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Life at low Reynolds number - Purcell, 1977
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Copepod model (Takagi, 2014)

2-link symmetric swimmer.

92(t) I
[ /—\ \91
6 = x. t) 6”“’
0 /91 t
92(f)

Dynamic.

21-2:1 126 sin(6;)

, 0, =u;,i=1,2 (state constraint : 0< 6; < 6, < 7).
2+Y2 sin*(6;) o ( | 56 =)

X0 =

Criterion. minimize drag forces : ¢S(q)¢T7, ¢ = (01,02,x) and S is positive definite
—> quadratic form in (uy,u).
3



Definition 1. A stroke is a periodic motion of the shape variables (0,6,) associated
with a periodic control producing a net displacement of the position variables after
one period T (we can fix T =2x).

Angle

Position xy(f)
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Sub-Riemannian (SR) problem

& (q(-)) = Geometric Efficiency = xo(T)/Isr(q)
SR Length [g.

isa) = [ VE@u) @, Lgu)=alg) i+ 2b(q) s +ela)1d

T
min Isg(q) @min/ L(q,u)dt
u(-) u() Jo

Two steps.

2 T
g= Z u;F; < m(lgl/ L(q,u)dt
i=1 u-) JO

T
max & < | min / L(gq,u)dr with xo(T) fixed, then select max &
u(-), xo(T) u(-) Jo xo(T)

NG 7

TV
Transversality cond.

Compute points on the Sub-Riemannian sphere —
provide candidate solutions for the maximum of efficiency problem.



Introduce ¢" be the state s.t. : ¢ = L(q,u) and denote ¢ = (q,q"),
c(¢(0),¢(T)) is the cost function to minimize,

~

B defines the boundary conditions : (¢(0),q(T)) € B.

Necessary conditions. (g,u) optimal = 3 p = (p,p") : [0,T] — (R” x R) abs. conti-
nue and A > 0 cst. with (p,4) # (0,0) and s.t.

. OH . OH OH

-, = ——==, —:0
4 ap ¥ dq’ du

where H(q,p,u) =p-¢+p°q’.
Transversality Conditions

dc . . dc ., . B
aa«n@ﬂo»quvxggaﬁoﬂoxquv{)e(ﬁamgu»3>

Definition 2. (¢,p,A,u) is called a normal extremal if A > 0, abnormal if A =0.
An abnormal trajectory q(-) which is not the projection of a normal extremal is called
strict.

@m%ﬂTDl<



Pontryagin Maximum Principle : Copepod

2

q= Z uiFi(q) < In(l])_’l qo(T)7 q = (61,6,x0), xO(T) fixed .
i=1 -

F._sin(O,') d N d
o A 8x0 89{

A =2+sin?(6)) +sin?(62)

PMP :
H(z,u) = u1 Hi(2) +us Hr(z) + p°L(q,u),  z=(q,p)

with Hi=p-F;, i=1,2.
— normal case : p®=—1/2

H, = 1/2(a(q) Hi 4 2b(q) HiHy + ¢(q) H5)
— abnormal case : p® =0 hence H; = H, = {H;,H,} = 0, then

Ui {{Hl,Hz} ,H1} +u2{{H1,H2} ,HQ} = 0.



Abnormal strokes

Proposition 3. The surface X : {q; det(Fi(q),F2(q), |[F1,F2](q)) =0} contained abnor-
mal trajectories and is defined by

—06,=0o0rm, fori=1,2,
— 0, = 0,.

It is formed by the boundaries of the physical domain : 6, € [0, 7], i=1,2,0, < 6,.

92T

ﬂ I

: abnormal trajectories

in the plane (61, 6,)




Normal strokes

Boundary conditions
x0(0) =0, xo(T)=xy, 6:(0)=6i(T),i=1,2
Transversality conditions
Pe,-(o) :PQ,-(T)7 I = 172

Boundary value problem

(:=H(2)
< x0(0) = O, xo(T) = xr (fixed) ,
= 1

. p@( ) Z(T)a i

— HamPath, indirect method : based on Maximum Principle, Newton type algorithm
(sensitive to initialization) and computation of second order necessary optima-
lity conditions .

— Bocop, direct method : gives an initialization for the shooting algorithm of Ham-
Path. 9



Exponential mapping

First conjugate time 7. : The first time 7. when the exponential mapping

equO:Rx%—)M, (t7p0)'_>Q(t7QO7p0)

is not an immersion at (., po).

Theorem 4. Let g : [0,T] — IR" be a strict normal stroke. If q(.) has at least one
conjugate point on |0, T, then q(-) is not a local minimizer for the L* topology on
the controls considering the optimal control problem with fixed extremities.

e

% ={po |Hu(q0,p0) =1}

10
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Curvature control

Stokes theorem

2
0,
Proposition 5. Take the one-form on R? : @ Z S d9;, <Fi _ sinb; i)
Then =1

1.do=—f(61,0,)d6; AdB,, f > 0 in the interior of the abnormal triangle and f =0
on the edges of the abnormal triangle.

2. for any bounded Stokes domain D C R2 we have

2 .
6) 61,6
r)=§ Zsm( ) 4, = —Mdel/\d%:/dw.
i=1 D

13



Generate normal strokes

14



Numerical fact :
Only the simple loops don't have conjugate points on |0,7[. They are the only
candidates for optimality.

Theorem 6. There is a one paramater family of simple loop strokes parameterized by
the displacement xo(T) or the energy level H,(qo, po)-

T -

6,

/2

One parameter family of geodesic strokes.

15



Select on the point on the SR sphere with maximum of efficiency

Geometric efficiency : & = xo(T)/Isr(q), (xo(T) free)
Transversality conditions

0.04r
0.038-

0.036

 0.034r % Abnormal
=

--- Optimal
&
= 0.032[-
0.03f
0.028
0.026
Il Il Il Il Il Il Il Il : Il Il Il * J
0.06 0.08 0.1 012 014 016 0.8 0.2 022 024 026 0 @ t 2m 0 w t 2m
xo(T)
Efficiency curve with continuation on xo(7'). Optimal normal stroke

Theorem 7. The abnormal stroke is not minimizing for both costs (length with

fixed displacement and efficiency). "




min,() &(q(-)),  4=1(4,4°) = (61,62,x0,¢")

g =u1 Fi(q) +u2F>(q),

¢° = L(q,u),

q°(0) =0,

x0(0) =0, xo(T) € [xr,x7 +d]
61(0) = 6,(T), 62(0)=6:(T).

Proposition 8. If a minimizer (q,u) is abnormal, then necessarily Xo(T) = xr +d.

17



Microlocal analysis : strokes with small amplitude

Normal form of order —1 Nilpotent model of order —1, the Brockett-Heisenberg

model :
I )
dx - 97 dy 0z
where (weight of x,y)=1 and (weight of z)=2 (privileged coordinates).
— model is not generic (families of simple loops geodesics)

Families of simples loops for the model of order —1.

18



Theorem 9 (Brockett, Chakir et al). The model of order —1 is equivalent to the model
of order 0.

Application to the Copepod z cannot be identified to the displacement xy.
x= 61— 610, y= 6, — 0.

Perturbation of the model of order — 1 by terms of order O :

J d

Fi(x,y,2) = ==+ (a11(610) xy + a02(010) y* + ¥) ==

dx oz

J J

F(x,y,2) = 9y + (a11(610) xy + aga(610) x* — x) 3
(F, F2) — (F,G)

Lemma 10. The only value of 61y such that the transformation ¢ doesn’t mix up the
shape variables (x,y) and the displacement z corresponds to the center of swimming
of the family.

¢(x,y,z) = (x+co11(610) Y2+ c001(610) 2, y — co11(010) X2+ coo1(610) 2, z+ P(x,¥,2,610)) ,

= ¢011(010) = co01(010) = 0.
19



Theorem 11 (Chakir, Gauthier, Kupka, 1996). The generic model is given by the normal
form of order 1 5

R d A
F:F-I—yQ(X,y)a—Z, G:G_XQ('X?y)a_Z)

Q quadratic in (x,y).

Remark 12. This normal form can be used to approximate the one parameter family of
simple strokes.

20



Different costs to minimize

6,

One parameter family of simple loops with different metrics.

21



Efficiency depending upon 6(0)

. x(T)m(8(0))
)

, (m smooth)

Transversality condition

&’
0)—pg(2m) = A
p@( ) p@( ) 89(0)
3“””"””77:7 -2
ot 0.4 -3
2 D 0.3
< S0 S
1 01 -
% 1 2 s 00 ™ 5 _60 7 7

™ 2T
522
5 0.3497 =
21 t
03497t g 7 2r
0 7F 27

22



— Contact point : expression of the generic normal form at any point inside the
triangle — unique family of simple loops.

— Martinet point : compute the normal form for a point on the edges — locate the
eight loops.

— estimation of the first conjugate time using normal forms.

— swimmer model with more than 2 pairs of links.

23



The Purcell swimmer

24



Purcell swimmer (1977)

0
0=H(0)T, T : torque , 6 =(61,6:), g=(x,y,x).

(G, H algebraic fractions of trigonometric polynomials).

Min. work of the drag forces E(u) = [y (uH 'u)dr.

Controls u =26

qulFl(X)—l—uze(X), X:(917927x7y7a)
25



Nilpotent Approximation for the Purcell

Theorem 13. Nilpotent approx. for (F,F;)

d 7 i—l— 0 N d N , 0
T’ 2 am ! am Com Xig D
?(01,02,x,y,0) = (X1,X2,%3,%4,%5) =X, @ t.q. 0.F;=F+0(X])

Cartan flat model

£ =

2 T
— Zu,ﬁ,(X), min/ (uf +u3) dr.
i=1 “Jo
PMP (x,u) optimal = projection of a solution of
H,=1/2(H{+H;), Hi=p-F,i=12

Hamiltonians lifts

A

Hy=p-Fi(X)=pi, Hy = p-E5(X) = py+ p3xi + paxz + psxi,
Hy=p-[F,F[(X) = —p3—2xips, Ha=p-[[F,F],[1](X)=—2ps,
Hs = p-[[F1, 2], F2)(X) = pa.

26



Poincaré coordinates : (Hy,H,,H3,Hy,Hs)

H = dHl(ﬁn) = {H\,Ho}H, = p- [F\, 5] Hy = H)H3,
H, = —H3H|, H; = H\H4+ H,Hs,
H4:O l.e. 114:C47 H5=0 l.e. H5=C5.

Fix the energy level : H?+H; =1, and let H; = cos(®) and H, = sin(9).
Hy = —sin(®) 9 = HyH; = sin(¥)Hs.
Hence ¥ = —Hj3 and
8 = —(Hicy + Hocs) = —cqcos(8) — cssin(8) = —w*sin( + ¢)

where @, ¢ are constants and satisfy ®?sin(¢) = c4 and @?cos(¢) = cs.
Then, let =1 + ¢, we have

1/2y* — w*cos(y) =B, B is constant.

Theorem 14. The normal extremals associated to the Cartan flat model is inte-
grable and solutions can be expressed as polynomials of elliptic functions of the 1st
and 2nd kind (u,sn(u),cn(u),dn(u), E(u)).

27




Analytical expressions of the normal strokes

Oscillating case

x1 (1) = 1/@ | x1(@o) — 2 sin (9) on (u,K) + (—u+2E (u,k)) o (9) |,
xo () = 1/w[x2(goo) — 2k cos (@)cn (u,k) + (u—zE(u,k))sin(¢)]

Rotating case

x1(u) = (—2cos (¢)u+2cos(§)E (u/k,k) k —2 sin(¢) dn (u/k,k) k+cos (¢) uk® +x1 (¢o) k*) o~ 'k 2,
xo(u) = (2sin(¢)u—2sin () E (u/k,k) k —2 cos (¢)dn (u/k,k) k —sin (¢) uk? +x2(o) k*) @'k 2

0.3

0\
-16 -14 -12 -1/-88 -0 -0.

1

(left) Oscillating case, (right) Rotating case 53



Consider a family of normal extremals parameterized by p(0), we compute numerically

the first conjugate time.

101

I
6 10 12 14 16 18 20
wiy,

Oscillating case Rotating case

Numerical fact : Conjugate times are located in a sector.

0.34wt),—0.4 < K(k) <0.53wt;. — 0.8 : Oscillating case,
033wt +0.16 < K(k) < 0.55w1t;. — 1.27 : Rotating case.

22
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Initialization of algorithms from the microlocal analytical solutions

or PER .
0.05f N -1194 ‘
~0.05 , AN -1198 1
. 0.03¢ / AN
@ 3 0 02 04 06
% 0.02 t
-0.1 , N
o.o01r \ 412 ;
[ 0 ’ 2 -414 :
-0.15 ) ‘ ‘ ‘ ‘ ‘ AN -416 w
-005 0 005 01 0.15 0 01 02 03 04 05 06 07

A . 0 02 04 06
T 26105 ‘ 107 :
. 2611 ]
= -261.15 L oo
-261.2 ‘
0.8

o

0.2 04 06

22355

]

2354 J L
02 04 06 o4

o

. —3100

-3110

p
OK’

02 04 06 o 01 02

(left) Control, state and adjoint of the physical variables (0,x,y, o) for the oscillating
case and for the nilpotent system : stroke with eight shape,
(right) SVD of the rank condition to compute conjugate points.
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-0.06 -0.04 -0.02 0 0.02 0.04
1

0.1

0.08
0.06
. 004

< 0.02

-0.02

-0.04f [—¢, b
— 0, Sosb— $ 05— 4

-0.06

0.5 __| -05

(left) Control, state and adjoint of the physical variables (0,x,y, o) for the rotating
case and for the nilpotent system : simple loop stroke,
(right) SVD of the rank condition to compute conjugate points.

Proposition 15 (Numerical). For the Cartan problem, simple loops (rotating case) are
the only strokes without conjugate points.
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Computation of extremal strokes for the true model

— nilpotent model — give an initial adjoint vector p(0) to initialize strokes with small
amplitudes associated with the true dynamic and to the cost fOT(u%—I—u%)dt.

Boundary value problem

) _ _
q:aaHna p':_aal'f]n’
0;(T)=0;(0) j=1.2,

Y x(0) =y(0) = &(0) =0,
x(T)*+y(T)* =r, a(T) =0,
pGJ(T):PGJ(O)a j:1727 pa(o)—pa(T)

\

H,, : Hamiltonian associated with the cost [ (u? +u3)d.
— 2 discrete continuations :

— on the radius r;

— from the cost fOT(u%jLu%)dt to the mechanical cost.

32



Strokes for the true dynamic and the cost fOT u? +us dt

Discrete continuation on the amplitudes of the strokes

left) Normal stroke with simple loop for the true dynamic, minimizing the cost T2 +
o \U]
uz)dt (T =2m, r; = 0.068) (right) Test for the conjugate points : no conjugate points
n [0.27])
on |0,27m]).

33



0 2 4

(left) Normal stroke with eight shape loop for the true dynamic, minimizing the cost
o (ud+ud)dt (T =2m, ry = 4.6e—4) (right) Test for the conjugate points.

34



Strokes for the true dynamic and the mechanical cost

Dlscrete continuation on the cost
< Hn - normal Hamiltonian for the cost fo u1 +u dt cost,
- H,, : normal Hamiltonian for the mechanical cost.

H = AH,+(1—A)H,, A €[0,1].

Stroke for the Purcell swimmer minimizing the mechanical energy (T =2,
ry = 0065)

35



States and adjoints for the Purcell swimmer (mechanical cost)

36



0 1 2 3 4 5 6 =i -0.5 0 0.5 1 0 1 2 3 4 5 6 -25 =2 =il3 =i
01

Two families of normal strokes for the Purcell swimmer.

— Geometric efficiency :
E(1) = /x(T)> +3(T)2/Isa(7)
Used to compare family of simple loops.

r=a(1)? + y(T)?



Second order sufficient conditions

' H;in J(q(.),u(.)) :=c(q(0),q(T))
sb. to
X q(t) = F(q(t),u(?))
u(t) e U
\ m(q(0),q(T)) =0,

H(q,u,p) = p-F(q,u) and h(qo,qr) := c(qo,91) + Vv -m(qo.qr).
Consider a normal extremal (g, p) associated to u.

Second variation

§2J(8q(.),8u(.)) :=1/2[8¢(0)T 8¢(T)T] C [8¢(0) 8q(T)]"
T
+1/2 /o (6g(t)TQgqH (1)8q(t) +28q(t)70 yuH (t)Ou(t) + Su(t)70,,H (t)Su(t))dt

where  C :=Hessian,, ,,.(h).

38



Accessory problem

( min 82J(8q(.),8u(.))
8= 8,F (1) q(r) + 9F (1) 6u(t
\ Vo (4(0),4(T)) 8¢(0) +V4,m(4(0),4(T)) 69(T) =

Monodromy matrix. &(.,.) associated with the linearized Hamiltonian system :

{ do(t,5) = ZD(t,s)

d(s,s) =1d,
where
7. | 9aF — 0.F[d,H)'d,H" —0,F[d,,H|'d,F!
| -9,H+9,H[d,,H| 'd,H —9,F[d,H| 'd,F"
Define

[ 0205 ¢ — 0200, 011 | o o2
7/,_[_¢1212 0, O11 N ]’ *0,7)=: [¢21 ¢22]

39



Standard second order sufficient conditions

Theorem 16 ( Standard conditions). Assume
(i) uH(t) < —€ld on [0,T], u(.) bounded and (d4F(.),d,F(.)) is controllable on
[0,7],
(ii) : the extremal (q(.),u(.), p(.)) doesn’t have conjugate points on [0,T],
(iii) : there exists ¥ > 0 t.q.

2

e | 2]z 2]
for all vectors &y,&; € R"\ {0} s.t.

Vom((4(0),4(T)))E0 + Vg,m((4(0),4(T))) &1 = 0.

Then (g(.),u(.)) is a W =-minimizer and locally unique.

9

40



Symmetries for the Purcell model

Boundary values
6;(0) = 9j(T) J=12, a(0)=a(T),
x(0) =0, y(0) =0, x(T)>+y(T)* = r (r is fixed) .

Proposition 17. Take a = (¢,0) € I = (—¢,€)? for € > 0. (g = (01,0,,%,y, @) and

u = (u;,up) a normal extremal.

Forallacl andt € [0,T], define g*(.) = (6{(.),05(.),x*(.),y*(.),x(.)) where

(1) =7;(t+0), 0/(t) =0,(r+0) j=1.2,

f):C 5(¢) (x(t +0) —%x(0)) —sin(¢) (¥(r + 0) —¥(0)),

) = sin(¢) (x(1 + 0) —x(0)) +cos(¢) (¥(1 + o) —¥(0)),

“(t) a(t+o)+9.

Then (q(.),p(.),u(.)) is continuously embedded
(q°(.), p*(.),u’(.))acr where p*(.) is the adjoint vector associated with (

family of extremals

q“(-),u’(.)).
41
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— Standard conditions fail



Refined second order sufficient conditions

Theorem 18 ( Refined Conditions, Gavriel, Vinter (2014) ). Assume the reference nor-
mal extremal (q(.),u(.),p(.)) is embedded in a family of extremals and
(i) duH < —eld on [0,T], u(.) is bounded and (d4F(.),0,F(.)) is controllable on
[0, 7],
(ii) : the extremal (q(.),u(.),p(.)) doesn’t have conjugate points on [0,T],
(iii) : there exists ¥ > 0 s.t.

CEEANIE \[23]

for all vectors &y,&; € R"\ {0} s.t.

Y

V(@01 + V(@O aTNE =0 and T | F | 0.

where T := [gzgzg% ]

Then (g(.),u(.)) is a local W!*-minimizer.

o=0

42



Define the matrix Ny from the subspace .%; s.t.

L = {<€Oa§T) eR’ xR’ | VC]O7(]Tm(QquT) (éO gT)T =0} =: Im(Nj)

Standard conditions. Does the matrix #; := NJ (#' T+ # ) N; is positive-definite ?

4x4

Consider

_ (V9q“(0) Vyq*(T)
= (vaqa«» cha<T>)¢o,Go

and the linear subspace .Z, s.t.

%= 2,0 {(60,&r) R xR’ [TT (& &r)T =0} =: Im(NV,)

Refined conditions. Does the matrix #; := NI (#' T+ #') N, is positive-definite ?

2%2

43



Relative | (Standard Conditions) | (Refined Conditions)
tolerance Spec(#5) Spec(#;)
1319.91
14 3.44629 36179.7
—2.61575e-5 13.8018
—4.17860e-3
1320.17
10-7 3.44676 36186.9
9.81190e-6 13.8037
—5.40128e-6

— Standard conditions fail : #5 has zero eigenvalues.
— Refined conditions are satisfied : %, is positive-definite.

Theorem 19 (Numerical). The simple loop normal stroke (g,u) is W' — optimal.

44



