
S A
: 3 Y
ghNhl 0 0 92N
Ag(fj) = 0N><N+1, A4([~J) = diag(uj),
p j—1 j—1
P = o (lej +p; Zli + Zpili) :
J i=1 i=1

For the sake of simplicity, the expression of the matrix A(U) given below corresponds to
the 1D case i.e. forv; =0,i=1,..., N. Notice that Ay(U) and As(U)" are rectangular
matrices with N + 1 rows and /N columns.

The following proposition holds, consisting in a version of the Cauchy’s interlace
theorem (Hwang| 2004) in the case of non symmetric matrix.

Proposition 3.1 The system 15 strictly hyperbolic for h > 0 and the eigenvalues
of A(U) belong to the interval (Amin, Amaz) With

Amin = min{uj’ Uj} - maX{pJ} V39
J

min{p,}

Amaz = max{u;, v;} + ———= max{p;} Vg

min{p;}

(prop:hyper)
Proof of prop. 3.1] Since A(U) is a block- matm'x, its eigenvalues consist in the eigen-

values of Ay(U) completed with the set {u;}Y.,. Writing the characteristic polynomial of
A1 (U) under the form (development e.g. along the first row)

N b,
Py, =117 ( A= 1 —
1= 1 ( Z u] — ) — Uz) )
the eigenvalues of A(U) satisfy

A— Zlu] Qa, (A
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fig:pol_carac)

(subsec:fv)

Figure 3: The two functions A — Q4,(\) and A — X\ — Zjvzl lju;, each intersection of

the two curves is an eigenvalue of A;(U).

with Q4,(\) = SN, f\hpz For N = 3, the functions A — Qa,(\) and A — X — ZN lLju;
are depicted over Fig.[5 and it is easy to see that the four eigenvalues \; exists wzth the

interlacing
)\1<U1§)\2§...§U3<)\4.

Moreover we have

O O] = i Lihpi _ min{p;} Z li hpz o max{p;} b < A — ﬁ:lu‘
o) = 25 e~ = max{p} 25 Vgh = mingpyy VIS Aes T 200
and likewise
On ) = i Lihp; min{p;} Z li hpz maX{pj}\/E> \ _il.u.
Wmin) = 2 3 T T maxd ) & min{p;} V7T T

therefore the eigenvalues { N}, of Ay(U) satisfy

S)\ig)\maxa Z:LNa

)\min

proving the result.

3.4 Finite volume formalism for the Euler part

In this paragraph, we propose a space discretization for the model — completed
with . We first recall the general formalism of finite volumes on unstructured meshes.
Let €2 denote the computational domain with boundary I', which we assume is polygonal.

15



Let T} be a triangulation of € for which the vertices are denoted by P; with .S; the set
of interior nodes and G; the set of boundary nodes. The dual cells C; are obtained
by joining the centers of mass of the triangles surrounding each vertex P;. We use the
following notations (see Fig. 4)):

e K;, set of subscripts of nodes P; surrounding F;,

e |C|, area of C,

e [';;, boundary edge between the cells C; and C},

o L;j, length of I';;,

e n;;, unit normal to I';;, outward to C; (nj;; = —ny;).

If P; is a node belonging to the boundary I', we join the centers of mass of the triangles
adjacent to the boundary to the middle of the edge belonging to I' (see Fig. 4) and we
denote

e [';, the two edges of C; belonging to I,

e L;, length of I'; (for sake of simplicity we assume in the following that L; = 0 if P,
does not belong to I'),

e n;, the unit outward normal defined by averaging the two adjacent normals.

Figure 4: (a) Dual cell C; and (b) Boundary cell C;.

(fig:mesh)
We define the piecewise constant functions U™ (x, y) on cells C; corresponding to time
t" as
U"(z,y) = U}, for (z,y) € C;,
with UP = (17, p1h0 5, s PPN Gois - - Qv Tyis -+ D) e

1
U ~ —/ U((t", z,y)dzdy.
c Jo, 0

16



For the topography, we choose a piecewise constant approximation under the form

1l
2 & zp(x, y)dzdy.
Cil Je,

We will also use the notation

no 1

IJ;yi ~
* G

/ U, (t", z,y)dxdy,
C;

with U, defined by
Ija ::(haapahaapahauaapahava)T~

3.4.1 The horizontal fluxes and the pressure terms
ntal_discrete) A finite volume scheme for solving the system (35)-(38) is a formula of the form
U?H/z =U; - Z 0ijFij — OiFei + Z 0i,;Sp(Ui, Uy, 2615 26,5).
JEK; JEK;

where using the notations of

ZLi,j;fi,jz / Vay - F(U)dzdy,

jEK; Ci

with
B Z&t”lZLj B Z&t”lZi

Oij = , 0y .
led led
Here we consider first-order explicit schemes where
h
prhi
‘F;Lj

L pNhN
.F.Z"j T Ehj

u;
F’i’j

and

h __ ha
Fly =2 Fis
a=1
and for the boundary nodes
F}.

pfh1
Fi.

h
Fo= | o
R

i,e

o

i,e
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(56) [oq: FLux
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The fluxes Ehja, Ff J‘?‘h", F}» appearing in expressions (5], (56). are numerical fluxes
such that
an;a = Fma(Ua,ianz,jyni,j)y

with m = h,ph,u, a =1,... N.

Relation tells how to compute the values U?H/ ? knowing U; and discretized
values z,; of the topography. Following , the term F; ; in denotes an interpola-
tion of the normal component of the flux F'(U).n;; along the edge C; ;. The functions
F(U;,Uj,n,;) € R* ! are the numerical fluxes, see (Bouchut|, [2004).

Until now, the expression for the numerical fluxes is not detailed since any numerical
fluxes (Rusanov, HLL,...) can be used (Bouchut| 2004). In paragraph we define
F(U;,n; ;) using kinetic fluxes and we prove a discrete entropy inequality for the system.
The computation of the value U;,, which denotes a value outside C; (see Fig. [i} (b)),
defined such that the boundary conditions are satisfied, and the definition of the bound-
ary flux F(U;, U.;,n;) are described in (Allgeyer et al., [2019). Notice that we assume
a flat topography on the boundaries i.e. 2;; = 24 .

For the discretization of the pressure source term S,(U,2,), we adopt a strategy
defined below.

3.4.2 The hydrostatic reconstruction technique

{subsubsec:HR) The hydrostatic reconstruction scheme (HR scheme for short) for the Saint-Venant sys-

tem has been introduced in (Audusse et al., 2004) in the 1d case and described in 2d
for unstructured meshes in (Audusse and Bristeau, 2005). The HR in the context of
the kinetic description for the Saint-Venant system has been studied in (Audusse et al.
2016)).

In order to take into account the topography variations and to preserve relevant
equilibria, the HR leads to a modified version of under the form

UZ.nJrl/2 =U;, — Z O'@'J./_"Zj - Uiﬂ,e + Z O-i,jS;,i,ﬁ (58)

JEK; JEK;
where
Fi; = FU U5 ), (59) ?eq: flux_HR?
S;,i,j = Sp(UiaU;jjzbmzb,j’ni,j)
0

ﬁ{,i,j(hl,z’,j - hl,i)ni,j - 901,1‘512-73'(21,1',]' - Zl,i)ni,j

- - (60) exiSp R

]537@]‘(}104,1‘,]’ - ha,i)ni,j - gpa,z'h;,i,j(za,i,j - Za,i)ni,j

18



sec:exchanges)

with

and

Throughout this work, the *

zg‘ﬂ’] maX(sz, Zb]) h;-‘yj = max(h; + N ZZ,M? 0),

U:j = (th P1 zlth], . ,pNilNh;k], p17¢l1h2‘7ju17i, e apN,ilNh:‘:juN,i, ..
Z;,ZJ_sz (a+z > i

Rayij = Zcxgz:—a”Jrza“

ha,m = h, agi = —h”‘”;ho‘“’

he. = M7

ﬁz,i,j _ pa,z‘gpw,j,

a—1
lo Pagha
o e _— l h’ o = —
Z Zb+<2+jg_1 ]> P 5

j=a+1

refers to the HR technique.

N
+ ) pighy.

(61) [oq:state iR

Remark 3.2 Since the quantity S(U, z,) appearing in (33)) contains non conservative
terms, its integration over the cell C; is not straightforward and we have used the result
proposed by Bouchut (Bouchut, |2004, Proposition 5.3) to obtain the expression (60)).

3.4.3 The vertical exchange terms

We give the fully discrete expression of the step for the vertical exchanges, described by

with

equations —. The step for the vertical exchanges consists in

Urtl = gtz o Apngrtt
0
p3/2 ZG3/2 i
P5/2 ZG5/2 i p3/2 ZG3/2 i

n+1 o ntl )
pN—1/2,iGN*1/fJ pN—3/2,iGN*3/2ﬂ
n-+

anJrl = _pjj_zl/gilG!Nfl/Zz
» u3/2 z’p3/2,iG3/2ﬂ
u5/2zp5/2zG5/21 u3/22p3/22G3/21
ups 1/2, PN 1/21GN 1/21_UN 3/2 iPN- 3/22GN 3/2;i

o n+l
Uy 1/21101\/ 1/21GN 1/2,i

hg,tl = hZIl/Q + At(Gati1/2 — Ga—1/24)-
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(62) equput A

The mass conservation for the layer « is governed by Eq. and its discretization gives



The previous equation multiplied by p”Jrl from equation gives the relation

nE S = PR A s — ) Gz — (02T s — Pt ) G-

Hence, relation can be rewritten under the form

(HEY? 4+ AtG)pp ™ = (piha)™H/2, (63) [eq:matc]

1/2 . : : : : . 1/2
where Hy, - /? is a diagonal matrix of size N with coefficients (Hn;)1<j<n = h;”r /2 and
the matrix Gy, is given by

|G3/2,il+ |G3/2,il+
: -5 0 0 0
¥i1/2 ¥i/2 A
mr mt
|G3/2,:— . .
: . . 0 o 0

Rk

GNJ = 0 |Gaz1/2,il=  |Gagiyoily  |Gacijoil= |Gayiyeils 0
I L i L Al
. . |IGN_1/2,il+
0 . . o ,
el
IGN_1/2,i|- |Gn_1/2,i]-
0 s 0 0 nrt1/2 - prt1/2
N,i N,i

If hZ;l/ > = for all a, then we trivially have p”Jrl = 0 for all a. Let us now assume that

there exists a layer « such that h”Jrl > (. Then the matrix H nH/ ’+ AtG N, 1s a strictly
diagonally dominant matrix. Therefore it is invertible and the entries of its inverse are
all nonnegative - see the proof made in |Audusse et al. (2018)).

This system and its numerical resolution are studied afterwards, in section

3.4.4 The variable update
Hence the sum of relations and gives

Ut =U;— ..., (64) [eq:upU_HR|

The space discretization of the system — and its numerical resolution allow
to determine the quantities

hr}-i-l n+1

) pa i (pahaua)n+l

Y

for any ¢ € I knowing the quantities {h;, (paha);, (pahaua) }ier-

Thus, it is possible to recover thl, pgt and uy, ! from
1 1
hnfl =1 thrl pnfl — (paha)n+ un{l — (pahauoc)n+
a,l a’Y Y [eN) lah?+1 I a,l (paha)n+1

Concerning the temperature 7", we use the formula

OZ’L ?

TTHfl _

=p " (pas').

Pai

20



3.4.5 Properties of the numerical scheme

ppopumuschéne) p.onosition 3.3 Consider a consistent numerical flux F for the homogeneous prob-

lem ( (35)-(38) i.e. Eq. with S,(U, z,) = 0) that preserves the non-negativity
of the water depth h; under the corresponding CFL condition, then the finite volume

scheme —

(i) preserves the non-negativity of the water depth,

(ii) preserves the steady state of a lake at rest,

(#i) is consistent with the system -,.

n_properties)?

Proof (i) Fora=1,...,N, R s obtained using the fully discrete version of (3F),

that is to say,
n+1/2 2 : ha
h = hoz,i — O'i,j-F;"j

i
JEK;

Since the flux F preserves the positivity for the shallow water equations, then REY2

positive. As a sum of positive terms, h"*1 is positive. This proves (i). 7

(12) In the constant density case and with a non-flat topography, (ii) is proved in
(Audusse et al., |2011). In the variable density case with flat topography, the proof is
trivial because at equilibrium, the density is constant in each of the layers. In the general
case, the continuous equations describing the static equilibrium are

U, = 0, a=1,...,N,
Vzyn = 0,
vr,y<hapa) = Pat+1/2VayZat1j2 — Pa-1/2VayZa-1/2, a=1,...,N. (65) \ eq:static_eq.]

While the first two equations are easy to write at the discrete level, the third one is not.
There is no simple discrete formulation of . Yet, for

Uy = O, VOé,Vi, and i = Negqs V1 (66)‘eq:static_equ:
with neq a constant, due to the use of the HR technique, the proposed numerical scheme
verifies
Z:;l/Q = ha,i)
(Ph)as'® = (ph)a:
(ph)ast = (ph)at"”,
(phu)ist = (phu)is'?,

for all « and all i. Therefore, starting from a situation described by and a discrete
version of , the discrete equilibrium is preserved. Starting from a situation near
the equilibrium, the system will evolve towards equilibrium. We have empirically checked
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that a system initially far from equilibrium will reach an equilibrium, see (Audusse et al.,
2011).

(i4i) Since the flur F is consistent with the homogeneous (S,(U,z,) = 0)), Eq. (60)
1s a consistent discretization of the non-conservative pressure terms, and . 1S @ con-

sistent discretization of the vertical exchange terms, then (ii1) is true.
[

Proposition 3.4 Consider a consistent numerical flux F for the homogeneous prob-

lem (35)-(38) i.e. Eq. with S,(U, z,) = 0 that preserves nonnegativity of h;(t) and

such that
E?;ha Povij Ehga> (67) ‘ eq:flux_less_¢
with .
af B >
Payij = { 227; Z Fzﬁjq 2 8 } (68)‘eq:upwind_rho

then the numerical scheme (| . . satisfies a maximum principle on the density i.e.

prop:max_prin) for any a, i one has

Pl < max{pai, payt, Vi€ K.

Remark 3.5 The formula was initially proposed in (Larrouturou, 1991) see also (Bouchut,
2004).

Proof of prop Let us first deal with the horizontal exchanges. Due to the choice
of E’fj‘?h(’, the numerical discretization of can be decomposed into

(paha)?+l/2 < Z Uz,]tha > Z Uz,]pa,]tha
JEK; JEK;

The right hand side of this expression is positive. Indeed, hy; — 3 e 0ij h‘*|+ is
positive due to the CFL condition and — 3,y Ui7jpa7j|F;{qu|_ is positive because |Fh°‘|_
is negative. The right hand side is factorized by max{pa.i, Paj}

n+1/2
(Paha)i ™ < max{pa, pa,} ( =Y oulF e = oyl Fe —> :

jeK; JEK;

Therefore, dividing by hZ;lﬂ positive, we obtain that

n+1/2
oyl

< max{pa.i; Lo} V) e K. (69)‘eq:maxpp1e_hoz

We deal next with the vertical exchanges, see pamgmph m
Note that the matriz HnJrl 2 4 AtGy; defined by (63)) is an M-matriz. Let 1 be the
vector the entries of which are all equal to 1. We notzce that
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so we also have 1 = (H”Jrl/2 + AtGn,;)~ 1h?+1/2. Let (p;h;)""'/% be the vector the entries

of which are (p;h;)a™? = pZtlﬂhZ?ﬂ, a=1,...,N. Then
I(CHN? 4+ AtG ) " pihi) ™ 2o < 11082 ||l (2 + AtGa) T R

which 1s exactly

e < 072

|| [foo- (70) |maxpple_verti

To conclude, relationship (69) is applied to an/Q for all a. Combining with gives
the mazimum principle on the density. B

mark:max_prin) Remark 3.6 Let us present a more accurate result for the maximum principle on the

vertical exchanges. Let o, g and oy such that 1 < oy < a < a; < N and
Gaj+1/2,i <0, Gaj—1/2,z' >0 for j € {0, 1}.

The coefficients of the lines o and oy of matriz Gy ,; are respectively (Gn.i)ag,j = Oao,j

and (GNi)ayj = Oay,j With Ox; the Kronecker symbol, which means that pgoﬂl = Z;r;m
and pgﬁ pZLl/ . The system can be solved using forward elimination and backward
substitution. Denoting by p, z{ the vector (pkjl/Q,pZLl/f, . ,ijl/Q)T, we have the
following results
n n+1/2 n n+1/2 n n+1/2
167 g illoe < 1107 anilloer 165 s illoo < 100000 alloes 112 il o < 100y Nl

The layers receiving no mass from the layers above and below them separate groups
of layers which exchange mass between themselves.

Remark 3.7 For the following semi-implicit scheme for the vertical exchanges, the maz-
imum principle on the density of proposition is also verified:

(pa,iha z) = (pa zha 1) +1/2 + 7(pai}/2,iGa+1/2ﬂ' - pati/Z,iGafl/Qﬂ')
At 412 n+1/2
+ 7(%+1§2¢Ga+1/2,i - pa—l?ZiGa 1/2i)-

The more accurate mazimum principle presented in remark[3.6] is verified as well. How-
ever, in the rest of the paper, we work only with the fully implicit scheme for the vertical
exchanges. More specifically, proposition|3.10 is stated only for the fully implicit scheme.

Remark 3.8 We have presented a first order in space discretization of the system. In
practice, we apply a formally second order extension in space and time presented in
(Audusse and Bristeau, |2005) and (Allgeyer et al.,|2019). More specifically, the modified
Heun scheme which is used is presented in (Allgeyer et al., 2019). For the obtained
numerical scheme we are able to prove the consistence, the well-balancing and the non-
negativity of the water depth. But a discrete entropy inequality such as the one in
proposition has not yet been obtained. The proof of proposition cannot be
adapted for the second order scheme; a different strateqy would be needed.
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Remark 3.9 At each time step, to advance

o from hl to h?H/?

i from (pa,iha,i)n to (pa,iha,i)n+1/2

convex combinations are used, which gives the scheme a certain stability. Then, to
advance from (pa.iha:)" V% 10 (pa,ihai)™ ", the fact that the matriz of the system (matriz
H;\l,j;lm + AtG i, defined in the proof of proposition is an M-matriz gives stability
to the computation.

3.5 Kinetic fluxes

ec:kin_fluxes) Whereas the proposed numerical scheme can be adapted to any finite volume solver for

the classical Saint-Venant system, in Section [5] the numerical simulations are performed
using a kinetic solver and hence the numerical fluxes in in the kinetic context now
are specified.

To define the numerical fluxes, we introduce the functions xq, M,

1

X0(217 Z2> = Eﬂzf-i-zgﬁm

he — Uy Y — Vg
Ma:M(Ua7§77)2§X0(£ 77(3 >7

« Ca

with ¢, = \/Pa/pPa, Ua defined by and where (£,7) € R?%. We also define the
quantity M/ by
MP = poM,.

The quantity M? satisfies the following moment relations

Paha
[ (&) portignycar = [ pab | ()
]RQ
Paliava
& Pahati? + hapa
/ &y paM(Ua, &, 7) dédy = PalalaVq . (72) 7eq:kinmom2?
By Pahavl + hapa

Hence in the context of the kinetic description, the fluxes appearing in have the
expressions

FZ]};’ = /2 Ma,i,jCi,jd£d77 Fil,)j('lha — )Ooz,i,jFZL;> }7’;]“ = Pa,i,;j /2 <§/) Ma,i,jCi,jdgd’Y
R R

(73) ‘ eq:kin_fluxes

with

Moij = Mgl 0 + Mg il <o, (74)
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* _ * * _ * * * T *
where M}, = MU, 5,67), Usii = (lahi;, 1ol jua, loh] jva:)" . The * refers to the

« 4,57

HR technique, see . The density pa,;; is defined by and

Ci,j = (i) ;5.

We give here some details about Proposition [3.3]in the case of the kinetic flux. We
consider the equation

n+1/2— 2 : 2 : - :
foc,i = Maﬂ' — O-i,jgi,j]lCi,jZOMot,i,j — O-i,jMa*,j,iCiJ]lCi,jSO (75)‘eq:k1n_hor1201

JEK; JEK;

Using , we see that integrating equation for o = 1,..., N with respect to &,
gives the HR scheme for (35)).

Let us now give the CFL condition for the kinetic flux. There exists a velocity v,, > 0
such that for all o,

‘5 — Uqyi

Cai

Y — Vayi

Cai

> Uy, Or

> U = MUy, €,7) = 0.
A CFL condition strictly less than one is considered

&i(|ua,i| + [Vai| + Umca,i) <pB< for all i, v,

DN | —

where &; = At"Y ek, L; ;/|C;|, and § is a given constant. More precisely, the CFL
condition writes

1 C;
At" < —min Cil )
ai Yier, Lii(|Uail + |Vai] + VmCasi)

Under this CFL condition, the kinetic function fgjl/ *~ remains non-negative, i.e.

fai 720, V(6,7) € R, Vi, Va
The proof can be found in (Allgeyer et al., [2019). Therefore, the water depth A"+1/2 is
non-negative. Note that the CFL condition does not depend on the vertical exchange
terms because they are treated implicitly.

3.6 Discrete entropy inequality

In this paragraph, a discrete entropy inequality is proved in the case of a flat topography.
The crucial point of the numerical scheme is the treatment of the pressure source term
Sp.o written under the form . Indeed the other terms appearing in the numerical
scheme are either conservative — and hence easily incorporated in the numerical fluxes —
or similar to terms appearing in the constant density case, see (Allgeyer et al., 2019). The
term S, , is an extension of the topography term for the Saint-Venant system but in a
far more complex setting. Proposition [3.10]is interesting since until now, the properties
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satisfied by the numerical scheme detailed in paragraph concern Egs. (35)-(41)
except Eq. . Hence, for the momentum equation , only the equilibrium at rest
is proved.

In the context of the kinetic description, the relation between the mass and momen-
tum fluxes is simple (see ) and it is possible to slightly modify the definitions
in order to obtain an in cell discrete entropy inequality. The authors do not claim that
only the kinetic fluxes allow to obtain such a result but, as in (Audusse et al., 2016),
it is not clear whether the result holds with other numerical fluxes in particular the
definition is related to the kinetic description and not easily available for others
finite volume solvers (Rusanov, HLL,. .. ).

We consider in this paragraph a discrete form of that is slightly different
from and defined by

~

Sp,a,ivj = poc,i(hoc,i,j - hoe,i)ni,j - gpoe,ihoz,i(za,i,j - Za,i)ni,j, (76) eq:Sp_HR_mod
with
(03
Za+1/2,i = Zb,i + Z hl,ia with Zbﬂ' = zb,j = CSt, VJ,

=1
Zat1/2,i T Za—1/2;

ZOé,i = 2 9
. Zai + Za,j
Rajiyj — 9 )
iLoc,i,j = / (Ma,z‘lgm-go + Ma,j ﬂgi’jzo)dédﬁ/, = / Ma7i7jd£d*y (77) ‘ eq:h_alpha_i_
R2 R2
£ 2
f]Rz ( > - ua,i Ma,id£d7
Payi = Poi ! . (78)[eq:state_HR_m
2 fR2 Mocﬂdfd,y

Since we consider a flat topography, the notations associated with the HR do not appear
in the previous definitions. The discretization is very similar to the discretization
(60) written for a flat topography, but a bit of upwinding with respect to the advection
is included in . Note that this kind of upwinding could help to reduce the error term
due to the topography in (Audusse et al., |2016). For a non-flat topography, the HR
induces upwinding with respect to the topography, not with respect to the advection.

The main interest of the following proposition is to justify the discretization but
for three reasons it is a partial result:

e it only concerns flat topography situations whereas it is well known that the nu-
merical treatment of topography source terms is a very difficult issue,

e the extension of the expression to the situation of a non flat topography is not
natural since in the simple case of a single layer with a constant density i.e. the
classical Saint-Venant system, the definition does not exactly match with pre-
vious works of some of the authors (Audusse et al., 2016) (whereas definition
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exactly reduces to the scheme studied in (Audusse et al. 2016) in the Saint-Venant
case),

e the numerical tests carried out with the two possible discretizations of S, .. ;,
namely and give very similar results especially similar convergence curves,
see paragraph [5.1]

For these reasons and even if the result proposed in the following proposition is an
interesting stability property, the numerical simulations presented in Section [ have
been obtained using the discretization ([60)).

crete_entropy) Proposition 3.10 When considering a flat bottom, the scheme , with the fluzes
defined by satisfies an in cell fully discrete entropy inequality having the form

2 2
+ INNES -
Bt = Bait Y o wis ) L
;1 7+ 0-7]/]RQ<9277J+ 2 2 fy u77.7

JEK;

2
) Pa,mMa,i,ijdde

n+l |2 n+l |2
non Uyt1/2, nl n u, 2,1"
—At Paii/z,i < +—2/ + gZa+1/2,i> Gar1/2:tAL <pa_‘_—i/27i—2/ + gZa—l/Q,i) Ga-1/2,

- PZL/Q,Z'(AtnGaH/u — ZZI}/ZZ- + Za+1/2,i) + pZ"_l/g,,» (AtnGa—1/2,i - ngi/g,i + Za—l/z,i)
- dcx,i + Cai + fa,i

where E, ; is the discrete energy

2

|uo¢,i

Ecx,i - pa,ihcx,i 9

+ pa,igha,iza,ia

and where d,; is a sum of non-positive and hence dissipative terms whereas ey, (Tesp.
fa.i) contains errors terms of magnitude O(diam(C;)3) (resp. O(At")?). The expres-
stons of do; and e, ; are given by

2

|ﬁa,i,‘ - ua,i
doy ==Y e R - PaiMai|CisldEdy

JEK;
Ug i — Uq,j 2

+> Ui,j%/ PaiMa, ;G jdSdy (79) [de:

jeK; {¢i,5<0}
€Cai = Z Ui,jg/ (pa,iha,iua,i - pa,i,jMa,i,j <§)) (Za,i,j - za,i) 'ni,jd5d7

jeK; R 4

- Z Ui,jpa,i/ (Ma,i,j - Ma,i)<ﬁa,i,j - ua,i) -1y jd€dry
jeK; R

_ e Voot (S~ Yo ar e ded
Z Uz,](ua,z,] uCX,Z) . ua,z pa,z Ll ua,] pa,] «a,] (l,j 5 7
jEK; {¢:,5<0} g Y
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2ﬁai‘_uai_ua'2
- Z Ui,jl = 1 al / PaiMa ;G sdEdry. (80) [de:
{¢,;<0}

JjEK;

The quantity fo; ts defined by

ngha,i n n n n
fa,i = At T ((pc:z_l - paii/Z,i)Ga"‘l/Zi + (po:i_l - pati/&i)Ga—l/Zi)

h n+1 n+1h n+1 (pa,iha,i)n—H n+1 )
+g ((pa,i a,i) - Pw a,i) (Za,i — Zaﬂ') + —2 ]ua’i — uw\
n+1
U,; — 4,
__ A4n n+1 @t ,t n+l n+1 ) _
At pa+1/2,i 2 ‘(ua,i 2ua+1/27i + ua,z)Ga+1/2,z
n+1
U,,; —a_ .
n n+1 @, a,l n+1 n+1
+At pa71/2,i 2 ‘(ua,i - 2110[71/2714 + ua,i)Gafl/Zi?

where the first line is the discrete version of the term appearing in the last line of the
continuous energy balance given in Eq. (see also (Boittin et al.,|2020)) and the other
lines come from the explicit time scheme and vanish in the semi-discrete (in space) case.

The velocity U, ; s defined by
/ Maij <§) dfd’y
RQ 59, fy

flai = , (51) emiutitde

[ Masdcr
R2
where M, ; ; is defined by and the pressure Pog1/2,; 8 defined by
n* n h'Oé,i
DPax1/2; = Payi PQ;IQT'

:entropy_ineq)

Remark 3.11 Since we use an explicit time scheme it is natural to have error terms
fai of order O(At™)?. Concerning the error terms e, ; due to the space discretization,

we point out that they are of order O(diam(C;)3) i.e. smaller than residuals with second
terms.

Proof of prop. The proof of this proposition is long but only contains simple
computations. The authors have not found a simpler presentation.

Starting from the set of discrete equations , the energy balance for the cell © at
the layer « is obtained by performing the sum of the two following quantities:

e the mass conservation equation over the layer o in (64) multiplied by gzo; —
ul?/2

e the momentum equation in (64) over the layer o multiplied by u, ;.
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In other words, the energy balance comes from a rewriting of the quantity

|uoz,i|2

2

) <(pa,iho¢,z‘)n+1 — poihas + Y 0iipaiiFls

jeK;

+At" ( Z+1/2 ZGoH-l/QJl - pzt%/g’iGa—l/Q,z) )

goz,i = (gza,i -

n+1 z : hau
+uoc,i' ((pa zhoz zua z) — Pa, zha iUy K + 0; j o Sp,a,i,j)
JEK;

+1 +1 +1 A
_At"< Z+1/2 zua+1/2 Gati/2i — pg_l/Qviug_l/mGQ_l/gd)) . (82) ‘ eq:energ_init

Since the manipulations necessary to obtain the result are, to some extent tedious, we

proceed as follows: first we consider the terms involving time derivatives then those

inwvolving the horizontal fluzes and finally, we consider the vertical exchange terms.
The discrete time derivatives The terms appearing in writes

12
g};,i = (gza,i - %) <(pa,iho¢,i)n+1 - pa,ihoa,i) + Uqy ;- ((pa,iha,iua,i)n+1 - pa,ihoa,iuoz,i) ’

and can be rewritten under the form

’ n+1‘2 | 4|2
n+1 n+1

Uq,i
T - (pa,iha,i) 9 + (,Oa,ighoc,izoc,i> - (pa,ighoc,iza,i)
(pa,iha,i)n+1

- (Pa,igha,i)nﬂ(zgjl — Zai) — Thlgtl — u,,|* (83)[eq: time_d]

The last term in is classical in the context of explicit in time schemes and give rise
to a non-negative term in the energy balance.
The horizontal fluzes The quantities we are now considering are

Efm. = (pa,ihoz 1)

|-l'10¢’5|2

an = (gzoéZ —

a,z,j / Ma,i,jgi,jdgd’y

+ Uq - (pa,i,j/ (£> M, ; ;G dEdy — S, ,a,i,j) :
r2 \Y

And using ([76) we rewrite E.° . under the form

a,t,]

ey £+~ 1|(¢ _
Eai = /R , (EIZa,i,j + 5 3l\y) Uq,i,j
§
(‘( ) o '(7 - e
—Dayi (hot KX — ha

)uoc i1 5
+g /R i Mais (2ayij = Zai) (Waimyy — G j)dEdy (84) {2}

2
> Pa,i,jMa,i,jCi,jdfd’Y

2
) Pa,i,jMa,i,jCi,jd§d7
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40 [ (it = Pris s = 2o g (55)
R

The last two lines of the previous equation reduce to

- Z Ui,jpa,i/ Moy — Ma,i)(ﬁa,i,j —Uqy) - n; ;dSdy.

(
jeK; R?

Now, using the definition , we rewrite the second line of , denoted Sif?, under

the form
g = —l(ﬁaij—um).nﬂ/ : _uaiQPaiMaidfm
o,i,j 2 " ’ “Jr2 | \Y 7 ’ 7
1 2
R
1e\ - |
+ w2 |\ Y ~ Uaij| PaijMaijGidedy
1. § :
+§(ua,i,j — Uq )1y Uil PaiMaididy
R2 fy

= —Da,i /2 Ma,i(ﬁa,i,j - ua,i)-ni,jdfd’Y
R

~ ﬁa,i,’ + ua,i
—(Qaij — Uay)- /2 ((i) - —Jz ) PovinjMai G gdEdy
R

1 2
+(ﬁa,i,j - ua,z’)-l’lz‘,j/ 2 ‘ <€) — Uai| Pa,iMaidEdy, (86)
R2 v

where the definition has been used. Let n;; = (ni,;,n9:;)", because the Gibbs
equilibrium M, ; is an even function of the variables § — uy,; and v — v,,;, we get

FHORE

2 2 2
— Uqy; + — Vay

PaiMaidEdymy ;5 = / (€ i) . (v , ) PoiMo id§dyny ; 5

RQ

:/ (€ = Uai)? poiMaidEdyny ; ; = / (€ — Uai)énaijpa,iMa i dEdy
R2 R2

:/2(6 - Ua,i)Ci,jpa,iMa,idgd% (87)‘eq:even_odd_1
R

where we have used that since the function (& — ua;) M, is even then

/2<§ — Uq,i) VN2, PaiMaidEdry = 0.
R

Likewise, we obtain

2

pa7,-Ma7id§d7n27i,j = / (’}/ — Ua,i)gi,jpa,iMa,idgd'y- (88)‘eq:even_odd_2

R2

FHORE
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And therefore, using Egs. ,, we can rewrite the last line of relation under

the form
(Qqij — ua,i)-/ ((5) - ua,i) Pa,iMa G jdEdry,
R2 g

. . . 2,xy
leading to the following expression for £

EX = —paﬂ'/ Ma,i(ﬁa,z‘,j_u@»i)’ni’jdgd’y
R2

a,i,j
~ ﬁa,i,' + ua,i
—(Va,ij — Uay)- /2 ((g) - ]T) PaijMaijGijdEdry
R

+(ﬁa,i,j - uoc,i)-/ (<§) - ua,i) pa,iMa,iCi,jdgd’Y'
r2 \ \7

We rewrite the second line of Eif?j under the form

[T, — Uail® 8 3
# o Pa,i,jMa,i,jCi,jdfd’Y—(Ua,i,j—lla,i)- . ~ — Uqyi pa,i,jMa,i,jQ,jdfd%

or equivalently

Uiy — Ul 8 3
— 5 - PaviiMai;GiidEdy—(0a,;—Uay)- =\ —WUa,ij | PaijMai;CiidEdy

+ (Qpij — Uay)- /2(ua,i — Uaij)Pasij Mo ;G dEdy.
R

Using the previous identities and considering the cases (;; > 0 and (;; < 0, simple
computations give the following expression for Esf‘g

E7 = pai [ Maliiags — o) msydéty
R
|f1a,zyj - uoc,i|2
+f Pa,iMe,iG jdEdry
{¢i,;>0}
+(ﬁa,i,j - ua,z’>‘ /{C <0) |:<<§/) - ua,i) pa,z’Mcx,i - <(§/) - ua,j) pa,jMa,j:| Cz,jdgd’}/
0,5

1, . -
+§(uo¢,i,j - ua,i)~/ (ua,i,j - uoc,i - 2(ua,j - ua,i))poc,jMa,jCi,jdgd’%
{Gi,5<0}

and the last line of the previous expression can be written under the form

1, .
§’ua,i,j - ua,i’2 Pa,jMa,;Gi jdEdry
{¢i,7<0}

+ (Qpyij — Uay)-(Ugij — Uaj) / Pa,jMa ;G jdEdry,
{¢,;<0}
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or equivalently

§!ua,m — g/’ PajMa,;Gi jdEdy
{¢i,7<0}
Uqg,i — uaﬁ

204,15 —
PajMa ;G jdEdy+ : PaiMa ;G dEdry,
4
16, <0} 16, <0}

where the identity ab = (a+0)*/4 — (a —b)?/4 has been used. Hence, the final expression
for 2% is given by

a,i,j

27my — 17
Eaij = “Payi / Mo,i(Qaij — Ua,i)-1y;dEdy
R2

— U,/

~ 2
Uq,ij — Uayi Uq
—i—# pa,iMa,i\Ci,j’dfd’Y - —| /)a,jMa,jCi,jdfd’V
2 4
R2 {¢,;<0}

+(ﬁa,i,j - ua,i)-/ [((5) - ua,i) pa,iMa,i - ((5) - ua,j) pa,jMa,j:| Ci,jd§d7
{¢i,;<0} v v

’2ﬁa,i,j — Uq,; — ua,j|2

4 / pa,jMa,jCi,jdgd'ya
{¢i,7<0}

where 1n the previous expression, the second line is nonnegative and the last two lines are
third order terms (i.e. of order O(diam(C;)?)) when considering Lipschitz continuous
solutions.

Then for the third line of , performing simple manipulations we have

~

sz',j = — Pai(hasij — Na,i)Ua,i-ij
= — Da,i /R2(Ma,i,j - Ma,z’)dfd’yua,i-ni,j
= — Pa,i /RQ(Ma,i,jﬁa,i,j-ni,j - Ma,illa,i-nz‘,j)dde
P | Maij(Qaij — Vo)1 ;d€dy
= — Dai /RZ(MQ,Z-J-QJ- — My ug .1 )dEdy
+ Dai /R2 M, ;(Qq 5 — Ua,).1, jdEdy
= — Da,i /RQ(Ma,i,jCi,j - Ma,iua,i-nz’,j)dfd’y

+pa,i/ M, i(Qq ;i — Ugy).1, jdEdry
RQ

+ Pa / (Mo sy — Ma) (T — W)y ydédy (29)
RQ
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where the definitions , have been used. Notice that for the second term in the
first line of , we have

Z pa,i/ Ma,iua,i~ni7jd€d’y = pa,i/ Ma,iua,idgd’y' Z n;; = Oa
R2 R2

JEK; JEK;

and using the discrete form of the continuity equation, for the first term in the first line

of we get

- Z Oi,jPai /}R2 Ma,i,jfi,jdfd’y = pa,i(hZ,t-l - ha,i - Atn<Ga+1/2,i - Ga71/2,i))-

JEK;

The vertical exchange terms It remains to examine the contribution of the vertical
exchange terms over the energy balance, namely in FEq. the quantity

)

n |u0¢7i 2 n n
Vi = At"(gza;— 2 ) (pai}/zzGaH/?,i - Paﬂ/zzGoc—l/?vi)
n n+1 n+1 n+1 n+1
+At" ;. (pa+1/2,iua+1/2,iG0‘+1/27i - Pa—1/2,iua—1/2,iGa—1/2,i>-
And we write

n+1 |2 un+1 2

u , .
n . n a+1 2,’L n n a—1 271
Vai = At"p'H mT/GaH/z,i — At paﬂ/gﬂ-—; Ga-1/2,

+At"g (PZE/27i2a+1/2,iGa+1/2,i - PZﬂ/gﬂ-Za—1/2,iGa—1/2,z')

n+1 n+1|2 n+1
u . — Q. ’ u,; —u_ .
n n+l a+1/2, e (e o, n+1 n+1
—At pa+1/2,z‘ < 92 + 2 '(ua,i - 2ua+1/2,i + ua,z’) Ga+1/2,i

n+1 nt12 n+1

u —ul u,,; —u't
n n+l 071/2,1 Q,? a,t a,t n+l n+1 . X
TA PR ( + (u 2uy "y +0ai) | Gaoija

9 2 a,t A
n ha,i n-+1 n+1
g2 (1t 5 G+ P G121, (90) [eq: exchan
Remark 3.12 When Goq1/2; <0, then the third line of s nonnegative namely,
n n ua,; — U—Ztl‘Q n
A"t 5 Gosi/2i = O((A1")*),
whereas for Goi12 >0
|unii/2 _ unf1|2 W — un{l
« N L, a,? a, n+1 n+1
5 - 9 ‘(ua,i _2ua+1/2,i+ i)
un+1 o un—&jl
= i i 5 (Ui — 2ua +uyh) = O((AE)%).

Hence, when it is not a dissipative term, the third line of s a O((At”)3) term.
The same result holds for the fourth line of .
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All the contributions

Now, summarizing the computations carried out in the previous paragraphs, we sum
all the contributions, namely 53’1-, EZZJ and V,; leading to a new expression for &,
under the form

2 2
+7 INNES .
En—"—l_Eoci 7] a,,] 6 -5 - Ua,i,j
a,t 7_’_20-7]/]1%2(92:,7]—'— 2 2‘(7> uvv]

JEK;

2
) PaijMai G jdEdry

un+1 |2
nl n a—1/2,i
+ gza+1/2,i> Goti/2,i+At (Paﬂ/uT/ + gZa—1/2,i> Ga-1/2,i

= da,i + €a,i + Fa,i

2

un+1/
n n+l1 a+1/22
—At Payi/2, ( 9

where d,; are non-positive and hence dissipative terms whereas eq; are errors terms.
do; and e ; are given by and respectively. The quantity F, ; is defined by

Fo, = (/Oa,igha,i)n—i_l(zz:ii—l - Za,i) - pa,i(hngl - ha,i - Atn(Ga+1/2,i - Ga71/2,i))

)

1
A" ha,iG A a»iG 4 (pa,ihaﬂ')n—‘r | n+l "2
Pay1/2:9 5 atl/2 Pa-1/2:9 5 a-l/2i 5 U,; — Uay
n+1 n+12 n+1
u —ul w, ., —ut
n n+l a+1/2, ;g (e a,l n+1 n+1
—At pa+1/2,i < 2 + 9 '(ua,i - 2ua+1/2,@' + ua,i) Ga+1/2,i

n+1 n+1|2 n+1
n n+l a—1/2. Qa, Q,l a,l n+l n+1 ) .
+At pa71/2,i ( 2 + D) ‘(ua,i 2ua71/2,i + ua,l) Ga71/2 i

and the first three lines of F,; can be rewritten under the form
(pa,iha,i)n+1

F;z = (pa,igha,i)n+1(22jl — Zaji) — pa,@-(hﬁfil - ha,i) + 5

+At" (pZil/z,iGaH/u - PZil/ziGa—yz,i)
nghoé,i n n n n
AL ((raa;1 — P 00 Gtz + (005 — pot) /Q,i)Ga_l/g,z-) . (91)
Now, we rewrite the first two terms of the first line of under the form

n+1
2 o (pa,igha,i) n+1 n+1
Foi = 5 (Za+1/2,i t 20 12 — Fatl/2i — Za—1/2,i)

- ) n+1 . n+l - ) )
pa,z(za+1/2,i Ra—1/2, Za+1/2,z+za—1/2ﬂ)

= —pgi1/2,z‘(22ﬁ/2,i — Za+1/23) pzil/zz‘(zgﬂ/u = Za-1/2,)
+9 ((pajiha:)™™ — nglha,i) (ZZJQI — Zai)-

Hence, we have for F, ;
_ (5] n n+1
Fa,i = pa+1/2,i<At Ga+1/2,i ~ Zat1/2i + Za+1/2,z')
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_pZ*—I/Q,i(AtnGa—l/Q,i - Zzﬂ/gi + Za—l/?,i))

un+1 o n+1 |2 W — n+1
. n n+1 a+1/2,i Q,? Qi n+1 n+1 )
At"p Pot1/2,i 2 + 9 .(uw. 2ua+1/2,i + uam)

unJri 0 n+1|2 W s — unfl
LA Z+%/2Z ( a—1/ 722 I i > i ‘(un—f'—l _2un—l—1 . +ua,i)) G

ngha,i n n n
+At T ((pa—iz_l - pai}/Q z)Ga+1/2:i + (paz - pa+}/2 z)Ga*1/2:i)

n+l o+l n+1 (Paihad)" ™ i 2

+9g ((pa,iha,i) ~ Pai ha,i) (Za,i - za,i) + # U,; — ua,i|

the first two lines being conservatives terms and the four following ones being error terms

corresponding to fo;. The fifth line is the discrete version of the term appearing in the

last line of the continuous energy balance given in FEq. (see also (Boittin et al.,

2020)) and the last line of the previous relation comes from the time scheme and is of
order O((At™)?).

In order to conclude the proof, it remains to prove that all the quantities appearing
in eq; are third order terms i.e. of magnitude O(diam(C;)?). The terms in each of
the sums in e, ; are obviously second-order terms. Since the sum is made on the faces,
gradients of second-order terms appear. These gradients are indeed third-order terms. B

If one wishes to introduce even more upwinding in the discretization of S, , by using
the discretization

~

Spaij = Pailhaij — hai)ij — 9Pasjhaij(Zaij — Zai)Miy,
Proposition [3.10] still holds but the expression of the rest term e, ; becomes

Z Uz,]g/ PeijMeij (Za,i,j - Za,i) (ua,i - Ua,i,j) -1 jd§dy

JjeK;

+ Z ng/ PaiiMaij(Zaij — Zai) (Mg - My — Gj)dédy

JEK;

- Z Uz,jpa z/ a,i,j Ma,i)(ﬁa,i,j - ua,i) : ni,jdgd’}/

JEK;

- Z 03 (0aij — Uay) - / [((5) - ua,i) Pa,iMo; — ((f) - ua,j> pa,jMa,j:| Gigd€dry
jEK; {¢,;<0} v v

|2ua %,] ua,i - ua, '|2
=D i 1 : PoiMa,jGijdEdy.
{G,;<0}

JjeEK;

This new expression of e, ; also contains only third-order error terms, thus the result is
not deteriorated.
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4 Numerical scheme for the layer-averaged Navier-Stokes-
Fourier system

(sec:NS_num) The discretization of the full layer-averaged Navier-Stokes-Fourier is presented. The
main difficulties have already been tackled in section [3]

4.1 Semi-discrete (in time) scheme

The semi-discrete in time scheme yields the following system

P = 2 = Atnszy hatt,) ITa) (g~ 5,0, (92)eqiisrsdi]

a=1 a=1 pacp
(Paha)" V% = pohe — A"V, - (pahally) (93) 7eq:NSF_sd_2?
(pahaua)n+1/2 - pahaua - Atn (vm,y : (pahaua X ua) + vw,y<hapa)
—PaVayha + paghavmvyzOC), (94) 7eq:NSF_sd_3?
(paha>n+1 = (paha)n+1/2 Atn< Z+1/2Ga+1/2 - pzti/2Ga71/2>, (95) ?eq:NSF_sd_47

(pahaua>n+1 = (pahaua)n+1/2 _Atn< Zii/zpa+1/2Ga+l/2 a i/gpzt%/QGa—1/2

T Vay- (#thrlv%yuZH) + ngi/g(ugill —upt)

- FZ+}/2(un+l - uZtll) - fiaug”), (96)[eq:NSF_sd_5

where [ = 0,1 and with

N
oHrl/Q = Z(

j:]_ pP= 1

and ['qy1/2, ST, and S, , respectively defined by , and .
Note that the definition of the mass exchange terms G112 is different from the
definition of the mass exchange terms for the Euler system given in (41

«

P'(T5)
lp J<Oé> z,y J u; +Z 2 ST,J'_SMJ)-
_1 ]

4.2 Spatial discretization of the diffusion terms

The Euler part of the system is discretized in space as in section [3.4, We present here
only the discretization of the diffusion terms. For the discretization of the viscosity
terms in the momentum equation, we refer to (Allgeyer et al., |2019). A classical Py
finite element type approximation with mass-lumping is used. Let us define the number
of cells N, as well as the vector of unknowns in layer o

Ua = (hfa,lv BRI ha,Nz7 (paha>1; ceey (paha)Ngcy

(pahaua)la ey (pahaua)Nx7 (pahaUOz)lu sy (pahaUCz)Nx)T
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and the vector containing the temperatures in layer «
To= Tup,-- s Tan)"

: : : n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
The discretization of Vi - (uhg™ Ve ug™) +T0T o (ugly —ug™) =T0T) o (ug™ —ug’y)
reads

_]C,u,aUa + Mu,a—i—l/Q(Ua—i-l - Ua) - Mu,a+1/2(Ua - Ua—l)a
with the 4N, x 4N, block matrices

00 0 0 00 0 0
00 0 0 00 0 0
Kua=10 0 Ko 0] Muariz= 19 M, i1/ 0
/ /

00 0 K, 00 0 ! atl/2

where the non-zero coefficients are given by

3 p
(K\o)ii = 1

1N hoe T i Vo idxd ;
j(paha)i/ﬂ Vaypi+ Vaypidrdy

(Moo )is = 2 i
ma+1/2/3: (Paha)i hat1,i + hoa,i‘

The ; are the basis functions and 9; ; is the Kronecker symbol. The area A; is the area
of the support of the test function ;.
The discretization of the terms Sz, due to temperature diffusion is similar. To discretize

p;g—?p)ST,a, we propose the simplification
pl(Ta,i)
2 (ST,a)i-
poa,icp

The term S, o ensures that the energy of the layer-averaged system is consistent, see
(Boittin et al., 2020)). Indeed, the following identity holds

Uy - vx,y : (,Uhavx,yua) = vac,y : (/ihauavm,yua)

Wi [* = [ua|* o] — |10y ?
- I
9 a—1/2 9

+ S

It is important to ensure the same consistency at the discrete level, i.e. an analogous
identity should be verified at the discrete level. This gives guidelines for the discretiza-
tion of S, .. A similar problem is studied in (Grapsas et al., 2016]) in the case of the
compressible Navier-Stokes equations. However the numerical analysis of the scheme
with the dissipation and diffusion terms has not been done yet. It will be performed in
a future work.

37



ec:validation)

ubsec:thacker)

NS2d_var_dens)

5 Numerical validation

In this section, we confront the proposed numerical scheme to three test cases. In
the first one we present convergence results in the case of a 3d analytical solution for
the Euler system. This test case is 3d, non-stationary with wet/dry interfaces and
density variations and hence it is a challenging problem to obtain convergence curves
towards the analytical solution. The second test deals with the simulation of the lock
exchange phenomenon and the comparison with experimental results available in the
literature. The third test consists in two simple diffusion cases for which we present
a validation with an analytical solution and comparisons between the Navier-Stokes-
Fourier and Boussinesq models. All the presented simulations have been obtained with
the numerical code Freshkiss3d, (2020).

5.1 Parabolic bowl

In (Bristeau et al., [2020), the authors have proposed an analytic solution for the Euler
system i.e. the system (I)-(3) with A = 0,2 = 0. It is an extension of the Thacker’
analytical solution (Thacker, 1981)), corresponding to a periodic oscillation in a parabolic
bowl.

The following proposition holds, its proof is detailed in (Bristeau et al., [2020)).

Proposition 5.1 For any nonnegative function s — p(s) and for some (a,,n, hg) €
R3 x Ry, let us consider the functions h,u,v,w,p, ¢ defined for (z,y) € [—L/2,L/2]?,
t >t by

B (2 — neos(wt))? + (y — nsin(wt))?
h(t,x,y)—maX{O,ho—a 5 }7

u(t, z,y, z) = —nwsin(wt),
o(t, 2,9, 2) = nw cos(wt),
w(t, z,y,z) = —anw (rsin(wt) — y cos(wt)) ,

h+zp
p(t,x,y,Z) :pa(t) +/ p(T(taxaya Zl))dzla

T(t,x,y,z) =a(h+z— 2),

with w = \/ag and with a bottom topography defined by z(x,y) = $(x* + y?), then
h,u,v,w,p, ¢ as defined previously satisfy the 3D hydrostatic Euler system with variable
density (system — with X = 0,0 = 0) completed with the kinematic boundary

conditions (4)), @ .

For the numerical validation the parameters are set to n = 0.1, hy = 0.1, a = 10,
a =1 and L = 4 and we consider a simplified state law given by p(T) = po + ST
with pg = 1000 and 8 = 10. The free surface is plotted at different times in Figure
highlighting the planar motion of the fluid in the bowl. On Figure [6] the density in the
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Figure 5: Analytical solution of prop. [5.1], 3D planar surface in a parabolic bowl: free
surface at t = 0 (red), t = 7/4 (dark grey), t = 7/2 (blue), with the period 7 defined by

T =27/w.
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Figure 6: Numerical result of the parabolic bowl with variable density. Free surface and
density contour in the slice plane (x, y=0, z) at initial time (left) and at time 7 = 27/w

with first order scheme (right).
density_slice)

slice plane (x, y=0, z) after a period for a mesh with 31316 triangles and 30 layers is
plotted.

The convergence towards the analytic solution is assessed by plotting the logarithm
of the cumulative error (in L?>norm) at time 7 = 27 /w versus the space discretization
(i.e. log(lp/l;) where [y is the average edge length of the mesh ¢ and [y the average edge
length of the coarsest mesh) for several unstructured meshes with 934, 2194, 4020, 6408,
9066, 12674 triangles. More precisely, the error in L?-norm is computed by summing on
all the nodes of the mesh at each time step, for each layer. Then, the cumulative error
is obtained by summing the errors at each time step, normalized by the time step.

Figures[7]and [§|show the cumulative errors obtained with a constant number of layers
equal to 10 (the mesh is refined in the horizontal direction but not in the vertical direc-
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tion). The analytic solution being non-stationary, errors in time and space accumulate
over time and the theoretical rate of convergence is thus hard to obtain.
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Figure 7: Parabolic bowl: convergence of h

solution, constant number of layers.
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Figure 8: Parabolic bowl: convergence of phu and phv in L?>-norm towards the analytical

solution, constant number of layers.

Figures [9] and [10] show the cumulative error in L? norm for meshes with 934, 2194,
4020, 6408, 9066, 12674 triangles and 10, 12, 14, 16, 18, 20 layers respectively. Increasing
the number of layers while refining the horizontal mesh is a reasonable idea because by

doing so, the proportions of the 3D wedge

cells are preserved. A super-convergence

phenomenon can be observed for ph when the number of layers is increased as the mesh
is refined. A rate of convergence higher than the theoretical rate is also observed for
phu and phv. The faster one refines the mesh in the vertical direction, the higher the
convergence rates obtained. The results shown on figures [9 and [L0] prove the stability of

the numerical scheme for the Euler system.
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Figure 9: Parabolic bowl: convergence of h

solution, increasing number of layers.
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Figure 10: Parabolic bowl: convergence of phu and phv in L?-norm towards the analyt-

ical solution, increasing number of layers.

To summarize the results on the convergence of the schemes and to overcome the
difficulty of interpreting the super-convergence cases, we propose another way of plotting
the results in the case of multi-layer models. The error is plotted as a function of the
horizontal space step [; and of the vertical proportion [, = 1/N at the same time. Figure
shows the horizontal convergence rates of the first- and second-order schemes, as well
as the first order vertical convergence. Note that the vertical discretization proportion
does not correspond to the vertical space step because the water depth varies (hy, = [,h).
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Figure 11: Parabolic bowl: error of ph in L?*-norm as a function of vertical and horizontal
discretization for first order (a) and second order (b) numerical schemes.
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5.2 Lock exchange

Gravity currents triggered by lock-exchanges are encountered in many applications and
their numerical simulation is a challenge. In this section we show the ability of our
numerical scheme to properly simulate the propagation of lock-exchange induced density
currents. The computed front position is compared to the experiments carried out by
Adduce et al.|(2012). The results presented were obtained with the Navier-Stokes-Fourier
model where the dissipation terms S, , due to the viscosity were neglected.

hoI P1 A° Po
‘l‘

To | L

-

Figure 12: Fluid domain of the lock-exchange test case
fluid_domain)?

Initially, fluids of different densities, p; = 1090kg.m =3 and py = 1000kg.m 3 respec-
tively, are at rest and separated by a wall located at zyp = 0.3m. When the vertical
barrier is removed, the denser fluid flows under the lighter one due to the difference in
the hydrostatic pressure. The initial water height is Ay = 0.3m and the length of the do-
main is L = 3m. The reduced gravity is defined by ¢* = g (1 — ) where v = po/p; is the
density ratio. We also define the buoyancy velocity as uy = v/g*hg. The Navier-Stokes
equations are usually made dimensionless using the Grashof number defined by

Ubho 2
GT:( . ) , 97) {7}

with v the kinematic viscosity. Simulations have been carried out with a Grashof number
of Gr = 2.53 x 10® on different meshes. The evolution of the density and the position
of the front are presented in figures [I3] and [14] respectively. The initial opening of the
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gate has been delayed (1s) to take into account the time of opening in the experiment.
The figure [I4] shows the convergence of the numerical scheme and we observe a good
matching between the numerical simulation and the experimental data of

2012).
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Figure 13: Lock exchange: computed density with the most refined mesh in the slice
plane (z,y = 0,z) with Gr = 2.53 x 10® at times t = 3, 7, 9 and 11s (from top to

bottom).
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Figure 14: Lock exchange: front position as a function of time for different meshes with
comparison to |Adduce et al| (2012)) experimental results (where N; is the number of
triangles and NN is the number of layers).

5.3 Comparison with the Boussinesq assumption

In this section we mainly test the effects of the temperature diffusion and we compare
the solutions obtained with the model — to the solutions with the Boussinesq as-
sumption defined below. So, we introduce the system

V.U=0,
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orT

pocp o + V- (TU) =V - (AVT), (99) 7eq: temp_bouss
0 0 n
<altl + V.- (u®@u) + (gzw)> + V%y/ pgdz =0, (100)‘eq:mom_boussi_

i.e. where the Boussinesq assumption is made - pg is a constant.

We consider simple diffusion cases in which a basin is initially at rest i.e. U =
(0,0,0)7 and the free surface and bottom are flat and equal to h(tg,z,y) = hg and
2p(to, ¢, y) = 0 respectively. In the basin, the temperature is initially distributed such
that T'(ty, z,y, z) = To(z), where Ty = Ty(2) is a given function.

Starting from the initial conditions described above, it is easy to see that the velocity
and density for ¢t > ¢, are given by U = (0,0,0)” and p = p(T'), where T' = T'(t, z) is
governed by the heat equation:

or 0T
ot 922 (101)[eq:heat_bouss:
T(to, Z) = T0(2>.

The coefficient D is the diffusivity defined by Dy = po

Now considering the system . . ) with =0 i.e. Wlthout the Boussinesq assump-
tion and starting also from the initial conditions described above, it is easy to see that
the velocity and temperature for ¢ >t is given by U = (0, O,E)T and T' = T'(p), where
w is defined by:

_ N [Fp 0T
w=—— [ S—dz,
Cp 2p P 82
where p/ = gg is deduced from the state law and p = p(t, z) is governed by the equation:

0 0 \ p O*T
dp 00 _Ap

ot waz B Cp P 022’ (102)‘eq:heat_non_b<
p(t07 Z) = pO(z)'

The velocity w is the result of the fluid dilatation. When w = 0 the two models are
almost identical, the only difference being the diffusivity D. It is either a constant in the
Boussinesq model or defined by D = ﬁ in the case of the Navier-Stokes-Fourier model.
In the following examples we show that for common water state laws, w is sufficiently
small to have no noticeable effect on 7" and p. However, this term is essential in order
to obtain rigorous mass conservation.

5.3.1 Temperature diffusion

In this test, the initial temperature Tj (and density po) is constant in the domain and a
Dirichlet boundary condition is applied at the bottom with a temperature of T, = 0 (cf.
figure . At the free surface we impose a homogeneous Neumann boundary condition
(¢r], = 0, where ¢r is the thermal flux).
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Figure 15: Fluid domain of the diffusion test case with Dirichlet boundary condition at
the bottom.
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Figure 16: Temperature diffusion: evolution of the density in the slice plane (x, y=0, z)
with the Navier-Stokes-Fourier model at time ¢ = 0.03 (left) and ¢ = 0.06 (right).
ain_diffusion)
In Fig. [L6] we show the density distribution in the slice plane (x, y=0, z) obtained
with the Navier-Stokes-Fourier model at two different times ¢ = 0.03 and ¢ = 0.06, ¢
being defined below.

Dimensionless parameters are defined such that Z = z/hg, t = % and T = Ty +
. 0
(To — T,)T. From Eq. (101]) we obtain the dimensionless heat equation
oT  0°T
5 = m (103) ?eq:heat_bouss
whose analytical solution is given (for the boundary conditions Ty = 1 and T}, = 0) by
2 [
Tun(Z,1) = —/ exp(—éz)df. (104)[eq:heat_equat:
7 s |

We compare the temperature obtained by a numerical resolution of the system —
(96]) (with a simplified state law given by T'(p) = with po = 1000 and 5 = 10) to
the analytical solution . Notice that from Eq. we obtained a slightly different
dimensionless heat equation

O o OT [ 0T T
ot ho 0z ), p?0z 0z
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We obtain a good matching between the numerical results and the analytical solution
both with the Navier-Stokes-Fourier system (with x4 = 0) and the Boussinesq system
— which validates the numerical treatment of the diffusion. The results are
plotted on Figure [17]in the case of the Navier-Stokes-Fourier model. However, there is
no noticeable difference between the analytical solution and the Navier-Stokes-Fourier
numerical solution even though p’ = —f has been chosen higher than its real physical
value (in the case of water 0.03 < p’ < 0.13).
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z

Figure 17: Temperature diffusion: dimensionless temperature 7" as a function of z /ho
at different times and comparison between analytical solution and numerical simulation
with a number of layers equal to N = 20.

Note that the mass is strictly conserved in the Navier-Stokes-Fourier model, even
though the density varies. Dilatation effects induce a variation of the water height such
that the integral of the density over the total volume of fluid stays constant over time.
This is not the case with the Boussinesq model, where the volume is not affected by
temperature variation and mass conservation is violated (cf. Figure [L8)).
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Figure 18: Evolution of the mass ratio (m/mg) and volume ratio (V/V;) for the Navier-
Stokes-Fourier and Boussinesq models.
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5.3.2 Thermal equilibrium

In this second test a well stratified fluid is considered. No exterior forcing is applied and
zero thermal flux boundary conditions are considered so that only the internal diffusion
due to gradients of temperature affects the evolution of the density in the fluid (cf.
Figure . Given a non null thermal conductivity, the density converges towards a
stationary and uniform solution.

+ ¢T|ﬂ =0
1o, po
ho
A% T, ;i
L Y * ¢l =0 -
- 7 >

Figure 19: Thermal equilibrium: fluid domain for the diffusion test case
n_diffusion_2)

For the numerical simulation the parameters have been set to hgy = 2m, py =
995.52kg.m~3 and p; = 999.76kg.m 2. We now use a more realistic water state law
defined by T(p) = 4+ \/% with 8 = 6.63 x 106 and po = 1000kg.m 3. This gives the
following initial temperatures Ty = 30°C' and T} = 10°C. We define the dimensionless

amt

z coordinate and time as Z = z/hy and t= o where a,, is the initial mean diffusivity
0
defined by a,, = ﬁ with p, = (po + p1)/2.
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Figure 20: Thermal equilibrium: density (left) and temperature (right) against z/hg

with the Navier-Stokes-Fourier and Boussinesq models at times ¢ = 0, 0.07, 0.16, 0.24,

0.33 and 0.42 with N = 20
_2_comp_T_Rho)

The evolution of density and temperature obtained with both Navier-Stokes-Fourier
and Boussinesq is plotted in Fig. The temperature converges rigorously towards
an equilibrium temperature of T,, = T,, = (Tp + 11)/2 = 20°C in the case of the
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Boussinesq model. For the Navier-Stokes-Fourier model, the equilibrium temperature is
shifted below T}, due to dilatation effects and is equal to T, = 19.977°C. Because of
the diffusion effects, the equilibrium temperature is lower than 7,,. Note that for both
models the density does not converge towards p,, as the state law is not linear.

As in Fig. 18] Fig. 21] emphasizes the effects induced by the Boussinesq assumption
over mass and volume variations.
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Figure 21: Thermal equilibrium: evolution of the mass ratio (m/mg) and volume ratio
(V/Vp) for the Navier-Stokes-Fourier and the Boussinesq models.

6 Conclusion

In this work, we have proposed and analyzed a finite-volume scheme to solve the Navier-
Stokes-Fourier equations, which describe free-surface variable density flows. With any
flux consistent with the semi-discrete in time Euler system, the proposed scheme is well-
balanced and preserves the non-negativity of the water depth. In the case of a kinetic
flux, a discrete entropy balance is proved for a flat topography. The numerical scheme
is validated. The confrontation is made with results obtained with the simulation of
the Boussinesq system. Notably, in a simple thermal diffusion case, the equilibrium
temperature is not the same for the two systems.

A discrete entropy balance for a non-flat topography has yet to be obtained. Another
challenge is the design and analysis of a numerical scheme for a system with a non-
Newtonian rheology and in such a situation, we expect to be able to simulate complex
interactions between the rheology terms and the temperature fluxes. Finally, simulations
of the Navier-Stokes-Fourier system could be performed to investigate the propagation
of internal waves in a stratified ocean.
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