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Abstract

In this paper we provide a new method to certify that a nearby polynomial system has
a singular isolated root with a prescribed multiplicity structure. More precisely, given
a polynomial system f = (f1,..., fx) € Clzy,...,z,]", we present a Newton iteration
on an extended deflated system that locally converges, under regularity conditions, to
a small deformation of f such that this deformed system has an exact singular root.
The iteration simultaneously converges to the coordinates of the singular root and the
coefficients of the so called inverse system that describes the multiplicity structure at
the root. We use a-theory test to certify the quadratic convergence, and to give bounds
on the size of the deformation and on the approximation error. The approach relies on
an analysis of the punctual Hilbert scheme, for which we provide a new description. We
show in particular that some of its strata can be rationally parametrized and exploit
these parametrizations in the certification. We show in numerical experimentation how
the approximate inverse system can be computed as a starting point of the Newton
iterations and the fast numerical convergence to the singular root with its multiplicity
structure, certified by our criteria.

Key words: certification ;singularity ;jmultiplicity structure ;Newton’s method ;inverse
system ;multiplication matrix

1 Introduction

Local numerical methods such as Newton iterations have proved their efficiency to approx-
imate and certify the existence of simple roots. However for multiple roots they dramatically
fail to provide fast numerical convergence and certification. The motivation for this work
is to find a method with fast convergence to an exact singular point and its multiplicity
structure for a small perturbation of the input polynomials, and to give numerical tests that
can certify it.

1 Agnes Szanto’s research was partly supported by NSF grant CCF-1813340



In [Mou97] a method called later integration method is devised to compute the so-called
inverse system or multiplicity structure at a multiple root. It is used in [MM11] to compute
an approximation of the inverse system, given an approximation of that root and to obtain
a perturbed system that satisfies the duality property. However, this method did not give a
way to improve the accuracy of the initial approximation of the root and the corresponding
inverse system. In [HMS16] a new one-step deflation method is presented that gave an
overdetermined polynomial system in the coordinates of the roots and the corresponding
inverse system, serving as a starting point for the present paper. However, for certification,
[HMS16] refers to the symbolic-numeric method in [AAHS18] that only works if the input
system is given exactly with rational coefficients and have a multiple root with the prescribed
multiplicity structure.

In the present paper we give a solution for the following problem:

Problem 1.1. Given a polynomial system f = (fi,..., fy) € Clzy,...,x,|"Y and a point

¢ € C, give an iterative method that quadratically converges to the triple (£*, u*, €*) such
that £&* € C", pu* defines the coefficients of a basis A* = {A},..., A} C C|dg] dual to
the set Bee = {(x — &), ..., (x — &)} C C[x] and € defines a perturbed polynomial
system f- := f + €* B¢~ with the property that {* is an exact multiple root of f.« with inverse
system A*. Furthermore, certify this property and give an upper bound on the size of the
perturbation |[|e*||.

The difficulty in solving Problem 1.1 is that known polynomial systems defining the co-
ordinates of the roots and the inverse system are overdetermined, and we need a square
subsystem of it in the Newton iterations to guarantee quadratic convergence. Thus, roots of
this square subsystem may not be exact roots of the complete polynomial system, and we
cannot certify numerically that they are approximations of a root of the complete system.
This is the reason why we introduce the variables e that allow perturbation of the input
system. One of the goals of the present paper is to understand what kind of perturbations
are needed and to bound their magnitude.

Certifying the correctness of the multiplicity structure that the numerical iterations con-
verge to poses a more significant challenge: the set of parameter values describing an affine
point with multiplicity r forms a projective variety called the punctual Hilbert scheme. The
goal is to certify that we converge to a point on this variety. We study an affine subset of the
punctual Hilbert scheme and give a new description using multilinear quadratic equations
that have a triangular structure. These equations appear in our deflated polynomial system,
have integer coefficients, and have to satisfied exactly without perturbation, otherwise the
solution does not define a proper inverse system, closed under derivation. Fortunately, the
structure allowed us to define a rational parametrization of a strata of the punctual Hilbert
scheme, called the regular strata. In turn, this rational parametrization allows certification
when converging to a point on this regular strata.

Our method comprises of the following parts:

(1) We apply the Integration Method (Algorithm 1) with input f and € to compute the
multiplicity € N, a set of monomials B = {x", ... ,x"} and an approximate inverse
system A with coefficients i dual to B.



(2) Using B we set up a polynomial system F(x, ) in the original variables x and new
variables 1 that deflate our input system f(x) at a multiple root with inverse system
defined by p dual to B.

(3) We choose a maximal square subsystem Fy(x, ) of F' such that its Jacobian matrix
near (&, i) is non-singular. Denote by F} := F'\ Fy.

(4) We certify that under some regularity condition, the solutions of Fy(x, ) define an
inverse system that is closed under derivation and dual to B. This is done by computing
a rational parametrization of a component of the punctual Hilbert scheme containing
the set of points with inverse systems dual to B if one exists. See Proposition 4.4 and
Algorithm 2 for details.

(5) We show that if the Newton iteration defined by Fj starting from (£, /i) converges to
some regular point (£*, 1), then it is an exact multiple point with multiplicity structure
p* of a perturbed system f.. := f — €* B+ where € = Fy(£*, 1*). See Theorem 5.1 for
details.

(6) Using symbolic computation, we verify the regularity of the basis B, using the rational
parametrization we compute for the component of the punctual Hilbert scheme. See
Theorem 6.1 for details.

(7) Using a-theory, we provide a certification that Newton iterations converge quadrati-
cally to the regular point (£*, u*), which defines the multiple root with its multiplicity
structure at & of the system f.., bounding the distance ||(€, ) — (€%, 1*)|| and the
perturbation ||¢*||. See Theorem 6.1 for details.

1.1  Related Work

There are many works in the literature studying the certification of isolated singular roots
of polynomial systems. One approach is to give separation bounds for isolated roots, i.e.
a bound that guarantees that there is exactly one root within a neighborhood of a given
point. Worst case separation bounds for square polynomial systems with support in given
polytopes and rational coefficients are presented in [EMT10]. In the presence of singular
roots, turned into root clusters after perturbations, these separation bounds separate the
clusters from each other and bound the cluster size. [Yak00, Yak02, GLSY05] give separation
bounds and numerical algorithms to compute clusters of zeroes of univariate polynomials.
[DS01] extends a-theory and gives separation bounds for simple double zeroes of polynomial
systems, [GLSY07] extend these results to zeroes of embedding dimension one.

Another approach, called deflation, comprises of transforming the singular root into a reg-
ular root of a new system and to apply certification techniques on the new system. [KO97]
uses a square deflated system to prove the existence of singular solutions. [LVZ06] devises a
deflation technique that adds new variables to the systems for isolated singular roots that ac-
celerates Newton’s method and [LVZ08] modifies this to compute the multiplicity structure.
[RG10] computes error bounds that guarantee the existence of a simple double root within
that error bound from the input, [LZ13, LZ14] generalizes [RG10] to the breadth one case and
give an algorithm to compute such error bound. [L.S15] gives verified error bounds for isolated
and some non-isolated singular roots using higher order deflations. [WZ08a, WZ08b, DLZ11]
give deflation techniques based on numerical linear algebra on the Macaulay matrices that
compute the coefficients of the inverse system. [GY13, GY18] give a new deflation method



that does not introduce new variables and extends a-theory to general isolated multiple
roots for the certification to a simple root of a subsystem of the overdetermined deflated
system. In [HMS16] a new deflated system is presented, which simple roots correspond to
the isolated singular points with their multiplicity structure. A somewhat different approach
is given in [AAHS18], where they use a symbolic-numeric certification techniques that certify
that polynomial systems with rational coefficients have exact isolated singular roots. More
recently, [LLZ19] design a square Newton iteration and provide separation bounds for roots
when the deflation method of [LVZ06] terminates in one iteration, and give bounds for the
size of the clusters.

The certification approach that we propose is based of an algebraic analysis of some strata
of the punctual Hilbert scheme. Some of its geometric properties have been investigated long
time ago, for instance in [Bri77, Iar77, BI78] or more recently in the plane [BS17]. However,
as far as we know, the effective description that we use and the rational parametrization of
the regular strata that we compute have not been developed previously.

2 Preliminaries

Let f := (f1,...,fn) € Clx]V with x = (z1,...,2,). Let £ = (&,...,&,) € C" be an
isolated multiple root of f. Let I = (f1,..., fn), m¢ be the maximal ideal at £ and () be the
primary component of I at { so that /@ = m¢. The shifted monomials at £ will be denoted
for « = (g, ..., a,) € N* by

xg 1= (1 — &)™ e (1 — &)™

Consider the ring of power series C[[d¢]] := Cl[dy ¢, . . ., d,¢]] and we denote d? = dffg . -dﬁfg,
with 8 = (B, ..., 0,) € N*. We identify C[[d¢]] with the dual space C[x]* by considering the
action of df on polynomials as derivations and evaluations at £, defined as

0181y

d?(p) := &° = —
3 () (p) . 8x‘f1~ D

(§) forp e Clx]. (1)

Hereafter, we reserve the notation d and d; for the dual variables while 8 and 0,, for deriva-
tion. We indicate the evaluation at £ € C" by writing d;¢ and d¢, and for § = 0 it will
be denoted by d. The derivation with respect to the variable d;¢ in C[[d¢]] is denoted 0y, ,
(t=1,...,n). Observe that

1
ol

1 ifa=p,

0 otherwise,

d((x—¢)") = {

where ! = gi!--- B,

For p € C[x] and A € C[[d¢]] = C[x]*, let p-A : ¢ — A(pq). We check that p = (z;—&;) acts
as a derivation on C[[d¢]]: (xl—fz)d? = O, (d?) = Bid?_ei. Throughout the paper we use the
notation ey, . .., e, for the standard basis of C" or for a canonical basis of any vector space V'



of dimension n. We will also use integrals of polynomials in C[[d]] as follows: for A € C[[d]]
and k =1,...,n, [, A denotes the polynomial A* € Cl[[d¢]] such that 0, . (A*) = A and A*
has no constant term. We introduce the following shorthand notation

/kA ::/kA(dLg,...,dk@,O,...,O). 2)

For an ideal I C C[x], let I+ = {A € C[[d¢]] | Vp € I,A(p) = 0}. The vector space I is
naturally identified with the dual space of C[x]/I. We check that I+ is a vector subspace of
Cl[d¢]] which is closed under the derivations 9y, , for i =1,...,n.

Lemma 2.1. If Q is a mg-primary isolated component of I, then Q*+ = I+ N C[dg].

This lemma shows that to compute @Q*, it suffices to compute all polynomials of C[d]
which are in /*. Let us denote this set D = I+ N C[d¢]. It is a vector space stable under the
derivations &y, . Its dimension is the dimension of Q* or C[x]/Q, that is the multiplicity of
€, denoted r¢(I), or simply r if £ and [ is clear from the context.

For an element A(d¢) € C[d¢]| we define the degree or order ord(A) to be the maximal |3
s.t. df appears in A(d¢) with non-zero coefficient.

For t € N, let D; be the elements of D of order < t. As D is of dimension r, there exists
a smallest ¢ > 0 s.t. D;y; = D;. Let us call this smallest ¢, the nil-index of D and denote
it by d¢([), or simply by 6. As D is stable by the derivations Jg, ., we easily check that for
t > 0¢(1), Dy = D and that ¢(I) is the maximal degree of elements of D.

For an mg-primary ideal @, let
M; : Clx]/Q — C[x]/Q
pr (i — &) p
be the multiplication operator by x; — & in C[x|/Q. Its transpose operator is
Ml :D—D
A—Ao M, = (I‘Z — gz) A= 8di’£(A),
where D = Q+ C C[dg].

Let B = {x?l, . ,xf“"} be a basis of C[x|/Q. We can identify the elements of C[x]|/Q with
the elements of the vector space spang(B). We define the normal form N(p) of a polynomial
p in C[x] as the unique element b of spang(B) such that p — b € Q. Hereafter, we are going
to identify the elements of C[x]/Q with their normal form in span(B). For a € N™, we will
write the normal form of xg as

N(x¢) =3 ppaXe" (3)
i=1



The matrix of the operator M) of multiplication by x in the basis B of C[x|/@Q is M, =
[Mﬁiﬂj-i—ek]'

2.1 The multiplicity structure

We start this subsection by recalling the definition of graded primal-dual pairs of bases
for the space C[x]|/Q and its dual. The following is a definition/lemma:

Lemma 2.2 (Graded primal-dual basis pair). Let f, {, Q, D, r = r¢(f) and 6 = 0¢(f) be as
above. Then there exists a primal-dual basis pair of the local ring C[x|/Q with the following
properties:

(1) The primal basis of the local ring C[x]/Q has the form
B .= {X?l,xgz,.. X?T} (4)

We can assume that B1 = 0 and that the ordering of the elements in B are increasing
in degree. Define the set of exponents in B as E = {f1,...,0,} C N".
(2) The unique dual basis A = {A,As, ..., A,} of D C C[d¢] dual to B has the form:

Alzdgl — 15

Agz—d62+ Z ,uﬁa
3! | <|Ba] i 6'

BEE

A= dﬁr + Y Hpa

da,
ot |al<|Br| gre
BgE

(3) We have 0 = ord(A;) < --- < ord(A,), and for all 0 < t < § we have
D, =span{A; : ord(A;) <t},
where D, denotes the elements of D of order <t, as above.

A graded primal-dual basis pair (B, A) of D as described in Lemma 2.2 can be obtained
from any basis A of D by first choosing pivot elements that are the leading monomials
with respect to a graded monomial ordering on C[d], these leading monomials define B,
then transforming the coefficient matrix of A into row echelon form using the pivot leading
coefficients, defining A.

A monomial set B is called a graded primal basis of f at £ if there exists A C C[d] such
that (B, A) is a graded primal-dual basis pair and A is complete for f at &.

Next we describe the so-called integration method introduced in [Mou97, MM11] that
computes a graded pair of primal-dual bases as in Lemma 2.2 if the root £ is given. The
integration method performs the computation of a basis order by order. We need the following
proposition, a new version of [Mou97, Theorem 4.2]:



Proposition 2.3. Let Ay,..., A, € C[d¢] and assume that ord(A;) < t for some t € N.
Suppose that the subspace D := span(Ay,...,A;) C Cldg| is closed under derivation. Then
A € Cld¢] with no constant term satisfies 04, (A) € D for all k =1,...,n if and only if A
is of the form

A=Y > A (6)

i=1 k=1

for some vF € C satisfying

Zl/f@dl(/\i) — Vf@dk(/\i) =0 for 1<k<l<n. (7)
i1

Furthermore, (6) and (7) implies that

Oa (A) =D"UFA;  fork=1,...,n. (8)
i=1

Proof. Without loss of generality we can assume that & = 0. Suppose A € C[d] with no
constant term satisfies 0, (A) € D for all k =1,...,n. To prove (6), we can proceed exactly
as in the proof of [Mou97, Theorem 4.2]: we write A uniquely as

A - A1<d17...,dn) +A2<d2,7dn)—|— ,-'-An(dn)

with A; € Cld;, ..., d,]\Cldii1,...,d,]. Then [, 04, A; = A;. Then we prove that by induction
on k that if o, := Ay +---+ A then

S
Ay = ZVf/kAj - (Uk—l - O'k—1|dk:0)
j=1

and

S
k
o =Ap + 01 = Z V; /kAj + Ok—1]a,=0
j=1

=> v /k A+ vt /k Ajlg=o+---+ > v /k/\j|dk=o,---d2=o-
=1 j=1 j=1

Conversely, suppose that A € C[d] with no constant term is of the form (6) satisfying
(7). Define Ay = 7, = Z;Zly} JiAj and for k = 2,...n define Ay = 37, I/Jk LA —
(0k—1 — Ok—1]dgp—0) and aj := Ay + - - + Ag. Then in the proof of [Mou97, Theorem 4.2] it

is shown that Ay € C[dy, ..., d,] \ Cldri1, ..., d,] and
5k — Z I/J]-C / Aj + Z l/]]?_1 / Aj|dk:0 + -+ Z l/]1 / Aj|dk:07~~~d2:0
j=1 'k =1 K j=1 7k

so we get that Jy, (A) = g, (5k) = X5, VFA\; € Dy as claimed. O



Let @ be a mg-primary ideal. Proposition 2.3 implies that if A = {A;,..., A} C C[d]
with A; = 1 is a basis of Q*, dual to the basis B = {x?l, . ,X?T} C C[x] of C[x]/Q with
ord(A;) = |B;], then there exist v; € C such that

Aa, (M) = D v Ay
|8;1<18:]

Therefore, the matrix M of the multiplication map My, by x; — & in the basis B of C[x]|/Q
1s
kT
My = [Vj,i]lgi,jgr = [MﬁivﬁjﬂLek]lSiJST
using the notation (3) and the convention that vf; = jig, 5, 1e, = 0if |3;] > |5;]. Consequently,

k
V27J2M617ﬁ1+ek Z7j7:17"'7r7k:1,...’n’

and we have . o
A= Z Z Mﬁiﬂj-f—ek/k‘/\j
|Bj1<|Bi| k=1

where i, 3, +e, is the coefficient of Xgi in the normal form of x;’ T in the basis B of C[x]/Q.

Next we give a result that allows to simplify the linear systems involved in the integration
method. We first need a definition:

Definition 2.4. Let £ C N" be a set of exponents. We say that E is closed under division
if 6= (61,...,0,) € E implies that § — e, € E as long as f; > 0 for all k =1,...,n. We
also call the corresponding primal basis B = {x? L ,xﬁ "} closed under division.

The following lemma provides a simple characterization of dual basis stable by derivation,
that we will use in the integration algorithm.

Lemma 2.5. Let B = {x?l, . ,x?*} C C[x] be closed under division and ordered by degree.
Let A ={Ay,..., A} C Cl[d¢] be a linearly independent set such that

A= Z Z luﬁiyﬁjJrek/kAj' (9)

1851<1Bil k=1

Then D = spanAy, ..., A, is closed under derivation iff for alli,s =1,...,r, |Bs| < |5 and
k#1e{l,...,n} we have

> BB e By Bate; — HB. By tei By Baten = O- (10)
J:18s1<181 <18

Furthermore, (B, A) is a graded primal-dual basis pair iff they satisfy (10) and

1 for B; = B; + e
HBi,Bi+er = { ’ (11)

0 forB;+e,ckE, B # B+ ey,



Proof. Assume A = {Ay,...,A,} is linearly independent and D = span(A) is closed under
derivation. For ¢t € {0,...,d} denote by {Ay,..., A, } = ANC[d]; and D; = span(Ay, ..., A,,).
Then by Proposition 2.3, A satisfy equations (8) for ¢t = 0,...,0 and for j = 1,...,7,
k =1,...,n, we have 8dk( i) = Xi8ul<18; 18,85 +ex s Substltutmg this to (7) we get for
i=1,..

Y Bgigren D Mg peteNs — Hagi4er D Mgy Bete, s = 0. (12)
18,1<18i] 1851<1; 18 1<18;]

Then using linear independence and collecting the coefficients of Ay we get (10).
Conversely, assume that (10) is satisfied. Then (12) is also satisfied. We use induction on
t to prove that D, is closed under derivation. For ¢ = 0 there is nothing to prove. As-
sume D;_; is closed under derivation. Then by Proposition 2.3 if |3;| < t then 04, (A;) =
2o 18:1 <185 18,85 +ex Ns for k=1,... n. Thus for |5;| = ¢, (12) implies that

Z /~L5¢75j+ekadl (AJ) - u5i76j+eladk (A]> = 0.
1B51<18il

Again, by Proposition 2.3 we get that D, is closed under derivation.
Next, assume first that (B, A) is a graded primal-dual basis pair. This means that for i =
1,...,r and for [ such that |5;| < |g;]

b= N (x7) = Zn: > Mﬁzﬁﬁek//\ x)

11851<18il

Bjl<IBil

Fix k to be the index of the last non-zero entry of §;. For all other ks d* becomes zero
when we substitute 0 into di41,...,d, in [,A;. Thus,

A; (x ) > g, 5]+ekcoeff / Aj)

1B51<Bil
Z ff( dﬁz—ek A )
= M/Bi7ﬁ.+ coe - EE——— i).
si<isl - (B —ep)

Since E is closed under division, §; — e, = 3,, € E for some m < [. By duality we have that
coeﬁ(%,AJ) = Oy, j, SO

A; (Xﬁl) = KB, Bm+er — M35

To satisfy A; (Xﬁl) = 0,;; we must have

B 1 if B =B +ex
HBi,Bm+er = 0 ifp,+e. =0 € FEbuti#l



Conversely, by induction on ¢ = |3;| we have that deg(A;) < |f;|. Then A; (X?l) = 0 when
16| > |Bi]- For || < |5;|, Equations (11) imply that the coefficient of %—f; in A;is 0if i #1
and 1 if ¢ = [. Therefore (B, A) is a graded primal-dual basis pair. O

To compute the inverse system D of f at a point &, we will consider the additional systems
of equations in & and p = {us,q}:

A(fj))=0for1<i<r,1<j<N. (13)

Throughout the paper we use the following notation:

Notation 2.6. Let fi,..., fy € Cx] and fix t € N. Let B,_; = {x?l, . ,x?”’l} C Clx¢li—1
be closed under division and A;—y = {Ay,..., A, ,} C C[d¢)i—1 dual to B,y with A; =

2 5:18;1<18i] 2=k=1 M, BjJrekf_kAj. Consider the following homogeneous linear system of equations

in the variables {I/]k cg=1,...,r, k=1,... ) n}k
Z I/]]»g HB;,Bs+e; — le- HB;,Bs+e, = 0, 1<k<li<n. (14)
Ji1Bs|<IB51<t
Vf =0 ifBj+e,=p forsomel <I<r (15)
Tt—1 n -
Zzy]’?/Aj (f)=0 I=1,...,N. (16)
j=1k=1 7k

We will denote by H; the coefficient matrix of the equations in (14) and (15) and by K; the
coefficient matrix of the equations in (14)-(16).

By Proposition 2.3 and Lemma 2.5, if K; v = 0 where v = [y]"“ cj=1,...,8, k=1,...,n],
then A = 3°5_, Yopy vF [ A; € (£)* N C[d¢]; = D;. The main loop of the integration method
described in Algorithm 1 consists in computing the new basis elements in D; and the new
basis monomials in B; of degree ¢ from the primal-dual basis pair (B;_1, Ay_1) in degree ¢ — 1.

The full INTEGRATION METHOD consists of taking A; := 1¢ for ¢ = 0, a basis of D and
then iterating algorithm INTEGRATION METHOD - ITERATION ¢ until we find a value of ¢
when D; = D,_;. This implies that the order § = d¢(f) = ¢ — 1. This leads to the following
definition.

Definition 2.7. We say that A C C[d¢] is complete for f at ¢ if the linear system K of the
equations (14)-(16) in degree t = 6 + 1 = ord(A) + 1 is such that ker K5, = {0}.

Notice that the full INTEGRATION METHOD constructs a graded primal-dual basis pair
(B, A). The basis A C (f*) spans a space stable by derivation and is complete for f, so that
we have span(A) = (f)* N Cld¢] = Q* where @Q is the primary component of (f) at &.

To guarantee that By is closed under division, one could choose a graded monomial ordering
< of C[d¢] and compute an auto-reduced basis of ker H; such that the initial terms for <
are d? The set B; constructed in this way would be closed under division, since D, is stable

10



Algorithm 1 INTEGRATION METHOD - ITERATION ¢

Input: t >0, f = (f1,..., fy) €Cx]N, £€C", B, = {x?l, . ,x?”’l} C CJx] closed
under division and A,y = {Ay,..., A, ,} C Cld¢] a basis for D,_; dual to B;_;, of the
form (9).

Output: Either “D;, =D;_{” or B; = {Xgl, o ,X?”} for some r;, > r;_; closed under
division and Ay = {Ay,..., A, } with A; of the form (9), satisfying (10), (11) and (13).

(1) Set up the coefficient matrix K; of the homogeneous linear system (14)-(16) in
Notation 2.6 in the variables {Vf}jzl,___,rt_h k=1,..n associated to an element of the form
A= ZT‘ DR ~f_k,Aj. Let h; := dim ker K;.

(2) If ht = 0 then return “D; = D,_;”. If hy > 0 define r;, := r,_; + h;. Performed a
triangulation of H; by row reductions with row permutations and column pivoting so that
the non-pivoting columns correspond to exponents (., ,+1,..., 3, with strict divisors in
Biy. Let By = By U{x" 7 x0T,

(3) Compute a basis A,, ,41,...,A,, € C[d¢] of ker K; from the triangular reduction of H,
by setting the coefficients of the non-pivoting colmuns to 0 or 1. This yields a basis
A=A U{A, 41, Ay} dual to By. The coefficients v; of A; are the coefficients

18,,8,+e, 0 (9) so that Equatlons (13) are satisfied. Equatlons (11) are satisfied, since A; is
dual to B;.

under derivation. In the approach we use in practice, we choose the column pivot taking into
account the numerical values of the coefficients and not according to a monomial ordering
and we check a posteriori that the set of exponents is closed under division (See Example
7.1).

The main property that we will use for the certification of multiplicities is given in the
next theorem.

Theorem 2.8. If {* is an isolated solution of the system f(x) = 0 and B is a graded primal
basis at £* closed under division, then the system F(&, u) = 0 of all equations (10), (11) and
(13) admits (§*, 1*) as an isolated simple root, where p* defines the basis A* of the inverse
system of (f) at & dual to B, by the relations (9).

Proof. This is a direct consequence of [HMS16, Theorem 4.11], since the system of equations
(10)-(13) is equivalent to the system (14) in [HMS16, Theorem 4.11]. The equations (10)
express the commutation of the transposed of the parametric operator of multiplication in
B, which are the same as the equations of commutation of the operators. By Lemma 2.5,
the equations (11) are equivalent to the fact that (B, A*) is a graded primal-dual basis pair.
Finally, the equations (13) are the same as N(f;) = 0,7 =1,..., s where AV is the parametric
normal form defined in [HMS16][see Definition 4.7 and following remark]. Therefore the two
systems are equivalent. By [HMS16, Theorem 4.11], they define the simple isolated solution
(&*, pu*), where p* defines the basis A* dual to B by the relations (9). O
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3 Punctual Hilbert scheme

The results in Sections 3 and 4 do not depend on the point £ € C”, so to simplify the
notation, we assume in these sections that £ = 0. Let m = (x1, ..., z,) be the maximal ideal
defining ¢ = 0 € C". Let C[d] be the space of polynomials in the variables d = (dy, ..., d,)
and C[d]; C C[d] the subspace of polynomials in d of degree < ¢.

For a vector space V', let 4,.(V') be the projective variety of the r dimensional linear spaces
of V', also known as the Grassmannian of r-spaces of V. The points in 4,.(V') are the projective
points of P(A"V) of the form v = v; A -+ Aw, for v; € V. Fixing a basis ey, ..., e, of V| the
Pliicker coordinates of v are the coefficients of A; ; (v) of v =3, i Ay i (V)e, A
-+~ ANe;,. When V = C[d],_1, a natural basis is the dual monomial basis (‘i—?)‘akr. The
Pliicker coordinates of an element v € %,(C[d],—;) for this basis are denoted A,, . ., (V)
where a; € N* and || < 7.

If A= {Ay,..., A, } is a basis of a r-dimensional space D in C[d],_; with A; = 3, , uw%
, the Pliicker coordinates of D are, up to a scalar, of the form

1<ij<r’

In particular, a monomial set B = {x*,...,x*} C C[x],_; has a dual basis in D iff
77777 5. (D) # 0. If (B = {x%}_,,A = {A;}/_,) is a graded primal-dual basis pair, then
pip; = 0;j. To keep our notation consistent with the previous sections, the coordinates of
A; € A when A is dual to B will be denoted by pg, , instead of y; . By properties of the
determinant, the Pliicker coordinates of D are such that

= =1,...,7. 17
IU/B“ Aﬁl ----- BT ' g ( )

If D is the dual of an ideal Q = D+ C C[x] and B = {x”1,...,x”} is a basis of C[x]/Q so
5.(D) # 0, the normal form of x* € C[x],_; modulo Q = D in the basis B is

.....

(if deg(x®) > r, then N(x*) = 0).

Definition 3.1. Let J7. C %,(C[d],_1) be the set of linear spaces D of dimension r in
C[d],—; which are stable by the derivations d,, with respect to the variables d (i.e. 04,D C D
fori=1,...,n). We called 7, the punctual Hilbert scheme of points of multiplicity r.

If D C C[d] is stable by the derivations 9;,, then by duality I = D+ C C[x] is a vector
space of C[x] stable by multiplication by z;, i.e. an ideal of C[x].

Proposition 3.2. D € . iff D+ = Q is an m-primary ideal such that dim C[x]/Q = r.

Proof. Let D € 5. We prove that D+ = @ is an m-primary ideal. As D is stable by
derivation, Q = D= is an ideal of C[x]. This also implies that 1 € D, so that Q C m.
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As dimD = dimC[x]/Q = r, § = ord(D) is finite and m’*! C D+ = Q. Therefore, Q is

m-primary, which shows the first implication.

Conversely, let @ be a m-primary ideal such that dim C[x]/Q) = r. Then by Lemma 2.1,
D = Q+ C C[d]; is stable by derivation and of dimension r = dim C[x|/Q. Thus D € .
This concludes the proof of the proposition. O

For D € 7., we denote by D; the vector space of elements of D of order < ¢t. We verify
that D} = D+ +m!tL

Theorem 3.3. For B C C[x| such that |B| = r and 6 = deg(B), the following points are
equivalent:

(1) D € S, and By is a basis of C[x]/(Dt +m!*t) fort=1,...,0.
(2) The dual basis A = {Ay,..., A} of B satisfies Ay = 1 and the equations (9), (10) and
(11).

Proof. (1) = (2) Assume that D € J and that B, is a basis of C[x]/(D* + m/*!). Let
Ay ={A4,..., A\, } be a basis of D, dual to By with r; = |By|. Then, for j =r,_1 +1,...,7,
A; € Dy is such that 9, (A;) = zgg; virpl\; for t = 1,..., 0. By Proposition 2.3, Equations
(9) and (10) are satisfied. As By is dual to Ay, ..., A,,, Equation (11) are satisfied.

(2) = (1) Let A; € C[d],—; for i = 1,...,7 be elements of C[d],_; dual to B, which
satisfies Equations (9), (10) and (11). By induction on ¢t = 0,...,d = deg(B), we prove that
if Ay = {Ay,..., A, } is dual to By, then Ay,...,A,, € C[d];. The property is true for t =0
since Ay = 1. If it is true for ¢t — 1, for A; with j =r,_; +1,...,7r, we have by (9), (10) and
Proposition 2.3, that g, (A;) = X757 v 6\s, k= 1,...,n. Thus A; € C[d];. This shows that
D, is stable by derivation where D, C C[d]; is the vector space spanned A4, ..., A,, € C[d];.
Let D = Ds. Since, by (11), B, is dual to Ay, ..., A,, € C[d];, we see that D N C[d], = D;.
By Proposition 3.2, @ = D+ is a m-primary ideal such that dim C[x]/Q = dimD = |B| = r.
Moreover, since By is dual to the basis {Ay,...,A,,} of Dy, By is a basis C[x]/(D* + mi*t1).
This proves the reverse inclusion. O

For a sequence h = (hg,hq,....hs) € N and 0 < ¢ < 6, let hy = (ho,..., ), 1 =
t_ohi. For r > 1 we denote by S" the set of sequences h of some length & < r with h; # 0,
ho =1 and rs = r. For h € S", we consider the following subvarieties of J7,:

S, ={D € A, | dimD; = dim DN C[d); < r;,i =0,...,t}.

These are projective varieties in .77, defined by rank conditions on the linear spaces DNC[d];
for D € J,, that can be expressed in terms of homogeneous polynomials in the Pliicker
coordinates of D. In particular, the varieties %, := J4,, are projective subvarieties of 7.
They may not be irreducible or irreducible components of 77,., but we have J7, = Upesr 74,.

We will study a particular component of 74,, that we call the regular component of 74,
denoted 7. It is characterized as follows. Let 22~ = {(1)} = {C[d]o} = % (C[d]y) and
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assume that J7;“ has been defined as an irreducible component of J7, . Let
Wy ={(Di-1,&) | Dyoy € 54, 1, & € 9,,(Cld)t), &N Dy = Di1,04,E C Diq}

The condition & ND,_; = D,_; says that & is a linear space containing D, ;. The condition
04, C D;_q says that & is stable by derivation. These two constraints define a linear
system of equations in the Pliicker coordinates of &; (see e.g. [DRS74]), corresponding to the
equations (9), (14). By construction, the projection of W; C J4,, , x%,,(C[d];) on the second
factor ¢,,(C[d];) is mo(W}) = 44, and the projection on the first factor is m (W;) = 4, _,.

There exists a dense subset U;_y of the irreducible variety 7% (with U;_; = J4,7)
such that the rank of the linear system corresponding to (9) and (14) defining &; is maximal.

Since 7 '(Dy_1) is irreducible (in fact linear) of fixed dimension for D,_y € Uy C 4,7,
there is a unique irreducible component W; ., of W; such that m (W ,eq) = J4,7 (see eg.

[Shal3][Theorem 1.26]). We define J#* = m9(W/ 1eq). It is an irreducible component of J4,, ,
since otherwise W,y = Ty 1(,%”}:;69 ) would not be a component of W; but strictly included

in one of the irreducible components of W;.

Definition 3.4. Let m, : 4, — 4, ,, D — DN C[d];_; be the projection in degree
t — 1. We define by induction on ¢, 74 = {(1)} and 74, is the irreducible component
m (A ) of A, for t=1,...,0.

4 Rational parametrization

Let B = {x?,...,x%} C C[x],_; be a monomial set. In this section we assume that
B is closed under division and its monomials are ordered by their degree. For ¢ € N, we
denote by By = B N C[x];, by By the subset of its monomials of degree ¢. Let hy = |Byy],
Tt = Yo<ict e = |By| and § = deg(B).

Let #3 == {D € 5, | B; is a basis of C[x|/(D+ +m!™!),t =0,...,6}.

By Theorem 3.3, 7% is the set of linear spaces D € . such that D, = D N C[d];
satisfy Equations (9), and (14) for t = 1,...,6. It is the open subset of D € J#, such

.....

corresponding to the monomials in B;.

Since for D € #3 we have Ag(D) # 0, we can define the affine coordinates of 7% using
the coordinates of the elements of the basis A = {Ay,..., A} dual to B:

{ o Aﬁlv---vﬁj—lyavﬁj-ﬂ ----- Br
uﬁ]7a -

A, cg=1,...,m \Oz|<r}.

The following lemma shows that the values of the coordinates {1, ,4¢, : 4,7 = 1,...7,|3;] <
|G|,k =1,...,n} uniquely define A.

Lemma 4.1. Let B = {x™,... x"} closed under division, D € % and A = {Ay,...,\,}
be the unique basis of D dual to B with Ai = 3 j4<|s ,ugi,a% fori=1,...,r. Then Ay =1
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and fori=2,...,r
n _
A = Z Z :uﬁi,ﬁj-l—ek/kAj'
1B5]<|Bi| k=1

Thus, pig,. s a polynomial functions of {pig, g;+e. * |Bs| < 18il, |18i] < |Bs],k=1,...,n} for
i=1,...,m |of <|Bil

Proof. Since D is closed under derivation, by Proposition 2.3 there exist ¢; s € C 9y, (A;) =
2218.|<8i| Ciys ks Then

HB;.Bi+er = Ai(XﬁjJrek) - adk (Ai)(xﬁj) - Z CLS,’CAS(XBj) = Cijk-
‘Bs‘<|ﬁz‘

The second claim follows from obtaining the coefficients in A recursively from A; = 1 and
Ai = Z‘BJ‘<|BZ‘ ZZ=1 ,uﬁhﬁjJrekkaj for i = 2, Lo, T ]

We define
W= {ﬂﬁi,ﬁfrek s, =16 < |Bil,k=1,...,n}
and also define p; := {pg,8,4¢, € 1t : |Bi| <t} C p which are the affine coordinates of 3,

and g = {pg, p;4+e, € 1 ¢ |B5] =t} C py. The next definition uses the fact that Equations
(14) and (15) are linear in /¥ with coefficients depending on fi;_:

Definition 4.2. Given D, ; € 5, , with a unique basis Ay 1 = {Ay,...,A,,_,} with
A = > lal<t ,ugm% for j =1,...,r,_1 that is dual to B;_1, uniquely determined by p; 1 =
L pver = 18il <t —1,|B;] < |Bi|} as above. Recall from Notation 2.6 that H; is the
coefficient matrix of the homogeneous linear system (14) and (15) in the variables {v}
j=1,...,m4, k=1,...,n}. To emphasize the dependence of its coefficients on D, _; or
i1 we use the notation Hy(D; 1) or Hy(jy—1). For D € 749 in an open subset, the rank
of Hy_1(D;_1) is maximal. We denote it p;.

The next definition describes a property of a monomial set B such that it will allow us to
give a rational parametrization of 3.

Definition 4.3. For t = 1,...,0 = deg(B) we say that D, € 4,,(C[d];) is regular for B; if,

o dim(D;) =1 = | By,

o rank H,(D;_;) = p; the generic rank Hy_; on J4, 7,

e Ap,(Dyy) # 0 where Ap, (D) is the Pliicker coordinate of Dy € 4, (Cld],) correspond-
ing to the monomials in of Bj.

Let
Uy :={D, € 74 : D, is regular for B,}.

Then U is either an open dense subset of the irreducible variety 7, or empty if Ap, (Dyy) =
0 for all D € 4,7,
We say that B is a regular basis if U, = 74, (or U, # 0) for t =1,...,0.

We denote by 7y = dim %, (ker Hy(D;_,)) for Dy_; € Uy and v = Zf:o V-
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When the basis B is closed under division and is a regular basis, 7, “/ can be parametrized
by rational functions of free paramaters i as described in the next proposition. We present
hereafter an algorithm (Algorithm 2) to compute such a parametrization iteratively.

Proposition 4.4. Let B = {x* ... x*} C C[x],_; be closed under division and assume
that B is a regqular basis. There exist a subset T C p with |fi| = v and rational functions
48,,0(F) € Q) for j =1,...,r and || <7, such that the map ® : C7 — HAp defined by

- o= ((Mj,a(ﬂ))

j=1,...,m,|al<r

parametrizes a dense subset of ;Y.

Proof. Let us define, by induction on ¢, parameters 7z, with || = >!_; 7}, and a rational
parametrization of a basis Ay (f,), ..., Ay (7i,) of a generic element of #3™. For t = 0, we
define A; = 1 and 1z, = (). Assume that there exist 7i,_; C ;1 and a rational parametrization
A (fy_q), .o A, (75,_y) of a basis dual to B;_; for a generic element .3, , defined by the
map

oy Ty = (%j,a(ﬁtfl))|5j|gt717|a‘<r-
This means that im ®; ; = %, ,. Denote by D;_1(@1,_1) € 9,_,(Q(f,_,)[d];—1) the space
spanned by {A;(@,_4), ..., Ar,_,(7,_,)} over the fraction field Q(zm,_ ).

By Theorem 3.3 and Lemma 2.5, to define 7i, and to extend D;_1(fi,_,) to Di(fi,), we need
to find A,, ,41,..., A, of the form

Tt—1 n —
Ai - Z Z Iuﬁz’yﬁjJrek/Aj(ﬁt—l) L=ry 1+ 17 sy Tty
j=1 k=1 k
satisfying the system of equations (14) and (15) and dual to By, i.e. such that
A; € ker Hy(i,_q) fori=mr, 1+ 1,...,7,

where Hy(,_,) = H; (q)t_l(ﬂt_l)) and such tha A;(x%) = §;; for r1 +1 < 4,5 < 7y
Since B is a regular basis, the kernel of H,(fi,_;) over Q(f,_,) contains a subspace Dy
of dimension h; = [By| with Ap, (Dy) # 0. Therefore, the systems Hy(f,_,) v = 0 with

v=[r:j=1,...,r1,k=1,...,n]" can be decomposed as
I//
A [BE-|CE | || =0 (18)
v

where 1/ is associated to a maximal set of independent columns of Hy(f, ,), v" = {v} :

xPiter € By} and s associated to the remaining set of columns. Note that |7| = dim(ker Hy(f,_,))—
hy. Thus, " U7 is the set of free variables of the homogeneous system H,(fi,_;)v = 0 and

a general solution is such that the variables in ¢/ are linear functions of the variables in "

and 7, with rational coefficients in 7, .
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We obtain the coefficients of A,, ,i1,...,A,, that satisfy equations (14) and (15) from
the general solutions of Hy(fi,_,)v = 0 by further specializing the variables in v to 0’s
and 1’s, according the duality conditions. Define fiy ; := {,ugi,gﬁek DUk € ﬁ} C ppy- Thus,
the parameters in jp; are linear functions of fiy; with rational coefficients in 7, ;. The
denominator in these coeflicients is a factor of the numerator of a maximal non-zero minor of
A(7i,_ ). Note that the rest of the coefficients of A; are polynomial functions of the parameters
fi—1 U pig by Lemma 4.1. Define

Tt
=T U U T

i=r¢_1+1

Thus, we get a parametrization of the coefficients of A,, ,+1(%,), - .., A, (%) in terms of 7,
which defines the degree ¢ part of the map ®; : 77, = (qs,,a(7;))|8,|<t,|a|<r- FOr Dy € Hp,, the
coefficients of its basis dual to B; can be parametrized by ®; for parameter values 7, such
that a maximal non-zero minor of A(f, ;) in Q(7,_,) does not vanish.

Note that the number of new parameters introduced is
7 \ | = (e = 7e1) - [Tl = he (dimker Hy(T,_,) — hy)

which is equal to vy = dim %, (ker Hy(7i,_,)) = dim %, (ker H;(D;_)) for D;_; generic in
U;_1 as claimed.

To prove that ®; parametrizes a dense subset of the projective variety 74, “, note that
the image im(®;) of ¥, is a subset of J4,,, the Zariski closure V; of im(®,) is an irreducible
subvariety of 4, . Furthermore, its projection m,_1(V;) C J4,,_, is the closure of the image
of im(®,_;) since if D, = im®,(;) then D, ; = D, N C[d]—1 = ®;,_1(f;_,). By induction
hypothesis, m,_1(V;) = im®,_; = 4 . Thus, V, is the irreducible component of 4, which
projects onto 74 “ | that is 7. O

Definition 4.5. We note by H;(t) a maximal square submatrix of A in (18) such that
det(Hy(Tz,_,)) # 0 and the rows R, of H, corresponding to H; contain all equations in (15).

The size of Hy(p) is the size of v/ in (18), that is the maximal number of independent
columns in H;(f,_). Given an element D = Ay A --- A A, € 4,(C[d],_1), in order to check
that D is regular for B, it is sufficient to check first that Agp(D) # 0 and secondly that
He(pe)] # 0 for all t = 0,...,6d, where p = (ug,) is the ratio of Pliicker coordinates of D
defined by the formula (17).

5 Newton’s iterations

In this section we describe the extraction of a square, deflated system that allows for a
Newton’s method with quadratic convergence. We assume that the sole input is the equations
f=(f1,...,fn) € C[x]", an approximate point ¢ € C" and a tolerance € > 0.
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Algorithm 2 RATIONAL PARAMETRIZATION - ITERATION ¢

Input: t > 0, B, = {x”,... x%¢} C C[x]; closed under division and regular, /i, ; C g 1
and O,y Ty > (Qﬁjﬂ(ﬂt—l))
subset of J7, .

Output: o, C 4 and @, : 1, — (q[;ﬁQ)

B[t al<r with ¢g,« € Q(f,_;) parametrizing a dense
71> i

) €Q(7,) extending P, ; and
i reg |6;1<t,|al<r 46; e Q1) g P
parametrizing a dense subset of 7

(1) Let H; be as in Notation 2.6 and v = [ij cj=1,...,r1,k =1,...,n]". Decompose
Hy(®-1(71_1)) - v =0 as

I//

A B | || =0 (19)

v

where 1/ is associated to a maximal set of independent columns of Hy (P, 1(%,_,)),
V' = {vF: xPte € By} and ¥ is associated to the remaining set of columns. If no such
decomposition exists, return that B; is not regular.

(2) For v} € v/ express v = ¢%(v,1") € Q(f,_,)[7, v"]1 as the generic solution of the system

Hy(®i-1(7yy)) - v = 0.

(3) Fori=r,1+1,...,r do:
(3'1> Define ﬁ[t],z’ = {/’Lﬁhﬁj‘i’ek P Vjk 67}7 th],z' = {Mﬁi,ﬁfrek : V]]'€ € V’}, Mﬁe},z = {Mﬁi,ﬁfrek :

. _ Tt J—
ij S 1/”}7 and 11, ==, 4 U Ui:Tt—1+1 i

!

(3.2) For pig, pirey € Mgy S€t g, p1e, = Hp,pi+e, = 1 if Bi = B; + €4 and 0 otherwise.
(3.3) For fug, g, +ey € Hyy; define

t],
4g; Bi+er = ()0;9 (ﬁ[t},iv :u/[:f},z> S Q(ﬁt)

(3.4) For |o| <r and pg, o & p: find ¢s, o using Lemma 4.1.

Using this input we first compute an approximate primal-dual pair (B, A) by applying
the iterative Algorithm 1. The rank and kernel vectors of the matrices K; (see Algorithm 1)
are computed numerically within tolerance e, using SVD. The algorithm returns a basis
B = {x?l, . ,X?r} with exponent vectors F = {1, ..., .}, as well as approximate values
for the parameters 1 = {p, 5,4e, : |Bj| <|8i|l € E, k =1,...,n}. These parameters will
be used as a starting point for Newton’s iteration. Note that, by looking at B, we can also
deduce the multiplicity r, the maximal order ¢ of dual differentials, the sequences r; = | By,
and hy = |Bpy| for t =0,...,9.

Let F' be the deflated system with variables (x, i) defined by the relations (9) and Equa-
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tions (10), (11) and (13) i.e.
> 16,8, +er 18, Burer — HB.8;+erHB; Bute, =0 (a)
18s1<1851<I8i]
foralli=1,...,r |Bs| <|Bil,k#1€{1,...,n}
e 0 forB;+ex € E, B #pB;+e,
Ai(f;)=0, i=1,....,r,7=1,...,N. ()

Here Ay = 15 and Aj = X015 <15, ks 118,,3,+ex Jp\; € Clu][dx] denote dual elements with
parametric coefficients defined recursively. Also, if A; = 37,43, Nﬁi,ai_% then

9% (/) (x)

al

Ai<fj): Z HB;a

| <[ Bi

which is in C[x, p] by Lemma 4.1. Note, however, that (a) and (b) are polynomials in C[y],
only (¢) depends on x and p. Equations (b) define a simple substitution into some of the
parameters p. Hereafter, we explicitly substitute them and eliminate this part (b) from the
equations we consider and reducing the parameter vector pu.

By Theorem 2.8, if B is a graded primal basis for the system f at the root &* then the
above overdetermined system has a simple root at a point (£, u*).

To extract a square subsystem defining the simple root (£*, u*) in order to certify the
convergence, we choose a maximal set of equations whose corresponding rows in the Jacobian
are linearly independent. This is done by extracting first a maximal set of equations in (a)
with linearly independent rows in the Jacobian. For that purpose, we use the rows associated
to the maximal invertible matrix H; (Definition 4.5) for each new basis element A; € Dy and
t=1,...,7. We denote by G the subsystem of (a) that correspond to rows of H;.

We complete the system of independent equations G with equations from (c), using a
QR decomposition and thresholding on the transposed Jacobian matrix of Gy and (c) at the
approximate root. Let us denote by F{ the resulting square system, whose Jacobian, denoted
by Jy, is invertible.

For the remaining equations Fj of (¢), not used to construct the square system Fj, define
Q= {(4,5) : Mi(f;) € F1}. We introduce new parameters ¢; ; for (i,7) €  and we consider
the perturbed system

fie=ti— Z €ij X?-
Jl(i,5)eQ
The perturbed system is f. = f —e B, where € is the N x r matrix with [e];, ; = ¢ ; if (1, 7) € Q
and [e];; = 0 otherwise. Denote by F'(x, p,€) the system F(x, ) where A;(f;) is replaced
by A;(fie) for j =1,...,ri=1,...,N. Then the equations used to construct the square
Jacobian Jy are unchanged. The remaining equations are of the form

Ni(fie) =N(fi) —e; =0 (i,5) €
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Therefore the Jacobian of the complete system F'(x, i, €) is a square invertible matrix of the
form

Jo 0
Jp 1d
where J; is the Jacobian of the system Fj of polynomials A;(f;) € C[x, u] with (7, 7) € Q.

Since J is invertible, the square extended system F'(x, u, €) has an isolated root (£*, u*, €*)
corresponding to the isolated root (£*, u*) of the square system Fy. Furthermore, A%(f;) =
e;; = 0 for (4,7) € Q. Here A}, ..., Ay € C[d¢-] are defined from (§*, p1*) recursively by

AT = 15* and A;k = Z Z Mgi,ﬁj+ek/A*

;. (20)
18;1<|8:] k=1

We have the following property:
Theorem 5.1. If the Newton iteration

(ks 1s 1) = i) — Jo(Eky i) ™ Fo (&, 1ire),

starting from a point (&g, o) converges when k — oo, to a point (£, u*) such that B is a
reqular basis for the inverse system D* associated to (£, u*) and D* is complete for £, then
there exists a perturbed system f; o = fi — X6 j)eq €1 4 X?ﬁ with € ; = A(fi) such that £ is
a multiple root of f; .~ with the multiplicity structure defined by p*.

Proof. If the sequence (&, ux) converges to the fix point (£*, ©*), then we have Fy(¢*, p*) =0
and in particular, Go(£*, u*) = 0 where Go(&*, u*) = 0 is the subset of equations selected
from (a).

As p* is regular for B, if it satisfies Go(£*, n*) = 0, it must satisfy all equations (a).
Therefore p* defines a point D* = A A--- AAF € 5.

As (A}) is a basis of D* dual to B and fi- = fi — X4 j)eq €l X?ﬁ with €, = A(f;)
for (i,j) € Q, we have that if (i,j) € Q then Aj(fi-) = Aj(fi) — ¢, = 0. Otherwise
Aj(fier) = Aj(fi), since it is one of the equations selected in (c) to construct the system Fp
and Fy(£*, u*) = 0. This shows that f. = (fi )N, C (D*)*. Since f.- is obtained from f by
adding elements in B, the system (c), at order 6 + 1 for f.. and f are equivalent. Thus D*
is complete for f and f. and D* = (f..)* N C[d¢+] is the inverse system at £* of the system

.. UJ

6 Certification

In this section we describe how to certify that the Newton iteration defined in Section
5 quadratically converges to a point that defines an exact root with an exact multiplicity
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structure of a perturbation of the input polynomial system f. More precisely, we are given
f=(f,....fn) € Cx]V, B={x",...,x*} C C[x]in increasing order of degrees and closed
under division, § := |3,|. We are also given the deflated systems F'(x, 1), its square subsystem
Fy(x, 1) defined in Section 5 and Fy(x, ) the remaining equations in F(x, u). Finally, we
are given §{ € C" and fi = {jig,p4e, € C : 0,5 = 1,...,7(B;] < [Bi|.k =1,...,n}. Our
certification will consist of a symbolic and a numeric part:

Regularity certification. We certify that B is regular (see Definition 4.3). This part of the
certification is purely symbolic and inductive on ¢. Suppose for some ¢t — 1 < § we certified
that B;_; is regular and computed the parameters 1, ; and the parametrization

Dy g iy — (%i,amtq))

1Bil<t—1,|a|<t—1

(Algorithm 2). Then to prove that By is regular, we consider the coefficient matrix H; of
equations (14) and (15). We substitute the parametrization ®;_; to get the matrices Hy(fi,_ ).
We symbolically prove that the rows of H;(f,_;) (Definition 4.5) are linearly independent and
span all rows of H,(f, ;) over Q(fz,_,). If that is certified, we compute the parameters 7,
and the parametrization ®; : 7i, — (¢g,a (1)) g, <t o <; @ In Algorithm 2 inverting the square
submatrix H, of H; such that the denominators of ¢g, ,, for |5;| =t divide det(H(%,_,)) # 0.

Singularity certification.

(C1) We certify that the Newton iteration for the square system Fy starting from (&, i)
quadratically converges to some root (£*, u*) of Fy, such that ||(&, 1) — (€%, u*)||l2 < B,
using a-theory.

(C2) We certify that D* = span(A*) is regular for B (see Definition 4.3), by checking that
[Hy(u*)| # 0fort =1,...,6 (See Definition 4.5), using the Singular Value Decomposition
of Hy(j1) and the distance bound [ between p* and fi.

(C3) We certify that A* is complete for f at £* (see Definition 2.7), where A* C C[d,-] is the
dual systems defined from (£*, u*) recursively as in (20). This is done by checking that
ker K5.1(€*, *) = {0} (See Definition 2.7), using the Singular Value Decomposition of
Ksi1(€, i) and the distance bound f between (€*, u*) and (€, ).

DIER |75 g = 2| DE;(E, i) Fo(€, )],

a = [~ and for a matrix function A(, i), let El(fl;é, fi;7) be a bound on its Lipschitz
constant in the ball B,.(¢, 1) of radius r around (&, i) such that [[A(£, ) — A&, @) <

Ly(A € i) ||(€, 1) — (€, )| for (&) € Bu(€,fi). For a matrix M, let o,m,(M) be its

smaller singular value. We have the following result:

Let us now consider v = supy, |IDF;Y(E, i)

Theorem 6.1. Let B = {x%1, ... x%} C C[x] be closed under division and suppose B is
reqular. Suppose that o < «g := 0.26141, EI(K(;H;é, i B) B < amin(KHl(é, @) and for
t=1,...,0

Li(He; 13 8) B < Omin(He(2)). The Newton iteration on the square system Fy starting from
(€, 1) converge quadratically to a point (€*,1*) corresponding to a multiple point € with
multiplicity structure ji* of the perturbed system f.. = f —e* Be. such that ||e*|| < ||Fy(€, i)||+
Li(Fy; €, i, 8) B, where Ber = {x?i, o ,X?I}.
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Proof. By the a-theorem [BCSS98|[Chap. 8, Thm. 1], the Newton iteration on Fy starting
from (&, i) converges quadratically to a point (£*, u*) such that ||(£*, u*) — (&, )] < 5. We
deduce that

”K5+1(§*7u*) - K5+1(~7:&')H < ﬁl(K(ngl;gna;ﬂ) H(é.*au*) - (gaﬂ)H
< Umin(K5+1(ga ﬂ))

Therefore Ksi1(£*, %) is within a ball around K5+1£§, i) of matrices of maximal rank,

since Opin(Ksi1(€, 1)) is the distance between Ky, 1(, i) and the set of matrices not of
maximal rank. Thus ker Ky (£, p*) = {0}. A similar argument shows that |H;(u*)| # 0 for
t =1,...,6. By Theorem 5.1, (£*, u*) defines a multiple root ¢* with multiplicity structure
w* for the perturbed system f.- = f — €* B+ with

"] = ||F1(€*,M*)|H|F1(§:aﬂ)|| HIE(E 17) = FE m)ll
SRR+ LRl i B) (€ ") - (€]

7 Experimentation

In this section we work out some examples with (approximate) singularities. The experi-
ments are carried out using Maple, and our code is publically available at https://github.com/filiatr:

Example 7.1. We consider the equations
fi :x:{’+x§+x§—1, fo :x§+x%+x§—1, f3 :x§+x%+x§ -1,
the approximate root & = (0.002,1.003,0.004) and an error threshold ¢ = 0.01.

We shall first compute a primal basis using Algorithm 1. At the first iteration we compute
the 3 x 3 matrix K| = K1(&p). The elements in the kernel of this matrix consists of elements
of the form A = vl d, +v?dy +1v3d3. The singular values of K (&) are (4.1421,0.0064,0.0012),
which implies a two-dimensional kernel, since two of them are below threshold e. The (nor-
malized) elements in the kernel are /~\2 =d; —0.00117d, and /~\3 = dz — 0.00235d,. Note that
ds was not chosen as a leading term. This is due to a pivoting that we apply in the numeric
process, in order to avoid leading terms with coefficients below the tolerance €. The resulting
primal basis B; = {1, z1,x3} turns out to be closed under derivation.

Similarly, in degree 2 we compute one more dual element A, = dids — 0.00002d? —
0.0023dyds + 5.5 - 107%d35 — 0.00117 - dadz — 0.00002d3 + 5.9 - 107d,.

In the next step, we have ker K3 = {0}, since the minimum singular value is o, =
0.21549, therefore we stop the process, since the computed dual is approximately complete
(cf. Definition 2.7). We derive that the approximate multiple point has multiplicity r = 4
and one primal basis is B = {1, xy, z3, x123}.
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The parametric form of a basis of D is ker K; = (Ay = dy + pio1d2, A3 = ds + 131ds). Here
we incorporated (11), thus fixing some of the parameters according to primal monomials x4
and x3.

The parametric form of the matrix K»(&, p) of the integration method at degree 2 is

(o) | 0 0 0 O 0 —p21 O 1 —us3y

wwlo o0 0 o -1 1 0 0
@ | 0 0 0 poy -1 0 p31 0 0
A(h) | BE2 26 265 361 poa 0 3&  p3a 1 ,
Af2) | 261 385 265 1 3Bugié&e 0 0 3Buz1& 1
A(fs) | 261 262 365 1 pon 0 0 w31 383

where the columns correspond to the parameters in the expansion (6):

A4 = Vlldl -+ I/%dg -+ I/%dg -+ 1/21 (d%) -+ 1/22<d1d2 -+ ,ug,l d;)
+5 (dyds + pa,1 dsdz) 4 v3 - 0+ v (a1 d3) + V3 (d3 + pig1 dods)

Setting Ay(z123) = 1 and Ay(xy) = Ay(x3) = Ay(1) = 0, we obtain v{ =v2 =0 and v3 = 1.
The dual element of order 2 has the parametric form

Ay = dyds + pada + pag d% + ptazdido+ (21)
+ prasdads + piag d?, + (po,1 fa3 + 3 fas )d5

2 _ 1 2 _ 1_ 2 _ 3 _
(V] = pa1, Vs = fap, V5 = a3, V3 = flaa, V5 = flas, V5 = flag). Overall 8 parameters are used
in the representation of Dj.

The highlighted entries of K3(&, ) form the non-singular matrix Hy in Definition 4.5,
therefore Dy is regular for B (cf. Definition 4.3). We obtain the polynomial parameter-
ization ft43 = flogflag + f31,faa = 1, pus = o1 + p31ptae With the free parameters
fo= ({21, 3.1, fa1, Ha2, o). There is no denominator since det Hy = 1.

We now setup the numerical scheme. The overdetermined and deflated system F'(x, )
consists of 15 equations:

Mo fha + 31 — fa3 , —faa + 1, —po1flag — [31/46 T a5,
A (f1)=f1, Mi(fa)=12, Mi(f3)=1f3, Na(f1)=2p2122 + 327 |

Ao(fa)=3ua 113 + 221, Ao(f3)=2pa172 + 221, A3(f1)=2u3 172 + 223,
As(f2)=3ps 25 + 225 , As(f3)=2pus 102 + 323

As(f1)=pon a3+ 131 e 542 00a 1 To43 e 281+ [la
Au(f2)=3po,1pta 30243431 f1a,5T2+ 3114 1 T3+ a0 iag
Ay(f3)=puo,1pba3+ 1431 02,542 a1 T2+3 s 6 T3+ [1a 2

We now consider Jg(&p, po). This Jacobian is of full rank, and we can obtain a maximal
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minor by removing A;(f2), A1(f3), A2(f3) and As(f3) from F. We obtain the square 11 x 11
system denoted by Fj.

The initial point of the Newton iterations is &, = (0.002, 1.003,0.004) and the approxima-
tion of the variables p; ; provided by the numerical integration method: gy = (—0.00117, —
0.00235,5.9 - 1075, — 0.00002, — 0.00235,1.0, — 0.00117, — 0.00002) .

We now use Theorem 6.1 to certify the convergence to a singular system. We can compute
for (&o, po) the value 5 ~ 0.01302. Moreover, oppin(Ks11(&o, o)) = 0.21549 and the minimum
singular value of the highlighted submatrix of K3(&p, po) is equal to one. Therefore [ is at
least one order of magnitude less than both of them, which is sufficient, since the involved
Lipschitz and « constants are of the order of 1 for the input polynomials. In the first iteration
we obtain § &~ 0.00011 which clearly indicates that we are in the region of convergence.
Indeed, the successive residuals for 7 iterations are 0.00603, 0.00004, 2.07-1079,8.6-10~'%, 3.55-
1073°,6.78-10770,4.15-1079,5.1-1072% . Clearly, the residual shrinks with a quadratic rate.

We obtain &; = (1.48 - 107286,1.0,4.7 - 1072%%) and the overdetermined system is satisfied
by this point and in particular ||F (&7, p7)|lec = 7.9 - 107281 the final dual structure is D} =
{17 d17 d37 d1d3}'

Example 7.2. We demonstrate how our method handles inaccuracies in the input, and
recovers a nearby system with a true multiple point. Let

f1 = 1’12 + x| — T9 + 0.003 s f2 = .T22 + x| — T9 + 0004371

There is a cluster of three roots root around & = (0.001,—0.002). Our goal is to squeeze
the cluster down to a three-fold real root. Starting with &;, and a tolerance equal to 1072
Algorithm 1 produces an approximate dual 1, d; + 1.00099651dy, d3 + 1.00099651ddy +
1.00266222d3 + 0.99933134d, and identifies the primal basis B = {1, 1, z?} using pivoting
thresholding on the integration matrix. The sole stability condition reads p11 — o2 = 0,
where we considered Ay = 1, Ay = dy + py1.1do, Az = d3 + pyadidy + proda + pioapin 1ds.

The nearby system that we shall obtain is deduced by the residue in Newton’s method. In
particular, starting from &y, we consider the square system given by removing the equations
A1(f1) = 0 and As(f2) = 0. The rank of the corresponding Jacobian matrix remains maximal,
therefore such a choice is valid. The Newton’s iterations converge quadratically to the point
(&7, p7) = (1071°1,107151 1,1, 1). The full residual is now

F(&;, p7) = (0,0.003, =107 107 0.004, 0, =10~ 'Y} .

This yields a perturbation f; ~ f; — 0.003 and f, ~ f, — 0.004(z; — &£F) to obtain a system
with an exact multiple root at the origin (cf. Th. 6.1). Of course, this choice of the square
sub-system is not unique. By selecting to remove equations Aj(f;) = 0 and Ai(fy) = 0
instead, we obtain (&7, u7) = (0.00066578, —0.00133245,1.001,1.0,1.001) and the residual
F(&;, u7) = (0,0.005,0.002,0,0,0,0), which implies that the following nearby system

fraa® 4+ 2 — 29+ 0.008, fi=xo®+ 2 — 29+ 0.0042, + 0.002

has a singularity at the limit point £&* ~ (0.00066578, —0.00133245) described locally by the
coefficients p* =~ (1.001,1.0,1.001).
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Example 7.3. We show some execution details on a set of benchmark examples in taken
from [DZ05], see also [MM14]. For this benchmark, we are given systems and points with
multiplicities. We perturb the given points with a numerical perturbation of order 1072. We
use 150 digits of accuracy and setup Newton’s iteration; with less than 10 iterations, the
root was approximated within the chosen accuracy.

System | r/n IM SC | #u 0S

cmbsl1 11/3 | 27x23 | 75 | 74 | 108 x 77

cmbs2 8/3 | 21 x17 | 21 | 33 45 x 36

mth191 4/3 10 x 9 3 9 15 x 12

decker2 | 4/2 5x5 4 8 12 x 10

Ojika2 2/3 6 x5 0 2 6 x5

Ojika3 4/3 12 x9 15 | 14 27 x 17

KSS 16/5 | 155 x 65 | 510 | 362 | 590 x 367

Capr. 4/4 | 22x13 | 6 | 15 | 22x19

Cyclic-9 | 4/9 | 104 x 33 | 36 | 40 72 x 49
Table 1
Size of required matrices and parameters for deflation.

In Table 1, “IM” is the maximal size of the (numeric) integration matrix that is computed
to obtain the multiplicity, “#p” is the number of new parameters that are needed for certified
deflation, “SC” is the number of stability constraints that were computed and “OS” stands
for the size of the overdetermined system (equations x variables). This is the size of the
Jacobian matrix that must be computed and inverted in each Newton’s iteration. We can
observe that the number of parameters required can grow significantly.
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