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A generalized finite element method for
problems with sign-changing coefficients

Théophile Chaumont-Frelet*! Barbara Verfiirth?

Abstract. Problems with sign-changing coefficients occur, for instance, in the study of transmission problems
with metamaterials. In this work, we present and analyze a generalized finite element method in the spirit of the
Localized Orthogonal Decomposition, that is especially efficient when the negative and positive materials exhibit
multiscale features. We derive optimal linear convergence in the energy norm independently of the potentially
low regularity of the exact solution. Numerical experiments illustrate the theoretical convergence rates and show
the applicability of the method for a large class of sign-changing diffusion problems.
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1. Introduction

Metamaterials with, for instance, negative refractive index have a attracted a lot of interest
over the last years due to many applications [25, 31]. The related mathematical problems are
characterized by so-called sign-changing coefficients. At the simplest example of a diffusion
problem, it means that the diffusion coefficient o takes strictly negative values, i.e., 0 < —|o_| < 0
in some part Q_ of the domain, while it takes strictly positive values, i.e., ¢ > |o4| > 0 on
the complement €2,. Such a behavior of the coefficient in the PDE does not only appear for
metamaterials with negative effective properties [31], but also for electric permittivities, which
can have a negative real part for certain metals.

The sign-change of the PDE coefficient has tremendous effects on the analysis and numerics.
The standard assumption of coercive bilinear forms is no longer valid, so that existence and
uniqueness of solutions have to be studied anew. Employing the approach of T-coercivity [6], a
large progress has been made in this area in the last years considering the diffusion problem [3, 6]
as well as time-harmonic wave propagation [4, 5] and eigenvalue problems [8]. In particular, two-
dimensional settings with a polygonal interface between the two regions (positive vs. negative
coefficient) are very well understood now [2]. Essentially, the problem is well-posed if the contrast
lo1|/lo—| lies outside a so-called “critical interval” I = [1/r,r], where r > 1 depends on the
geometry of T'.

When discretizing these problems with the standard finite element method, the questions of
existence and uniqueness of the discrete solution as well as convergence rates for the error im-
mediately arise. Simply speaking, they have been answered positively in two different scenarios,
namely a) if the mesh satisfies certain symmetry properties around the interface I' between Q_
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and Q, which is denoted as T-conformity [2], or b) if the contrast |o4|/|o_]| is outside an
enlarged critical interval I = [1/7,7], where 7 > r [9, Section 5.1].

Besides the a priori stability and error analysis, a posteriori error indicators and their relia-
bility and efficiency have been studied for the standard finite element method as well [12, 24].
Furthermore, an optimization-based scheme which does not require symmetric meshes is intro-
duced in [1]. Apart from continuous Galerkin methods, we also mention that schemes in the
discontinuous Galerkin framework have been presented and analyzed in [10] and [21].

The main contribution of the present work is the introduction and numerical analysis of a
generalized finite element method in the spirit and framework of the Localized Orthogonal De-
composition (LOD) [18, 23, 26]. The latter has been successfully applied in various situations,
where we mention in particular the reduction of the pollution effect for high-frequency Helmholtz
problems [14, 27, 30]. The efficient implementation of the method is outlined in [13]. The LOD
can also be interpreted in the context of homogenization [15] and domain decomposition methods
[19, 20, 29], approaches that we however do not follow here.

We analyze the stability and convergence of the proposed method under the assumption that
the interface is resolved by the mesh and that the contrast is “sufficiently large”. While this
restriction means that the interface I' is essentially “macroscale”, o is allowed to exhibit a rough
and multiscale behavior in 2_ and Q4. Under these assumptions, the present method allows for
optimal convergence orders on uniform meshes, even in the presence of corner singularities, which
is already known for positive discontinuous diffusion coefficients. In contrast with standard FEM
[9], considerable complications arise in the analysis of the LOD method in the presence of sign-
changing coefficients. Indeed, while the LOD method has been analyzed for a rather large class
of inf-sup stable problems ([22, Chap. 2]), these general arguments cannot be directly applied
here, because of the inherently non-local procedure involved by the T-coercivity approach.

While our numerical analysis assumes an interface-resolving mesh as well as an hypothesis
on the contrast, we present numerical experiments with general meshes, that do not necessarily
resolve the sign-changing interface(s), as well as contrasts close to the critical interval. These
results are very promising, and indicate the efficiency of the method in highly heterogeneous
media. Finally, we mention that we consider the diffusion problem here, but the arguments and
techniques might also be generalized to other settings such as the Helmholtz equation.

The paper is organized as follows. In Section 2, we introduce our model problem as well
as necessary finite element notation. Our generalized finite element method is presented and
analyzed in Section 3. The dedicated arguments required to take into account T-coercivity
in the context of LOD are discussed in Section 4. In Section 5, we present several numerical
experiments illustrating our theory and showing the applicability of the method even for meshes
that do not resolve the interface, and contrasts close to the critical interval. Some technical finite
element estimates related to quasi-interpolation are collected in Appendix A.

2. Setting

In this section we introduce the model problem, discuss the notion of T-coercivity and introduce
the necessary finite element preliminaries. Throughout the whole article, we use standard nota-
tion on Sobolev spaces. || [|o denotes the usual L?-norm and || - ||; and |- |; denote the H'-norm
and semi norm, respectively. We add an additional subscript for the domain over which the norm
is taken if necessary.



2.1. Model problem and T-coercivity

We consider a polytopal domain Q@ C R?, with d € {1,2,3}. We assume that Q = Q, UQ_,
where Q4 C Q are two non-overlapping subdomains. We denote by

I .= QQ+ n 39_

the boundary shared by the two subdomains.
We consider a diffusion coefficient o € L>°(€) such that o|lq_ < —o_ and o|q, > o4, where
0 <oy <o_ < +oo are fixed real numbers. Given f € L?(Q2), we seek u € H}(Q) such that

a(u,v) = (f,v), (2.1)

where
a(u,v) := (6Vu, Vv)

For the sake of simplicity, we introduce the norm
o= [ lollP o € HY(@)

that is equivalent to the usual || - ||1,o-norm.

While the bilinear form a(-,-) is not coercive, well-posedness in the sense of Hadamard can be
guaranteed through a weaker property usually called T-coercivity, which is a particular case of
“inf-sup stability”. For convenience, we give a short illustration how T-coercivity is obtained for
our model problem.

Proposition 2.1. Let V. C H}(Q) be a closed subspace. Assume that there exists an operator
T € L(V) such that
(Tv)|lg, = —vla_ (2.2a)

and
v — Tvl1,0, < Cx(T)|v

1L, (2.2b)

for allv € V. Then, we have

oo o) > (1- ED (22 T s (2.3

2 info, o o_

forallveV.

Proof. Pick an arbitrary element v € V. Taking advantage of (2.2a), we may write

a(v, Tv) = (6Vv,V(Tv))a, — (cVv, V(Tv))q_
= (0Vv,V(Tv))a, + (0Vv,Vv)g_

=[vf} s0 = (6V0, V(v — Tv))a, (2.4)
Then, we derive that
|(cVv, V(v —Tv))g, | < (s$1p o)lvl,0, v —Tv|ia, (2.5)
+
SUpq, O
< (me:U> oilvlia,lv—Tolia, (2.6)



supqg, 0
< C(T) (ian+0'
+

Cy(T) (SUPQJr U) U—ﬂv

2 info, o o_

) o4 lolra, lola

<

2
1,0,

where we have employed Young’s inequality

o 1 /o
oilolia.ola- = | 25T lha, v lola < 50 2ol na

Estimate (2.3) then follows from (2.4) and (2.5). O

In the following we will assume that there exists an operator T € L(H}(Q2)) satisfying (2.2).

We will assume that O (T
su o
7= S +( )<.p9+ ) (2.7)
o+ 2 infg, o

and employ the notation

C4(T) (supma) o

infg, o o_

Since a > 0, estimate (2.3) shows that a(-,-) is inf-sup stable, and (2.1) is well-posed.
We will further assume that T takes the particular form

Tu—d U in Q_
YT\ u—2% on Q4

where S @ H}o(2-) = H}o(Q4) is a “symmetrization” operator satisfying Sv|r = v|r for all
v € H}o(Q2-), and there exists a constant C9 (T) such that

|lv — Tw lo.a_ Vv € L*(9). (2.8)

|0,Q+ S C:Oi: (T)”'U

We point out that the above assumptions are not very restrictive. In particular, we refer
the reader to [2] for an explicit construction of S employing local geometrical transformations
(rotations and symmetry) for general polygonal interfaces. We also note that (2.2b) holds with

Cy(T) = 2HS||L(H,;,Q(Q,);H§Q(Q+))~

Remark 2.2. In the above, we (arbitrarily) assumed that o, < o_. This is not a restrictive
assumption, since in the case where o_ < o, we can always get back to this situation by
applying a minus sign on both sides of (2.1). In particular, when we write that the contrast is
“sufficiently large”, it actually means it is “sufficiently far away from the critical interval”.

2.2. Quasi-interpolation and T y-coercivity
2.2.1. Notations related to the mesh

We consider a shape-regular quasi-uniform triangulation Ty of Q. We assume that 7y that
resolves the interface, i.e., that I' is covered by faces. The standard conforming finite element
space of lowest order Lagrange elements is denoted by Vi C H{ ().

Given an element K € Ty the notations

Hyg := sup |z —y| pr =sup{r > 0|3z € K; B(x,r) C K}.
z,ye K



respectively denote the diameter of K and the radius of the largest balled contained in K. The
assumptions of shape-regularity and quasi-uniformity imply the existence of a constant x > 1
such that

H

— <k

p
where H := maxge7, Hrx and p := mingery, px.

Vg is the set of vertices of Tg, and th is the set of “interior” vertices that do not lie on 0f).

If a € Vg, we denote by ¥? the associated hat function and set w? := supp ¥®. We further split

VIt into three categories of vertices:
Vpi={aeVylacQ_ }, Vi:={acV}|lacQ}, Vy:={acVy'|acl}.
If a € Vg, then
Tg={KeTag | aeV(K)},
is the associated local mesh, and fa := card 77, is the number of elements touching a. Finally,
If K € Ty, then V(K) C Vy is the set of vertices of K.
2.2.2. Oswald-type quasi-interpolation

Following [26], we consider a standard Oswald-type quasi-interpolation operator Iy : H}(Q) —
V. For v € HY(Q), it is defined as

Igv:= Z m?(v)Y?, (2.9)

with 1
(v) := — Z (Pgv)(
fa
H

where Pxv denotes the L?(K) projection onto Pi(K). Obviously, I is a projection onto Vi
(Ig o Iy = Iy) and we furthermore have

lv = Tnvllk + H|V (@ — Inv)|x S H|Volng VK € Ty (2.10)

for all v € H (), see [26]. While for the sake of simplicity, we work with the above mentioned
operator Iy, we emphasize that other quasi-interpolation operators could be considered, and we
refer the reader to [13] for the required properties.

2.2.3. Tpy-coercivity

Our generalized finite element method hinges on variational problems defined on W := ker I'y.
While a(-,-) is T-coercive on H} (), it does not automatically mean that it is T-coercive on W.
Indeed, we do not have Tw € W for w € W in general. This motivates the introduction of the
following modified version of the T operator:

Thv=Tov— Z m?(Tv)n?, (2.11)

acVuvi

for each v € HE (), where n? is the function defined in Lemma A .4 in the appendix. We postpone
the detailed analysis of Ty, and state its essential properties.



Ty € L(W) satisfies (2.2) with

Ci(Ty) = CL(T) + Cy/2 + CY(T)?

where the constant C only depends on k and is described in details in Section 4. In addition, as
shown in the appendix, suppn, C w? N Q4 for all a € V. As a result, we have

supp(Tgv) NQ_ = supp(Tv) NQ_ (2.12a)
and —
supp(Tpv) N Q4 = {K € Ty | supp(Tv) NK # 0} N Q4 (2.12b)

for all v € H}(Q).

As advertised in the introduction, we will derive the well-posedness and convergence of the
proposed generalized finite element method under a “large contrast” assumption. Specifically,
we assume from now on that

_ T su o
o Ci(Tn) ( Po, > (2.13)
o+ 2 info, o
In view of (2.3), we have
a(w, Tgw) > axlwli , ¢ Ywe W (2.14)

with

Qg :=1-— ,

Ci(Th) (supg+ o) -

2 infg, o oy

which means that a(-,-) is Tg-coercive on W, and in particular, satisfies an inf-sup condition.

3. The generalized finite element method

In this section, we derive our generalized finite element method and show its well-posedness as
well as a priori error estimates. We use the notation introduced in Section 2 and in particular, we
assume throughout that (2.1) is well-posed and that (2.13) is satisfied. To avoid the proliferation
of constants, we use the notation a < b (resp. a 2 b) if a < Cb (resp. a > Cb) with a constant C
that only depends on , o, 04, 0_, and ||o[| (). We also write a = b when a < b and a 2 b.

3.1. An ideal method

The method is based on the splitting Hg () = Vg & W which we orthogonalize with respect to
a(-,-) in the following sense: The correction operator Q : Vg — W is defined via

a(Qup,w) = a(vy,w) for all weW. (3.1)

We note that these corrector problems are automatically well-posed because of (2.14). Further-
more, O can be written as Q = ZKGTH Ok, where Q is defined via

a(Qrvg,w) = ag(vy,w) forall weW.

In the ideal generalized finite element method we use (id —Q)Vy as new ansatz and test space,
i.e., we seek uy € Vg such that

a((id —Q)ugy, (id —Q)vy) = (f, (id —Q)vg) for all vy € Vg. (3.2)



Proposition 3.1. a(-,-) satisfies the following inf-sup condition: There exists G, ~ a, > 0,
independent of H, such that

id — id —
inf sup a((id = Q)vu, (id =Qvm) G- (3.3)
v €VEN{0} gy eVir\ {0} el ([l

Moreover, the unique solution ug of (3.2) fulfills the following error estimate
Ju — (id =Q)urll1 < HI|fllo-

Note that the inf-sup condition automatically implies the well-posedness of (3.2). A direct
calculation then shows that ug coincides with the interpolation of the exact solution Iyu. Since
Iy is a stable quasi-interpolation onto Vi, uy = Iyu already contains many characteristic coarse
features of the exact solution and hence, may be a sufficiently good approximation in many cases.
Note that linear convergence of the error in Proposition 3.1 is optimal for lowest-order elements
and moreover, that this result is independent of the regularity of the exact solution (which may
be arbitrarily low, since o € L*°(£2)). Proposition 3.1 is classical for the LOD applied to inf-sup
stable problems and we refer to [22, Chapter 2] for a proof.

3.2. Localization of the basis

The corrector problems (3.1) are global finescale problems and therefore as expensive to solve as
the original problem on a fine mesh. In this section, we will show how to localize the computation
of the correctors yielding a practical method. This localization step is motivated by a decay of
the correctors which is exponential in units of H.

We emphasize that the present localization analysis requires a dedicated treatment, due to the
underlying usage of T-coercivity. Indeed, the arguments for general inf-sup stable problems pre-
sented in [22, Chapter 2] requires a “locality assumption” in the inf-sup condition. This locality
assumption essentially requires that for w € W, there exists a function w* € W that realizes the
inf-sup condition such that ||w*||1,p < ||w|p for D C €, where D is a slightly “oversampled”
version of D. In view of the nature of the operator T, that involves a symmetrization around T,
this assumption is fundamentally violated here.

We denote by N(K) denote the union of all elements sharing a vertex with K € Ty, i.e.,

N(K):={K' €Ty | KnK#0}.

This can inductively be generalized to m-layer patches: Define N™(K) = N™ }(N(K)) for
m € N, m > 2, and set for simplicity N° (K) = K. The shape regularity implies that there is a
bound Co,., (depending only on m) of the number of the elements in the m-layer patch, i.e.,

max card{K € Ty | K CN™T)} < Coim. (3.4)
TeTu ’

We note that since Ty is quasi-uniform, Cy ., grows at most polynomially with m.

As stated above, we need to modify usual proof because T gy involves a symmetrization operator
and thus, is inherently non-local. This is why we introduce the following “symmetric” patches
P (K)

P"(K)NQ_ =N"(K)nQ_,

and

P"K)NQ :={K' €Ty | K nsupp(Tv)#0 forall ve Hy(N™(K))}NQ,.



We emphasize that this does not require the mesh Ty to be symmetric. In view of (2.12),
the idea of P™(K) is that, for any function v € H}(Q) with suppv € P™(K) we now have
supp Tyv C P™(K) as well. We now have an exponential decay of Qg outside those symmetric
patches, as stated in the following proposition, whose proof is postponed to Section 3.3.

Proposition 3.2. There is 0 < 7 < 1, independent of H, such that for any K € Ty
1Qkvul1,opmx) ST v,k
In order to localize the corrector problems, we introduce the space
WEP™K):={weW | w=0 in Q\P"(K)}

and define for any vy € Vi the localized element corrector Qg vy € W(P™(K)) as the solution
of
apm (i) (Qr,mVH, W) = ax (Vy, w) for all we W((P™(K)), (3.5)

where ap (-, -) denotes the restriction of a(+, ) to a subdomain D C Q. Due to Ty € L(WW) and the
definition of P™(K), these localized corrector problems are well-posed because the T g-coercivity
of a(-,-) thereby carries over from W to W (P™(K)).

We emphasize that, if N*(K)NT = @, P™(K) consists of two disconnected domains and
Ok mvn is even zero outside the standard patch N™(K') because of the localized right-hand side
in (3.5). Hence, we can solve (3.5) on N™(K) (as in the usual LOD) in the case N™(K)NT = 0,
resulting in the standard localized element corrector problems. In other words, we only need to
define new and larger patches for Qg ,, for element K close to the interface I'. The truncated
correction operator Q,, is now defined as the sum of these element correctors, i.e., Q,, :=
ZKETH QK,m-

Due to the exponential decay of the idealized correctors, we have the following estimate of the
truncation or localization error, which again is proved in Section 3.3.

Theorem 3.3. There exists 0 < v < 1, independent of H, such that for any vy € Vg

1/2 m
1Q — Qu)vrll S 2 ™ lvslr-

In our generalized finite element method, we now replace Q in (3.2) by Q,,, exactly in the
spirit of LOD. Hence, we seek up , € Vi such that

a((id = Qm)ug m, (id —Qm)vy) = (f, id —Qpm)vy) for all vy € Vy. (3.6)

The numerical analysis relies on the error estimate for the ideal method in Proposition 3.1 and
the fact that the localization is a small perturbation thereof.

Theorem 3.4. Let m 2 |10g(Cl/2 &y )| with the inf-sup constant of Proposition 3.1. Then (3.6)

ol,m
is well-defined and the unique solution up ,, satisfies the error estimates

= (id = Qu)urmlls S (H + Cof 2, 7™ o (3.7)
lu—wmmllo S H inf fu—wvuly+Cof2 2™ (H + Cima™ Il (38)

Note that the oversampling condition m 2 |log(C§l/772ndﬁ)\ is independent of H. Since Cgj
grows only polynomially in m, it is fulfillable. With respect to the error estimates, we need
to couple m = |log(C’;1/ an )| anyway to balance the terms in H and m, which in general is
the dominating condition. We summarize that under this (standard) oversampling condition,



the method is well-posed, we have linear convergence in the H'(Q)-norm (see (3.7)) and up to
quadratic convergence of the FE part in the L?(2)-norm (see (3.8)). Note that the second term

in (3.8) is of order H? for m =~ |10g(C’1/2 H)|. The exact convergence rate for the FE part

ol,m

depends on the (higher) regularity of the model problem (encoded in the best approximation of
Vi), but we have at least linear convergence. To be more precise, (3.8) gives a convergence order
of H'** if the exact solution is in H'*#(Q2). This should be contrasted with the convergence
order H?® in L?(Q) for the standard FEM.

Proof. The well-posedness of (3.6) follows from an inf-sup condition on Vi ., (see [30] for in-
stance). This directly yields quasi-optimality and the error estimate (3.7), where we refer to [22,
Chapter 2] for details.

Moreover, a standard duality argument can be employed to show

lu— (id = Qu )z mllo < (H + CH 2 ™) 1w — (id — Q) gz m1,

i.e., quadratic convergence in the L?(Q)-norm. We refer to, e.g., [30] for details.
Finally, we have that

v —vummllo < [lu—Igullo + [{avw —ummlo S Hlu— Iguly + [{zu — wim1-

Due to the stability and projection property of I, we have |u — Igu|; <inf,,cv, |4 —vgl1 so
that it remains to estimate ||/gu —wm m| 1. We note that by the definition of Q and the stability
of Iy it holds that

Haw = ummlly = [1n(d =Q)(Inu — upm)l1 S 1(d =Q)(Tru — wa m)]1-
Due to Proposition 3.1, there exists ¢y € Vi with ||y || = 1 such that
1Gd Q) (I — ugm)l1 < a5 a((d =Q)(Iru — umm), (id = Q)vm).
The definition of Q, Galerkin orthogonality and Theorem 3.3 give that

=a; alu — (id = Qum)um m, (id —Q)tbgr)
lalu— (id —Qm)umm, (Qm — Q)br)

<at o2 A~ (id —Qum)usmll1-

Combination with the estimate for ||u — (id —Qy,)w m |1 finishes the proof. O

3.3. Proof of the localization error

This section is devoted to the proofs of Proposition 3.2 and Theorem 3.3. In the proofs we will
frequently make use of cut-off functions. We collect some properties for them in the following. Let
n € H'(Q) be a function with values in the interval [0, 1] satisfying the bound || V|| ) S H ™!
and let R := supp(Vn). Given any subset D C ) as the union of elements in 7Tg, any w € W
satisfies that

lwllzzpy S HIVwllL2(vpy), (3.9)
|Gd =) (nw)llz2py S HIV (qw)l|2npy), (3.10)
”V(nw)”Lz(D) 5 ||Vw||L2(Dﬁsuppn) + ||VwHL2(N(Dm”R))- (311)

These properties are proved in [14, Lemma 2].



Proof of Proposition 3.2. Fix K € Ty and vy € V. Set ¢ := Qgvyg € W and (E = (id—Ig)(ne)
with the piecewise linear and globally continuous cut-off function 7 defined via

n=0 in P YK), n=1 in Q\P"?¥K).

We write R = supp(Vn) and use in the following N*(R) = P™ 3% (K)\ P *7%(K). Note that
IVnll=ry S H ' Then

lll1,0\pm &) = 16 — Irdllopmx) < 1610
We have THg € W with support outside K due to the definition of P™(K). Hence,
16113 avprm () < 6130 < anla(, Tud) = aald — ¢, Tr).

Note that supp(¢—¢) Nsupp(Tx¢) C N*(R) and |\TH€£||N(R) < H({SHLNQ(R) due to the definitions
of P™(K) and R. Hence, we obtain with the continuity of a(-,-)

aglloll} orpm iy S N6 = dliniw) (Tl N (R)
S o= ollinir) (1o — ollinzr) + 191l 82 (R))-

Employing that Iy¢ = 0 and the properties (3.10) as well as (3.11), we deduce

lp— ¢

|1,N2(R) = [[(id —1g)((1 — 77)¢)||1,N2(R) N H¢||1,N3(R)

and analogously ||(;— Bllinr) S I9ll1,n2(r)- All in all, this gives

911} onpm (i) < Cllé

2 b pm-1(x) = ClOlT vpm-r () = CllIT ovprm (i)

for some constant C. This yields

C
2 2
211 o\pm (k) < 1 2117 o\pm-7(x)

C’~
1+C

The repeated application of this argument finishes the proof with 4 = < 1. O

Note that the constant hidden in < in Proposition 3.2 depends on the interpolation constant,

the norm of Tx, the continuity constant of a(:,-) and on «a_!. In particular the latter may

become very large depending on the contrast, see [12] and Section 5.
Proof of Theorem 3.3. We start by proving the following local estimate
1(Qx — Qrm)vallr S 7" lvallix (3.12)

for some 0 < 4 < 1 and for any vy € Vg and K € Ty. Note that Qg vy is the Galerkin
approximation of Qxvy on the subspace W (P™(K)) C W. Due to the Tg-coercivity of a(-,-)
over W(P™(K)), we have the following standard quasi-optimality

— < inf — . 3.13
1(Qx QK,m)UHHlNwK,me‘I}[I/l(Pm(K))HQKUH Wi ml1 (3.13)

We choose now wg,m, = (id —Iy)(nQrvy) with a piecewise linear, globally continuous cut-off
function 7 defined via

n=0 in Q\P"(K), n=1 in P™?*K).

10



Inserting this choice of w ., into (3.13) and noting that Iy (Qxvy) = 0, we obtain

1(Qx — Qr m)vallr SII(d —1a)((1 —n)Qkva)lh S |1QrvHll1,0\pm (k)

where the last inequality follows from the properties (3.10) and (3.11) similar to the arguments
in the proof of Proposition 3.2. Combination with Proposition 3.2 gives (3.12).

To prove Theorem 3.3, we define, for a given simplex K € Ty, the piecewise linear, globally
continuous cut-off function ng via

ng =0 in P™YK),  ng=1 in Q\P"*K).

For a given vy € Vi, denote w := (Q — O, )vy = ZKGTH wg with wg = (Qx — Qx.m)vm. By
the T g-coercivity of a(-,-) over W, we have

aplwlie Saxwl, 0 < > alwk, Tyw) < > (Ax + Bk + Bra),
KeTn KeTu

where, for any K € Ty, we abbreviate
AKZ: |CI,(U)K,(1—7’][()T‘H’LU)|7 BKyliz |a(wK,(1d —IH)<’I7K’I‘HU))‘7 BKQI: |a(wK,IH(77KTHw))|

Because (id —Ig)(nThpw) € W with support outside P™(K), we have Bg1 = 0. Using the
property (3.11), the stability of Iz (2.10) and || Tgwl|n(in21y) S llwllnz(gne1}), We deduce

Ak S okl lwllne ey, Bre S okl wll e gz

Combining these estimates and observing that {n # 1} = P™"?(K), we obtain

2 < < cl/2 2\ /2
alwlf S Y Moxlllwly e S Comllli (Y2 Twxl)
KeTu KeTy

which in combination with (3.12) finishes the proof. O

3.4. Further remarks on the method
3.4.1. Weak T-coercivity

In this paragraph, we briefly discuss how our results transfer to the case that a(-,-) is weakly
T-coercive, which means that instead of (2.3), a(v, Tv) only satisfies a Garding-type inequality
[6], namely

a(v, Tv) > alvl? 5 o = ullv[§ 0.

where a, > 0 are positive constants, which yields a setting similar to the Helmholtz equation.

Assuming in addition that a(-,-) satisfies an inf-sup condition, the problem can be approxi-
mated with the proposed generalized finite element method, but the described theory does not
immediately apply. In particular, the study of the well-posedness of the corrector problems and
their exponential decay requires additional arguments.

However, a similar situation, namely the Helmholtz equation (with positive coefficients), was
analyzed in [14, 27, 30]. In particular, it is shown that the corrector problems are well-posed
under a resolution condition on H because the L?-perturbation in the Garding inequality can be
absorbed for functions in the kernel W due to the property (2.10) of Iy. The authors believe
that this argument carries over to the weakly T-coercive setting for problems with sign-changing
coefficients, so that we can establish strong T g-coercivity of a(-,-) over W under a resolution
condition (smallness assumption) on H.
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3.4.2. Fully discrete method

Although the corrector problems (3.5) are localized, they are not yet ready to use since the space
W is still infinite-dimensional. In practice we therefore introduce a second, fine triangulation 7y,
of Q as well as the corresponding Lagrange finite element space V},. The corrector problems (3.5)
are then defined on the discrete space W(P™(K)) N Vj,.

The corresponding solution w g, m of our generalized finite element method (3.6) then approx-
imates the FEM solution u; € V}, on the fine mesh. In particular, v in Theorem 3.4 is replaced
by u. By the triangle inequality, this gives error estimates for u — wg p m if © — uy, is small. In
other words, we assume that uy is a good approximation of the exact solution u.

This requires the mesh 7 to be sufficiently fine, and in particular it needs to be T-conforming.
We point out than then, T(V}) C V4, and one easily checks that Ty (W NV,) C (WNV). Asa
result, the authors strong believe the above analysis will still hold true with minor modifications
due to the additional discretization. We refer the reader to [14] for details on the proof of the
exponential decay in this case.

4. T-coercivity in the kernel of Iy

In this section, we analyze the operator T g introduced at the end of Section 2.2. Specifically, we
show that the kernel W of the Oswald-type interpolation operator Iy specified in (2.9) is stable
under application of Ty, and that Ty satisfies (2.2). In view of Proposition 2.1, this ensures that
for a sufficiently large contrast, the corrector problems (3.1) are well-posed. We first establish
that Ty satisfies (2.2a).

Lemma 4.1. Let w € W, it holds that
(Taw)lg_ = —wla_. (4.1)
Proof. This is direct consequence from the fact that suppn® C Q4 for all a € VY, U VE. O
We now show that Ty € L(W).

Lemma 4.2. We have Ty € L(W) with the operator norm bounded independently of H.

Proof. We need to show that Tyw € W for every w € W. Let us thus pick an arbitrary w € W,
so that .
m?(w) =0 Vae Vi (4.2)

Then, let a € Vit we have

m?(Trw) = m?(Tw) — Z m? (Tw)m?(n®)

0 +
a’eVyuvih

=m*(Tw)— Y m* (Tw)dy a,

0 +
a’eVyuvih

and it follows that m?(Tgv) = 0 whenever a € V% UV}, If on the other hand a € Vj;, recalling
(4.1) and observing that w® C Q_, we have

m?(Tygw) = m?*(Tw) = —m*(w) =0

since w € W. This shows that Iy (Tgv) = 0. The H-independent bound on the operator norm
of Ty follows by the scalings of m? and n® in the appendix, see Lemmas A.1 and A 4. O
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We now establish that stability property (2.2b) holds true for Tz, under the additional stability
assumption (2.8) on T.

Lemma 4.3. Assume that T satisfies (2.8). Then, we have
|lw —Trw|i,0, <Cx(Th)|w|ia_

for all w € W, with

C1(Ty) = CL(T) 4 2(d + 1)CpCp, CauaiBrir /2 + C(T)2,

where k, C+(T), and CL(T) are introduced in Section 2.2 and the other constants are explained
in Appendiz A.

Proof. Let w € W. We have

w—Thw=w— (Tw - ) ma(Tw)Ua)

acVduvy;
= <w - Tw> - Z m?(w — Tw)n?,
acV UV
so that
|’LU7TH’LU‘LQ+ < |U)*Tw|179+ =+ Z ma(w—Tw)na
acVyuvy 1,2y
We have
2
Yo (w=Twm)?| < (d+1) Y mP(w—Tw) P g, -
acVy UV, 1,82 acVyuvy,

Then, for each a € VY, U V};, it holds with Lemmas A.1 and A.4 that

m(w = Tw)lln*la, < CnC L) (g KLY

m?(w — Tw _ max w — Twlg.wa

11,0+ = UmUdual miIlKeT; ‘K| KeTr  px 0,w

~ <maxKe7—§ | K|

1/2 1
< Cm dual . ) *H’LU - T’LUH(),wa
minge7s |K| P
< Cm

G
%ﬂlﬁnw ~ Twfoue.

Furthermore, we have
[w = Tw|[§ o = [lw = Tw[f§ yang_ + lw = Twll§ ana,
= 2[|w|[§ wang_ + lw = Tw[[§ yang, -

Therefore, we obtain by combining these two estimates

.
CriCaualB\ 2
< (Tu> (d+1)22lwl2 o+l — TwlZg,)

Z (w — Tv, m*)n?

acVyuvy

ConCauat3
(7

IN

) (412 2+ CUTP) g
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Moreover, we have by Lemma A.2

2 < 1 2 < (OPH)2 2 <62H2 2
lolo- < g D0 Iwlfue < 7 D0 lwlfue < B uliq..

aeVy aeVy

Hence, combining all the foregoing estimates, we finally deduce

Z (w — Tw,m*)n?

acVuvh

~ o~ H
< (d+1)CpCrnCanaS—1/2 + CL(T)? |w
P

1,9,
and the result follows. O

5. Numerical experiments

In the following numerical examples, we always consider Q = [0,1]2. The diffusion coefficient
o is chosen piecewise constant. Specifically, (2 is partitioned into two subsets 2_ and 2, and
o+ denotes the value taken by o over Q4. The corrector computations are discretized on a
fine mesh of criss-cross type with h = 278 which is T-conform in all settings described below
except from the circular inclusion in Section 5.3. In Sections 5.1 and 5.3 the exact solution is
known, whereas we compute a reference solution u;, with a standard FEM on the fine mesh in
Sections 5.2 and 5.4. The LOD solution is computed on a series of meshes with H = 271,...,276
and oversampling parameters m € {1,2,3}. We refer to (id —Q,)um m from (3.6) as the LOD
solution and to up ., as the macroscopic part of the LOD solution. Note that wg ,, lies in the
standard FE space. For comparison, we also compute the standard FE solution on the coarse
grids Ty as well as the L?(Q)-projection of the exact or reference solution onto V. The latter
is referred to as the L2-best approximation in V. We compute the absolute error of the LOD
solution in the H'(£2)-semi norm and compare it to the the absolute error of the standard FEM.
From (3.7), we expect linear convergence of this LOD error. Moreover, we also consider the
absolute error of the macroscopic part of the LOD solution in the L?(£2)-norm and compare it to
the absolute errors of the FEM solution and the L2-best approximation in V. We expect that
the macroscopic error of the LOD behaves like the L?-best approximation error (cf. (3.8)).

Finally, we note that, although our theory guarantees a well-posedness of the corrector prob-
lems only if the contrast is outside a sufficiently large interval, which is larger than the analytical
one, we never experienced any well-posedness issues in practice.

5.1. Flat interface with known exact solution

We define Q; = {z € Q|22 <0.5-277} and Q_ accordingly as Q_ = {xr € Q| 22 > 0.5-277}.
We set 04 = 1 and consider two different cases where o_ = 2 or 1.1. Note that the model
problem is well-posed for both choices of o_ since the critical interval in this case only consists of
the value —1. The meshes Ty do not resolve the interface and are not symmetric for any H and
hence we expect a poor performance of the standard FEM. We consider the following piecewise
smooth function fulfilling homogeneous Dirichlet boundary conditions

—o_x(x—1 -y —1), x,y) € Oy,
z(z—yly —1)(y — 1), (z,y) € O,
where [ = 0.5 — 277 stands for the interface location. The right-hand side f is computed so that

u is the exact solution. Precisely, f(z,y) = o_(2y(y —1)(y — 1) + 2(z — 1)(6y — 2(I + 1)) and we
note that f is globally smooth.
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Figure 5.1: Convergence histories for the flat interface with o_ = 2 (top) and o_ = 1.1 (bottom)
in Section 5.1.
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Figure 5.2: Various solutions for the flat interface with o_ = 1.1 (Section 5.1): exact solution u
(top left), LOD solution (top right), macroscopic part of the LOD solution (wg m,
bottom left) and FE solution (bottom right).

The LOD error (in the H!(Q)-semi norm) and the macroscopic LOD error (in the L?(Q)-
norm) for both choices of o_ are depicted in Figure 5.1. We observe that an oversampling
parameter m = 3 is sufficient to produce faithful LOD approximations. The LOD error in
both cases converges linearly as expected and the macroscopic LOD error follows the L2-best
approximation. Note that the latter converges quadratically due to the piecewise smoothness of
u. This nicely illustrates the findings of Theorem 3.4. In contrast to the good performance of
the LOD, we see the failure of the standard FEM in Figure 5.1. Moreover, we observe that for

o_ = 1.1 we should select m = 3 as oversampling parameter in the LOD, whereas for o_ = 2,
m = 2 already yields good results, see Figure 5.1 top and bottom left. This effect is connected to
the @,-dependency of the exponential decay: Since o_ = 1.1 is close to the critical interval, this

constant in the T g-coercivity is small so that the decay of the corrector is slow, which results in
a larger oversampling region.

We now compare for H = 275 and m = 3 the LOD solution, its macroscopic part, and the FE
solution to the exact solution in the case o_ = 1.1, see Figure 5.2. Strikingly, the FE solution
has almost no resemblance with the exact solution, but the macroscopic part of the LOD (which
lies in the same space V) is very close to the exact solution. For this example, one can hardly
make out any differences between the exact solution, the LOD solution and its macroscopic part,
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Figure 5.3: Errors of the different solutions to w for the interface with oo = —1.1 (Section 5.1):
error of LOD solution (left), error of macroscopic part of LOD solution (middle), and
error of FE solution (right).

~

which clearly underlines the potential of our method. In particular, we emphasize once more
that good approximations (in an L?({2)-sense) exist in the coarse FE space Vjr, which are found
by our approach but not by the standard finite element method.

To see more details, we visualize the absolute errors of the three solutions (i.e., (id — Q) w g m,
UH,m and ug) to u in Figure 5.3. Here, we clearly see a difference in the error distribution. The
FE error (right) is very large close to the interface and this errors spreads out over a large part of
the domain. In contrast, the macroscopic part of the LOD solution (middle) has a much smaller
error which is furthermore very confined to the interface. A localization of the error close to
the interface is expected because on the one hand, this jump in the coefficient is not resolved by
the mesh and because on the other hand, the interesting effects happen there. In the full LOD
solution (left), the error at the interface is largely reduced by the upscaling procedure so that
interface and boundary errors are now of the same order.

5.2. Square inclusion

We consider Q_ = [0.254+277,0.75—2"7] and Q as the complement. For such a square inclusion,
the critical interval for the model problem equals [—3,—1/3]. Hence, we choose oy = 1 and
o_ =4 and as right-hand side the function f = 0.1x{4,<0.1} + X{z,>0.1}- Since no exact solution
is known, we compute a reference solution uy on the fine mesh 7, using a standard FEM. Note
that the fine mesh resolves the interface and is T-conform.

As in the previous section, we depict the convergence histories for the LOD error in the H!(£2)-
semi norm and the macroscopic LOD error in the L?(2)-norm in Figure 5.4. We again observe
the expected linear convergence of the LOD solution in the H!(Q)-semi norm. Moreover, the
macroscopic LOD error follows the L2-best approximation in the FE space, the best one can hope
for. Note that for this experiment, the L?-best approximation no longer converges quadratically.
More precisely, both the macroscopic LOD error and the L?-best approximation converge at an
average approximate rate of 1.3 as we calculated by taking the average of the experimental orders
of convergence. This corresponds very well to the analytically expected regularity of solutions
due to the presence of corners at the interface: According to [7, 24], we expect u € H'**(Q)
with A = 0.37286 for the square inclusion with our choice of o_.

When we compare again the different solutions (LOD solution, its macroscopic part, and the
FE solution) to the reference solution in Figure 5.5, we see that the full LOD solution leads to
clearly better results at the corners in comparison to its macroscopic part. This is a well-known
feature of the LOD, observed also for classical elliptic diffusion problems with singularities at
corners. Hence, even in a setting where the standard FEM is converging but at a reduced rate,
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Figure 5.4: Convergence histories for the square inclusion in Section 5.2.
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Figure 5.5: Various solutions for the square inclusion in Section 5.2: reference solution wy, (top
left), LOD solution (top right), macroscopic part of the LOD solution (g, bottom
left) and FE solution (bottom right).
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Figure 5.6: Exact solution (left) and convergence history for the macroscopic LOD error in the
L?-norm (right) for the circular inclusion in Section 5.3.

the full LOD might still be beneficial since the solution converges linearly in the H!(Q)-semi
norm independent of the regularity of the exact solution. We emphasize that the macroscopic
part of the LOD solution qualitatively shows the correct behavior at the corners in contrast to
the FE solution in Figure 5.5.

5.3. Circular inclusion with known exact solution

We consider 2_ = By 2((0.5,0.5)), i.e., a circle with radius 0.2 around the point (0.5,0.5), and
Q. the complement. Since the boundary of €2_ is smooth, the critical interval consists only of
the value —1. Hence, we choose o4 = 1 and o0_ = 2 as in Section 5.1. We select a radially
symmetric exact solution with homogeneous Dirichlet boundary conditions as follows. Let (r, ¢)
denote the standard polar coordinates and set 7 = r — 0.5. Then w is given by

AF2(F — 0.2)(7 — 0.4)2, F <02,
u(f) = ¢ —Ao_72(F — 0.2)(F — 0.4)2, 02<7<04,
0 else

and f is calculated accordingly. The scalar factor A is used to scale the solution u to an L>(Q)-
norm of order 1, we pick here A = 10000. Note that the right-hand side f is piecewise smooth
and does not possess a singularity at (0.5,0.5). The exact solution u is depicted in Figure 5.6,
left.

The curved interface is never resolved, neither by the coarse meshes 7y nor by the fine reference
mesh 7. In particular, the standard FEM solution on 7, may be not very reliable, which implies
that the fine discretization in the LOD method might not be a faithful approximation either. In
the present example, the absolute L?(£2)-error between the exact solution u and the FEM solution
on the fine grid 7;, is of order 10~2. Nevertheless, the convergence plot of the macroscopic LOD
solution in the L?(Q2)-norm in Figure 5.6 shows rather promising results. At least for m = 2, 3,
the macroscopic LOD error still follows the best approximation error — at least for coarse mesh
sizes H. We observe a deviation from this desired best-approximation error for finer meshes
because the discretization error on the underlying fine mesh 7}, starts to dominate. Given these
considerations and emphasizing once more that neither 7, nor the coarse meshes resolve the
interface, the convergence results of Figure 5.6 are very satisfying.
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Figure 5.7: Coefficient (left) and fine FE solution (right) for the experiment in Section 5.4.

1 %1073 %1073 1 0
16 16
0.8 14 14 0.8 -0.2
12
12
0.6 10 0.6 -0.4
10
8
0.4 6 8 0.4 -0.6
4 6
-0.8
0.2 5 4 0.2
0 2 1
0.5 1

0
0

0 0.5 1

Figure 5.8: LOD solution (left), macroscopic part of LOD solution (middle), and FE solution
(right) for H = 27% and m = 3 in the experiment of Section 5.4.

5.4. Multiscale sign-changing coefficient

We consider a multiscale, sign-changing coefficient as depicted in Figure 5.7, left. It is periodic
on a scale e = 27° and takes the values —4 (blue) and 1 (yellow). We set f = 1 and compute a
standard FE solution u;, on the mesh 7}, as reference, see Figure 5.7, right. Note that T resolves
all the jumps of the coefficient so that we can hope that uj is a good approximation of the
unknown exact solution u. In this example, we illustrate the homogenization feature of the LOD
and its attractive performance even in the pre-asymptotic region, i.e., for meshes that do not
resolve the discontinuities of the coefficient. For the coarse mesh Tz with H = 274 and m = 3,
we depict the LOD solution, its macroscopic part, and the FE solution in Figure 5.8. First of
all, we observe that the standard FEM fails on this coarse mesh because the multiscale features
of the coefficient are not resolved. This observation is already expected and well understood for
the classical elliptic diffusion problem, see [26] for an excellent review. In contrast, the LOD
produces faithful approximations. Its macroscopic part can be seen as a homogenized solution
and already contains the main characteristic features of the solution. The full LOD solution also
takes finescale features into account and thereby is even closer to the reference solution. This of
course comes at the cost of higher computational complexity.
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Conclusion

We presented and analyzed a generalized finite element method in the spirit of the Localized Or-
thogonal Decomposition for diffusion problems with sign-changing coefficients. Standard finite
element basis functions are modified by including local corrections. The stability and the conver-
gence of the method were analyzed under the assumption that the contrast is “sufficiently large”.
Our analysis involves a discrete T-coercivity argument, as well as “symmetrized” patches to com-
pute the correctors associated with the elements close to the sign-changing interface. Numerical
experiments illustrated the theoretically predicted optimal convergence rates. Furthermore, they
showed the applicability of the method for general meshes, which do not resolve the interface,
and highly heterogeneous coefficients.

The numerical experiments also outlined some possible future research questions. If the con-
trast is close to the critical interval, the patches for the corrector computations need to be rather
large. This contrast-dependency might be reduced with the norm considered in [12], where we
mention the connection with the LOD approach in weighted norms [16, 28]. Finally, it might be
sufficient to only enrich finite element basis functions close to the interface.
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A. Technical results used in Section 4

In this section, we prove a few technical results used in Section 4 combining standard scaling
arguments for classical FE functions. Throughout the appendix, we use the notation introduced
in Sections 2.2 and 4. Classical finite element scaling arguments use the mapping of elements
in the mesh Ty onto the reference element. We use the standard notation of = for quantities
(functions, constants, etc.) on the reference element. In particular, functions ¥ and v are
connected with each other via the standard reference element mapping.

Lemma A.1. Let a € Vgy. The estimate

) R 1 1/2
m*(0)] < Con () ollo.wn (A1)

minge7a K|
holds true for all v € H (), with

Cr = K" sup_ [0y -

HeP; (K)
11y, z=1
Proof. Fix a € Vi, v € H}(Q2), and recall the definition
a 1
m2(v) := = > (Pkv)(a).
KeTg

It is clear that

1
|m?(v)| < fa K;ra | Pxv]|0,00, 8 < 1??%3 I Pxv]l0,00, 8 = || Pk, V0,00, K,
H

for some K, € TF. Then, since w := Pk v € P1(K,), a standard scaling argument shows that

R 2 ~, 1
Il o se. = 1915 o & < (25115 7 = O ol
*
from which (A.1) follows. O
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Lemma A.2. Let a € Vy and assume that w € H' (w?) satisfies m®(w) = 0. Then, it holds
leolloe < CoHlw]y e

Proof. We assume that there exists a domain @ and a bilipschitz invertible mapping F : & — w?,
whose restriction on each element K := F~1(K) with K € 72 is affine. Since the mesh Ty is
quasi uniform, we may further assume that there exists two constants c,,c* such that ¢, H <
|IDF(X)| < ¢*H for all X € &. For the sake of simplicity, we also assume without loss of generality
that F~!(a) = 0.

If v € H'(w?), then ¥ := v o F belongs to H' (&), and we have m(v) = m(?), where

m(v) := = Z (Pz0)(0).
ReF—\(T3)

Now, we observe that for ¢ € Py(@), m(q) = 0 implies that ¢ = 0. Then, a standard contradic-
tion argument (see for instance [11, proof of Theorem 3.1.1]) shows that there exists a constant
C such that R
e < C(m@)| + [v)hs),

inf |[v—q
GEPH (D) H a4

and therefore, R
[Pllos < CCp(@)[vha

for all o € H(®) with m(v) = 0, where Cp (@) is the Poincaré constant of @.

Then, the desired result is obtained by standard mapping arguments, with a constant CA'p
depending on C, Cp (@), ¢, and c*. O

The main aim of this appendix is to construct the function n* used for the definition of Ty
and study its scaling. For the ensuing construction to hold, we need to assume that Ty resolves
the interface I'. We emphasize, however, that no symmetry of the mesh is required. Moreover,
we believe that a similar result holds if the interface does not cut the elements “too badly”. We
refer to [17] for a similar discussion in a different context.

Lemma A.3. For all A\ € L2(K), there exists a unique 7j € Hé(f?) N Pays(K) such that
@0z =Nz VO ePiK), (A-2)

and we have R R
0l & < Cauall Mo z (A.3)

for some constant édual only depending on K. In addition, the equality
(777”)1( = (Avv)K Vv € Pl(K) <A4)

and the estimate

Inhx < [Allo, % (A.5)

hold true.

Proof. We introduce the “bubble function”

b= H Xaepdﬂ(f(),
acV(K)
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defined using the barycentric coordinates A2 of the reference element K. We observe that since
b > 1/2 on an open set contained in K, the application 7 — [[6/2%]|, % is a norm on Py (K K).

Furthermore, since P (K ) is finite-dimensional, there exists a constant Cnorm such that

Al ~
112 7 < Crom [0/2312 2 (A.6)

for all o € Py (K).
Now, let A € L%(K). In virtue of the above discussion, there exists a unique @ € P (K) such
that R R R
(bw,0)p = (\0)p YU € Pi(K).

Then, one easily observes that 7j := b € H&([A( )NPai2(K), satisfies (A.2). Furthermore, picking
the test function ¥ = @ in the definition of @ and employing (A.6), we have

/\1 N ~ ~ Y ~ ~ - o~
82012 & = R @)z < 13 2121,z < Caoml 21522

”071?
and (A.3) follows since, recalling that b < 1, we have

17llo.z = ||wa|0;? < IIbI/QAH 7 < CoormlIM Iy, 2
and
Al 2 < Cinslllly 2

as 7j € Py (K).
At this point (A.4) and (A.5) follows from usual scaling arguments. O
Lemma A.4. For all a € Vj; UVY, there exists n® € Hg(Q) with suppn® C Q4 such that

/

m* (n?) =bara va' € Vg

and

- C |K\1/2
721,04 aual A o

where the constant édual only depends on the shape-reqularity of the mesh.

Proof. Let a € V}'} U VY be arbitrary but fixed. There exists an element K, € Ty such that
K, C w*N Q. Following Lemma A.3 we consider a function 7® € H}(K,) such that Pg n® =
1?|k,. Then, we obtain for any a’ € Vg that

S 1 . 1
m* (n?) = T Z (Prn™)(@’) = fa *(@) = daar-
KeTg
On the other hand, using (A.5), we have
6« \ K. [1/2
|77a|179+ — |77a|1,K* < pduml K. < | *| )
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