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1 Presentation

The non linear shallow water model with topography [6] is widely used to de-
scribe geophysical flows and an extensive literature exists for its numerical ap-
proximation [17, 19, 9, 2, 5]. But the classical shallow water equations rely on
the hydrostatic assumption and many shallow water type models taking into con-
sideration the dispersive effects have been proposed and studied in the literature,
see [18, 8,7, 21, 20, 11, 14, 10, 1], the list being non-exhaustive.

Considering a two-dimensional domain Q ¢ R? delimited by the boundary I' =
I, Ul UT s as described in Fig. 1-(a), some of the authors have proposed a family
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of 2d shallow water dispersive models written under the form [1]

oh o) o) _

ot Tax ¢ dy ’ M
A(hu) 0 ( , 8.5 ) d(huv) Y2 0z
o +6x hu +2h +hp|+ 3y (gh+ 2p) P 2)
A(hv)  d(huv) 8 ( , 8. ) ¥y 0z
— (m?*+ 2R + hp) = —(gh+ Z=p)==2
" ox +ay Vit Sht+hp (g +2p)ay, (3)
d(hw)  d(huw) ~ d(hvw)
or T oax dy - @)
2 2
ywe—p Ot Y0 0V Y 0% (5)

dx 2 Ox dy * 7V0_y

where u(z,x) = (u, v, w)T is the velocity of the fluid with x = (x, y), p is the non-
hydrostatic part of the fluid pressure, the total pressure is given by p;or = gh/2 + p
and g represents the gravity acceleration. The value of the parameter y € R will be
discussed in Remark 1. The water depth (resp. the topography profile) is denoted
h(t,x) (resp. z(x)) and the free surface is defined by (see Fig. 1-(b))

n(t,x) = h(t,x) + zp(X). (6)
z
n(t, x,y)
y L
n
] h(t, x,y)
T, Q Tour
u(t, x,y)
Pl " zp(x,y)
x X
Iy Tin Cour

(a) (b)

Fig. 1 Model domain and notations, (a) view from above and (b) vertical cross section.

For smooth solutions, the system (1)-(5) satisfies the following energy balance

22 8,2
T Vo.(u(E + S+ hp)) =0, (7)

with the operator V = (%, %, O)T and

E = h(u® +v2 + wh) /2 + g(n? - 22)/2. ®)
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The system (1)-(5) defines a family {M,} of dispersive models written in the
more compact form

oh

AR v -

LYy () =0, ©)
O(hu
O V- @ w) + Vo) + Vi p = ~ghVolan), (10)

div, (u) = 0, (11)

where the shallow water versions of the gradient and divergence operators are defined
by

h% + f%
Vi f=|hg + 5 (12)
-vf
divy, (w) = a(z;”‘) + a(z;”) - wl% - wzg—i +yws, (13)
for w = (wy, wa, w3)T and
[=h+ 7;@,. (14)

Whereas ¢ depends on vy, for the sake of simplicity, we have adopted a simplified
notation and J,, is replaced by .

The model studied in this paper consists in a compressible version of the model (9)-
(11) where the divergence free constraint (11) is replaced by an evolution equation —
a relaxed version of (11) — modeling the propagation of acoustic-type waves.

Remark 1 The value of the parameter vy is discussed in [1]. Here we just recall the
two extreme hydraulic regimes that can be represented by shallow water models.
First the case where u < \/g_h i.e. the fluid velocity is very small compared to the
water wave velocity or equivalently the Froude number is very low. In this situation
the value y = V3 is well adapted since M, ;5 corresponds to the well known Green-
Naghdi model [18]. Another typical situation is the case of advection dominated
flows — u cannot be neglected with respect to \/g_h — where the value y = 2 is more
appropriate.

The numerical analysis of the system (9)-(11) is studied in [1] and a numerical
scheme based on a projection-correction scheme [12] has been proposed. Since the
model (9)-(11) appears as an extension of the classical Saint-Venant system, the
hyperbolic part is treated using a finite volume approach — explicit in time — coupled
with the resolution of a saddle point problem — implicit in time — corresponding to
an elliptic-type equation for the contribution of the dispersive terms.

Because of the divergence free constraint (11) used to approximate the non-
hydrostatic part of the pressure p, an implicit treatment is natural (see Sec. 3.2)
but it significantly increases the computational costs. Indeed, an explicit in time
scheme constrained by a CFL condition is required for the approximation of the
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hyperbolic part implying small time steps but simple computations of the numerical
fluxes. Whereas the dispersive terms are obtained though the resolution of an elliptic
equation for the whole domain. Therefore, for the numerical approximation of the
model (9)-(11) over a 2D geometrical domain discretized with N cells, at each time
step we have to compute O(N) numerical fluxes and to perform the resolution of a
linear symmetric problem. For a stationary linear symmetric problem having at our
disposal a good preconditioner, the resolution cost can be estimated as O(N log N)
computations but in our situation, the matrices depend on time — and hence have to
be built at each time step — and we do not have any high-performance preconditioner.
Hence the computational costs can be estimated as O(N3/?), the resolution of the
elliptic part becoming very limitative.

In this paper we propose, starting from the compressible Navier-Stokes, a modified
version of (9)-(11) allowing to propagate both water and acoustic-type waves. The
proposed model consists in modifying Eq. (11) in order to include compressibility
effects. The new formulation has another advantage since it is possible to discretize
it with a fully explicit time scheme and the computational costs are asymptotically
O(N/+€), \/e being a parameter that will be precised later. Even if the parameter
€ can be small, in 2d cases or with fine meshes we have e N > 1 and hence
O(N/+\e) < O(N3/?).

This paper is organized as follows. First starting from the 3d compressible Navier-
Stokes equations, we derive a 2d shallow water model where the acoustic waves — that
can be seen as pseudo-compressibility effects — are considered. Then a numerical
scheme — explicit in time — is proposed for this 2d model and its properties are
studied. Some stability properties — especially a discrete entropy inequality — for
the proposed scheme are established in the 1d context. Finally for a well known
test case, an illustration comparing the implicit strategy and the resolution of the
pseudo-compressible model are presented and the associated computational costs
are given.

2 A compressible and dispersive model in shallow water context

In this section, we derive a shallow water approximation of the 3d compressible
Navier-Stokes with free surface. The model obtained in prop. 2 propagates both water
and acoustic waves and its dispersive properties are studied. Finally, considering the
acoustic velocity is very large compared to the gravity wave velocity, we propose a
new formulation as a pseudo-compressible shallow water dispersive model.

2.1 The compressible Navier-Stokes-Fourier system

We consider the classical compressible Navier-Stokes system describing a free sur-
face gravitational 3d flow over a bottom topography zj (x, y),
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ap

L4V (50 = 1
o (pU) =0, (15)
o

(g:j)+V-(ﬁU®U)+Vﬁ—V~o-=ﬁg, (16)
d (.07 o .
E(pTere +V'((p7+pe+p—0)U)=—V'Qf—pg'U,(17)

where U = (uy, ua, u3)T is the velocity, p is the density, p is the fluid pressure, o
is the viscosity stress and g = (0,0, —g)” represents the gravity forces. The internal
specific energy is denoted by e, the temperature by 7. The heat flux Q7 obeys the
Fourier law Q7 = —AVT, which explains the name "Navier-Stokes-Fourier", i being
T

the heat conductivity. The symbol V denotes V = (a%’ a%’ 3%) . In the following,
we will also use the notation v = (u;,up)7 for the horizontal velocity and V,

T
corresponds to the projection of V on the horizontal plane i.e. V., = (6%, a%) .

The square norm of the velocity vector is [U|* = uf + u3 + u3.

T(txy.2)

h(t,x,y) w(t,x,y,z)

vitx,y,z)/ ultxy.z)

Fig. 2 Flow domain with water height h(z, x), free surface 77(#, x) and bottom z; (X).

The term pg-U = —pgus in (17) prevents this equation from being directly a local
energy conservation law. Nevertheless one can write it in terms of the gravitational
potential energy, pgus = 0;(pgz) + V - (pgzU), which leads to a conservative
equation. The integration of this term is performed below, see Remark 2. For the
sake of simplicity we work here with the local energy equation (17).

Regarding constitutive equations, we assume that the fluid is Newtonian i.e. the
viscous part of the Cauchy stress depends linearly on the velocity and is given by

o = £V - Ul +2uD(U),

where u is the viscosity coefficient, ¢ is the second viscosity and D(U) = (VU +
vU))/2.
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Among the thermodynamic variables p, p, T, e, only two of them are independent.
Indeed, we have a state law under the form

fpT,p) =0, (18)

where f is a real valued function. We give some examples below. Moreover, the
thermodynamic variables are linked by the identity

de=Lap+Tas, (19)
D

where s is the specific entropy of the fluid. Classically, in order to have a convenient
entropy dissipation one has to assume that —s is a convex function of 1/p, e.

2.1.1 Boundary conditions at the bottom

Let n, and ng be the unit outward normals at the bottom and at the free surface
respectively, defined by (see Fig 2)

1 1 -
v g )

I+ 1V zl? J1+ [V yml?

On the bottom we prescribe an impermeability condition
U-n, =0, (20)
and a friction condition given e.g. by a Navier law
Xnp) - t;=—x«U-t;, i=12 21)

with « a Navier coefficient and (t;,i = 1, 2) two tangential vectors.

2.1.2 Boundary conditions at free surface

On the free surface z = n(, x, y), we use the kinematic boundary condition

P
a—'Z V(X% y.1) - Vayn) — us(t X, y.17) = 0, 22)

and the no stress condition
Z : nS = _pa(ta x’ }’)ns + W(t’ X, y)tS’ (23)

where p?(t, x, y), W(t, x, y) are two given external forcings, p¢ (resp. W) mimics the
effects of the atmospheric pressure (resp. the wind blowing at the free surface) and t
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is a given unit horizontal vector. Throughout the paper we assume p¢ = cst, W = 0.
For the temperature, Neumann or Dirichlet boundary conditions can be considered.

Remark 2 Multiplying the mass conservation (15) by z we get the identity

d(zp)
ot

+V - (zpU) = pus. 24)

Computing the integral along the vertical axis of relation (24) and using the boundary
conditions (22),(20) one obtains

o n n n

- 8zpdz +Vy - f gzpvdz = f gpusdz, (25)

ot Zb Zb Zb

which is the integrated local conservation of gravitational potential energy.

2.2 Thermodynamic considerations

Taking the scalar product of Eq. (16) by U yields the kinetic energy equation

0 (@

U2
el G )+V-((ﬁ%+ﬁ—a‘)U)=p”V-U—o-:D(U)+,5g.U. (26)

Subtracting (26) to (17) gives the equation for the internal energy

o
(apte) +V - (peU) = —pV-U+o: D(U) - V- Q7
or equivalently
D
pé:-ﬁV-U+a:D(U)—V-QT, 7)

with the classical notation D/Dt = d/0t+U-V. We can write the continuity equation

(15) as B
P

— +p°V-U=0. 28

or TP (28)

With the thermodynamic relation (19) one can write ds = de/T — (p/T p*)dp, thus

multiplying (27) by 1/T and (28) by —j/T 3> we obtain

.D
p

Ds 1 1
p— = =0 : D - =V .05. 2
Por =77 U) 7 Of (29)
This can be written also
d(ps) i 1 07 VT
—_— V. =—=0:D -V.-=-0+- -,
o + (psU) To- U) 7 Q5 = 30)

which gives the increase with time of f ps, the second principle of thermodynamics.
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Remark 3 Notice that from Egs. (28),(29), we also get the equation governing the
temperature 7'

DT, (0T 1
P\35).

oT
pE+ V-U:T(E)ﬁ(o—.D(U)—V-QT). 31)

The state law (18) or (19) plays the role of a closure relation. It can have several
forms, for example e = e(p, s), but in many cases it is easier to specify an equation
of state having the form j = j5(p, T) rather than e = e(, s), and this leads to

. _(0P) . 315) .
dp=|—| dp+|—=] dT. 32
P (3ﬁ)f o (aT 2

Therefore, from Eqgs. (32),(29) and using Egs. (28) we get

o (3,5,
— + —| +|{=] (=] |V-U=
PDr p((apf aT ) 5\05)

1 (op\ (0T . )

yo)

Using the chain rule this can be written
Dp 5, 1 (dp
— V-U== |+ :DU)-V-05), 34
Py, TPC 7 aSﬁ(rf U) ) (34)
with the sound speed ¢ given by
0p)y \oT);\0p)y \0p)

Neglecting fluid viscositiesi.e. u = & = 0and A = 0, the set of equations (15),(16)
and (34) writes

243Uy =0 (36)
o(pU

A2 V- (U U) +Vp = pa 37
% +V - (pUp) + p*éV-U =0, (38)

completed with the boundary conditions (20),(22) and with an abuse of notation

Pt x,y,m) = p(t,x,). (39
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The system (36)-(38) with the boundary conditions (20),(22) and (39) is a refor-
mulation of the compressible Euler system where the acoustic velocity explicitely
appears. For the system (36)-(38), the energy balance

o (0P o .
E(PT"‘W +V'((PT+P€+P)U)=—Pg'U, (40)

holds.

2.3 Acoustic waves and water waves

The system (36)-(38) — completed with the boundary conditions (20),(22) and (39) —
is a compressible model with a free surface and hence acoustic and water waves can
propagate.

Let us define p by

n
ﬁ=p“+f pgdz + p,
z

with p® = cst thus p denotes the non-gravitational part of the pressure. Then the
system (36)-(38) with (20) and (22) also writes

p N

L4V (pU) =0, 41

5 TV (AU (41)

ou 1 1 U

L U-VU+=Vp+ :Vf pgdz1 = g (42)

ot P P Jq

o n n

E(f ﬁgdz+ﬁ)+U-V(f ﬁgdz+ﬁ)+ﬁ52V-U=0, (43)
z z

dh

E + Vg - Vx,yh = U3, (44)

where the subscript corresponds to the value of the free surface z = 7.
Assuming a flat bottom and in a two dimensional setting (x, z), the system (41)-
(44) has the following compact formulation

oy oy oy
Mo+ A=+ A, =, 45
ar gy TG (45)

with
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u 5 00 0

p (h—2) 1
u % w 0 5 g
Y=|us|, Ax= 0 0O uy 0 0 |
p g(h—2Duy pé* 0 uy gpu,
h 0 0 00 u
s 0 p 00 1 0000
Ous 0 00 0 1000
A;=|00 us 30 M= 0 0100 |,
0 0 pé%uz 0 g(h—2)001 pg
00 0 0O 0 000 1
and
0
ho -
%a%fz (p(t, x,2) = p(t, x,21))dz
S = 0
h, . - h, . ~ ~
g%fz (p(t, x,2) = p(t, x, 21))dz —gm%fz (p(t, x,2) — p(t, x,21))dz) + gpus
us s

Considering we are in a shallow water context, we can further assume

0p Ou
—=>-=0 46
dz 0z (46)
then the system (45) reduces to
oY oY oY
MY —— + ASY "= + A,— = B, 47
ar 7 ax %y 47
with
uy p 000 10000
Lm0 f g 01000
A =1 0 0 w 0 0 [, M™=|100100
ghuy p(é* +gz) 0 uy gpuy gh001 pg
0 0 00 u 00001

The eigenvalues of the matrix aA}" + bAJ" for (a,b) € R? cannot be easily
computed explicitely but the following result holds.

Proposition 1 The eigenvalues of the matrix (Msw)y~! (A" +bASY) withuy = uz =

0, are given by
1]
0, i—z 2C1 + 2\/C2 + C3, (48)

with
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C) =+ b)) —b’gh, C = (a*>+b>)2 + b*g*(8a’hz — 4d> 2> + b*I?),
Cs = -2b*(3a” + b*)&gh.

Remark 4 Notice that the quantities C; is non-negative whereas Cs is non-positive. In
the situation where ¢ > gh that is encountered in practice, then C; > 0, C, +C3 > 0
and C; — VG, + C3 > 0 therefore the system has 4 real eigenvalues. But when
&> < gh — corrresponding to a less realistic situation — then complex eigenvalues
could appear.

Notice also that we are considering situations where ¢ >> 1 (see Eq. (68) below),

hence the eigenvalues defined by (48) satisfy the estimates

0, J_rc”\/a2+b2+0(é), i-\/g_ha—b+0(6%). (49)

Va? + b?
Proof (Proof of prop. 1) The proof relies on simple computations that are not pre-
sented here. O

2.4 A shallow water approximation

For free surface flows, the vertical direction plays a particular role since it corresponds
to the direction of the gravity. Moreover the fluid domain, in our case, is thin in this
direction and the following proposition holds.

Proposition 2 A shallow water approximation of the compressible Euler system (36)-
(38) leads to the model

h
?9_; +VY, - (hu) = 0, (50)
a(h
O 4V e + Vo) + W p = ~ghVo(a). (D)
h? h?
g(hp + gT) +Vo.((hp + gT)u) + c2divy, (u) = 0, (52)

where c is a constant corresponding to a shallow water approximation of the sound
speed.

Notice that, whatever the value of y, the operators div),, and V},, satisfy the
duality relation

fVZW (f)-wdxz—fdivsyw (w)fdx+fhfw.nds, (53)
Q Q r
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where the vector n = (ny, ny, 0)7 is the outward unit normal vector to the boundary
I', see Fig. 1. In Eq. (53), f and w belong to suitable function spaces that will be
precised later.

Notice also that whereas the model described in prop. 2 and the model (9)-(11)
differ, we have kept the same notations for the variables of each model. Notice also
that Eq. (52) writes

oh &
o+ Vol - £ Vo i, ) =0,

Remark 5 When ¢ > 1, Eq. (52) implies

divl, (w) = 0 (lz) . (54)
C

Besides, using the definitions (14),(13) and (50), we can easily show that

ho o (n” -z n’ -z h 2 h
Edwsyw(u):—a( 3 )—Vo-( 3 bu +y§w—(%—2)§u-Vozb
(55)

0 (h h h
_ _E(;) —V0~(7§u) oy, (56)

Multiplying Eq. (52) by p + gh/2 and after simple computations, we obtain the
relation
o (h gh.» h ghoo \\ gh .
5 (E(l7 + ) + Vo. (ﬁ((ﬂ + ll) =-(p+ T)dlvsw (w), (&7
that is — when the density is kept constant and neglecting the viscous and diffusivity
terms — the shallow water version of Eq. (27). Hence es,, = (p + gh/ 2)2/(2¢?) can
be seen as the shallow water version of the internal energy e governed by (27).

Then the following proposition holds.

Proposition 3 Smooth solutions of the system (50)-(52) satisfy the energy balance

o h o h gh ., y? h

E(§|u| toar ) (2= hzb)+Vo.(u(§|u|
h gho g, b _yh

toapr ) e g2 hzb+hp))—7g.u, (58)

that is a shallow water version of Eq. (40).

Remark 6 When ¢ > 1, using (54) and (56), relation (58) leads to
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(5l toaP+T) rem+e(2- 5 hzp) + Vo. (u( lul

h gho g, W ' (1]
t5apr )+ Sh g g (2= hz, + hp)) = O e RCR)

Proof (Proof of prop. 2) ltiseasy tosee (cf. [16, Lemma 2.1]) that a depth averaging
of the compressible Euler system with gravity and free surface (36)-(38) completed
with the boundary conditions (20),(22),(39) leads to

f pdz + V. f pvdz =0, (60)
b

ot

0 7

a f pVdz +Vey. f PV ®Vdz+ sy f Bdz = p(t,X 25(X)Vy 7p{61)
Zb Zb

0 n

_f puzdz +Vy . f puzvdz = p(t,X, zp(X)) —f pgdz, (62)

a Zb Zb b

0 n

= f ppdz + Vyy. f ppvdz + f p*E*V - Udz = 0. (63)

a b Zb

As in [1] we are now going to make some assumptions concerning the variations
along the vertical axis of the velocity field U, the density p and of the pressure p. In
order to be consistent with the shallow water assumption, the choice

ui(t,x,z2) = u(t,x), u(t,x2z2) =v(,x), p,x2) = p(X), (64)

is natural since it consists in assimilating the horizontal velocity field with its vertical
mean. For the velocity u3 and the pressure p, we choose

uz(t,X,2) = ¢s (T7 ;

n _
ﬁ(t,x,z)=p“+f ﬁgdww(n
z

< ) w(t. x), (65)

< ) P(t. ), (66)

where p* = cst and the two families of functions Y5 = ¥s(z) and @5 = @s(z)
satisfy

T ws(2dz = [ ps(z)dz = 1, .
Ws(1) = 6, ws(0) = 0, ¢5(0) = 6, ps(1) =2

Concerning the expression of ¢, we follow the equation proposed in [15, Eq. (3)]
¢ =e(T) +ai(T)p + ay(D)p,

with éo(T) = 1402.3 + 5.035(T — 273.15), a1 (T) = 1.084 1077 + 3.378 10~ '>(T -
273.15), and a>(T) = 7.69410718 — 5.08 1071%(T — 273.15), the pressure p being
expressed in Pa. Because of the values of &(7), a;(T) and a,(T) we can assume

é~ (T =293)=c=15022m.s"". (68)
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Using (64),(65) and (67), we have for the last term in Eq. (63)

n n
f pPEV - Udz = pzczf V- Udz = p>c? (os(D)w + hV - u — @5(0)w)

Zb Zb

= p*c? 2w+ hVy-u—-6u-Vozp),

where the boundary condition (20) has been used. Therefore, with the choices (64),(65),(66),(67)
and the approximation (68), the system (60)-(63) writes

h
a(a’; ) V. (phu) =0, (69)
d(phu) 0 ( s P8 o ) d(phuv) 0zp
Y +6x phu” + > h“+hP)+ oy (ogh + 6P) F (70)
d(phv) O0(phuv) 0 ( 2 P& .o ) 0zp
— | ph —=h"+hP)=—(pgh+6P)—, (71
o T T ox +6y Vit Soht (pgh + )8y’()
h
ﬁ(p—tw) + Vo.(phwu) = 6P, 72)
9 p*gh? p*gh?
E('OhP + ) + Vo.((phP +— )u)

+p2c? 2w + hVg -u—6u - Voz3) = 0, (73)

where for the sake of simplicity we have considered p“ = cst. Furthermore, we
assume p = pg = cst in Eqs (69)-(73) and we denote p = P/po. Then a simple
change of variables, namely w = yWw/2 with 72 = 26 in the system (69)-(73) leads
to the model (50)-(52) where the symbol “has been dropped. ]

Proof (Proof of prop. 3) Taking the scalar product of Eq. (51) by u gives

9 h h n &9 Y %)
E(§|u| )+ VO.(u(§|u| +5h ) + Vi, pu- SV + ghVozp.u=0. (74)
Using the duality relation (53) in (74) and adding the difference between rela-

tions (55) and (56) gives (58). m]

2.5 The boundary conditions

The set of equations (50)-(52) is completed with the following boundary conditions.
We are considering a channel with an inlet I';;, and an outlet [',,,; and we impose
specific conditions on each of them, see Fig. 1. The inflow is imposed by a given
discharge q; on I';,, and a water depth &, is imposed on I';,,,;. Finally, we prescribe
slip boundary conditions for the velocity at the walls of the channel I'y. Hence we
have
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hu(t,x) = qq(2,x), on Iy, (75)
h(t’ X) = hg (ta X)7 on rout, (76)
u(#,x)-n=0, onTl,. (77)

Notice that we can replace the prescribed water depth at the outflow by a free outflow
consisting in imposing a Neumann boundary condition over the elevation

Voh-n=0, onl,,.

2.6 Dispersion relation

The model (50)-(52) is a shallow water type model with compressible effects coming
from the acoustic wave propagation. A fundamental question is to know what are
the velocities of the waves propagating in such a model and typically the influence
of the sound speed c over these velocites.

Let us consider the system (50)-(52) in the one-dimensional case and with flat
topography. It has the form of an advection-reaction system, namely

oY oY
E+Aa+BY=O, (78)
with
h u h 00 00 0 O
u 3 g+% u 01 _ 00 0 O
Y— w 5 A— 0 O uO N B— 00 O _% .
P 0 -0y 002 0

Let us introduce ¥ € R* and k,w two constants. A necessary condition so that the
system (78) admits a solution having the form ¥ = Yye!**~©" is that

det(iwls — ikA + B) = 0,

14 being the identity matrix of dimension 4. This leads to the four roots

w V2 f
E =uzx 7\/Csw,l + (Cxw,l)z - Csw,3, (79)

with Cgyp1 = 2+ gh+p + c2% and Cyyy2 = 4c2y?(gh + p). As in (49), we can

assume that ¢ > 1 leading to the four approximated roots

/ gh+p 1 v2 1
+y yz—(hk)2+0(cz)’uic 1+(hk)2+0(c)' (80)
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Remark 7 From the estimates (80), it appears that the model (50)-(52) is able to
propagate both water waves and acoustic waves. But since we are in a shallow water
context, we have 1k < 1 and for the acoustic waves we do not exactly recover the
expected velocities u + c.

2.7 A pseudo-compressible model

As we have seen in the previous paragraph, if ¢ is chosen corresponding to the sound
speed in water, then the model (50)-(52) is able to propagate, in a shallow water
context, both water and acoustic waves. But since ¢ > 1, we introduce

&= —,
2

then the model (50)-(52) can be seen as a pseudo-compressible version of the

model (9)-(11) allowing to derive an explicit in time numerical scheme that will be

studied in the following section. More precisely Eq. (52) writes

) gh? gh? y B
o (E(hp + T) + V()((hp + 7)11) + leSW (u) =0,

and corresponds to Eq. (11) when & goes to 0. Following the results obtained in
Prop. 3, it is important to notice that in the formulation (50)-(52), the limit & — 0
is not singular. Unlike the incompressible limit of compressible models, the limit
when £ — 0 of the model (50)-(52) is the model (9)-(11).

Hence the model (50)-(52) can be seen as

» adispersive shallow water type model propagating water and acoustic waves,

* a pseudo-compressible dispersive model whose numerical resolution is easier to
implement compared to a fully compressible model. This second aspect is studied
in the two next sections.

3 The numerical scheme (explicit in time)

In this section, we propose and study a numerical scheme for the system (50)-(52)
with & = 1/¢2. Let us introduce the notations

h hu hv
hu i+ 50 huy
_ _ 2
X = h |’ FX) = vy W+ %hz ’

hw huw hvw
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and S(X) = (0, —ghVo(z,))T, R = (0, V), p)T where V), p is defined by (12). Then,
the system (50)-(52) can be written under the form

aa_)z( +Vyy - F(X) + R = S(X), 81)
9 02 02
o( 5 (hp+ gT) +Vo.((hp + gT)u)) +div,, (w) = 0. (82)

3.1 Time discretisation

Let us sketch the main steps of the procedure. We set ¥ the initial time and **! =
t" + A" where At" satisfies a stability condition (CFL) precised later — at the fully
discrete level — and the state X" denotes an approximation of X (). For each time
step, we consider an intermediate state which will be denoted with the superscript
n+1/2 The first step consists in solving the Saint-Venant part of the system (81) with
the topography source term and completed with the hyperbolic part of (82) in order
to obtain the state X"*1/2 = (h"*1/2_ (hu)**1/2)T and (hp)"*!/2. Then the state X"**!
is computed taking into account the contribution of the non-hydrostatic pressure
terms.

More precisely, in the system (81),(82) water waves generally propagate at a
lower velocity than acoustic waves. Therefore, we propose an explicit time scheme —
constrained by the associated CFL condition — for the Saint-Venant part of Eq. (81).
For the dispersive terms, we adopt an iterative resolution scheme explicit in time and
constrained by a generally more restrictive CFL condition associated with the sound
speed. Hence , the proposed semi-discretization in time consists in the following
time-splitting strategy

X2 = X A, - F(X) + APS(XM), -
(hp)n+1/2 = (hp)" - %(hnH/Z)Z _ hn)Z) — AtV - (hn(pn + %(hn)Z)un)(, )

n .
{pn+1/2,k+1 = prHli2k AT gy /2K

n+l )
nl/2k+]l _ nel2k KW +V7 kel k=1, K (84)
sSw p ’

u Khn+l

=u

n+1/2,1 n+l/2, n+1/2,1 _ un+1/2, — p"+1/2’K+1, n+1 n+1/2,K+1 and

with p =p u prl utl=u

where for the first component of R we have #**! = h"*+1/2 since the first component of
X is zero. Notice that the two operators div),, and V7, are defined by Eqs. (12),(13)
using #**!. K is an integer that is defined so that a stability condition, precised later,

is satisfied.
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3.2 Influence of the pseudo-compressibility over the computational
costs

In [1], the authors have studied the model (1)-(5) — that is exactly the model (50)-(52)
with € = 0 — and proposed the following semi-discretization in time

X" = XAV - F(X™) + ATS (X, (85)
(hu)n+l — (hu)n+l/2 _ Atnvz’w pn+1’ (86)
div},, u*! = 0, 87)

in which Eq. (86) allows to correct the predicted value X"*!/? in order to obtain a
state which satisfies the divergence free condition (87). The equation satisfied by the
pressure is then an elliptic equation which is obtained by applying the shallow water
divergence operator div),, to Eq. (86) and reads

(88)

1 (hu)n+l/2
A ) '

) 1 .
dlvsyw (styw an) = _dIV;/W ( el

Once the pressure has been determined by the elliptic equation (88), the correction
step (86) gives the final step X"*!.

The main drawback of the time scheme (85)-(87) is the numerical cost of the
resolution of Eq. (88). And Eq. (52) can be seen as a relaxed version of Eq. (87)
allowing to replace the step (86)-(87) by the iterative method (84) applied to the
model (81)-(82). More precisely, inserting the second equation of (84) (at iteration
k — 1) into the first one gives the relation

At" _ (Ar™)? 1
k+1 _ k sy ntl/2,k-1 ¥ Yk
p =p K divi, u + ushanl sw (hn+1VSWp )’
ok g, (A2 I o &
=2p - + cK2pn+l divsyy (hn+1 Vw P )’ (89)

where the superscripts "+!/2 have been dropped. Equation (89) appears as an explicit

in time discretization of a wave equation. As expected, when & tends to 0, Eq. (89)
reduces to Eq. (88). Likewise, inserting the first equation of (84) into the second
one gives the relation

(ArM)*

ktl _ pyk k-1
u =2u u + sK2pn+1 SW (hn+l

div},, ut). (90)

The stability of the two discretizations (89),(90) will be examined in paragraph 4.3.

As already mentioned, if N is the number of cells in the considered mesh, the
computational cost of the resolution of (88) is O (N 3/2) whereas the resolution of (84)
is O(KN) = O(N/+/e). And hence, an estimation of ¢ is required to compare the
costs of the explicit and implicit resolutions.
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3.3 Choice of &

If one is interested in the simulation of both water and acoustic waves, ¢ is chosen
so that £ = 1/c2, ¢ being the sound speed. But if the objective is to approximate a
relaxed version of the system (1)-(5) then & is no more a physical parameter and has
to be chosen so that the system (50)-(52) is a good approximation of the system (9)-
(11). Hence, at each time step, € can be chosen according to the computed values of
the velocities and of the water depth.

And we can proceed as follows.

When ¢ <« 1, using (59), the energy of the model (50)-(52) behaves as

W +v2 +w?

2
) .

2
g Y h g
+§h§+g(2—?)th+7<p+§h)

Hence, we have to choose & such that
2
8(p+§h) < u2+v2+w2+g(n+zb)+g(4—y2) Zp- 1)

Another possibility is to recall that & is related to the sound speed with £ = 1/¢? and
hence ¢ has to satisfy
1
— =c > |u|l +|v|++/gh,
NG lul + [v] + /g
i.e.
1

e .
(Jul + Iv] + ygh)?

The two conditions (91) and (92) are easy to implement and similar when |u| + |v| +
[w| < +/gh. But, in the context of dispersive flows (91) is more appropriate since
the vertical velocity w is taken into account.

92)

4 Detailed numerical scheme in 1d

A numerical scheme for the model (9)-(11) has been proposed and studied in [1].
Here we focus on the one dimensional case in order to prove the capability of the
pseudo-compressible formulation.

In the one dimensional case, the model (50)-(52) writes
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Oh  0(hu)
e + o 0, (93)
O(hu) 0 ( 2, 8,2 )__ v 0w
o +6x hu +2h +hp|=—-(gh+ 2p) e 94)
d(hw)  0(huw)
= y 5
a7 ox YD 95)

0 gh? 0 gh? ou y* 9z
—(hp+ =) + —((hp + = h— - Zu—2 =
8(6t(p+ 2)+ax((p+ 2)u) Fywtho = Zu—2 =0, (96)

and the smooth solutions of Egs. (93)-(96) satisfy the energy equality

o /h, , y? eh ghoy 0 h o
E(E(u +w)+g(2—? th+7(p+7 )+a(l/l(§(u +w)

2
Y eh ghio 8,2 _ ygh
+g(2—7)hzb+7(p+7) +Sh +hp))—7w, 97)

or equivalently
0 /- 5 0 _ ¢ch gho g5 3 1
—(E+—(p+— )+£(M(E+7(p+7) +§h +hp))_0 2 , (98)

with £ = h(u* + w?)/2 + g(n* — z}) /2, see Prop. 3.
In a more compact form and with obvious notations, the system (93)-(96) becomes

X OF(X) ~
o + g + R = S(X), (99)
d(hp) = 9(hup) .y B
o7+ ) +divl, () =0, (100)
withu = (u,w)T, p= p+ gh/2 and
h
X = hu)’ (101)
of | 9
Vowf = hae + et , div,u= Othu) _ ua_g +yw. (102)
-vf Ox Ox

Notice that the fundamental duality relation

fp div), udx = [hup]a,—stywp-udx, (103)
I I

holds for any interval /.
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4.1 Semi-discrete (in time) scheme

The 1d version of the time discretization (83)-(84) writes

1/2 _ OF(X™)
{X’H A DX (104)
A A u
(hp)™*112 = (hp)" — A" ==F==
A"
{pn+1/2,k+1 — pn+1/2,k _ gﬁ;%""’l lesyw un-+—1/2,k (105)
w2k g2k Kht"“ VY, prHl/2kel
with pn+1/2,1 — pn+1/2’ un+1/2,1 — un+1/2 and pn+1 - pn+1/2,K+1’ un+1 - l‘ln+1/2,K+1

where for the first component of X we have #**! = p+1/2,
The scheme (104)-(105) is explicit in time so it is important to examine its stability
w.r.t. the discretisation step At", this will be done in paragraph 4.3.

4.2 The semi-discrete (in space) scheme

To approximate the solution X = (h, hu, hw)T, hp of the system (93)-(96), we use
a combined finite volume/finite difference framework. We assume that the compu-
tational domain is discretized with I nodes x;,i = 1,...,I. We denote C; the cell
(xi-1/2, Xiv172) of length Ax; = xjy12 — xi-172 With X412 = (x; + x431)/2. We
denote X; = (i, qx.i»qz.i)T with

X; X(t, x)dx,

Axi C;

i

the approximate solution at time ¢ on the cell C; with gx; = hiui, g;; = hiw;.
Likewise, for the topography, we define

1
F= — dx.
Zb,i Ax, fc,- zp(x)dx

The non-hydrostatic part of the pressure is discretized on a staggered grid

1 Xi+l
Di+172 & f p(t, x)dx,
it/ Axiz12

Xi

with Ax;112 = xi41 — x; and we set pir12 = pir1/2 + ghiv1/2/2 where hiy1)2 is
defined by Ax;y10hir1/2 = (Ax;hy + Axiyrhic1)/2.

Now we propose and study the semi-discrete (in space) scheme approximating
the model (99)-(100). The semi-discrete scheme writes
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0X;
Axia—tl + (Fis1/2- = Fic124) + Ri =0, (106)
0 R Ly
Axi+1/2£a(hi+l/2pi+l/2) te (Fﬁ,i+1 - Fﬁ,i) +dive ., () = 0,(107)

with the numerical fluxes

Fiv12+ = F (Xi, Xiwts 2b,i 2b,i+1) + Siv1/2+ (108)
Fiv1o- = F (Xi, Xiv15 2b,i0 2b,i+1) + Siv1/2-- (109)

¥ is a numerical flux for the conservative part of the system, S is a convenient
discretization of the topography source term.
Since the first two lines of (99) correspond to the classical Saint-Venant system,

the numerical fluxes
Friv12
Fipe = Fypivi2+ | (110)

Fy..iv172
can be constructed using any numerical solver for the Saint-Venant system. More
precisely for Fj, ;+1/2,Fy,,i+1/2+ We adopt numerical fluxes suitable for the Saint-
Venant system with topography [17, 9, 19]. Notice that from the definition (101),
since only the second component of S(X) is non zero, only F,_has two interface
values under the form Fy;_;.1/2+. For the definition of F_ 1,2, the formula (see [4])

Fy_iv12 = Friv12Wiv1)2, (111)

with
w; it F 41220
wi = . ’ 112
/2 {Wi+1 if Fpiz12 <0 (112)
can be used. The fluxes Fp ; are defined similarly to (111),(112) but on the staggered
grid by the following formula
Fp.i + Fp i
Fpi= hi+1/2 + Fhi 1/2[31_’ (113)
2
with
5= ﬁi71/2 if Fh,i+l/2‘;Fh,i—l/2 >0
i Disya if Fh,i+1/242-Fh,i—1/2 <0
Combining the finite volume approach for the hyperbolic part with a finite differ-
ence strategy for the parabolic part, the non-hydrostatic part R; is defined by

0
R = ,
t (Vsywzp)

where the two components of stv ; p are defined (see (102)) by
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Ax; VXZHP| = hi(pi+172 = pi- 1/2)+ TR (G - ) + b 1/2 (&i = Gi—1X114)
Ax; sw1p| (Axl+1/2pt+1/2+Ax; 1/2Di- 1/2) (115)
with ¢; = i + % 2. And in (107), divY, ., (u) is defined by
Axisipdiv], iv12 (@ _W(WH —u;) — Lzum(zb,m = b.i)
+ W(Wm +wy)
=(hu)is1 = (i = "5 (G = )
+ —YAX;I/Z (Wip1 +wi). (116)

Notice that in the definitions (114)-(115) and in the sequel, the quantity p means
{pj}. Likewise in Eq. (116) and in the sequel, u means {u;} for 1 < j < I.

4.3 Stability of the scheme

Using the definitions (104),(105),(106),(107),(114) and (115), the fully discrete
scheme for the system (99)-(100) writes

n+1/2 At
{Xz 172Xn T Ax; (Fz{lfl/Zf Fn1/2+) (117)
n+ _ A" n
(hp)z+1/2 (hp)z+1/2 Axirij2 (Fpl+1 - F )
n+l/2k+1 _  n+l/2k n+1/2,k
{pi+1l//22k - pi+11//22k sKh””leswerl/Zu , (118)
n+1/2,k+1 _ __n+1/2, A" Y +1/2,k+1
u; =4 Rt Yow,i P :

The first equation of (104) gives a finite volume scheme for the Saint-Venant
system. The choice of numerical fluxes Fi.1/2+ (see [9]) coupled with a numerical
treatment of the topography source term e.g. using the hydrostatic reconstruction [2]
gives a numerical resolution of the Saint-Venant system endowed with strong stability
properties [3] that are recalled in Propositions 4 and 5.

Now we focus on the stability condition for the resolution of (105) or equiva-
lently (89). Using the definitions (114) and (115), we obtain the discrete version of
the operator

. 1
Azwp = lesyw (Zv:vyw p)s

with Dj1/2p = —Axi+1/2AZW,,-+1/2p and
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hi +1 h

Divippp == m(l’iH/Z —Pi+1/2> + A—;i(pm/z —pi_l/z)
- %(4” = 20iv1 + §i) - AZ;;—IAAX;PMQ(GH - é’i)
- l;:x/lz (§i+1 -2 + é'i—1)
ﬁ(@u = Zin1) (G - &)

Pi+1/2 1 1 2
T (hi+1Axi+1 i hiAXi) (4‘“ N gi)
f};[_X;l (§i+1 - §i) (§i - é“i—l)
N Y Axit1) (Axi+3/2pi+3/2 + AXiy1/2Pi1)2
4 Axip1his
N Axiv12Div172 + Axic12piz1)2 )
Axihi

(119)

Using the expression (119), we are now able to precise the CFL type stability
condition for the discretized version of Eq. (89) that writes

(At)? h; hi 1 1 1 2
- e + (§i+1 - fi)
eK?hiv1pAxi12 \Axi1 - Axy 4 \hipAxi hiAx;
242
Ax; — Ax; Y-Ax; 1 1
—u(éﬁﬂ - §i) + 72 + >0,
Axiv1Ax; 4 hiv1Axiv1  hiAx;
that is fulfilled for
(Ar™)? ( hivi b1 ( 1 1 ) 2
K? > o+ + vl — &
2ehiv1pAxic12 \Axiv1  Ax; 4 \hipiAxiyn hiAx; ({ s )
2
|Ax; — Axiy] YAX ) 1 1
A T O e — Gl + + . (120
Axip1Ax; iet = il 4 hiviAxizr hiAx; (120)
And the condition (120) is satisfied when
A" 2 2 ZA 2
G (2hmax b (60 Ran + (6D max + %)
26hm,-nAxmin hmin 2hmin

with 7,5, = Minj<j<y 73, Fnax = MaXj<j<y 15 forr = b Ax, 6¢.
The fully discrete scheme (117),(118) satisfies the following stability properties.
Proposition 4 Assuming a suitable CFL condition associated with the chosen nu-

merical fluxes (110) for the hyperbolic part, the scheme obtained coupling the
semi-discretizations (104),(105) and (106),(107)
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(i) preserves the nonnegativity of the water depth i.e. h}! > 0, Vi, Yn,
(ii)preserves the steady state of the lake at rest,
(itijJs consistent with the model (99)-(100).

Let us consider that, under a suitable CFL condition associated with the time
discretization (104) and the chosen numerical fluxes Fj, ;112 and Fy ;.12 in (110),
the numerical approximation of the Saint-Venant part of Eq. (99) allows to obtain a
discrete entropy inequality under the form

Axi (B = Axi (B)" = A" (G jp = Gilyp) + D1, (121

with E?Y = %ulz + %(ni2 - zi’i) and where gi"im are numerical fluxes. D! is a
nonpositive term and contains typically two different contributions: the numerical
dissipation coming from the upwinding in the space discretization and the error due
to the explicit time scheme.

Then assuming (121), we now prove that the numerical scheme (117),(118)

satisfies a discrete entropy inequality.

Proposition 5 The scheme (104),(105),(106),(107) satisfies the following entropy
inequality B B .
Ax; B = AxiEl = A" (Gl - Gy ) + O (122)

with E; = EP + %wlz + %hiﬁ? and
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5n _ on Fn (?+1/2) eF" (P} 1)2 1 Ly, n+1/2k
iv12 = Giap t mivl27 5 T ht+1— 3K Z( i+1 Uit

K

n+1/2, k+1)
Piy ’

. 1 pnl 5 hn+l ’
~ 1 i+1/2 ( an+1/2,k+1 i=1/2 ( n+1/2,k+1
A)ci(hipf)"+ = — Z (Axi+1/2— (P?:l/z ’ ) +AX12—— (p?jl//z ' ) )

2K —

AxiD} = A D} + A" ([l ] vy =i = [F 1/2] v} = wi)?)

2 2

A [ Fpi o2 Thi a0
+T< (Pl+1 Piv1p2) _T(l’?‘l’nl/z)

n

A [ By > Fhia
+7< -(p} - P} 12"~ B A 1/2)

Ax,'h’.”l el Ax,+1/2h

2 2 l+1/2 Antl/2 A

+ 21 (w; —wi)T+ 2 Pivip — P1+1/2)

Axi- I/th 1/2 , ntl/2 P 2
+ 5 BiZ1)y = Picap)

Axl+1/2h

—Z

i+1/2 T Fit1)2

lJrl/2 (An+]/2,k+1 An+1/2,k)2 _ | n+1/2,k+1 _ _n+1/2,k 2
i+1/2 i+1/2

_Z Ax’“/zhz SRRy ( (An+1/2,k+1 An+1/2,k)2 _| n+1/2k+1 n+l/2k 2)

Pisip ~Pi_ip

+0 (Ax‘)

&

Equation (122) is a discrete version of (98).

Remark 8 When considering the semi-descrete in space scheme detailed in Sec-
tion 4.2, a semi-discrete in space version of (122) holds where all the non-negative
terms in the expression of D' corresponding to time discretisation errors vanish.

Proof (Proof of prop. 4) (i) The statement that ¥ preserves the nonnegativity of the
water depth means exactly that

Fu(hi = 0,u;, b1, uiv1) — Fp(hiz, w1, by = 0,u;) <0,

for all choices of the other arguments. From (104),(106),(108) and (109), we need
to check that, with obvious notations

Fr(XEy 0 X1 00) = Fn (XL 0. XL p0) <0,

whenever i = 0. And this property holds typically when the hydrostatic recon-
struction (HR) is used to approximate the topography source term since for the HR
technique h; = 0 implies h;41/2—- = hi—172+ = 0, see [2].

i-1/2 i-1/2
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(ii) When u}! = Oforalli, the properties of the hydrostatic reconstruction technique
ensure F" =F! in (104),(106) and F . =F" it in (107). Moreover since

i+1/2- —1/2+
=0V we have R; = 0 in (106) and div” ) = 01in (107). Therefore V i

sw,i+1/2 ({ }
n+l _ yn n+l _ n
X =X, and pil, = Pl

proving that the scheme is well-balanced.

(iii) The discretization (104),(105) is an explicit first order time scheme. The nu-
merical fluxes defined by (108),(109) and (113) are a consistent discretization of the
hyperbolic part of the system (99),(100) without topography. Likewise, the hydro-
static reconstruction applied to the fluxes (110),(113) gives a consistent discretization
of the system (99),(100) with topography and the discretizations (114),(115) being
obviously consistent with the dispersive part, this proves the result. O

Proof (Proof of prop. 5) Since we have assumed that the kinetic energy of the Saint-
Venant part of Eq. (99) satisfies (121), this means that the first two components of
the first equation of (117) multiplied respectively by gh!' — (u;‘)2 /2 and u give
Eq. (121). It remains to consider the contributions to the energy balance of the last
two components of (117) and of Eq. (118).

First let us multiply the third component of the first equation of (117) by w', then
we get

n+1

h wn . )? W, ))?
i 1/252 2 i+1/2 i-1/2 _
) (W:H )" - ( i)+ (F}?l+l/2 5 _F}:l,i—l/Z 5|~

Ar" 2 o h! +1/2 2
n n n n n 1 n n
Ax; ([Fh,i+l/2] Wi —wi)™ - [Fhl 1/2] (Wi =w;_y) )+_2 (w; 7 =wi)%,

with the notations [a], = max(a,0), [a]- = min(a,0) a = [a]y + [a]- and W

z+1 1
defined by (112). Then we multiply the last component of Eq. (117) by p? . ,+5 h"

i+1/27 2412
leading to

1 . .
B (a2 B (0 2 AT LoGrDr (M2
3 ( i+l/2) 5 (Pi+1/2) + —Axm/z hit1 ™5~ fhiT,

_ A" F}ZH] A A )z_FLn,i(An_,\ )2
Axisife ) Piv1 ~ Pivip2 ) Pi ~Pivip

n+l
i+1/2 (An+l/2 n )2
7 \Pivip T Pivi2) o

with Fy, j11 = (Fp,i+3/2+ Fp,i+1/2)/2. Thanks to the definition (4.2), the two quantities
n Fn

h,i+1 A 2 hi , A N 2
—— By — D) and - T(P? = Disip2)

are always non-positive.
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Second, we multiply the equations (118) respectively by pl":ll/zz k1 and u;

and sum the obtained relations for k = 1,... K. Since the deﬁnmons (114) (115)
ensure a discrete version of the duality relation (103) under the form

n+1/2,k

VV n+1/2,k+l

SWl— w2k 1/ 2k41/2 _ nkl/2k+172
Ax; i i+1/2 i-1/2
1
g n+1/2,ky n+1/2k+1
2AXi41)2 divey, syp (W )Piii)
1
__—— divY n+1/2,ky\ n+1/2,k+1
i s e imp (TP (123)
with
n+1/2,k+1/2 _ <hn+1 n+1/2,k _n+1/2,k+1 _ pn+l n+1/2,k n+1/2,k+1)
i+1/2 i+1 Uit i+1/2 i W D; .

The duality relation (123) has been written for the variable plnjll/; k1 but the last
two terms in (123) should be a discrete version of the r.h.s. of Eq. (57) i.e. of the

quantity pdiv),, (u). And since p = p + gh/2 the reminder is

8y n+l +1/2,ky _ Axiy1/2
2h1n+1/2dlvm i1y (0 )=0 ( o ’

giving the expressions of the terms denoted h;’“ﬁ{”” % and hlf’“ (ﬁ?”/ )2 and given
in (122).
For the errors coming from the time dicretization of Egs. (118), we have

n+1/2,k+1 n+1/2,k\ an+1/2,k+1 An+1/2,k+1 An+1/2,k\ an+1/2,k+1
((h )i+l/2 = (hp )l+1/2 ) Pivip ((h )z+1/2 — (hp )l+1/2 ) Pivip

_ 2\n+1/2,k+1 D\n+l1/2,k
—_(h )l+1/2 - _(h )z+l/2

hn+1

Titl/2 (ana1/2,k+1 _ sntl/2,k)2

t < w12 T P ) ’

hn+1 hn+1

+1/2,k+1 +1/2,k +1/2,k 1 +1/2,k+1,2 ] +1/2,k 2
(72— (V) g 2 o L 2 2K
2 2

n+1

L2 | n 12,k ] /2,k )
7 i Wi

Summing the previous relations for k = 1, ..., K and adding the result to the other

contributions gives the corresponding expressions appearing in relation (122). This
ends the proof. O
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4.4 Higher order schemes

Basically, for the discretization of the model (93)-(96), we have presented a first
order scheme in space and time. Second order extensions (in space and time) can be
proposed see [1].

4.5 Simulation results

In this paragraph, only few numerical examples are presented. A more complete
validation of the numerical procedure will be presented in a companion paper. Notice
that in the 1d case, we mainly validate the numerical scheme but the reduction of the
computation costs will be more significant in a two-dimensional setting.

4.5.1 Dingemans experiments

The experiments carried out by Dingemans [13] at Delft Hydraulics deal with the
wave propagation over uneven bottoms. A small amplitude wave (0.02 m) is generated
at the left boundary of a closed basin with vertical shores. At rest, the water depth
in the channel varies from 0.4 m to 0.1 m, see Fig. 3. Eight sensors recording the
free surface elevation are located at abscissa 2m, 4m, 10.5m, 12.5m, 13.5m, 14.5
m, 15.7m and 17.3m.

Sensor mamber : | 2 LI} 5 6 7 K L

Fig. 3 Channel profile for the experiments and location of the sensors.

Fory = \/5, we compare the simulations results obtained with the two numerical
schemes (the one proposed in [1] and the one proposed in this paper with & = 1/¢? =
10~ m~2.s?). The results obtained with a uniform mesh of 1600 nodes are depicted
over Fig. 4 where the computed and measured free surface elevations at four points
are presented. Notice that for & = 1077 m~2.s2, the simulations of the complete and
relaxed model cannot be distinguished.
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Fig.4 Comparisons between the experimental data (solid line) and the simulations of the dispersive
model with the model presented in [1] (blue dashed line) and with the relaxed model presented in
this paper (red dashed-dotted line). Figs. (a), (b), (c) and (d) respectively correspond to the results
for the sensors 3,4, 5 and 6.

4.5.2 Comparison of the computational costs

For the simulation results given in paragraph 4.5.1, we compare the computational
costs of the numerical schemes with and without pseudo-compressibility effects.
More precisely, we compare the CPU time necessary to simulate the test case pre-
sented in paragraph 4.5.1 with the method proposed in [1] — corresponding to an
incompressible model and requiring to solve the elliptic equation (88) — and the
proposed explicit in time scheme (83)-(84) with the pseudo-compressible effects.

The advantages of the model and numerical srategy presented in this paper are
significant for 2d problems with a large number of nodes but can hardly be highlighted
in the 1d case where the elliptic operator to inverse is a symmetric tridagonal matrix.
Hence, in order to illustrate the interest of the proposed scheme, we have used a
conjugate gradient technique mimicking what would be done to solve (88) in 2d for
an unstructured mesh.
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Figure 5 presents the CPU time required to perform the simulations of the Dingue-
mans experiment with several meshes namely with 2000, 4000, 8000, 16000 and
32000 nodes. It appears that when the number of nodes increases, the proposed
explicit in time scheme is more efficient than the conjugate gradient algorithm (used
here without preconditioning). Notice that the authors have not performed an exhaus-
tive comparison between the costs of the conjugate gradient technique — for which
several optimizations are possible — and the iterative and explicit time resolution
scheme (83)-(84).

x10*

25¢

+ Pseudo-compressible model
o Incompressible model with conj. grad.

CPU time (s)
P

-

0.5

0 1 2 3 4 5 6 7
Number of nodes «10%

Fig.5 Computational costs necessary to simulate the Dinguemans experiment with several meshes.

4.5.3 The acoustic waves

For the test case depicted in paragraph 4.5.1, the basin is at rest at the initial instant
and we give at time ¢ = 0.01 s, the value of the quantity £(p + gh/2) representing the
pseudo-compressible effects. It appears over Fig. 6 that at time ¢ = 0.1 s, whereas the
free surface has just begun to deform at the boundary where the wave is generated,
the acoustic-type waves have already propagated in the basin.
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