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Considering a retarded nonlinear system, this note proposes several modifications of the Lyapunov-Razumikhin approach guaranteeing the existence of an upper estimate on convergence rate of the system solutions. The cases of exponential, finite-time and fixedtime (with respect to a ball) convergences are studied. The proposed approach is illustrated by simulation of academic examples.

Introduction

There exist two generic frameworks assessing asymptotic stability of time-delay systems, which are based on analysis of a Lyapunov-Razumikhin function or a Lyapunov-Krasovskii functional [START_REF] Fridman | Introduction to Time-Delay Systems: Analysis and Control[END_REF][START_REF] Kolmanovskii | Introduction to the Theory and Applications of Functional Differential Equations[END_REF]. The latter method has been proven to be equivalent to the asymptotic stability property for some particular classes of the time-delay systems [START_REF] Efimov | A note on converse Lyapunov-Krasovskii theorems for nonlinear neutral systems in Sobolev spaces[END_REF][START_REF] Pepe | Converse Lyapunov-Krasovskii theorems for systems described by neutral functional differential equations in Hale's form[END_REF][START_REF] Pepe | Lyapunov-Krasovskii characterization of the input-to-state stability for neutral systems in Hale's form[END_REF], and it can also be used to establish finite-time stability [START_REF] Moulay | Finite-time stability and stabilization of timedelay systems[END_REF]. The former approach is only sufficient for the asymptotic stability [START_REF] Fridman | Introduction to Time-Delay Systems: Analysis and Control[END_REF][START_REF] Kolmanovskii | Introduction to the Theory and Applications of Functional Differential Equations[END_REF], and it is less intuitive while obtaining the rate of solution convergence [START_REF] Aleksandrov | On the asymptotic stability of solutions of nonlinear systems with delay[END_REF][START_REF] Efimov | Comments on finite-time stability of time-delay systems[END_REF][START_REF] Myshkis | Razumikhin's method in the qualitative theory of processes with delay[END_REF]]. An advantage of Lyapunov-Razumikhin approach with respect to Lyapunov-Krasovskii one is that in many nonlinear cases it is more simple to find a Lyapunov-Razumikhin function than a Lyapunov-Krasovskii functional [START_REF] Efimov | Development of homogeneity concept for time-delay systems[END_REF][START_REF] Efimov | Weighted homogeneity for time-delay systems: Finite-time and independent of delay stability[END_REF] (e.g., a Lyapunov function for the delay-free case can be tested).

The objective of this work is to overcome one of the main drawbacks of the Lyapunov-Razumikhin function approach, and to propose its several extensions, which allow the rate of solution convergence to be estimated using the method. Three cases will be considered: the systems with asymptotic rate of convergence of solutions to the origin (the expansion of [START_REF] Myshkis | Razumikhin's method in the qualitative theory of processes with delay[END_REF] is given), with a finite time of convergence and a fixed-time one with respect to a ball (the definitions of these kinds of comportment are given below). The obtained results are used to formulate examples of differential inequalities for Lyapunov-Razumikhin function providing the studied convergence rates.

The paper is organized as follows. Preliminaries are given in Section 2. The problem statement is presented in Section 3, and the main results are formulated in Section 4. The performed simulations are described in Section 5. The final remarks and discussion are presented in Section 6.

Preliminaries

The real numbers are denoted by R, R + = {τ ∈ R : τ ≥ 0}. Euclidean norm for a vector x ∈ R n is denoted as |x|. We denote by C Consider an autonomous functional differential equation of retarded type [START_REF] Kolmanovsky | Stability of functional differential equations[END_REF]:

dx(t)/dt = f (x t ), t ≥ 0, (1) where x(t) ∈ R n and x t ∈ C [-τ,0] is the state function, x t (s) = x(t + s), -τ ≤ s ≤ 0 and τ > 0 is a finite delay; f : C [-τ,0] → R n is a continuous function, f (0) = 0,
and is such that solutions in forward time for the system (1) exist and are unique [START_REF] Kolmanovsky | Stability of functional differential equations[END_REF]. Denote such a unique solution x(t, x 0 ) satisfying the initial condition x 0 ∈ C [-τ,0] and x t (s, x 0 ) = x(t + s, x 0 ) for -τ ≤ s ≤ 0, which is defined on some finite time interval [-τ, T ) with 0 < T ≤ +∞ (we will use the notation x(t) to reference x(t, x 0 ) if the origin of x 0 is clear from the context). The representation (1) includes pointwise or distributed time-delay systems.

For a locally Lipschitz continuous function V : R n → R + the upper directional Dini derivative is defined as follows:

D + V (x)v = lim sup h→0 + V (x + hv) -V (x) h for any x ∈ R n and v ∈ R n .
A continuous function σ : R + → R + belongs to class K if it is strictly increasing and σ(0) = 0; it belongs to class K ∞ if it is also radially unbounded. A continuous function β : R + × R + → R + belongs to class KL if β(•, r) ∈ K and β(r, •) is decreasing to zero for any fixed r ∈ R + .

Stability definitions

Let Ω be a neighborhood of zero in C [-τ,0] .

Definition 1 [START_REF] Fridman | Introduction to Time-Delay Systems: Analysis and Control[END_REF][START_REF] Kolmanovskii | Introduction to the Theory and Applications of Functional Differential Equations[END_REF][START_REF] Moulay | Finite-time stability and stabilization of timedelay systems[END_REF] At the origin the system (1) is said to be (a) stable if there is σ ∈ K such that for any x 0 ∈ Ω, the solutions are defined and |x(t, x 0 )| ≤ σ( x 0 ) for all t ≥ 0;

(b) asymptotically stable if it is stable and

lim t→+∞ |x(t, x 0 )| = 0
for any x 0 ∈ Ω; (c) finite-time stable if it is stable and for any x 0 ∈ Ω there exists 0 ≤ T x0 < +∞ such that x(t, x 0 ) = 0 for all t ≥ T x0 . The functional T 0 (x 0 ) = inf{T x0 ≥ 0 : x(t, x 0 ) = 0 ∀t ≥ T x0 } is called the settling time of the system (1); (d) fixed-time to a ball stable if it is stable and for any > 0 there exists 0 < T < +∞ such that |x(t, x 0 )| ≤ for all t ≥ T and all x 0 ∈ Ω.

If Ω = C [-τ,0] , then the corresponding properties are called global stability/asymptotic stability/finite-time stability/fixed-time to a ball stability.

The definition of global asymptotic stability can be given in terms of existence of a function β ∈ KL such that |x(t, x 0 )| ≤ β( x 0 , t) for all x 0 ∈ C [-τ,0] and t ≥ 0.

Remark 1 The property of fixed-time to a ball stability is conceptually different from the fixed-time stability notion studied in [START_REF] Polyakov | Nonlinear feedback design for fixedtime stabilization of linear control systems[END_REF][START_REF] Polyakov | Implicit Lyapunov-Krasovski functionals for stability analysis and control design of time-delay systems[END_REF], since in the former case sup >0 T ≤ +∞, i.e., at the origin a fixed-time to a ball stable system (1) may be just asymptotically stable. The difference between fixed-time to a ball stable and asymptotically stable systems becomes important for an unbounded set Ω only.

For finite-time stability of (1) there exists the following sufficient condition:

Proposition 1 [START_REF] Moulay | Finite-time stability and stabilization of timedelay systems[END_REF] Let the system (1) admit uniqueness of solutions in the forward time. If there exist a continuous functional

V : Ω → R + , η 1 , η 2 ∈ K ∞ , ρ ∈ K and > 0 such that ż(t) = -ρ(z(t)) has a flow for all z(0), t ∈ R + with 0 dz ρ(z) < +∞,
and for all φ ∈ Ω:

η 1 (|φ(0)|) ≤ V (φ) ≤ η 2 ( φ ), V (φ) ≤ -ρ(V (φ)),
then the system (1) is finite-time stable at the origin with the settling time satisfying an upper estimate:

T 0 (φ) ≤ V (φ) 0 dz ρ(z) .
A usual example of such a function ρ includes ρ(z) = az α for a > 0 and α ∈ [0, 1). Then it is straightforward to check that under conditions of Proposition 1, the solutions of system (1) admit an upper estimate for x 0 ∈ Ω and all t ≥ 0:

|x(t, x 0 )| ≤ max{0, η -1 1 • η 1-α 2 ( x 0 ) -a(1 -α)t 1 1-α }. If α = 1
, then the system is asymptotically stable and it admits an exponential convergence rate: at)) for all t ≥ 0 and x 0 ∈ Ω. Note that for any β ∈ KL there exist θ 1 , θ 2 ∈ K ∞ such that [START_REF] Sontag | Comments on integral variants of ISS[END_REF]:

|x(t, x 0 )| ≤ η -1 1 (η 2 ( x 0 ) exp(-
β(s, t) ≤ θ 1 (θ 2 (s) exp(-t)) ∀s ≥ 0, t ≥ 0, then under a suitable bound substitution, an estimate with exponential convergence rate can be proposed for any asymptotically stable system. Finally, if α > 1, then (1) is fixed-time to a ball stable:

|x(t, x 0 )| ≤ η -1 1   1 η 1-α 2 ( x 0 ) + a(α -1)t 1 α-1  
for all t ≥ 0 and x 0 ∈ Ω. Such a type of convergence is also called polynomial (in time). However, since for big deviations of x 0 the speed of convergence is faster than exponential, and to any ball the time of convergence is uniform in the initial conditions x 0 ∈ C [-τ,0] , in order to highlight these features, this property will be refereed here as the fixed-time to a ball stability. Nevertheless, close to the origin the system converges slower than in any precedent case.

Moreover, the following counterpart of Proposition 1 for fixed-time to a ball stable systems can be proposed: Proposition 2 Let the system (1) admit uniqueness of solutions in the forward time. If there exist a continuous functional

V : Ω → R + , η 1 , η 2 ∈ K ∞ and ρ ∈ K such that ż(t) = -ρ(z(t)) has a flow for all z(0), t ∈ R + with +∞ ϑ dz ρ(z) < +∞
for any ϑ > 0, and for all φ ∈ Ω:

η 1 (|φ(0)|) ≤ V (φ) ≤ η 2 ( φ ), V (φ) ≤ -ρ(V (φ)
), then the system (1) is fixed-time to a ball stable.

PROOF. The stability follows from standard arguments. From any initial conditions in Ω the time of reaching any ball of radius > 0 can be evaluated as follows:

T = T 0 dt ≤ - η1( ) V (0) dV ρ(V ) ≤ +∞ η1( ) dV ρ(V ) < +∞.

Problem statement

As we mentioned above, there exist two methods evaluating asymptotic stability of the system (1) based on a Lyapunov-Razumikhin function or a Lyapunov-Krasovskii functional. The Lyapunov-Krasovskii approach is used in propositions 1 and 2 to establish finite-time/fixed-time to a ball stability of (1), and there are also converse results for asymptotic stability in [START_REF] Efimov | A note on converse Lyapunov-Krasovskii theorems for nonlinear neutral systems in Sobolev spaces[END_REF][START_REF] Pepe | Converse Lyapunov-Krasovskii theorems for systems described by neutral functional differential equations in Hale's form[END_REF][START_REF] Pepe | Lyapunov-Krasovskii characterization of the input-to-state stability for neutral systems in Hale's form[END_REF], while the Lyapunov-Razumikhin method can be formulated as follows:

Theorem 1 [START_REF] Kolmanovsky | Stability of functional differential equations[END_REF] Let there exist a locally Lipschitz continuous Lyapunov-Razumikhin function

V : R n → R + such that (i) for some α 1 , α 2 ∈ K ∞ and all x ∈ R n : α 1 (|x|) ≤ V (x) ≤ α 2 (|x|); (ii) for some α, γ ∈ K, with γ(s) > s for all s > 0, and all ϕ ∈ C [-τ,0] : max θ∈[-τ,0] V (ϕ(θ)) ≤ γ • V (ϕ(0)) ⇒ D + V (ϕ(0)) f (ϕ) ≤ -α(|ϕ(0)|).
Then the system (1) is globally asymptotically stable at the origin.

The shortage of the Lyapunov-Razumikhin approach is that there is no result relating the behavior of V (x) and the rate of convergence in nonlinear systems (as we have demonstrated after Proposition 1, the Lyapunov-Krasovskii method can be applied for this purpose).

The goal of the present note is to overcome the last drawback, and to propose mild modifications of the Lyapunov-Razumikhin approach allowing the exponential, finite-time and fixed-time convergence rates to be estimated using the method.

Main result

The previous evaluations by the Lyapunov-Razumikhin approach of the convergence rate for an asymptotically stable system have been presented in [START_REF] Aleksandrov | On the asymptotic stability of solutions of nonlinear systems with delay[END_REF][START_REF] Mao | Razumikhin-type theorems on exponential stability of stochastic functional differential equations[END_REF][START_REF] Myshkis | Razumikhin's method in the qualitative theory of processes with delay[END_REF].

Theorem 2 Let there exist a locally Lipschitz continuous Lyapunov-Razumikhin function V : R n → R + such that (i) for some α 1 , α 2 ∈ K ∞ and all x ∈ R n : α 1 (|x|) ≤ V (x) ≤ α 2 (|x|); (ii) for some γ > 1, α > 0 and all ϕ ∈ C [-τ,0] : max θ∈[-τ,0] V (ϕ(θ)) ≤ γ V (ϕ(0)) ⇒ D + V (ϕ(0)) f (ϕ) ≤ -α V (ϕ(0)) .
Then the origin is globally asymptotically stable for the system (1) with exponential rate of convergence, and for all x 0 ∈ C [-τ,0] and t ≥ 0:

|x(t, x0)| ≤ α -1 1 exp -min{α , ln γ τ }t α2 ( x0 ) .
PROOF. Since all conditions of Theorem 1 are satisfied with α(s) = α α 1 (s) and γ(s) = γ s, then the system (1) is globally asymptotically stable at the origin. Take any x 0 ∈ C [-τ,0] , the solution x(t, x 0 ) is well defined for all t ≥ 0, and in particular

V (x(t)) ≤ max θ∈[-τ,0] V (x 0 (θ))
for all t ≥ 0 [START_REF] Kolmanovskii | Introduction to the Theory and Applications of Functional Differential Equations[END_REF].

First, assume that the implication given in the formulation of the theorem is not satisfied and max

θ∈[-τ,0] V (x t (θ)) > γ V (x(t))
for an interval of time t ∈ [0, t 1 ], where t 1 ≥ 0 is (possibly infinite) instant of time that the relation stated in Theorem 1 holds. This inequality implies that for all t ∈ [0, t 1 ] there exists

θ t = min{ϑ ∈ [-τ, 0] : V (x t (ϑ)) = max θ∈[-τ,0] V (x t (θ))},
where we introduce the minimum over ϑ ∈ [-τ, 0] to resolve the non-uniqueness issue. Note that the inequality θ t ≤ -ε x0 is satisfied for some ε x0 ∈ (0, τ ] dependent on initial conditions x 0 , since the maximum is calculated under the restriction that max θ∈[-τ,0] V (x t (θ)) > γ V (x(t)) with γ > 1 and the solution x(t, x 0 ) is bounded for t ≥ 0. Thus,

V (x(t)) < 1 γ V (x t (θ t )) = exp (-ln γ ) V (x t (θ t )) ≤ exp ln γ θ t τ V (x t (θ t )) .
Recursively applying this estimate, i.e.,

V (x t (θ t )) = V (x(t + θ t )) < exp ln γ θ t+θt τ V (x t+θt (θ t+θt )) ,
we obtain

V (x(t)) < exp ln γ θ t + θ t+θt τ V (x t+θt (θ t+θt )) ,
and by induction,

V (x(t)) ≤ exp - ln γ τ t max θ∈[-τ,0] V (x 0 (θ)) ≤ exp -min{α , ln γ τ t} max θ∈[-τ,0] V (x 0 (θ)) (2) 
for all t ∈ [0, t 1 ] (i.e., for t ≥ 0 sufficiently small it could be t + θ t < 0 and the sum θ t + θ t+θt + . . . above belongs to the interval [-t -τ, -t]). Now, suppose that for t ∈ [t 1 , t 2 ) the implication max θ∈[-τ,0] V (x t (θ)) ≤ γ V (x(t)) holds, where t 2 ≥ t 1 is (possibly again infinite) time instant that the relation stated in Theorem 1 fails for the first time higher than t 1 (by their definitions, t 1 + t 2 > 0). Obviously,

D + V (x(t)) f (x t ) ≤ -α V (x(t))
for all t ∈ [t 1 , t 2 ) and, consequently,

V (x(t)) ≤ exp (-α (t -t 1 )) V (x(t 1 )).
Hence, we obtain that the estimate ( 2) is satisfied for all t ∈ [0, t 2 ). Next, the analysis above can be iterated for all t ≥ 0.

Therefore, let us check by contradiction that this estimate (2) is actually valid for all t ≥ 0. Recall that V (x(t)) ≤ max θ∈[-τ,0] V (x 0 (θ)) for all t ≥ 0 and let t 3 ≥ 0 be a time instant such that

V (x(t3)) = exp -min{α , ln γ τ t}t3 max θ∈[-τ,0] V (x0(θ))
and

V (x(t)) ≤ exp -min{α , ln γ τ t}t max θ∈[-τ,0] V (x 0 (θ))
for all t ∈ [0, t 3 ), i.e., the estimate ( 2) is reached exactly at the instant t 3 . These properties imply that max θ∈[-τ,0] V (x t3 (θ)) ≤ γ V (x(t 3 )) and, consequently,

D + V (x(t 3 )) f (x t3 ) ≤ -α V (x(t 3
)), which means that (2) cannot be violated, and the inequality has to be also preserved at the instant t 3 . The same arguments can be applied further for all t ≥ t 3 , and the required exponential convergence rate in (1) follows.

Remark 2

The result is formulated for the case of global asymptotic stability, and its modification for a local analysis is straightforward (the same for other results of the paper).

The next result is a counterpart of Proposition 1:

Theorem 3 Let there exist a locally Lipschitz continuous Lyapunov-Razumikhin function V : R n → R + such that (i) for some α 1 , α 2 ∈ K ∞ and all x ∈ R n :

α 1 (|x|) ≤ V (x) ≤ α 2 (|x|);
(ii) for some µ ∈ (0, 1), c > 0, α > 0 and all ϕ ∈ C [-τ,0] :

max θ∈[-τ,0] V 1-µ (ϕ(θ)) ≤ V 1-µ (ϕ(0)) + cτ ⇒ D + V (ϕ(0)) f (ϕ) ≤ -α V µ (ϕ(0)) .
Then the origin is globally finite-time stable for the system (1), and for all x 0 ∈ C [-τ,0] and t ≥ 0:

|x(t, x 0 )| ≤ max{0, α -1 1 • (α 1-µ 2 ( x 0 ) -min{α (1 -µ), c}t) 1 1-µ }.
PROOF. The conditions of Theorem 1 for asymptotic stability are not satisfied. However, the system (1) is globally stable at the origin since we have an implication:

max θ∈[-τ,0] V (ϕ(θ)) ≤ V (ϕ(0)) ⇒ max θ∈[-τ,0] V 1-µ (ϕ(θ)) ≤ V 1-µ (ϕ(0)) + cτ ⇒ D + V (ϕ(0)) f (ϕ) ≤ 0,
then for any x 0 ∈ C [-τ,0] the solution x(t, x 0 ) is well defined for all t ≥ 0, and

V (x(t)) ≤ max θ∈[-τ,0] V (x 0 (θ))
for all t ≥ 0 [START_REF] Kolmanovskii | Introduction to the Theory and Applications of Functional Differential Equations[END_REF].

First, assume that the implication given in the formulation of the theorem is not satisfied and max

θ∈[-τ,0] V 1-µ (x t (θ)) > V 1-µ (x(t)) + cτ
for an interval of time t ∈ [0, t 1 ], where t 1 ≥ 0 is (possibly infinite) instant of time that the relation is failed. This inequality implies that for all t ∈ [0, t 1 ] there exists θ t ∈ [-τ, 0] as in Theorem 2 such that

V 1-µ (x(t)) ≤ max{0, V 1-µ (x t (θ t )) -cτ } ≤ max{0, V 1-µ (x t (θ t )) + cθ t }. Recursively applying this estimate, i.e., V 1-µ (x t (θ t )) = V 1-µ (x(t + θ t )) ≤ max{0, V 1-µ (x t+θt (θ t+θt )) + cθ t+θt }, we obtain V 1-µ (x(t)) ≤ max{0, V 1-µ (x t+θt (θ t+θt )) +c(θ t + θ t+θt )},
and by induction,

V 1-µ (x(t)) ≤ max{0, max θ∈[-τ,0] V 1-µ (x 0 (θ)) -ct} ≤ max{0, max θ∈[-τ,0] V 1-µ (x 0 (θ)) (3) 
-min{α (1 -µ), c}t} for all t ∈ [0, t 1 ]. Note that this estimate implies that once x(t ) = 0 for some t ∈ [0, t 1 ], then x(t) = 0 for all t ∈ [t , t 1 ], which corresponds to the observations given in [START_REF] Efimov | Comments on finite-time stability of time-delay systems[END_REF]. 

Now, suppose that for t ∈ [t 1 , t 2 ) the implication max θ∈[-τ,0] V 1-µ (x t (θ)) ≤ V 1-µ (x(t)) + cτ
D + V (x(t)) f (x t ) ≤ -α V µ (x(t))
for all t ∈ [t 1 , t 2 ) and, consequently,

V 1-µ (x(t)) ≤ max{0, V 1-µ (x(t 1 )) -α (1 -µ)(t -t 1 )}.
Therefore, we obtain that the estimate (3) is satisfied for all t ∈ [0, t 2 ). As in Theorem 2, this consideration can be iterated for all t ≥ 0.

Let us demonstrate by contradiction that the estimate ( 3) is actually valid for all t ≥ 0. Recall that V (x(t)) ≤ max θ∈[-τ,0] V (x 0 (θ)) for all t ≥ 0 and let t 3 ≥ 0 be a time instant such that

V 1-µ (x(t 3 )) = max{0, max θ∈[-τ,0] V 1-µ (x 0 (θ)) -min{α (1 -µ), c}t 3 } and V 1-µ (x(t)) ≤ max{0, max θ∈[-τ,0] V 1-µ (x 0 (θ)) -min{α (1 -µ), c}t}
for all t ∈ [0, t 3 ). These properties imply that max

θ∈[-τ,0] V 1-µ (x t3 (θ)) ≤ V 1-µ (x(t 3 )) + cτ
and, consequently,

D + V (x(t 3 )) f (x t3 ) ≤ -α V µ (x(t 3 )),
which means that (3) cannot be violated. The same arguments can be applied further for all t ≥ t 3 , and the required estimate on the solutions of ( 1) follows.

This theorem contains more important modifications of Theorem 1 than Theorem 2 since a finite-time convergence rate is established. However, it preserves the main idea of the Lyapunov-Razumikhin approach, when the derivative decrease of V is asked only under a special relations between max θ∈[-τ,0] V (x t (θ)) and V (x(t)).

The last result formulates the Lyapunov-Razumikhin conditions for the fixed-time to a ball stability completing Proposition 2:

Theorem 4 Let there exist a locally Lipschitz continuous Lyapunov-Razumikhin function V : R n → R + such that (i) for some α 1 , α 2 ∈ K ∞ and all x ∈ R n :

α 1 (|x|) ≤ V (x) ≤ α 2 (|x|);
(ii) for some µ > 1, c > 0, α > 0 and all ϕ ∈ C [-τ,0] :

1 max θ∈[-τ,0] V (ϕ(θ)) 1-µ + cτ ≤ V µ-1 (ϕ(0)) ⇒ D + V (ϕ(0)) f (ϕ) ≤ -α V µ (ϕ(0)) .
Then the system (1) is globally fixed-time to a ball stable at the origin, and for all x 0 ∈ C [-τ,0] and t ≥ 0:

|x(t, x0)| ≤ α -1 1   1 α 1-µ 2 ( x0 ) + min{α (µ -1), c}t 1 µ-1   .
PROOF. The conditions of Theorem 1 for global stability are satisfied in this case since µ > 1 and all ϕ ∈ C [-τ,0] , ϕ = 0:

1 max θ∈[-τ,0] V (ϕ(θ)) 1-µ + cτ = max θ∈[-τ,0] V µ-1 (ϕ(θ)) 1 + cτ max θ∈[-τ,0] V µ-1 (ϕ(θ)) , then max θ∈[-τ,0] V (ϕ(θ)) ≤ V (ϕ(0)) ⇒ max θ∈[-τ,0] V µ-1 (ϕ(θ)) ≤ 1 + cτ max θ∈[-τ,0] V µ-1 (ϕ(θ)) V µ-1 (ϕ(0)) ⇒ D + V (ϕ(0)) f (ϕ) ≤ -α α µ 1 (|ϕ(0)|) ≤ 0,
and even a version of conditions for asymptotic stability holds due to 1 + cτ max θ∈[-τ,0] V µ-1 (ϕ(θ)) > 1 for ϕ = 0. Anyway, for any x 0 ∈ C [-τ,0] the solution x(t, x 0 ) is well defined for all t ≥ 0, and

V (x(t)) ≤ max θ∈[-τ,0] V (x 0 (θ))
for all t ≥ 0 [START_REF] Kolmanovskii | Introduction to the Theory and Applications of Functional Differential Equations[END_REF].

First, assume that the implication given in the formulation of the theorem is not satisfied and 1

max θ∈[-τ,0] V (x t (θ)) 1-µ + cτ > V µ-1 (x(t))
for an interval of time t ∈ [0, t 1 ], where t 1 ≥ 0 is (possibly infinite) instant of time that the relation is failed. This inequality implies that for all t ∈ [0, t 1 ] there exists

θ t = min{ϑ ∈ [-τ, 0] : V (x t (ϑ)) = max θ∈[-τ,0] V (x t (θ))} such that V µ-1 (x(t)) < 1 V 1-µ (x t (θ t )) + cτ ≤ 1 V 1-µ (x t (θ t )) -cθ t .
Recursively applying this estimate, i.e.,

V 1-µ (x t (θ t )) = V 1-µ (x(t + θ t )) > V 1-µ (x t+θt (θ t+θt ))-cθ t+θt , we obtain V µ-1 (x(t)) < 1 V 1-µ (x t+θt (θ t+θt )) -c(θ t+θt + θ t ) ,
and by induction,

V µ-1 (x(t)) ≤ 1 max θ∈[-τ,0] V (x 0 (θ)) 1-µ + ct ≤ 1 max θ∈[-τ,0] V (x 0 (θ)) 1-µ + min{α (µ -1), c}t (4) 
for all t ∈ [0, t 1 ]. Now, suppose that for t ∈ [t 1 , t 2 ) the implication

1 (maxθ∈[-τ,0] V (xt(θ))) 1-µ +cτ ≤ V µ-1 (x(t)
) holds, where t 2 ≥ t 1 is (possibly again infinite) time instant that this relation is broken for the first time after t 1 . By the conditions of the theorem:

D + V (x(t)) f (x t ) ≤ -α V µ (x(t)
) for all t ∈ [t 1 , t 2 ) and, consequently,

V µ-1 (x(t)) ≤ 1 V 1-µ (x(t 1 )) + α (µ -1)(t -t 1 )
.

Consequently, we obtain that the estimate ( 4) is satisfied for all t ∈ [0, t 2 ). As in theorems 2 and 3, this conclusion can be extended to all t ≥ 0.

Similarly to theorems 2 and 3, we can also verify by contradiction that ( 4) is valid for all t ≥ 0, and the required estimate on the solutions of (1) follows.

In [START_REF] Aleksandrov | Asymptotic stability conditions and estimates of solutions for nonlinear multiconnected time-delay systems[END_REF][START_REF] Aleksandrov | Stability analysis and estimation of the convergence rate of solutions for nonlinear time-delay systems[END_REF] the local type of this convergence has been investigated using the condition:

max θ∈[-τ,0] V (ϕ(θ)) ≤ γ V (ϕ(0)) ⇒ D + V (ϕ(0)) f (ϕ) ≤ -α V µ (ϕ(0))
that has to be satisfied for some µ > 1, γ > 1, α > 0 and all sufficiently small ϕ ∈ C [-τ,0] , which is a valid replacement with respect to Theorem 4 since close to the origin the exponential convergence followed the negation of the inequality max θ∈[-τ,0] V (ϕ(θ)) ≤ γ V (ϕ(0)) is faster than the polynomial in time one resulted from

D + V (ϕ(0)) f (ϕ) ≤ -α V µ (ϕ(0)).
As we can conclude from the results of theorems 2, 3 and 4, the Lyapunov-Razumikhin approach can be used for estimation of the rate of solution convergence, but the conditions have to be formulated differently in accordance with the rate, and the functions α and γ (from Theorem 1) both influence the decay rate.

Simulations

Let us demonstrate by simulations that under the conditions introduced in theorems 2, 3 and 4, the solutions of the system (1) have the corresponding convergence rates. For simplicity of illustration we will consider several examples for a scalar variable V (t) ∈ R + , which represents a possible behavior of a Lyapunov-Razumikhin function, and we will restrict ourselves to the scenarios with pointwise constant delay τ > 0.

First, assume that for all t ≥ 0 and

V 0 ∈ C [-τ,0] : V (t) ≤ -aV (t) + bV (t -τ ),
where a > 0 and b > 0 are parameters, V (t) = V (t, V 0 ), then for γ > 1 the Lyapunov-Razumikhin relation is satisfied:

V (t -τ ) < γ V (t) ⇒ V (t) ≤ -(a -bγ )V (t),
and the conditions of Theorem 2 are verified for a > bγ . Moreover, let

a ≥ bγ + ln γ τ , (5) 
which imposes the convergence exponent ln γ τ . It is worth to stress that if τ → 0, then simultaneously we may ask for γ → 1, in order to recover in the limit delay-free case the standard condition a > b. In addition, using Halanay's inequality [START_REF] Halanay | Differential equations: Stability, oscillations, time lags[END_REF] the exponential rate of convergence δ > 0 in this case can be evaluated as the solution of the equation a -δ = be δτ , in our case δ = ln γ τ and after its substitution in the Halanay's inequality we obtain the restriction on the parameters [START_REF] Efimov | Development of homogeneity concept for time-delay systems[END_REF].

Second, let for all t ≥ 0 and

V 0 ∈ C [-τ,0] with V 0 ≤ 1: V (t) ≤ -aV µ (t) + bV η (t)V ρ (t -τ ),
where a > 0, b > 0, µ ∈ (0, 1), ρ > 0 and η ≥ µ are parameters, then for c > 0 the Lyapunov-Razumikhin relation is satisfied:

V 1-µ (t -τ ) < V 1-µ (t) + cτ ⇒ V (t) ≤ -aV µ (t) + bV η (t) V 1-µ (t) + cτ ρ 1-µ .
Since (for the second line Jensen's inequality has been applied) Third, let for all t ≥ 0 and V 0 ∈ C [-τ,0] :

V 1-µ (t) + cτ ρ 1-µ ≤ V ρ (t) + (cτ ) ρ 1-µ × 1 ρ ∈ (0, 1 -µ] 2 ρ 1-µ -1 ρ > 1 -µ , we obtain V 1-µ (t -τ ) < V 1-µ (t) + cτ ⇒ V (t) ≤ -aV µ (t) + max{1, 2 ρ 1-µ -1 }b ×[V η+ρ (t) + V η (t)(cτ ) ρ 1-µ ] ≤ -[a -max{1, 2 ρ 1-µ -1 }b(1 + (cτ ) ρ 1-µ )]V µ (t)
V (t) ≤ -aV µ (t) + bV (t)V 1-µ (t -τ ) 1 + cτ V 1-µ (t -τ ) ,
where a > 0, b > 0, µ > 1, c > 0 are parameters, then the Lyapunov-Razumikhin relation is satisfied:

1 V 1-µ (t -τ ) + cτ < V µ-1 (t) ⇒ V (t) ≤ -(a -b)V µ (t),
and the conditions of Theorem 4 are verified for a > b.

The results of simulations for all these three cases are shown in figures 1, 2 and 3, respectively, for τ = 0.5, with the explicit Euler method and a fixed discretization step corresponding 10 -4 of the time of simulation. The values of V (t) are plotted on vertical axis in the logarithmic scale, the time t is given in the horizontal axis. Two system trajectories are presented (for the equality mode) for different initial constant conditions, solid and dash red lines, with two corresponding upper estimates obtained in the paper, blue dot and dash-dot lines, respectively.

The presented results of simulation confirm the theoretical findings of our work.

Conclusions

Three extensions of the Lyapunov-Razumikhin function approach are proposed, which allow an upper estimate on the rate of decreasing of solutions to be obtained for a timedelay system. The case of the exponential convergence just adds an additional parametric restriction to the conven-tional method. While the cases of finite-time and fixedtime to a ball stability need more severe modifications of the approach. The latter property is also introduced in this work together with a Lyapunov-Krasovskii sufficient condition. The obtained results are illustrated in simulations. Application of the proposed method to the analysis and design of control and estimation algorithms is a direction of future research.

  [a,b] , -∞ < a < b < +∞ the Banach space of continuous functions φ : [a, b] → R n with the uniform norm φ = sup a≤ς≤b |φ(ς)|.

  , and the conditions of Theorem 3 are verified locally for a > max{1, 2 ρ 1-µ -1 }b(1 + (cτ ) ρ 1-µ ).
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 1223 Fig. 1. The results of simulation for exponential convergence (a = 2, b = 1, γ = 1.35)

  holds, where t 2 ≥ t 1 is (possibly again infinite) time instant that this relation is broken for the first time after t 1 . By the conditions of the theorem:
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