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ABSTRACT

In recent years, many multistage interconnection networks using 2x2 switching
cells have been proposed for parallel architecture. We state here a correct and easy
graph characterization of all the networks topologically equivalent to the Omega, Flip,
Baseline, Reverse Baseline, Indirect Binary Cube, Modified Data Manipulator net-
works.

Index Terms : Multistage Interconnection Networks, Topological Equivalence, Omega Networks, Con-

nected Components, Directed Graphs.



1/ Introduction

Parallel processing techniques use interconnection networks to facilitate concurrent operations
and, in fact, the interconnection network is the heart of parallel architecture. Several topologies
(designs) have been proposed [9,10], in particular multistage interconnection networks. One of the
most investigated scheme consists of a set of N=2" inputs (corresponding to the processors), a disjoint
set of N outputs (corresponding to the memories) and n stages of 2x2 switching cells. Such networks
include the six classical networks : Omega [13], Flip [3] , Indirect Binary Cube [15] , Modified Data
Manipulator [8] , Baseline and Reverse Baseline (see Fig 1)[9]. It is now well known that these net-
works are related. For instance, Parker has shown [14] that the Flip network and the Indirect Binary
Cube network are functionally equivalent, i.e they have the same set of feasible permutations. Wu and
Feng [9] proved that these six networks are topologically equivalent. Their methods consisting in exhi-

biting isomorphisms between two networks do not give a characterization of the equivalence class.

Figure 1

Another approach consists in modeling the networks by graphs. Such an approach was con-
sidered by Agrawal in [1] (see also[2]). He proposed a characterization of this class by "Buddy Proper-
ties"; unfortunately, the assertion of Theorem 1 of[1] is false. The aim of this note is to announce a
correct characterization. In sections II and III we give precise definitions of the properties used, in terms
of graph theory and we show that these properties are not sufficient to insure the equivalence. In section
IV we introduce more general properties and give a characterization. Although these properties are easy
to check, the proof is too long to be included here; it will appear in[5]. Finally in section V we show

that no local graph properties of this kind are sufficient.

Note that a different approach has been taken by Dias [7] and Kruskal and Snir[12]. They use graph
theory plus labelings schemes of the routings in the network. They defined a network isomorphism as
a graph isomorphism (they called it topologically equivalent), which furthermore preserves the labels of
vertices. They give a nice characterization of the class of networks, called bidelta networks, isomorphic
in their sense to the classical ones. Clearly this class is strictly smaller than our’s as the authors wanted
a stronger property. Our result is different in that sense our characterization use only graph (or topologi-

cal) properties.



2/ Graph theoretical approach : MI-digraph

Interconnection networks can easily be modeled by digraphs in which nodes represent the switch-
ing cells and arcs the communication links. Following Agrawal, we also assign nodes to the inputs and
the outputs although they do not play any role in the graph properties. For graph theoretical definitions

not given here, see for example[6] or any other book on graph theory.

A multistage interconnection digraph (MI-digraph) with n stages is a digraph with :
27 special input nodes which are of indegree 0 and outdegree 1 corresponding to the inputs.
2" special output nodes which are of indegree 1 and outdegree 0 corresponding to the outputs.

All the other nodes ( corresponding to switching cells) are of indegree 2 and outdegree 2. These
nodes are partitioned into n ordered stages; each stage consisting of independent nodes. There are
arcs only from input nodes to the first stage, from nodes of the last stage to output nodes, and

from nodes of the i stage to nodes of the (i+1)® stage.

With this definition we will say that two multistage interconnection networks are topologically
equivalent if their MI-digraphs are isomorphic. Two digraphs are isomorphic if there exists a bijection
from the nodes of the first digraph into the nodes of the second one, which preserves the relationship of

adjacency. We will denote by B, the k-stage Baseline MI-digraph.
Remark : In all the figures, the arcs are directed from left to right.
3/ MI-digraphs Properties :
Banyan Property
One minimal requirement is to allow a connection between any pair of input and output nodes.
We will say that a digraph has the Banyan Property if and only if for any input node and any output

node there exists a unique path connecting them. For MI-digraph the existence of such paths is

sufficient; uniqueness is a consequence of the definition.

Another property common to the six canonical networks was considered in [1] and[2] where two

slightly different variants were considered.

Buddy Property : An Ml-digraph has the Buddy Property if when two nodes of an arbitrary stage have

a common son, then their two sons are identical.

Remark : Two nodes of a same stage have therefore either no common sons or exactly the same two

sons. The connected components of the digraph formed by the nodes of two consecutive stages are



disjoint cycles of length 4.

These properties are too weak to imply the topological equivalence. Let us consider the MI-digraph
described in Figure 2. One can easily check that it satisfies the Banyan Property and the Buddy Pro-
perty. However it is not isomorphic to the Reverse Baseline MI-digraph drawn in Figure 1. Indeed this
MI-digraph has cycle of length 10 (the bold line in Figure 2), but the Reverse Baseline digraph has no

such cycle. Another counterexample is described in [2].

Figure 2

Strict Buddy Property : Following Agrawal [1] we say that an MI-digraph has the Strict Buddy Pro-
perty if it satisfies the Buddy Property and if for any nodes j; j, j3 js such that : j;,j, have the same two
fathers; j;,j, have the same two fathers; j,,j; have the same two sons; then j,,j, have the same two sons
(see Figure 3).

Agrawal claimed in [1] that all the MI-digraphs with n stages satisfying the Banyan Property and

the Strict Buddy Property are isomorphic. Unfortunately that is true only if n < 4

Figure 3
Proposition : If n 25, there exist MI-digraphs satisfying the Strict Buddy Property which are not iso-
morphic.
Proof : Consider the example of Figure 4. This network satisfies the Banyan Property and the Strict
Buddy Property, but it is not isomorphic to the Baseline network. Indeed the graph obtained by remov-

ing the vertices of the last stage of this graph is still connected but the same operation on a Reverse

Baseline network disconnects the graph. This construction can easily be extended for n>35.

Figure 4



4/ Characterization

Connected Components of an MI-digraph are those of the undirected underlying graph obtained
from the digraph by deleting the orientation.
P(i,j) Property : We will say that an MI-digraph with n stages has the property P(i,j) for 1<i<j<n if the
subdigraph (G);; induced by the vertices of the stages from i to j, has exactly 2"'~0~) connected com-
ponents.
Remark : P(i,i) means that the i-th stage has 2™ nodes. Similarly, P(i,i+1) means that (G);;;; has 2™
components; so any component has at least 4 vertices and as there are 2" vertices in stage i and i+1,
every component has exactly 4 vertices. Thus P(i,i+1) is equivalent to the Buddy Property. Similarly
one can verify that the Strict Buddy Property is equivalent to the conjunction of P(i,i+1) and P(i,i+2).
Property P(*,*) : We will say that an MI-digraph has property P(*,*) if and only if it satisfies P(i,j) for
every ordered pair i,j suchthat 1 <i<j<n

One can show that the 6 canonical MI-digraphs satisfy P(*,*). But the MI-digraph of Figure 2
does not satisfy P(1,3). Indeed the subdigraph consisting of the vertices of the 3 first stages has only
one component. This is another proof that it is non isomorphic to the Reverse Baseline MI-digraph.
Similarly the MI-digraph of Figure 4 does not satisfy P(1,4) and therefore cannot be isomorphic to the
Reverse Baseline MI-digraph. In summary P(*,*) and the Banyan Property are necessary conditions for
the equivalence with the Reverse Baseline. The following theorem, whose proof can be found in [4]

and[5] , shows they are also sufficient.
Theorem : All the MI-digraphs with n stages satisfying the Banyan Property and P(*,*) are isomorphic.
P(*,*) is a strong graphical property which might be difficult to check. The following lemma of

[4,5] shows that one can limit the number of verifications to 2n elementary properties and therefore the

complexity of checking the property is linear in the number of vertices.

Lemma An MI-digraph, which satisfies the Banyan Property, satisfies P(*,*) if and only if it satisfies

P(1,*) (that is P(1,j) for 1<j<n) and P(*,n) (that is P(i,n) for 1<i<n).

Remark : in [4,5] it is also shown that for an MI-digraph belonging to this equivalence class, the con-

nected components (G); ;4 are all isomorphic to By the k-stage Baseline MI-digraph.
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5/ Lack of local characterization in term of connected components

We have described graphs proving that, for a Banyan MI-digraph, neither P(i,i+1) (Buddy Proper-
ty) nor P(i,i+1) and P(i,i+2) (Strict Buddy Property) alone could imply topological equivalence with the
Baseline MI-digraph.

Nevertheless, it is easy to check, using the last lemma, that if the digraph is Banyan and satisfies:

P(i,i+k) , ¥k < n-2, then it satisfies P(1,*) and P(*,n), and therefore is equivalent to B,.

As stated in the following Theorem, there is no weaker property that can insure topological

equivalence of Banyan MI-digraphs.

Theorem For n => k+3, there exist non isomorphic MI-digraphs satisfying the properties P(i,i+j) for all
j<k and i<n—j.

Outline of Proof : We prove this theorem (for n>k+3), by constructing a Banyan MI-digraph, G, satis-
fying P(i,i+k), for every k<n-2, which is not isomorphic to B, (Fig 5).

= (G)1n is constituted of four B,_, superposed.

=  Let us denote a vertex x of the (n—2)th row of G by its binary decomposition (X,_;,Xp2, *** ,Xy)
and let X = (X, 4,X,-5, * ** X)) and R = (X3, %oy ** * 5Xy)-
X=X 1Xe2 * 0 XD = (Ko Xa2Xne3:X) = (X1 Xpe2,R)

The nodes (0,0,0,X) and (0,1,0,X) of the n—2th row are connected to the nodes (0,0x,0) and
(0,0,x,1) of the n—1th row,
The nodes (0,0,1X) and (1,0,0,X) of the n—2th row are connected to the nodes (0,1,x,0) and
(0,1,X,1) of the n—1th row,
The nodes (0,1,1,X) and (1,1,0,X) of the n—2th row are connected to the nodes (1,0x,0) and
(1,0,X,1) of the n—1th row,
The nodes (1,0,1,X) and (1,1,1,X) of the n—2th row are connected to the nodes (1,1,x,0) and
(1,1,x,1) of the n—1th row.

= The nodes (0,0,%) and (1,1,%) of the n—1th row are connected to the nodes (0,,0) and (0,%,1) of
the last row,

The nodes (0,1,8) and (1,0,%) of the n—1th row are connected to the nodes (1,%,0) and (1,%,1) of

the last row.
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Figure §

First, one can easily verify that G is Banyan. Next, it is easy, but somewhat tedious to verify that
G satisfies P(i,i+k), Vk < n-3. Finally, we observe that G is not isomorphic to B,, because (G), ., is
connected, while (B,);,; has two connected components. The key idea in this construction was to
connect as early as possible, scanning the graph from left to right, 4 connected components instead of 2.

The point is that it is then still possible to complete the last column in order to obtain a Banyan graph.

Conclusion :

We hope to have clarified the graph characterization of multistage interconnection networks. note
that all the results can be extended to KxK switching cells (i.e. the internal nodes of the MI digraph
being of outdegree and indegree k, see for details[11] ). Using our theorem it is now easy to see if a
new network is equivalent to a classical one. Furthermore the theorem can be used to show that a fam-
ily of networks defined by some algebraic properties is in the equivalence class of the six classical ones
(see [11]). This class seems to be the most interesting, because it is in some sense the most regular.
Therefore, inside this class the designer can choose a network according to other criteria : permutations
which are realized by the network, routing algorithms... For example if one wants to have a simple digit
controlled routing algorithm using only the addresses of the processors, one can choose the interesting

subclass consisting of bidelta networks (see [7,12] ).

Acknowledgment : we thank the referee for his valuable remarks and for drawing our attention to the

results of Dias, Kruskal and Snir.
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Figure 3 : Strict Buddy Property
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Figure 4 : A non isomorphic MI-digraph satisfiyng the Strict Buddy Property
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Figure 5 :



