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Large Kauli-Tolerant Interconnection Networks

J.-C. Bermond, N. Homobono and C. Peyrat
Laboratoire de recherche en Informatique, Universite Paris-Sud, Bat 490, 91405 Orsay, France

Abstract. This paper deals with reliability and fault-tolerant properties of networks. We first survey
general reliability properties of networks, in particular those concerning diameter vulnerability.
Then we study in details reliability properties of some families of networks in particular de Bruijn
and Kautz networks and their generalizations which appear as very good fault-tolerant networks.

1. Iniroduciion

An important consideration in the design of communication networks as well as
distributed computer systems is the interconnection network. This network is
usually modeled by a graph or a digraph in which the vertices represent the
switching elements or processors. Communication links are represented by edges
if they are bidirectional or arcs if they are unidirectional. Several factors have to be
taken into account in the design of interconnection networks (see for instance the
book by W.D. Hillis [59] or [4]):

- communication delays between processors must be short: the graph must have a
small diameter or mean distance.

~ the number of processors directly connected to a given processor is limited: the
graph has a given maximum degree.

- the routing of the messages must be simple and distributed if possible.

- finally an interconnection network must be fault-tolerant. Indeed in a system
consisting of a large number of processors, the probability that a processor or a
link happens to be faulty becomes important.

One minimal requirement is that the system still works in case of node or link
failures. This means that the associated graph is sufficiently connected. Furthermore
onecan also demand that the message delay does not increase too much. This means
that the graph obtained after deletion of vertices or edges still has a small diameter,
good routings and so on. All this leads one to consider different kinds of reliability
or fault-tolerance properties and to define different measures of vulnerability.

Here we focus on relability results. We restrict ourselves to measures invalving
diameter properties. For results involving connectivity only, see the survey of
W. Mader [78]. We also consider only deterministic problems. For results involving
probabilities of failures see the survey of F.T. Boesch [14] or the book of C.J.



Colbourn [33]. Essentially we distinguish three kinds of results:

a) general reliability properties of networks,

b) reliability properties of some particular networks or families of networks,
¢) construction of networks having given reliability properties.

We will quickly SUrvey some recent results in part a, which is well developed.
Part b has also received some attention. In particular, we summarize the vulner-
ability properties of de Bruijn and Kautz networks, which have been investigated
recently. We add some new results on this topic. Part ¢ is somewhat less developed.
We will indicate further possible directions of research. Other results can be found
in Pradhan’s book [91].

II. Definitions and Notatidn

We will represent the nodes of an interconnection network by the vertices and the
links by the edges (or arcs) of an undirected (or directed) graph G = (V,E). All the
definitions not given here can be found in [5]. We precise some notation in the
undirected case. Similar notation will be used for digraphs.

Let I'(x) denote the set of neighbors of a vertex x. The degree d(x) of x is the
cardinality of I (x). The maximum degree A of G is the maximum over all the degrees
of the vertices of G. The minimum degree J of G is the minimum over all the degrees
of the vertices of G. The distance d(x, y) between x and Y is the length of a shortest
path between x and y. The diameter D(G) of G is the maximum distance over al|
the pairs of vertices. The mean distance of G is the average of the distances over all
the pairs of vertices in the graph. We call (4, D)-graph a graph with maximum degree
A and diameter D. The number of vertices ofa (4, D)-graph is bounded by the Moore
bound:

(4—1)P—1

n(4,D) =1+ 4 if4> 2,

The (4, D)-problem, which consists in finding a (4, D)-graph with the maximum
number of vertices, has been extensively studied. See [10] for further details.

A graph G is k-connected if there exist k internally vertex disjoint paths between
any pair of vertices. The connectivity 1(G) of G is the greatest integer k such that G
is k-connected. Similarly a graph is l-connected if there exist [ edge-disjoint paths
between any pair of vertices. The edge-connectivity A(G) of G is the greatest integer
I'such that G is I-edge-connected.

A routing p is a function in which p(x,y) is a path in G from x to V. A minimal
length routing is a routing in which all the paths are shortest paths.

Let F be a set of vertices and/or edges, such that |F| < K(G) (F corresponds to
the set of faults in the network) and let p be a routing. Following D. Doley,
J. Halpern, B. Simons and R. Strong [34], the surviving route graph R(G,p)/Fisa
directed graph with vertex set JV — V(F). There is an arc from x to yin R(G, p)/F if
p(x, y) contains neither vertices nor edges of F. In this case, p(x, y)is said to avoid F.



F.RK. Chung, E.G. Coffman, M.I. Reiman and B.E. Simon ([31]) defined what
they call the forwarding index. The forwarding index (G, p) of a network G with a
given routing p is the maximum number of paths of the routing passing through a
given vertex. It corresponds to the maximum amount of forwarding that any node
has to do in a communication network with a fixed routing. M-C. Heydemann,
J-C Meyer and D. Sotteau [58] defined the analogous concept I1(G, p) for edges
instead of vertices. The edge forwarding index corresponds to the maximum load
of the network.

The vertex-forwarding (resp. edge-forwarding) index of a graph &(G) (resp. I (G))
is the minimum of ¢(G, p) (resp. 71(G, p)) taken over all possible routings p.

III. Some General Reliability Results

There are a lot of results concerning the connectivity and the edge-connectivity of
graphs or digraphs. See for example W. Mader’s survey [ 78]. For generalizations
of the classical notion of connectivity see the survey by F.T. Boesch [14] or the
recent article by C. Dwork, D. Peleg, N. Pippenger and E. Upfal [39].

As we said in the introduction, the results involving both connectivity and
diameter (or path length) as vulnerability measure are very interesting for the
construction of fault-tolerant networks. This gives rise to many interesting extremal
diameter vulnerability problems. Many results can be found in one of the earlier
surveys [ 7, 8, 28, 29].

We present below some recent results.

A natural problem considered only recently by F.R K. Chung and M.R. Garey
[32] consists in studying how much the diameter can increase after the deletion of
vertices or edges.

They denoted by f(t, D) the maximum possible diameter for a graph obtained
froma (¢ + 1)-edge-connected graph of diameter D by deleting ¢ edges. They showed
that:

t+1)D-2)<f(t,D)<(t+1)D+t ifD >4

Recently A. Schoone, H. Bodlaender and J. van Lecuwen [100] found a shorter
proof of this result and showed that the associated problems are NP-complete.
Furthermore they improved the bounds. They also showed that:

f(2,D)=3D —1 and that f(3,D)=4D — 2.

The fact that f(1, D) = 2D was established earlier by J. Plesnik [87]. R. Kerjouan
[72] independently established the values of (2, D) and f(3,D) and obtained the
best of the known bounds:

if D >=4iseven, (t+ 1)D—1t<f(,D)<(t+1)D —1+ 3.
ifD>=5isodd, (t+1)(D—-2)+6<f(t,D)<(t+ 1)D—1+3.

C. Peyrat [86] proved that f(z,2) = 4 and that 3,/2t — 3 < f(1,3) < 3./2t + 4.
The analogous problem for the mean distance has been studied by O. Favaron,
M. Kouider and M. Maheo [48]. The situation is completely different, in the sense



that there exist networks, with a small mean distance, such that, if some link fails,
the mean distance becomes very large. More precisely, they have shown that after
the deletion of one edge the ratio mean distance of the original graph over mean
distance of the resulting graph can be greater than \/TE :

In case of deletion of vertices, F.R.K. Chung and M.R. Garey [32] proved that
the diameter of the resulting graph is not bounded. However J. Bond and C. Peyrat
[19] have shown that the diameter of the resulting graph remains small if the degree
is bounded or the number of vertices is large enough. For example, they showed
that if G is 2-connected, has maximum degree 4 and if D’ denotes the diameter of
the graph obtained from G after the deletion of s vertices, then

D'<sA(D—1)—1 ifDisevenand 4> 5,
D' <sAD—2)+6 ifDisodd.

One of the oldest problem in this area was posed by K. Vijayan and U.S.R.
Murty [108]. Given n, D, D’ and t, find the minimum number of edges in a graph
on n vertices, of diameter D, with the property that after the removal of ¢ edges, the
resulting graph has diameter no more than D', In view of the above result, when D’
is large (greater than (¢t + 1)D — ¢ + 3), the problem is reduced to finding the
minimum number of edges of a graph on n vertices, with diameter D and edge-
connectivity ¢ 4 1. This case has been solved by B. Bollobas [17]. But the general
problem is far from being solved. See one of the surveys [7, 29]. An interesting
particular case is when D' = D. In that case, the problem is to determined g(n, D, 1),
the minimum number of edges of a graph on n vertices and diameter D, such that
after deleting ¢ edges, the diameter of the resulting graph is at most D. The case
t =1 has been solved only recently by F.R.K. Chung [30] who proved that
gnD,)=n—1+ lr(n% 1 —8)/[2;J],wheree= 1if D=1 (mod3)and ¢ =0
otherwise. In [30], F.R.K. Chung gave also upper bound for g(n,D,t) for t > 2.

Similar problems can be asked (see [297]) with constraints on the maximum
degree 4.

Instead of considering diameter of the graph obtained after deletion of vertices
or edges, one can ask for the existence of p vertex (or edge) disjoint paths of length
at most k between any pair of vertices. This notion arises in many communication
problems and in distributed computing when a message can not use some faulty or
over-loaded routes or is to be sent by different routes (for example to reach a
byzantine agreement).

Let us denote by I(x, y) the maximum number of vertex disjoint paths of length
at most k between the two vertices x and y and by Si(x, y) the minimum number of
vertices whose deletion yields a graph in which there is no path of length at most
k between the vertices x and y. Clearly L(x, y) < S,(x, y).

If there are no restriction on k (or equivalently if k = n — 1), then by Menger’s
theorem the maximum number of vertex disjoint paths between x and y is equal to
the minimum number of vertices whose removal destroy all the paths between x
and y. That is I,_; (x, y) = S,—;(x, y)- R.C. Entringer, D.E. Jackson and P.J. Slater



[40] and L. Lovasz, V. Neuman-Lara and M. Plummer [75] have proved that
L(x,¥) = Si(x,y) for k = 2,3,4 or k = d(x, y). However, in the general case, there is
no equality (in fact Se(x.) can be as large as [k s IJ)

L(x, ) 3

A. Itai, Y. Perl and Y. Shiloah [69] proved that the computing of I (x, y) is
NP-complete when k > 5. Recently D. Ronen and Y. Perl [97] have given an
heuristic which gives optimal solutions for k < 4 and experimentally very good
ones otherwise. Note that for the related problem of finding a maximum number
of vertex disjoint paths of minimum total length, a polynomial algorithm is given
by J.W. Surballe [107].

Finally, let us note that no global mengerian theorem holds, as shown by S.M.
Boyles and G. Exoo [22], G. Exoo [44] and J.A. Bondy and P. Hell [21]. Let the
“persistence” py(G) of a graph G be the minimum number of vertices which must
be removed in order to increase the diameter (or yield a trivial graph). The preceding
authors constructed examples of graphs such that p,(G) is strictly larger than
min Ip(x, y) taken over all pairs of vertices. Similar results have been obtained for
edge disjoint paths (see also J. Hartman and I. Rubin [56]).

So, it appears interesting to find conditions under which a general graph has p
disjoint paths of length at most k. Results involving various combinations of the
connectivity, the minimum degree, the edge-connectivity and the number of vertices
have been recently given by R.J. Faudree and al [47].

An other problem is to find conditions involving the diameter and insuring that
the connectivity x (or edge connectivity ) of a graph is maximum that is equal to
its minimum degree (recall that for any graph i(G) < A(G) < §(G)).

Perhaps, the oldest result is due to J-L. Jolivet [70] and says that if a digraph
has diameter 2 then A = . The corollary for undirected graph has also been
obtained by J. Plesnik [88]. More recently, M. Imase T. Soneoka and K. Okada
[67] studied the connectivity of large digraphs with given degree and diameter,
proving that the connectivity of a digraph with n vertices and minimum degree d

n(d — 1) '
d?+d?2—d—1-

The undirected case was considered by A.H. Esfahanian [42] and by M. Imase,
T. Soneoka and H. Nakada [104]. T. Soneoka, H. Nakada, M. Imase and C. Peyrat
[106] showed that if 4 > 3, the graph is maximally connected in the sense that the
connectivity x = when n > (6 — 1)(4 — 1)”~! + 2 and that this bound is best
possible. Indeed there exist graphs with (6 — 1)(4 — 1)®~! + 2 vertices which are
not 2-connected. Similar results were obtained for the edge-connectivity.

is at least

In [104, 106] it is also proved that if g is the girth of the graph, then
5 if D<g—2 godd
76 =
if D<g—3 geven
i—éif D<g—1 godd
U lif D<g—2 geven
These bounds are best possible. The result that if D = 2, then A = ¢ follows as a
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corollary. Furthermore these results show that some of the best of the known
(4, D)-graphs have maximum connectivity.

In the directed case, similar results have been obtained by J. Fabrega, M.A. Fiol
and M. Escudero [45]. For any directed loopless graph G, they define /(G) as the
greatest integer / such that, for any two vertices x and y in G, the following property
holds: a) if d(x, y) < I, then there exists a unique shortest path from x to y and no
path of length d(x, y) + 1 from x to y; b) if d(x,y) = I, then there exists a unique
shortest path from x to y.

They proved the following result

A=06 if D <2l(G)

k=20 ifD<2lG)—1
This result has many interesting corollaries. It contains the preceding results con-
cerning the girth. Indeed, in the undirected case, the parameter | = [Q—;iJ An

other corollary is that if L*(G) is the k-iterated line digraph of G, then if k >
D — 2I(G) (resp. k = D — 2I(G) + 1), then the edge-connectivity (resp. the connec-
tivity) of G is equal to its minimum degree.

Finally concerning the surviving route graph, interesting results and problems
can be found in the articles of A. Broder, D. Dolev, M. Fisher, J. Halpern, B. Simons
and R. Strong ([23] and [34]). They proved various results on general graphs and
give open problems. Some of them have been solved by P. Feldman in [49]. He
proved for example that if p is a minimal length routing and F is a set of edges,
then the diameter of the surviving route graph satisfies D(R(G, p)/F) < 2|F| + 1.

In [85] D. Peleg and B. Simons constructed fault tolerant routings for several
families of graphs (in particular graphs with 4 < cn'?). With these routings, the
surviving route graphs have diameter bounded by 4 or 6. In [66] M. Imase and Y.
Manabe proved that if a graph has connectivity x and more that 2x? vertices, then
it has a routing for which the diameter of the associated surviving route graph is
at most 3. In [79] Y. Manabe, M. Imase and T. Soneoka gave sufficient conditions
for k connected digraphs (k # 2,4) to have a routing p such that D(R(G, p)/F) < 6
for |F| < k.

General bounds concerning the forwarding indices can be found in the article
of F.R.K. Chung, E.G. Coffman, M.I. Reiman and B. Simon [31] and M-C.
Heydemann, J-C Meyer and D. Sotteau [58]. In these articles, values of indices for
particular graphs including the D-cube are given. Recently M-C Heydemann, J-C
Meyer, J. Opatrny and D. Sotteau [57] proved that the problem of finding a routing
minimizing &(G) (or 77(G)) for a given graph G is NP-complete.

1V. Reliability Results for Particular Families of Graphs
Some of the results obtained for general graphs can be used to find the connectivity

or the “diameter vulnerability” of certain networks, in particular for large known
(4, D)-graphs. That is the case for some of these graphs by the results of [106]. But



generally one must use the specific properties of the considered network to obtain
more precise results and also to obtain the routings in case of node or link failures.

Among the most popular interconnection networks are now the hypercubes or
D-cubes. Recall that the D-cube C,, is the graph whose vertices are the D-tuples
on the alphabet {0,1}; two vertices being adjacent if they differ in exactly one
coordinate. This graph is D-regular, has diameter D and 2P vertices. The D-cubes
have very good fault-tolerant properties due to the fact that there are D disjoint
paths of length at most D + 1 between any pair of vertices. There exist also
fault-tolerant routings for these graphs. For example, A. Broder, B. Dolev, M.
Fischer, B. Simons [23] showed that the diameter of the surviving route graph of
the D-cube C,, satisfies

D(R(Cpy p)F) < 3

if p is any minimal length routing and |F| < D. They also showed that there exists
a particular minimal length routing 2 such that D(R(Cp, 2)/F) = 2. The D-cubes
have also good forwarding indices (see [31, 58].)

Some of these properties follow from the fact that the cubes have nice symmetry
properties, and are in fact Cayley graphs. Recall that the Cayley digraph associated
to a group I"and a set of generators S has the elements of the group I” as vertex
set. There is an arc from the vertex g to the vertex hif g 1h belongs to S.

A Cayley graph corresponds to the symmetric case S = S™1. If the group is
the group of the integers modulo n and S = {815825000 83 =81, —Sg5.00s —5; ), WE
obtain the so-called circulant graph G(n; *s,, *s,,..., +5,), where the vertices are
the integer modulo n and vertex i is joined to the 2k vertices i + s,, i + Bowws w5t Bps

The study of the diameter of circulant graphs or digraphs has been done by
different authors. See for example the articles by C.K. Wong and D. Coppersmith
[111], F.T. Boesch and J. Wang [16], M.A. Fiol, J.L.A. Yebra, L. Alegre and M.
Valero [51] or J-C. Bermond, G. Illiades and C. Peyrat [12] and the survey of J-C.
Bermond, F. Comellas and F. Hsu [9]. Diameters of other Cayley graphs, like those
of cube connected cycles (defined by F. Preparata and J. Vuillemin [93]) or star
graphs (defined by S.B. Akers and D. Harel and B. Krishnamurthy [1]) have been
determined. Furthermore, Cayley graphs are, in many cases, the largest of the
known (4, D) graphs (see the articles of J. Bond, C. Delorme and W.F. de la Vega
[18], L. Campbell et al. [25], G.E. Carlsson, J.E. Cruthirds, H.B. Sexton and C.G.
Wright [26], D.V. Chudnovsky, G.V. Chudnovsky and M.M. Denneau [27]).

The connectivity of circulant or Cayley graphs has been well studied too (see
the survey of F.T. Boesch and R. Tindell [5] or the article by S.B. Akers and B.
Krishnamurthy [2], E. Van Doorn [35] for circulant digraphs and the article by
Y.O. Hamidoune [55] for Cayley graphs). Y.O. Hamidoune developed general tools
using atom’s theory. In particular he proved that if 77is a finite group, S is a minimal
generating set of /', and " a subset of S, then the connectivity of the Cayley graph
associated to /"and SU S’ is equal to |SU §'|.

There exist also different results on the connectivity of vertex or edge transitive
graphs (see the survey by W. Mader [78]). Some useful results are the following: If
G is an edge transitive graph then kx = 1 = § (W. Mader [76] and M. Watkins
[110]). If G is a vertex transitive graph then 4 = § and if furthermore G has no K,



then i« = & (W. Mader [76, 77]). For example, the last results can be used to show
that a general family of large (4, D)-graphs is maximally connected (see the article
of D. Amar [3] who proved it directly by exhibiting the disjoint routings).

Recent results have been obtained concerning the diameter vulnerability of
circulant graphs. Partial results concerning double loop graphs can be found in
[12] and for loop digraphs in articles by M.A. Fiol, L.A. Yebra, I. Alegre and M.
Valero [51] and P. Morillo, F. Comellas, M.A. Fiol [81].

M. Escudero, J. Fabrega and P. Morillo [41] have proved that in any double-
loop graph, there exist a shortest path routing for which the associated surviving
route graph has diameter 2 in case of up to 3 failures.

J. Bond and C. Peyrat [19] gave some results concerning the diameter vulner-
ability of particular products of graphs used to construct good (4, D)-networks.
M.S. Krishnamurthy and B. Krishnamoorthy [73] gave results on the existence of
x disjoint paths of length at most D’ in the cartesian sum of graphs (and not on
diameter vulnerability as stated in their theorem). They also gave results on the
existence of x vertex disjoint paths in cube connected cycles.

Maybe the most interesting families of networks are the de Bruijn and Kautz
graphs and their generalizations, as they are the best of the (4, D)-graphs known at
the present time for large values of 4. These graphs are not vertex transitive, but
they have a lot of nice properties comparable to those of the D-cubes. In the next
paragraph, we collect results concerning their reliability properties.

V. Reliability Properties of de Bruijn and Kautz Networks

Definitions, First we give three equivalent definitions of the de Bruijn and Kautz
digraphs.

From an alphabet.

The de Bruijn digraph B(d,D) (defined in [24]) with in- and out-degree d and
diameter D is the digraph whose vertices are labeled with words of length D from
an alphabet of d letters. There is an arc from a vertex x to a vertex y if and only if
the last D — 1 letters of x are the same as the first D — 1 letters of y. In other words
thereis an arc from (x,, x,,...,xp) to the vertices (x,, ..., Xp, «), where « is any letter.
This digraph has d? vertices. ‘

The Kautz digraph K(d,D) (defined in [71]) with in- and out-degree d and
diameter D is the digraph obtained from the de Bruijn digraph B(d + 1,D) by
removing the words in which there are two consecutive identical letters. That is,
the vertices are labeled with words (xy,..., xp), where x; belongs to an alphabet of
d + 1 letters, and x; # x;,,, for 1 <i< D — 1. The vertex (%15...,xp) is joined to
the d vertices (x,,...,xp,«), where o is any letter different from xp. This digraph
has d” + dP~1 vertices.

From line digraphs iterations.
A definition using line digraphs iterations has been given by M.A. Fiol, J.L.A. Yebra
and I. Alegre [52]. Recall that the line digraph of a digraph G is the digraph L(G)



whose vertices represent the arcs of G. There is an arc in L(G) from x to y if and
only if x represents the arc (4,v) in G and y represents the arc (v, w) in G for some
vertices u, v and w in G. If G is d-regular and has diameter D, then L(G) is d-regular
and has diameter D + 1 (except when G is a circuit).

Let K9 be the complete digraph on d vertices with a loop on each vertex, then
LP~(K§) is the de Bruijn digraph B(d, D). Now let K., be the complete digraph
ond + 1 vertices (with no loops), then LP7!(K ) is the Kautz digraph K(d, D).

Generalization.

The third definition is arithmetic and gives rise to a generalization of these digraphs
for every integer n. The generalization of the de Bruijn digraphs was considered by
M. Imase and M. [toh [64] and by S.M. Reddy, D.K.. Pradhan and J.G. Kuhl [96].
The RPK, , digraph has the set of integers modulo n as vertex set. Its arc set A is
defined as follows: A = {(x,y)/y=dx +a,0<a<d—1}.

The generalization of the Kautz digraphs was first studied by M. Imase and M.
Itoh [65]. The I, , digraph has the set of integers modulo n as vertex set. Its arc
set A is defined as follows: 4 = {(x,y)/y = —dx —a,1 < a < d}.

For particular values of n, we find again the de Bruijn and Kautz digraphs:

Ifn = d®, then RPK, , = B(d, D).

Ifn =d® + d°!, then I1, , = K(d, D).

RPK, , has n vertices and is d-regular (provided that n > d). Its diameter is
[loggn]. See [96] for a proof.

11, , has n vertices and is d-regular (provided thatn > d). Its diameter is at most
[loggn]. If nis d¥ + d”~9, (where p and g are two integers, with ¢ odd and ¢ < p),
then its diameter is [log, n] — 1. See [65] for a proof.

Undirected case.
De Bruijn and Kautz undirected graphs are obtained from the associated digraphs
by removing the orientation, the loops and the parallel edges if any. In the following
we will denote by UG the undirected graph associated to the digraph G. For example,
we will denote by UB(d, D) the undirected de Bruijn graph of maximum degree
2d, minimum degree 2d — 2 (B(d, D) contains some loops) and diameter D. That
is, the graph whose vertices are the words of length D from an alphabet of d
letters in which the vertex (x,...,xp) is joined to the vertices (&, x,,...,%p-;) and
[P 5250

We will also denote by UK(d, D) the undirected Kautz graph of maximum
degree 2d, minimum degree 2d — 1 (K(d, D) contains some parallel edges but no
loop) and diameter D. That is, the graph whose vertices are the words of length D
from an alphabet of d + 1 letters, with no two consecutive identical letters, in which
the vertex (x;,...,xp) is joined to the vertices («, x;,...,xp_;) and (x,..., Xp, ®).

Reliability properties in the directed case

From the second definition (line digraph iterations), it can be shown that the
connectivity of K(d, D) is d and that the connectivity of B(d, D) is d — 1. Indeed, the
connectivity of L(G) s at least the arc-connectivity of G. This was noted by different
authors ([46, 67,96, 957). In [67], M. Imase, T. Soneoka and K. Okada proved that



I1;,, and RPK, , are at least (d — 1)-connected when their diameter is at least 4.
That follows also from the result of J. Fabrega, M.A. Fiol and M. Escudero [45]
concerning /(G).

Since RPK, has loops its connectivity is exactly d — 1. Concerning the 1,
graph, its connectivity has been determined recently by N. Homobono and C.
Peyrat [63]. It is not difficult to see that the connectivity of 17, , is d — 1 either
when d + 1 does not divide n (in the case I7,, has loops) or when d and n are
relatively prime. Otherwise (that is, when d + 1 divides n and d and 7 are not
relatively prime) N. Homobono and C. Peyrat [63] proved that the connectivity is
d when the diameter is at least 5. The case when both d and d + 1 divide n was
proved independently by D.Z. Du and F.K., Hwang [38].

The diameter vulnerabilities of de Bruijn and Kautz digraphs have also been
considered. In [68] M. Imase, T. Soneoka and K. Okada proved that in B(d, D),
there exist d — 1 vertex disjoint paths, one of length at most D and d — 2 of length
D + 1. They also showed the existence of d vertex disjoint paths between any pair
of vertices in K(d, D), one of length at most D, d — 3 of length at most D + 1 and
two of length at most D + 2. A quite similar result asserting the existence of d — 1
paths of length at most D + 1 and one of length at most D + 2 is given in [95] but
the proof seems to be incorrect. The above results show that the de Bruijn and
Kautz digraphs are highly fault-tolerant. Indeed, if some nodes or arcs become
faulty, the diameter of the resulting graph increases only by one or two, preserving
the good properties of the network.

According to the properties of their surviving route graphs they are also very
good networks. Indeed N. Homobono and C. Peyrat proved in [62] that R(G, p)/F
(where G = B(d, D) or G = K(d, D)) has diameter 2, when p is the unique minimal
length routing and when F is any set of faults of cardinality at most k(G) — 1.
Generalizations of these results for iterated line digraphs have been obtained by
M.A. Fiol, J. Fabrega, N. Homobono and M. Escudero [50]. In [79] M. Imase,
Y. Manabe and T. Soneoka proved that G = RPK, , has £(G) < 2[log,n] and that
furthermore, there exist a routing p such that &(G, p) < 3[log,n]and D[R(G,p)/F] <
3(ifn>d*and d > 2)

Reliability results in the undirected case

A.H. Esfahanian and S.L. Hakimi [43] proved that the de Bruijn undirected graph
UB(d, D) is maximally connected. Namely, the connectivity of UB(d, D) is equal to
its minimum degree 2d — 2.

A shorter proof of the connectivity of the de Bruijn undirected graph can be
obtained in a similar way as that of the proof of Theorem A concerning Kautz
graphs, see [60].

Using results of his thesis [98], M.L. Schlumberger [99] had already proved
that the connectivity of UB(d, D) is 2d — 2 when D > 5. In fact he proved that
URPK,,, is maximally connected if n = pd* where p and d are relatively prime and
k = 5. Note that in [67] Appendix 4 the authors also gave a theorem on the
connectivity of URPK, ,, but the proof is incorrect. Recently N. Homobono [61]
proved that URPK, , has connectivity 2d — 2if D > 4 and n > 4P,



We did rot find any result concerning the conncctivities of Kautz graphs in the
literature, except the result in [67] whose proof is incorrect. In [6] J-C Bermond,
N. Homobono and C. Peyrat showed that undirected Kautz graphs are also
maximally connected.

Theorem A. The connectivity of the Kautz graph UK (d, D) is 2d — 1.

This result shows that the Kautz graphs are very suitable networks, better in
fact than the de Bruijn graphs. For the same maximum degree and diameter, they
have more vertices and a better connectivity (one less than the best possible one).
We will see afterwards that one can construct a 2d-connected graph by adding some
edges to UK(d, D). In [61] N. Homobono proved that for D > 4 and n > d®, the
connectivity of UII, , is 2d — 1 if d + 1 divides n and 2d — 2 otherwise.

Partial results concerning the diameter vulnerability of de Bruijn and Kautz
graphs or some other families have been obtained by J. Bond and C. Peyrat [20]
by considering these graphs as underlying graphs of line digraphs. For example
they showed that the diameter of a graph obtained from UB(d, D) or UK(d, D) by
deleting one vertex is still D, when D and d are not both equal to 2. They also proved
that after deletion of up to 2d — 2 vertices, the diameter of UK (d, D) increases at
most by 2. A.H. Esfahanian and S.L. Hakimi [43] also showed that if at most 2d — 3
nodes become faulty in UB(d, D), there still exists a path of length at most D +
min(D, 5 + log, D) between any two nodes.

Concerning the existence of vertex disjoint paths in UB(d, D), the results by M.
Imase, T. Soneoka and K. Okada [68] implies the existence of d — 1 vertex disjoint
paths of length at most D + 1. In [92] D.K. Pradhan and S.M. Reddy exhibited d
vertex disjoint paths of length at most 2D. In [89, 90] D.K. Pradhan proved that
RPK, , has diameter at most 3log, n — 1 after deletion of any vertex.

The determination of the diameter of the surviving route graph associated to
UB(d, D)or to UK(d, D) with a given routing is still an open problem. F.R.K. Chung,
E.G. Coffman, M.I. Reiman and B.E. Simon [31] showed that undirected de Bruijn
networks are asymptotically optimal in what concern the forwarding index, in that
sense that they have the smallest possible forwarding index for a given number of
vertices and given degree (£(UB(d, D)) is of the order of log, n). N. Homobono [60]
showed that Kautz networks are also asymptotically optimal. M-C Heydemann,
J-C Meyer and D. Sotteau [58] proved that de Bruijn and Kautz networks are also
asymptotically optimal for the edge forwarding index.

Modified de Bruijn or Kautz graphs

Since Kautz and de Bruijn graphs are not regular, some authors attempt to modify
them in order to get regular, maximally connected graphs (that is, graphs of
connectivity equal to the degree).

In [96] S.M. Reddy, D.K. Pradhan and J.G. Kuhl proposed to modify the de
Bruijn digraph B(d, D) in the following way: remove the d self-loops and connect
the vertices of degree d — 1 into a particular cycle. They showed that the connec-
tivity of this digraph is d. They also proposed another possible change: add a new



vertex and connect it to-all the vertices of degree d — 1. The diameter is still D and
the connectivity is d.

V.P. Kumar and S.M. Reddy [74] obtained a 2d-regular graph from the Kautz
undirected graph UK (d, D) by adding a particular matching on the vertices of degree
2d — 1,1in such a way that the subgraph generated by these vertices is a cycle. They
showed that the resulting graph has connectivity 2d. Furthermore, they gave a
distributed and fault-tolerant routing which guarantees a path of length at most
D + 4z if t < d nodes are faulty. They presented a routing strategy when t < 2d
nodes are faulty which results in a maximum path length of 3D + 6 between any
two non-faulty nodes.

In fact, J-C Bermond, N. Homobono and C. Peyrat showed that the graphs
obtained from UK(d, D) by adding any perfect matching between the vertices of
degree 2d — 1 have connectivity 2d, when D > 4 and d > 3.

Theorem B. For d > 3 and D > 4, any graph obtained from the undirected Kautz
graph UK(d, D) by adding a perfect matching on the vertices of degree 2d — 1 has
connectivity 2d.

VI. Construction of Large Reliable Networks

Although Kautz graphs and their generalizations have nice reliability properties, it
is interesting to construct other graphs having such properties. One problem for
example consists in constructing maximally connected networks (graphs such that
the connectivity is equal to the minimum degree) with minimum number of edges
and minimum diameter. A particular case is to construct regular maximally con-
nected networks. This problem has been considered by U. Schumacher [101] and
S.M. Reddy, D.K. Pradhan and J.G. Kuhl [96]. A first attempt to solve the problem
for digraphs has been done by A. Sengupta, A. Sen and S. Bandyodhyay [102] who
have exhibited a family of d-regular digraphs of connectivity d and diameter twice
the lower bound. These digraphs have the additional property that the deletion of
up to d — 2 vertices increase the diameter by no more than 2. Recently the problem
has been settled by T. Soneoka, H. Nakada, M. Imase and Y. Manabe. In [105]
they proved that the digraph obtained from RPK, , by replacing the loops by a
single circuit has maximum connectivity if n > d°. In [103] they covered the
remaining case.

A further step will consist in constructing graphs or digraphs having a hamil-
tonian cycle, or, if possible, many (the best possible being graphs decomposable
into hamiltonian cycles). Indeed the routing on a loop is very simple. De Bruijn and
Kaultz digraphs being line digraphs of eulerian digraphs are clearly hamiltonian.
The results of Du, Hsu, Hwang and Zhang [37, 38] showed that RPK, ,is in fact
hamiltonian except when d = 2 and nis odd and 17, , is hamiltonian except if d = 2n
is odd and n # 3" When d = 2 a class of networks called H, obtained by modifying
the generalized Kautz digraphs has been proposed by Du, Hsu and Hwang [36].
They showed that H, is hamiltonian, has connectivity 2 and diameter at most

[log,(n — 1)] + 1.



Note that a graph which is decomposable into hamiltonian cycles has maximum
possible edge-connectivity. Circulant graphs of degree 4, and, more generally,
4-regular connected Cayley graphs on abelian groups were recently shown to be
always decomposable into two hamiltonian cycles [11]. However the general
conjecture of B. Alspach that any connected, 2k-regular Cayley graph on an abelian
group can be decomposed into k hamiltonian cycles remains open. More generally
one can try to build graphs containing other interesting given subgraphs, like binary
trees or grids or cubes. These embedding problem have been considered for the
D-cubes (see the articles by S. Bhatt, F. Chung, T. Leighton and A. Rosenberg [13],
D.S. Greenberg, L.S. Heath and A. Rosenberg [54], or A. Wagner [109]).

Another approach consists in constructing large (4, D, D', s)-graphs, where a
(4,D, D', s)-graph is a (4, D)-graph such that after the deletion of s vertices the
diameter is at most D". Constructions of such large graphs for s=1 and D’ e
{D,D + 1,D + 2} have been done by J. Bond and C. Peyrat [19]. Improvements
of their results have been obtained by J. Gomez [53]. In [84] J. Opatrny, N.
Srinivasan and V.S. Alagar give constructions of (4,D,D + 1,4 — 1)-graphs for
D =3or4and(4,D,D + 3,4 — 1)-graphs for D = 4 or 5, using Balanced Incom-
plete Block Designs. J. Opatrny [83] also constructed a family of 3-regular graphs
with good fault tolerance. In [82], P. Morillo, M.A. Fiol and J. Guitart have
constructed optimal (d, 2, 2, s)-digraphs.

One can also construct large (4, D) graphs having a great number p of vertex
disjoint paths of length at most D'. Such a problem with p = 4 (such a set of disjoint
paths being called a “container”) and D’ = D + 2 was considered by F.J. Meyer
and D.K. Pradhan [80] who constructed such graphs with 42/ vertices. Note that
Kautz digraphs have this property with p = d and D’ = D + 2, as shown in [68].
The analogous problem for edge disjoint paths of length at most D’ was asked by
B. Elspas al. (see [94]) and partial results have been obtained by H.J. Quaife [94].
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