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MINIMAX ADAPTIVE ESTIMATION IN MANIFOLD INFERENCE

Vincent Divol *

ABSTRACT. We focus on the problem of manifold estimation: given a set of observations
sampled close to some unknown submanifold M, one wants to recover information about the
geometry of M. Minimax estimators which have been proposed so far all depend crucially
on the a priori knowledge of some parameters quantifying the regularity of M (such as its
reach), whereas those quantities will be unknown in practice. Our contribution to the matter
is twofold: first, we introduce a one-parameter family of manifold estimators (Mt)tzo, and show
that for some choice of ¢ (depending on the regularity parameters), the corresponding estimator is
minimax on the class of models of C? manifolds introduced in [GPPVW12]. Second, we propose
a completely data-driven selection procedure for the parameter ¢, leading to a minimax adaptive
manifold estimator on this class of models. This selection procedure actually allows to recover
the sample rate of the set of observations, and can therefore be used as an hyperparameter in
other settings, such as tangent space estimation.

1 Introduction

Manifold inference deals with the estimation of geometric quantites in a random setting. Given
X, ={X1,..., Xy} a set of i.i.d. observations from some law P on RP supported on (or con-
centrated around) a d-dimensional manifold M, one wants to produce an estimator 0 which
estimates accurately some quantity 6(M) related to the geometry of M such as its dimen-
sion d [HA05, LIM09, KRW16], its homology groups [NSW08, BRS"12], its tangent spaces
[AL19, CC16], or M itself [GPPVW12, MMS16, AL18, AL19, PS19]. The emphasis has mostly
been put on designing estimators attaining minimax rates on a variety of models, which take
into account different regularities of the manifold and noise models. Those estimators rely on the
knowledge of quantities related either to the geometry of the manifold, such as its dimension or
its reach, or to the underlying distribution, such as bounds on its density. Apart from very spe-
cific cases, one will not have access to those quantities in practice. One possibility to overcome
this issue is to estimate in a preprocessing step those parameters. This may however become
the main bottleneck in the estimating process, as regularity parameters are typically harder to
estimate than the manifold itself (see for instance [AKC™19] for minimax rates for the estima-
tion of the reach of a manifold). Another approach, to which this paper is dedicated, consists
in designing adaptive estimators of §(M). An estimator is called adaptive if it attains optimal
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Figure 1 — The t-convex hull Conv,(t; A) (in green) of a curve A (in black).

rates of convergence on a large class of models (see Section 2 for a precise definition). Our main
contribution consists in introducing a manifold estimator M which is adaptive minimax (with
respect to the Hausdorff distance dg) on all the C?-models with tubular noise introduced in
[GPPVWI12] and [AL18].

Our estimator is built by considering a family of estimators given by the t-convex hull
Convy(t; X,,) of the set of observations X,,. For a given set A C R, the (d-dimensional) t-convex
hull Conv,(t; A) is defined by

Convy(t; A) == U Conv (o), (1.1)

ocCA, r(o)<t
dim(o)<d

where r(0) is the radius of a set o, i.e. the radius of the smallest enclosing ball of o, dim(o) is
its dimension and Conv(o) is its convex hull (see Definition 3.1). For d = D, the t-convex hull
is an interpolation between the convex hull Conv(A) of A (t = +00) and the set A itself (¢ = 0):
it gives a "local convex hull” of A at scale t. See Figure 1 for an example.

The loss dg( Convy(t; X,,), M) of the t-convex hull Convy(t;X,,) can be efficiently con-
trolled for t larger than some threshold ¢*(X,,) (see Definition 3.4). As the threshold t*(X,)
is very close to the sample rate £(X,,) := dg(X,,, M) of the point cloud, it is known to be of
the order (log n/n)l/ ? (see e.g. [RCO7, Theorem 2]), and one obtains a minimax estimator on
the C2-models by taking the parameter ¢ of this order (see Theorem 3.7). The exact value of ¢
depends on the unknown parameters of the model (namely the dimension and the reach of the
manifold, as well as a lower bound on the density of the distribution), so that it is unclear how
the parameter ¢ should be chosen in practice.

The adaptive estimator is build by selecting a parameter ty 4(X,,) (depending on some
hyperparameter A € (0, 1)), which is chosen solely based on the observations X,,. More precisely,
we consider the convexity defect function of a set A, originally introduced in [ALS13], and defined



by
ha(t,A) = dpg(Convy(t; A), A) € [0,¢t] for t > 0. (1.2)

As its name indicates, the convexity defect function measures how far a set is from being convex
at a given scale. For instance, the convexity defect function of a convex set is null, whereas for a
manifold M with positive reach 7(M), hy(t, M) < t2/7(M) < t for t < 7(M), so that a manifold
M is "locally almost convex” (see Proposition 4.2). We show that the convexity defect function
of X, exhibits a sharp change of behavior around the threshold t*(X,). Namely, for values ¢
which are smaller than a fraction of t*(X,,), the convexity defect function hy(t,X,,) has a linear
behavior, with a slope approximately equal to 1 (see Proposition 4.3), whereas for ¢ > t*(X,,),
the convexity defect function exhibits the same quadratic behavior than the convexity defect
of a manifold (see Proposition 4.4). In particular, its slope is much smaller than 1 as long as
t > t*(X,,) is significantly smaller than the reach 7(M). This change of behavior at the value
t*(X,,) suggests to select the parameter

tra(Xp) = sup{t < tmax, ha(t,X,) > At}, (1.3)

where A € (0,1) and ¢pay is a parameter which has to be smaller than the reach 7(M) of the
manifold (see Definition 4.5). We show (see Proposition 4.6) that with high probability, in the
case where the sample X,, is exactly on the manifold M, we have

2t%(Xy) t*(Xp) )
(X)) <t aXp) < ——= (1 . 14
In particular, we are able to control the loss of Convg(ty ¢(Xp,); X,,) with high probability. By

choosing tmax as a slowly decreasing function of n, and by using a preliminary estimator d of
the dimension d, we obtain an estimator

M = ConvdA(tA J(Xn);Xn)

which is adaptive on the whole collection of C?-models as defined in Section 2 (see Corollary 4.7
and Remark 4.10 afterwards).

The estimator M is to our knowledge the first minimax adaptive, completely data-
driven, manifold estimator. Our procedure actually allows us to estimate (up to a multiplicative
constant) the sample rate £(X,). The parameter ¢, ;(Xy) can therefore be used as an hyperpa-
rameter in different settings. To illustrate this general idea, we show how to create an adaptive
estimator of the tangent spaces of a manifold (see Corollary 4.9).

Related work

"Localized” versions of convex hulls such as the t-convex hulls have already been introduced in
the support estimation litterature. For instance, slightly modified versions of the t-convex hull



have been used as estimators in [AB16] under the assumption that the support has a smooth
boundary and in [RCO07] under reach constraints on the support, with different rates obtained
in those models. Selection procedures were not designed in those two papers, and whether our
selection procedure leads to an adaptive estimator in those frameworks is an interesting question.

The statistical models we study in this article were introduced in [GPPVW12] and
[AL18], in which manifold estimators were also proposed. If the estimator in [GPPVWI12]
is of purely theoretical interest, the estimator proposed by Aamari and Levrard in [AL18], based
on the Tangential Delaunay complex, is computable in polynomal time in the number of inputs
and linear in the ambient dimension D. Furthermore, it is a simplicial complex which is known
to be ambient isotopic to the underlying manifold M with high probability. It however requires
the tuning of several hyperparameters in order to be minimax, which may make its use delicate
in practice. In contrast, the ¢-convex hull estimator with parameter ¢ 4(X,) is completely data-
driven, computable in polynomial time (see Section 5), while keeping the minimax property.
However, unlike in the case of the Tangential Delaunay complex, we have no guarantees on the
homotopy type of the corresponding estimator.

A powerful method to select estimators is given by Lepski’s method [Lep92, Bir01] (and
its further refinement known as Goldenshluger-Lepski’s method, see e.g. [GL13]). In its simplest
form, this method applies to a hierarchized family of estimators (ét)tZO of some 0 € R: typically,
we assume that the bias of the estimators is a nondecreasing function of ¢ whereas their variance
is nonincreasing. The Lepski method consists in comparing each estimator 0, to the less biased
estimators 6y for ¢ < ¢ and by choosing the smallest ¢ for which the estimator 0, is close enough
to its less biased counterparts (with respect to ¢). Our method is based on a similar idea, with the
important modification that instead of comparing 0, to all the estimators 8, for t' < ¢, we show
that it is enough to compare each estimator to some degenerate estimator (here corresponding to
X, = Convy(0;X,,)) to select a parameter which leads to an adaptive estimator. In that sense,
our method largely stems from the Penalized Comparison to Overfitting method introduced in
[LMR17] in the setting of kernel density estimation.

Outline of the paper

The framework of minimax adaptive estimation as well as preliminary results on manifold esti-
mation are detailed in Section 2. In Section 3, we define the ¢t-convex hull of a set, and show
that the estimator Convy(#;X,,) is minimax for some choice of ¢. In Section 4, we introduce
the convexity defect function of a set, originally defined in [ALS13], and study in details the
behavior of the convexity defect of the observation set X,,. This study is then used to select a
parameter ty 4(X,), depending on two hyperparameters A and tmax, and we show the adaptivity
of the estimator Convg(ty¢(Xp,);X,). We also discuss how the scale parameter ¢y 4(X,) can be
used as a scale parameter in the setting of tangent spaces estimation, leading to an adaptive
procedure in this framework as well. We present some numerical illustrations of our procedure

in Section 5. A discussion is given in Section 6. Proofs of the main results are found in the



Appendix.

2 Preliminaries

Throughout the paper, we fix a probabilistic space (2, F,P) and denote by E the integration
with respect to P. All the random variables X;,Y;, Z; appearing in the following have for domain
this same probabilistic space.

On the use of constants

Except if explicitly stated otherwise, symbols ¢y, ¢1, Cy, C1, ... will denote absolute constants in
the following. If a constant depends on additional parameters «, 3, ..., it will be denoted by
Cap,...

Notations

The Euclidean norm in R” is denoted by || - || and (-,-) stands for the dot product. If A ¢ R”
and € RP, then d(z,A) = infyea ||z — y|| is the distance to a set A while diam(4) :=
Sup, yea |2 — yll is its diameter. Given r > 0, B(z,r) is the closed ball of radius 7 centered
at = and we write Ba(z,r) for B(z,7) N A. We let C? be the set of C? compact connected
d-dimensional submanifolds of R” without boundary. If M € C% and p € M, then T, »M is the
tangent space of M at p. It is identified with a d-dimensional subspace of RP. The asymmetric
Hausdorff distance between sets A, B C RP is defined as dy(A|B) := sup,c 4 d(z, B). and the
Hausdorff distance is then defined as dy(A, B) = max{dy(A|B),dy(B|A)}. The asymmetric
Hausdorff distance verifies the following pseudo triangle inequality: for any sets A, B,C C RP,
one has

dip(A|C) <dg(A|B) +du(B|C), (2.1)

a fact we will use in the following. For A C M, we denote by ¢(A) := dy (A, M) the sample rate
of A.

Reach of a manifold

The regularity of a submanifold M is measured by its reach 7(M). This is the largest number
r such that if d(z, M) < r for z € RP, then there exists an unique point of M, denoted by
map(x), which is at distance d(x, M) from x. Thus, the projection 7y; on the manifold M is
well-defined on the r-tubular neighorhood M" := {x € M, d(z, M) < r} for r < 7(M). The
notion of reach was introduced for general sets by Federer in [Fed59], where it is also proven
that a C? compact submanifold without boundary has a positive reach 7(M) > 0 (see [Fed59,



p. 432]). For min > 0, we denote by C‘Timin the set of manifolds M € C? with reach larger than

Tmin-

Minimax rates

Let (¥, H) be some measurable space and let Py be a subset of the space of probability measures
on (Y, H). Assume that there is a measurable function ¢ : (Y, H) — (X, G) such that we observe
iid. variables X1,..., X, ~ txP for some P € Py. The tuple (¥, H,Po, X,G,¢) is a statistical
model. Let 6 be a functional of interest defined on Py, taking its value in some measurable
space (E, &) endowed with some measurable loss function p : E x E — [0,00). We assume that
Po is written for n > 0 as an union U,eg Py,n, where the index g € Q has to be thought as a

measure of the regularity of the elements of Py. An estimator 6 on Pyn is a measurable function

XM = Ui>1 X ¢ - B, which may depend also on ¢. The risk of an estimator 0 on Pyn given n
observations is defined as

Ru(0,Py0) = sup Elp(B(X1,..., X0),0(P)], (2.2)
PEP,n
where X1,..., X, are ii.d. of law t»x P. The minimax risk for the estimation of ¢ on P, , is then
defined as
mn(ea Pq,n) = ir}f Rn(ea Pq,n)’ (2'3)
0

where the infimum is taken over all estimators of 6 on P,,,, i.e. the minimax risk is the best
possible risk an estimator can attain uniformly on P,,. An estimator ¢ realizing the infimum
mn(0; Pyn) (up to a constant which does not depend on n) is called minimaz. We say that an
estimator # of # on Py (i.e. not depending on g € Q) is minimaz adaptive on the whole collection
Py if
R,(6,P,
sup lim sup M < 0. (2.4)
geQ n—0oo mn(9§Pq,n)
Rates of convergence of minimax risks as n — 400 have been studied in the framework

of manifold estimation. Namely, we consider the following models:

Definition 2.1 (Noise-free model). Let d be an integer smaller than D and Tmin, fmin, fmax
be positive constants, with fmax possibly equal to +o0o. The set Pgmin,fmm,fmax is the set of all
distributions having for support a manifold M € Cfmin, which are absolutely continuous with
respect to the volume measure on M, and such that their densities with respect to the volume
measure are bounded from below by fmin and from above by fmax. The statistical model is then
build by letting (X,G) = (¥, H) be RP endowed with its borelian o-algebra and v be the identity.

Note that there are implicit constraints on the different parameters of the model. Indeed,
by [NSWO08, Proposition 6.1], the norm of the second fundamental form of a manifold M is



bounded by 1/7(M) and by [Alm86], this implies that the volume Vol(M) of M is larger than
waT(M)?, where wy is the volume of an unit d-sphere, with equality if and only if M is a d-
dimensional sphere of radius 7(M). Hence, if P has a density f on M lowerbounded by fuin,
we have

1= / f(x)dx > fmin VOI(M) > fminwdT(M)da
M

with equality if and only if P is the uniform distribution on a d-sphere of radius 7(M). We
therefore have the following lemma.

Lemma 2.2. Let d be an integer smaller than D and Tmin, fmin be positive constants. Then,
meim Fuintoo 1S €mpty for fuinwatls, > 1 and contains only uniform distributions on d-sphere
of radius Tmin if fminwdTI‘fﬁn =1.

A model containing only spheres is degenerate from a minimax perspective, as laws in
the model are then characterized by only d + 1 observations. To discard such a model, we will
assume in the following that there exists a constant x < 1 such that fminwsrd;, < k. Note that

.. < . d d ’ )
this is not restrictive as any P € PTmiru Fonimst-00 also belongs to PTrlnin’ 1 oo for 7 s, < Tmin and
/
min < fmin-

Definition 2.3 (Tubular noise model). Let d be an integer smaller than D and Tmin, fmin,

Sfmax, ¥ be positive constants, with fiax possibly equal to +00. The set meim Fonims frnaery 1S the set
of probability distributions P on RP x RP with first marginal Py in Pf_lmim Fonins Frnae and second

marginal Py supported on B(0,~). The statistical model is then build by letting (¥, H) be R x
RP, (X,G) be RP (endowed with their borelian o-algebras), and letting 1 : RP x RP — RP be
the addition.

Concretely, in the tubular noise model, we observe samples Xi,..., X, of the form
X, =Y, + Z;, with the Y;s ii.d. of law P € Pgmm,fmm,fmax and the Z;s are i.i.d. of norm smaller

than ~, not necessarily independent from the Y;s. With a slight abuse of notation, we will
identify P4 with P4 o in the following.

min,fmin,fmax minyfminyfmax,

We let P%(k) be the union of the Pﬁmn,fmimfmxﬁ for 0 < d < D and Tmin, fmin, fmax,

v > 0 with frinwarly, < &9 Also, let P(k) := Ug<p P(k). For P € P(k), let M(P) be equal
to the support of its first marginal P;. Then, M takes its values in the space of all compact
subsets of RP, which is a metric space when endowed with the Hausdorff distance dp;.

Minimax rates for the estimation of the manifold M with respect to the Hausdorff dis-
tance on this model have been studied in [AL18], following the works of [GPPVW12, KZ15].
We use the following parametrization of the set P%(x) : let Q%(k) be the set of tuples ¢ =
(Tmim fmin; fmax, 77)7 Tmin fmina fmax, n>0 and fminwdTrcllﬁn < k1. We let Pg,n = P—,C-lm
for v, = n(logn/n)%<.

insfmin, fmax;Tn



Theorem 2.4. Let k € (0,1). For any 0 < d < D and ¢ = (Twmin, fumins fmax,n) € Q% (k) with
fmax < 00, we have for n large enough,

_ n(M; d ;
(77 C(1—r) )Shmmfw i sup " Pon)

2 (wdfmin)2/d7—min

where C' is an absolute constant and Cy 4 is a constant which depends on q and d.

< lim su <C 2.5
" (logn/m T = (logn/m)¥ =M 29

The upper bound in the previous theorem is given by Theorem 2.9 in [AL18], whereas
the constant in the lower bound follows from a careful adaptation of the proof of Theorem 1 in
[KZ15], detailed in Appendix D.

Note that probability distributions in Theorem 2.4 contain ”almost no noise”, as the
level of noise 7, is chosen to be negligible in front of the sample rate €(X,,) (which is of order
(logn/ n)l/ d). Changing the model by adding a small proportion of outliers would not change the
minimax rates, as explained in [GPPVW12] or [AL18]. However, the t-convex hull estimators
proposed in the next section are very sensible to this addition and some decluttering techniques
would be needed to obtain better estimators on such models. Note also that the t-convex hull

estimators will be minimax on the model Pﬁmin Funins£00,79m for which the minimax rate is also

equal to (logn/ n)2/ 4 (the lower bound is clear, and the next section will show the upper bound).

As the parameter x is fixed from now, we will drop the dependence in k to ease the

notations, i.e. P := P(k), P := P4(k) and Q% := Q%(x).

3 Minimax manifold estimation with ¢-convex hulls

Let ¢ € RP. There exists an unique closed ball with minimal radius which contains o (see
[ALS13, Lemma 15]). This ball is called the minimal enclosing ball of o and its radius, called
the radius of o, is denoted by (o) in the following.

Definition 3.1. Let A C R” andt > 0. For 0 < d < D, the d-dimensional t-convex hull of A
is defined as
Convy(t; A) == U Conv(o), (3.1)

oCA, r(o)<t
dim(o)<d

where the dimension dim(o) of a finite set o is equal to its number of elements minus one.
In this section, we derive rates of convergence for Conv,(t;X,,), where X,, is a n-sample
of law P € P .

Remark 3.2. The application taking its values in the space of compact subsets of RP endowed
with its Borel o-field and defined by:

(T1,...,x,) € (RD)” — Convy(t; {x1,...,2n})



is measurable. Indeed, it can be written as

U Conv({witier) N fr(z1,... xn)
Ic{1,...n}
where fr(z1,...,2,) = 0 if r({z;}ier) > t or dim({z;}ie;) > d and is equal to R” otherwise.
As the operations U, N, Conv are measurable [Aam17, Proposition II1.7] and the function r is
continuous [ALS13, Lemma 16|, the measurability follows.

In order to obtain rates of convergence, we give a bound on the Hausdorff distance
dp( Convy(t; A), M) for a general subset A C M. First, [ALS13, Lemma 12] bounds the asym-
metric Hausdorff distance between the convex hull of a subset of M and the manifold M.

Lemma 3.3. Let 0 C M with r(o) < 7(M) and let y € Conv(c). Then,

r(o)?

d(y,M)ST(M).

(3.2)

Proof. Lemma 12 in [ALS13] states that if o C M satisfies (o) < 7(M) and y € Conv(c), then,
r(o)?
M)y<t(M)[1—4/1— .
dly, M) < = >< dw)

As \/u > u for u € [0, 1], one obtains the conclusion. O

This lemma directly implies that dy( Convy(t; A)|M) < t2/7(M) if t < 7(M), so that
the set Convy(t; A) is included in the ¢-neighborhood of M. Therefore, the projection my; is
well defined on the t-convex hull of A for such a t. We introduce a scale parameter t*(A), which
has to be thought as the ”best” scale parameter t for approximating M with Convy(t; A).

Definition 3.4. For A C M, let
t*(A) :=inf{t < 7(M), mp(Convy(t; A)) = M} € [0, 7(M)) U {+0c0}. (3.3)
See Figure 2 for an illustration. Assume that t*(A) < +oo. Then, for t*(A) <t < 7(M),
and for any point p € M, there exists y € Convy(t; A) with 7w/ (y) = p. Therefore,
d(p, Conva(t; A) < lly — pll = d(y, M) < dyz( Comva(t; A)M).
By taking the supremum over p € M, we obtain that for any t*(A) < t < 7(M).

di(Convy(t; A), M) = max{dy( Convy(t; A)|M),dr (M| Convy(t; A))
2 (3.4)
(M)

= dy(Convy(t; A)|M) <

The minimax rate is now obtained thanks to two observations: (i) ¢*(A) is close to the
sample rate £(A) and (ii) the sample rate of a random sample can be very well controlled.



t < t*(A) t>t*(A)

Figure 2 — The t-convex hull of the finite set A (red crosses) is displayed (in green) for two values
of t. The black curve represents the (one dimensional) manifold M. On the first display, the
value of t is smaller than t*(A), as there are regions of the manifold (circled in blue) which are
not attained by the projection 7 restricted to the t-convex hull. The value of ¢ is larger than
t*(A) on the second display.

Proposition 3.5. Let A C M be a finite set. If e(A) < 7(M)/78, then

=(A) (1 - ;1:((;%) < *(A) < £(A) (1 + 61%) . (3.5)

In particular, t*(A) is finite.

Proposition 3.6. Let P € Py, . ¢ 1 and let X, = {X1,..., X} be a n-sample of law P.
If r < Tiin/4, then

d
P(e(Xn) > 1) < %fird exp(—n2%arg fuin®), (3.6)
where ag s the volume of a unit d-ball. In particular, for n large enough
logn 2/d logn 2/d
Ele(X,)?}] <2 —— <22() : 3.7
[6( )]7 <Oédfminn> = Wq fmin" ( )

Proofs of Proposition 3.5 and Proposition 3.6 are found in Section B. By gathering those
different observations and by using stability properties of ¢t-convex hulls with respect to noise,
we show that t-convex hulls are minimax estimators on C?-models.

Theorem 3.7. Let d be an integer smaller than D, n > 0 and ¢ = (Twmin, fmin, +00,1) € o4, If

1/d
tn = (wi}f%) , then we have for n large enough

logn 2/d 472
. d
Rl Conva(tai %), Pi) < (<57 NI ANEL (3.8)

10



i.e. Convy(t,;X,) is a minimaz estimator of M on Pg,n.

A proof of Theorem 3.7 is found in Section B.3.

4 Selection procedure for the ¢-convex hulls

Assuming that we have observed a n-sample X,, having a distribution P € Pg{n, we were able in
the previous section to build a minimax estimator of the underlying manifold M. The tuning
of this estimator requires the knowledge of d, Tmin, fmin, 77, Whereas those quantities will likely
not be accessible in practice. A powerful idea to overcome this issue is to design a selection
procedure for the family of estimators ( Convg(t; X,,))¢>0. Assume first for the sake of simplicty
that the noise level n is null. As the loss of the estimator Convy(¢;X,,) is controlled efficiently
for t > t*(X,,) (see (3.4)), a good idea is to select the parameter ¢ larger than t*(X,). We
however do not have access to this quantity based on the observations X,,, as the manifold M is
unknown. To select a scale close to t*(X,,), we monitor how the estimators Convgy(t; X,,) deviate
from X,, as t increases. Namely, we use the convexity defect function introduced in [ALS13].

Definition 4.1. Let A C RP and t > 0. The d-dimensional convezity defect function at scale t
of A is defined as
ha(t,A) := dg(Convy(t; A), A). (4.1)

As its name indicates, the convexity defect function measures the (lack of) convexity of a
set A at a given scale t. The next proposition states preliminary results on the convexity defect
function.

Proposition 4.2. Let A C RP and t > 0.
1. We have 0 < hq(t, A) < t.
2. If A is convex then hy(-,A) = 0.
3. If M is a manifold of reach T(M) and t < (M), then
ha(t, M) < t?/7(M). (4.2)

Proof. As hq(t,A) < hp(t,A), Point 1 follows from [ALS13, Section 3.1]. Point 2 is clear and
Point 3 is a consequence of Lemma, 3.3. ]

As expected, the convexity defect of a convex set is null, whereas for small values of
t, the convexity defect of a manifold hy(t, M) is very small (compared to the maximum value
possible, which is t): when looked at locally, M is ”almost flat” (and thus almost convex).

The convexity defect function hy(-, X,,) of the set of observations X, has two very different
behaviors according to the values of ¢, as summed up by the two following propositions.

11



Proposition 4.3 (Short-scale behavior). Let d be an integer smaller than D, and let ¢ =
(Tmin, fmins fmax,0) € Q% with fmax < +00. Let X,, be a n-sample of law P € 735{”. Fix
0 < A < 1. There exist positive constants tg, Cy,C1,Cy depending on q and X\ such that the
following holds. Let, for x > 0, ¢(z) = 22~ and (z) = ¢(z)/log(1/¢(x)). Then, for n large
enough and 0 < t < tg, we have

hq(t,Xp) > Xt with probabilty larger than 1 — Cyexp(—Cit~%p(Cont?)). (4.3)

The proof of Proposition 4.3 is found in Section C.1.
Proposition 4.4 (Long-scale behavior). Let A C M. For t*(A) <t < 7(M),
2
(M)

ha(t, A) < + 14 (A) (1 + t*(A)> . (4.4)

(M)
Proof. By using that hy(t, A) <t and (3.4), for any t*(A) < s < t,

;A), A)

hd(t,A) = dH(COIlVd s
s A), M)+ dg(M, Convy(s; A)) + du( Convg(s; A), A)

< dH( COIlVd
12 s

= can T

(t
(t

+ s.
The conclusion is obtained by letting s go to t*(A). O

Let us shortly explain the content of the two previous propositions. The probability
appearing in (4.3) will be close to 1 as long as ¢ is smaller than a fraction of (log n/n)l/d and
larger than (1/n)(2_5)/ 4 for any 0 < § < 1. Therefore, with high probability, the convexity
defect function hg(t,X,,) is very close to ¢ for (1/n)2=9/4 <t < (log n/n)l/d. On the contrary,
standard techniques show that if t < (1/n)%?, then hgy(t,X,,) is null with probability larger than,
say, 1/2, indicating that the lower bound in the previous range is close from being optimal. The
arguments to prove Proposition 4.3 are of a purely probabilistic nature and do not rely on the
geometry of the support of P. On the contrary, the long-scale behavior described in Proposition
4.4 relies only on the geometry of M and is completely deterministic, in the sense that it holds
for any set A C M for which t*(A) < 7(M). It indicates that when ¢ is larger than the threshold
t*(A) (which is of order (log n/n)l/d for A = X,,), then the geometry of M becomes the only
factor driving the growth of h(¢, A), and this growth is the same than the growth of the convexity
defect of the manifold M. See also Figure 3.

The previous discussion indicates to choose the smallest ¢ in the quadratic behavior range
to select a value larger than (but close to) t*(X,,).

Definition 4.5. Let A C M, A > 0 and tmax > 0. We define
trd(A) == sup{t < tmax, ha(t,A) > At}. (4.5)

12



o
@

Convexity defect

Figure 3 — The convexity defect function for 50 points X,, uniformly sampled on the unit circle.
The two behaviors described by Proposition 4.3 and 4.4 are observed: hg(-,X,,) is linear at first,
then a quadratic rate of growth appears. The threshold value is roughly at the value ¢t ~ 0.3,
while ¢(X,,) is equal to 0.32.

Propositions 4.3 and 4.4 prove that for any A < 1, t) 4(X,) is with high probability of
order (logn/n)'/?, that is of the same order than t*(X,). However, selecting a parameter of the
order of t*(X,,) is not enough to obtain a tight bound on the loss, as such a control only holds
for t > t*(X,,) (at least in the noise-free model, see (3.4)). We are able to obtain a more precise
inequality for general subsets B close to M, as summed up by the next proposition.

Theorem 4.6. Let 0 < A < 1, v >0 and M € C%. Let A C M be a finite set with £(A) <
7(M)/78 and B C RP with dy (A, B) <. Assume that

1. t*(A) + v < tmax < AT(ZM),

2. t*(A) < ext(M) where ¢ = min (%(1 -\, %)’
3. 4 < 21— At (A).

Then,

ey <o < 0 (14 28+ (4.6)

The proof of Theorem 4.6 is found in Section C.2. As a corollary of this result, we obtain
the adaptivity of the the t-convex hull estimator of parameter ¢ 4(Xp).
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Corollary 4.7. Let 0 < A < 1 and tmax = 1/log(n). Let d be an integer smaller than D and
¢ = (Tmin, fmin, +00,1) € Q4. Then, for n large enough

logn 2/d 12172
. d
Rn( COHVd(t)\,d(Xn)’ Xn)7 Pq,n) = ( n ) nE A2 (Wdfmin)Q/dTmin ' (47)

In particular, the estimator Convg(tyqa(X,);X,,) is minimaz adaptive on the scale of models
given by P = Ugega P;{n, i.e. we have

Ry, ( Convg(ta(Xn); Xp), PL,) < Oy (4.8)

sup lim sup
qeQd n mn(Ma /P:]i,n)

A proof of Corollary 4.7 is found in Section C.3.

Remark 4.8. Note that the previous result is of asymptotic nature. In particular, should n
not be large enough (i.e. if t*(X,,) is larger than some fraction of the reach), then the selection
procedure is doomed to fail, as the long-scale behavior corresponding to the range [t*(X,,), 7(M)]
is too small to be captured by the selection procedure (or even is non-existent).

We now show that the parameter ¢y 4(X,) can also be used to estimate tangent spaces
in an adaptive way. Let p € M and A C M be a finite set. We denote by T,(A,t) to be
the d-dimensional vector space U which minimizes dg(A N B(p,t)|p + U). This estimator was
originally studied in [BSWO09]. For the sake of simplicity, we fix the level noise 7 at 0 in the next
corollary, although it is possible to adapt the works of [BSW09] (and hence the next corollary)
to samples with tubular noise. The angle between subspaces is denoted by Z (see Section A).

Corollary 4.9. Let 0 < X\ < 1 and tmax = 1/log(n). Let d be an integer smaller than D and
q = (Tmin, fmin, +00,0) € Q®. Then, for n large enough

(logn)l/d 137v/2n
A(

n wdfmin)l/dTmin

sup sup EL(T, M, Ty(X,, 11ty 4(X,))) <
PeP¢, peM

)

where M denotes the underlying manifold of P.

This rate is the minimax rate (up to logarithmic factors) according to [AL19, Theorem
3]. A proof of Corollary 4.9 is found in Section C.3.
Remark 4.10. An issue with the estimators of the previous corollaries is that they still require
the a priori knowledge of the dimension d of the manifold M. As a consequence, the estimators
are only adaptive on P¢, and not P = Uo<d<pD P4, To obtain adaptive estimators on P, it is
possible to use a parameter-free estimator d of d as a preliminary estimator, and then to use
t, ;#(X,) as a selected parameter. Such a dimension estimator is described in [BH19, Definition
5], and it satisfies P(d # d) < 4 exp(2n!~(@+D/(P+) for n large enough. This superpolynomial
rate of convergence ensures that the manifold estimator Conv (¢, ;(X,);X,) is adaptive on P.
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5 Numerical considerations

The selection procedure described in Section 4 amounts to compute the convexity defect function
of the set X,, C RP. To do so, we need for each simplex o C X,, of dimension less than d to (i)
compute its radius (o) and (ii) compute dp(Conv(c)|X,,). As the dimension of o is less than d,
its radius can be computed in constant time while [ABG 03] proposes an algorithm to compute
the distance between a d-simplex and a family of m points with time complexity O(Dm?+2). As
there are O(n®*!) simplexes of dimension less than d in X,,, a direct use of this algorithm yields
that hg(-,X,) can be computed in O(Dn2??*3). This complexity may be prohibitive for large
n, but can be reduced by computing an approximation of the convexity defect function: the
Hausdorff distance di(Conv(0)|X,,) can be approximated by computing the Hausdorff distance
between a discretization of size nr(o) of Conv(s) and X, for some n € (0,1), which can be
done (naively) in O(Dnn~9) time. Hence, the worst time complexity of the algorithm becomes
O(Dn*2n~1). We now argue that it suffices to compute the convexity defect function for d = 1
to select a good scale ¢, whatever the dimension d of the underlying manifold M is actually
equal to.

Lemma 5.1. Let 1 < d < D be an integer and let cq = \/% — ﬁ Let B € RP and typax > 0,
cqg < A<1. Then,
trd(B) < ta1(B) < tr—cya(B). (5.1)

Proof. A direct computation shows that if o is a d-simplex of radius smaller than ¢, then the
Hausdorff distance between Conv(o) and the 1-skeleton of o (the union of its edges) is bounded
by cqt. Hence, hy(t, B) < hi(t, B) < hq(t, B) 4+ c4t. The conclusion follows from the definition
of t)\yd(B) . ]

Hence, if some sets A, B C M satisfy the conditions of Theorem 4.6 for A and \ — ¢g,
then t 1(B) satisfies

t(A) +v < thi(B) <

2t*(A) t*(A) 6y
A—cy <1+T(M)> +)\

)
7Cd

and Convy(ty1(X,);X,,) is also a minimax adaptive estimator, while the time complexity for
the computation of an n-approximation of ¢, 1(X,) is O(Dn®n~1). If a cubic complexity is still
too expensive, it is possible to only compute dg(Conv(0)|X,,) for a random subset of L pairs o
in X,,. The time complexity is then of order O(DnLn~!), and the output of the algorithm is a
function smaller than hq(-,X,,), so that the selected ¢ will be larger than ¢ ;(X,). If we have no
guarantees on the output of this last algorithm, it appears in our experiments that it is similar

to hi(-,X,) for L significantly smaller than n?.

As a numerical illustration of our procedure, we compute the convexity defect function
hi(-,X,,) of three synthetic datasets: (a) n, = 10% points uniformly sampled on the unit circle,
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(b) np = 10* points sampled on a torus of inner radius 4 and outer radius 1, and (c) n. = 10°
points sampled on a swiss roll using the SciPy Python library [VGO™20] (which was also used
to compute the Hausdorff distance between point clouds). The convexity defect functions (a),
(b) and (c) were approximated using the algorithm described in the previous paragraph with
parameters 7 = 0.1 and respectively L, = oo (all pairs computed), L, = 10° and L. = 10".
On each function, displayed in Figure 4, the behavior described in Section 4 is observed: first
a linear growth up to a certain value, then a quadratic growth until the reach of the manifold
(equal to 1 in the first two illustrations, and slightly larger than 3 for the swiss roll dataset).
We then fix tmax = 0.5 diam(X,,)/log(n) and compute ty 1(X,,) for different values of A\. When A
is very close to 1, ty 1(X,) is always 0, whereas it slowly increases as A decreases, until reaching
tmax at some value A\pin. As a rule of thumb, we choose A\, = H’\% and select the parameter
tx, 1(Xy,), which is equal to t, = 0.049, t;, = 0.31 and ¢, = 0.48 in the different experiments
(a), (b) and (c), while the sample rates €(X,,) where evaluated (by oversampling) at £, = 0.021,
ep = 0.31 and . = 0.33.

6 Discussion and further works

In this article, we introduced a particularly simple manifold estimator, based on an unique rule:
add the convex hull of any subset of the set of observations which is of radius smaller than ¢.
After proving that this leads to a minimax estimator for some choice of ¢, we explained how to
select the parameter ¢ by computing the convexity defect function of the set of observations.
Surprisingly enough, the selection procedure allows to find a parameter ¢y 4(X,) which is with
high probability between, say, ¢(X,) and 3¢(X,) (at least for A close enough to 1). The
selected parameter can therefore be used as a scale parameter in a wide range of procedures
in geometric inference. We illustrated this general idea by showing how an adaptive tangent
space estimator can be created thanks to t) 4(X,,). The main limitation to our procedure is its
non-robustness to outliers. Indeed, even in the presence of one outlier in X,,, the loss function
t — dp(Convy(t; X;,), M) would be constant, equal to the distance between the outlier and the
manifold M: with respect to the Hausdorff distance, all the estimators Convy(t;X,,) are then
equally bad. Of course, even in that case, we would like to assert that some values of ¢ are
"better” than others in some sense. A solution to overcome this issue would be to change the
loss function, for instance by using Wasserstein distances on judicious probability measures built
on the t-convex hulls Convy(t; X,,) instead of the Hausdorff distance.
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Figure 4 — The convexity defect function of the datasets (a), (b) and (c), and the corresponding
choices of ty 1(X,,) with respect to .
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A Properties of manifolds with reach constraints

In this section, M is a manifold in C%. We recall that for p € M, T, M is the tangent space of M
at p. The corresponding affine subspace passing through p is denoted by T »M. For U C RP a
vector space, we let myy be the orthogonal projection on U and W(Jj be the orthogonal projection
on the orthogonal space UL. Also, we write mp for mr,nr and we define 7, : RP — TpM by
7p(z) = mp(x — p) + p for € RP| so that 7,(p) = p. The angle Z(U, V) between two subspaces
U,V of RY is defined as the distance ||my — Tv||op for the operator norm between the orthogonal
projections on U and V. The principal angle §(U, V') is defined by the relation

sinf(U,V) := Hﬂ'& o FUHOp . (A1)

If U and V have the same dimension, then sin@(U,V) = Z(U,V) (see for instance [Aaml7,
Section IIL.4]).

Lemma A.1 (Lemma 3.4 in [BSW09]). Let p,q € M with ||p —q|| < 7(M)/2. Then,

2
_ollp=dl

cos (T, M, T, M) > 1 =GVIER
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In particular,
Ip — 4l
T(M)

Z(T,M, T,M) < 2
The following characterization of the reach is useful to control how points on manifold
deviate from their projections on some tangent space.

Lemma A.2 (Theorem 4.18 in [Fed59]). Forp,q € M,

2
Imtta -l < ML (A2)

The following lemma asserts that the projection from a manifold to its tangent space is
well-behaved.

Lemma A.3. Letp e M.

1. Let x € RP with d(x, M) < 7(M). Then, my(x) = p if and only if 7p(z) = p.

2. Forr < 7(M)/3, the map 7 is a diffeormorphism from Byr(p,r) on its image. Moreover,
its image (B (p, 1)) contains BTPM(p, 7r/8). In particular, if v € By(p, 7(M)/4), then

(@) = pll =~ — ]l (A.3)

Proof. 1. See Point (12) in [Fed59, Theorem 4.8].

2. We first show that 7, is injective on Bas(p, 7(M)/3). Assume that 7,(q) = 7,(¢’) for some
q # ¢ € M. Consider without loss of generality that |[p — q|| > ||[p — ¢’||. The goal is to
show that ||[p—gq|| > 7(M)/3. If ||[p—q|| > 7(M)/2, the conclusion obviously holds. Lemma

A1 states that if it is not the case then Z(T,M,T,M) < 2”TP(;MQ)”. Also, by definition,

sym, T, > 1 = ma)la = 4]

lg =4l
_ lmala=d)ll o lg —d'|l = |75 (¢ — ¢
lg—=dql  ~ llg = 'l
!
>1- HQqT(Aj)H by (A.2)
>1_ lp — 4l by the triangle inequality.

- (M)

Therefore, we have 3|[p — ¢||/7(M) > 1, ie. ||p —q| > 7(M)/3, and 7, is injective on
B (p, 7(M)/3). To conclude that 7, is a diffeomorphism, it suffices to show that its
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differential is always invertible. As 7, is an affine application, the differential d,7, is equal
to mp. Therefore, the Jacobian J7,(q) of the function 7, : M — T,,M in q is given by the
determinant of the projection m, restricted to T;M. In particular, it is larger than the
smallest singular value of 7, o m; to the power d, which is larger than

(1 — (T, M, T, M) > <1_2||7I?(;4(§||>dZ G)d,

thanks to Lemma A.1 and using that ||p — ¢|| < 7(M)/3. In particular, the Jacobian
is positive, and 7, is a diffeormorphism from Bas (p, 7(M)/3) to its image. The second
statement of Point 2 is stated in [AL19, Lemma A.2]. The last statement is a consequence
of the two first, using that if ||z — p|| < 7(M)/4, then 8||7,(x) — p||/7 < 7(M)/3.

O]

Note that Point 2 was already proven in [ACLZ17, Lemma 5], but with a slightly worse
constant of 7(M)/12. We end this section on preliminary geometric results by stating two
lemmas on the properties of convex hull built on manifolds.

Lemma A.4. Let p € M, 0 C By(p,7(M)/4) and ¢ = 7p(0). Assume that p € Conv(d).
Then,
) (A.4)
<

Proof. As the projection is 1-Lipschitz, it is clear that 7(6) < r(o). Let us prove the other
inequality. Let o = {zo,...,2%}, 0 = {Zo,..., T} and fix 0 < i < k. As z; € By(p, 7(M)/4),
we have by (A.3)

r(d) <r(o) <r(5) (

8 16
i = pll < 2113 — pll < (6), (A.5)

where we used that ||Z; — p|| < 2r(6) as p € Conv(d). Let Z be the center of the minimum
enclosing ball of . Write Z = Z?:o AjT; as a convex combination of the points of & and let

z= Z?:o Ajzj € Conv(o). Then, we have

2 — @il < |z = 2l + |2 = &al| + |2 — 4|

< zk:)\Hac — Zj|| +7r(6) + llzi = pl® using (A.2)
e S 27 (M) '
|22 — pH2 L 128r(@)? -
< Z)\] =] +r(6) + 19 7(M) using (A.2) and (A.5)
T r(5)?
<)+ %6 TE A}) <r(5)+ GTE A}) using (A.5).

We obtain the conclusion as o is included in the ball of radius max; ||z — ;|| and center z. [
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Lemma A.5. Let 0 C M with r(c) < 7(M) and p € M with p € mpr(Conv(c)). Then,

oCB (p, 2r (o) (1 + 2:%;%)) . (A.6)

Proof. Let y € Conv(o) with mp(y) = p and let ¢ € 0. One has |l¢ —p|| < |lg —yll + ||y — p|| <

r(0)?

2r(o) + (3 Py using Lemma 3.3. O

B Proofs of Section 3

Delaunay triangulations will be at the core of the proof of Proposition 3.5 and we therefore
need some preliminary definitions. A finite set will be called a simplex in the following, and
a k-simplex is a set of cardinality k + 1. The circumball of a d-simplex ¢ in R is defined as
the unique ball having the simplex ¢ on its boundary. It exists as long as ¢ does not lie on a
hyperplane of R¢. The radius of the circumball o is called the circumradius of o and is denoted
by circ(o). Note that in particular circ(o) > 7(0).

A triangulation T' of a finite set A C R? is a set of d-simplices such that

—_

. UO’ETU — A,

2. for o0 # o’ € T, the interior of Conv (o) does not intersect the interior of Conv(o’),

w

. Uyer Conv(c) = Conv(A) and

4. for every o € T, Conv(o) intersects A only at points of the simplex o.
Given a finite set A C RY, a Delaunay triangulation of A is a triangulation of A such that the
interior of every circumball of a simplex of the triangulation does not contain any point of A.

Such a triangulation exists as long as A does not lie on a hyperplane of R%. It may however not
be unique.

B.1 Proof of Proposition 3.5

We first show a weak version of Proposition 3.5:

Lemma B.1. Let M € C? be a d-dimensional manifold and let A C M be a finite set. If
t*(A) < 7(M)/36, then

. e(4)
£(A) < £(A) (1 + GT(M)> and (B.1)
. 4 e(A)
£(4) > £(A) (1—37(M)>. (B.2)



Proof of inequality (B.1). For p € M, define
t*(p, A) = inf{t < 7(M), p € mpr(Convy(t; A))}. (B.3)

We have t*(A) = sup,ept*(p, A) < 7(M)/36. Let p € M be such that t*(p, A) = t*(A).
Let o(p) be a simplex of A (of dimension less than d) such that p € my(Conv(o(p)), with
r(o(p)) = t*(p, A). Write 6(p) for ,(c(p)). Also, let A, = 7,(A N B(p, 7(M)/4)).

Lemma B.2. Under the assumption t*(A) = t*(p, A) < 7(M)/36, the set A, does not lie on a
hyperplane of T, M.

Proof. Assume that lep lies on some hyperplane H of TpM . Then, as t*(p, A) < 7(M)/36, we
have p € Conv(G,) C Conv(Ap) C H by assumption. Therefore, the hyperplane H contains p.
Consider a point § € TpM nearby p with ¢ — p orthogonal to H. Then, by Point 2 in Lemma
A3, there exists ¢ € By (p, 7(M)/4) with 7,(q) = ¢, and ¢ belongs to my(Conv(o(q)) for some
simplex o(q) of radius smaller than r(o(p)). Therefore, if t*(A) = r(o(p)) < 7(M)/36, then by
Lemma A.5,

s (o (+553)
cBM(, ( 2)) e ((;‘4))
)

cBM(p,up—q||+< ) < (5 74)

by choosing ¢ close enough to p and using (A.3). Hence, we have 7,(0(q)) C A, C H. Let
y € Conv(c(q)) be such that my(y) = gq. Then, 7,(y) € Conv(A,) C H. Therefore, recalling
that § — p is orthogonal to H, we have

ly = pl* = lly = all* — Ilp - al*
< (ly —all + lla = alh* — llp — all”
<lly = all* + lla = @ll* + 2lly — allllg = all = llp — alI*- (B4)
By (A.2) and Lemma A.3, we have |l¢—q|| < ||p—ql?/(27(M)) < 64|p—q||*/(987(M)), as long
as ||p — G| is sufficiently small. Also, by Lemma 3.3, ||y — q|| < r(c(q))?/7(M) < 7(M)/(36)2.

Therefore, from (B.4), we obtain that ||y — p|| < [ly — ql| if |lp — ¢l| is sufficiently small. This is
a contradiction with having ma/(y) = ¢q. Therefore, A, does not lie on H. O

Hence, there exists a Delaunay triangulation of flp, which we will consider in the fol-
lowing. If t*(p, A) < 7(M)/36, then o(p) C B(p,7(M)/4) according to Lemma A.5. Therefore,
using Point 1 in Lemma A.3, we see that p € 7,(Conv(a(p))) C Conv(A,) and that there exists
a d-simplex &g in a Delaunay triangulation of Ap with p € Conv(Gp). We denote by oo be the
corresponding d-simplex in A.
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Lemma B.3. Assume that p € M satisfies t*(p, A) < 7(M)/36 and that there exists § € T,M
with ||p — g|| < 3t*(p, A). Then, there exists y € M with 7,(y) = § and d(y, A) > d(7, Ap).

Before proving Lemma B.3, let us finish the proof. Let Z be the center of the smallest
enclosing ball of &(p) and @ be the center of the circumsphere of 9. We apply Lemma B.3 on
a certain ¢, which is built in a different way, depending on whether @ and Z are close or not.

e Case 1: Assume that ||Z — w|| < 2r(6(p)). Then, we choose § := w. Indeed, we have:

~ =]l < lp— I+ 15— 5] < r(5(p) +2r(5(p)) = 3r(5(p)) < 3t*(p, A). The second
inequality holds as p € Conv(G(p)) C B(2,r(5(p))).

— d(w, Ap) = circ(59) > r(50) as G is in the Delaunay triangulation.

Therefore, one can apply Lemma B.3 to @: one has e(A) > d(w, A) > d(w, A,) > r(5¢) for
some w € M. Also, there exists an element y € Conv(og) with 7,(y) = p by construction.
As (o) < 7(M)/4, we have mp(y) = p, according to Point 1 in Lemma A.3 and Lemma
3.3. This implies that t*(p, A) < r(og). Therefore, according to Lemma A.4, as o¢g C
Bas(p, 7(M)/4) by construction,

<< 1 -02) < 088,

e Case 2: Assume that ||Z — @] > 2r(6(p)). Consider

IS2

£

§=2+2r(a(p))

IS

£

Then, we have:

= llp=gll <llp =2l + 112 =3l <r(a(p)) +2r(e(p)) = 3r(a(p)) < 3t*(p, A).

— g =l =1z =l = 2r(@(p) < 2 —pll + llp — @[l = 2r(5(p)) < |lp — @l — r(&(p))-
As p is in the circumball of &g, ||§ — | < ||p — @] < cire(dyp), i-e. § is also in the
circumball of &g. Therefore, letting S be the circumsphere of &g,

(g, Ap) = d(g,S) = circ(6o) — [|§ — @
> circe(Go) — [[p — @l + r(a(p)) = r(5(p))-

Likewise the first case, one can apply Lemma B.3 to § and obtain £(A) > r(5(p)). There-
fore, using Lemma A .4,

£ (p, A) = r(o(p) < 7(5(p)) (1 + 6(2%)) <e(4) (1 * 6:52))) |

25



We therefore have shown that t*(A) = t*(p, A) < e(A) (1 + 678((]\‘?0 in both cases. O
Proof of Lemma B.3. According to Point 2 in Lemma A.3, if we have t*(p,A) < 7(M)/36,
then there exists y € Bas(p, 7(M)/4) with 7,(y) = §. As the projection is 1-Lispchitz, we have
d(g, Ap) < d(y, ANB(p, 7(M)/4)). To conclude, it suffices to show that d(y, ANB(p, 7(M)/4)) =
d(y,A) . If this is not the case, then there exists a € A with ||p —al| > 7(M)/4 and |y — al| <
d(y, ANB(p,7(M)/4)), so that

ly —pll +d(y, AN B(p, 7(M)/4)) > |ly — pll + lly — all > [lp — al| > 7(M)/4.

Let o(p) be a simplex of A of dimension less than d with r(o(p)) = t*(p, A) and such
that p € mp(Conv(o(p))). By Lemma A.5, o(p) C B(p,7(M)/4). Therefore, for x € o(p), we
have

d(y, AN B(p,7(M)/4)) < [ly — 2| < |ly —pll + llp — z]|.
From Lemma A.5, one has ||p—z|| < 2t*(p, A) (1 +t*(p, A)/(27(M))). Also, according to (A.3),
ly — pll < 8[|5 — pl| /7. Therefore,

16 _
ly =2l + d(y, AN Blp, 7(M)/4)) < =I5 — pl| + [lp — =]

16 *(p, A)>
< —=3t*(p, A) + 2t7(
(M)
< 4if t*(p, A) <
< (/A A4) < T
which concludes the proof. O

Proof of inequality (B.2). Let p € M. There exists a simplex o(p) of dimension less than d
with r(o(p)) < t*(A) and = € Conv(o(p)) with mps(z) = p. By Lemma 1 in [ALS13], we have
d(z,0(p)) < r(c(p)), i.e. there exists q € o(p) with ||z — ¢|| < r(c(p)). Then,

d(p,A) <|lp—qll < llp— =zl + [z — 4l

t(A)? .
< 00 + t*(A) by Lemma 3.3.
By taking the supremum over p € M in, we obtain £(A) < t*(A) (1 + i(g\’;g) In particular,
e(A) < 2t*(A), and by using (B.1), we obtain that, if t*(A) < 7(M)/36
p P e(4) (1+6553)
< *
e(A) <t"(A) |1+ T(M)
4 ¢(A)
<t"(A)(1+ %
<e (145757
so that e(A) (1 - %f((ﬁ))) < t*(A) as long as t*(A) < 7(M)/36. O
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Proof of Proposition 3.5. To prove Proposition 3.5, by using Lemma B.1, it suffices to show that
there exists two absolute constants cg, ¢; for which

t*(A) < cpe(A) if e(A) < erT(M). (B.5)
Lemma B.4. Let A C R be a finite set. If d(B(0,1)|A) < 1, then 0 € Conv(A).

Proof. We prove the contrapositive. If 0 ¢ Conv(A), then there exists an half space which
contains A. Let x be the unit vector orthogonal to this halfspace. Then, d(z, A) > 1. O

Let p € M and let § € BTPM(p, e(A)). If e(A) < 7r(M)/24, then there exists y €
B (p,8c(A)/7) with 7,(y) = ¢ according to Point 2 in Lemma A.3. By assumption, there exists
a € A with ||y —a|l < e(A), and this point a is in B(p, 15¢(A)/7). Therefore, as 7, is 1-Lipschitz,

drr (Bg, 5 (0 €(A))|Tp(A N B(p, 156(A)/7))) < e(A). (B.6)
By Lemma B.4, this implies that

p € Conv(m,(ANB(p,15e(A)/7))).

By Carathéodory’s theorem, there exists a d-simplex &, C 7,(A N B(p,15¢(A)/7)) such that
p € Conv(éy). Let o, be the corresponding simplex in AN B(p, 15¢(A)/7). If 15e(A)/7 < 7(M),
then there is z € Conv(o,) with mys(2) = p according to Point 1 in Lemma A.3 and Lemma 3.3.
As this holds for any p € M, we have

t*(A) < sup r(op) < 156(4) (B.7)

)
peM 7

as long as e(A) < 77(M)/24, thus showing (B.5) with ¢g = 15/7 and ¢; = 7/24. If e(A4) <
T(M)/78, then t*(A) < cor(M)/78 < 7(M)/36, concluding the proof of Proposition 3.5. O
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B.2 Proof of Proposition 3.6

Proof of Equation (3.6) is found in [Aam17, Lemma II1.23]. To obtain Equation (3.7), we use
that for L > 0,

Ele(Xn)?] = E[e(Xn)*1{e(Xn) < L}] + Ele(Xn)*1{L < £(Xn) < Tinin/4}]

+ E[e(Xp)*1{mmin/4 < e(Xp)}]

(Tmin/4)2

<I’+ P(e(Xp)? > u)du + diam(M)*P(e(Xn) > Tmin/4)
L2
+o0 ]d
<1’ —— exp(—n2% frinu®?)d
s L2 Qg fminud/? P2 fminu” ) du

_ 164 d/2
—|—d1anr1(]\4)27d/2 exp( n4 Oldfmm m/ln)

adfmln mln

As diam(M) is bounded by a constant depending on d, fuin, Tmin (see [AL18, Lemma 2]), the
last term is negligible in front of (logn/n)?® if n is large enough with respect to the parameters
of the model. Also, by a change of variables, the second term is equal to

+oc0 16d . 1
/ ’I’LOéd.fmm eXp(—U)d—Q/d U2/d Ldw
n2%ag finin LY O frmin? (n2 Oédfmm) d
_ 2 16 1-2/d /+°O 2/d—2
- v exp(—wv)dv
d (2dadfm1n)2/d n2%ag fin LY p( )
1 164 2
< - —2/d/, od rdy2/d-1 o od rd
2d (adfrmn)2/dn (n2 adfmmL ) exp( n2 adfm1nL )
< 8 L* 4 exp(—n2%ag fumin L),
d@dfmin

where, at the second to last line, we used a classical bound on the incomplete Gamma function
(see [BCT09, Theorem 2.1]). Letting L¢ = alogn/(n2%ug fmin) for a > 0, we obtain

8d L—d
Ele(Xn)*1{e(Xp) < Tinin/4}] < L? (1 T n)

alogn \%?¢ 164 2
<N ——F— 14— .
n2%ag finin d an®llogn

Choosing 1 < a < 2 yields that for n large enough,

1 2/d 16°
Ele(X,)?] < (ogn> eriam(M)Qid2 exp(—nd%oy fnin i/m)
nadfmin adfmln m/m
2/d
<9 <10gn) .
7’LOZlemin
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Also, note that (wy/ag)?¢ < 72, yielding the second inequality in (3.7).

B.3 Proof of Theorem 3.7

We first state a lemma which shows that the t-convex hull is stable under small perturbations
with respect to the Hausdorff distance.

Lemma B.5. Let t,y >0 and A, B C R? with dy (A, B) <. Then,
dp(Convy(t; B)| Convy(t +v; A)) < 7. (B.8)

Proof. Let o C B be a simplex of dimension less than d with r(c) <t. Foreachy € 0, let x € A

with ||z — y|| <. By doing so, we create a non-empty simplex £ C A of dimension less than d
with dg(o]€) <. One has r(§) <t 4+ (see [ALS13, Lemma 16]) and dg(Conv(c)|Conv(§)) <
dp(o|€) < ~. This implies the conclusion. O

Let A C M and B C RP with dg(A, B) <. Then, if t*(A) <t —y <t+~vy < 7(M),
using (2.1), Lemma B.5 and (3.4),
dr (Convy(t; B)[M) < dpu(Convg(t; B)| Convg(t + v; A)) + du( Conva(t + v; A)|M)
(t+7)?
(M)
di (M| Convy(t; B)) < du (M| Convy(t —7; A)) + du( Conva(t — v; A)| Convy(t; B))

(t—v)?
= )

< v+ and

+7,

so that
(t+7)?

T(M)

dpr(Convy(t; B), M) <~ + (B.9)

Let ¢ = (Twmin, fuin, +00,7) € Q%, let P € Pjn with underlying manifold M and let X,

be a n-sample of law 14 P, with Y,, the corresponding sample of law P, the first marginal of P.
Then, for 0 <t < 7(M) -1,
Edg(Convy(t; X,,), M) = Edg( Convy(t; X,,), M)1{t — v > t*(Y,)}
+ Edg( Convy(t; X,,), M)1{t — v < t"(Y,)}

(t+7)°
<
=7

By Proposition 3.5, if e(Y,,) < 7(M)/78, then t*(Y,,) > t implies that

e(Yo)\ "t 13
T(M)) = 147

+ (diam(M) +v)P(t"(Y,) >t — 7).

e(Yp) >t (1 +6
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Therefore, if t < 7(M)/78 and ¢*(Y,,) > t then £(Y,) > $3t. By using Proposition 3.6, and by
noting that diam(A/) is bounded by a constant depending on d, fmin, Tmin (see [AL18, Lemma
2]), we obtain that, if ¢ < 7(M)/78,

(t + 7)2 + Cd o exp(_zdadfminn(t — V)d).
T(M) >TminsJ/min (t _ ,y)d

Edg( Convy(t;X,,), M) < v+ (B.10)

. 1/d
In particular, by letting ¢t = (Sloi) / ,if v < n(log n/n)Z/d, we obtain

240 g fminm

EdH( Convy(t; Xy,), M)

2
log n 2/d 1 3 1/d log n 1/d =2
< o
- < n > T Tmin (Zdadfmin> i < n > i, fain logn

1 2/d 1 4 2/d
< ( ogn) n—+ ( ) if n is large enough
n Tmin 2dadfmin
1 2/d 1 42/d 1 2/d
< (%) (T (i) ) o<
logn 2/d 472 1 2/d
< n+ )
n Tmin Wdfmin

C Proofs of Section 4

C.1 Proof of Proposition 4.3

Let P € Pf_lmim Fontn fonae be a probability distribution with support M and let X,, be a n-sample

of law P. We will use repeatedly in the proof the fact that there exist constants ¢4, Cy > 0 such
that, if ¢ < 7(M)/4, then cqfmint? < P(B) < Cgqfmaxt? for all balls B of radius ¢ centered at
points of M (see [Aam17, Lemma II1.23]).

Lemma C.1. Assume thatt <ty . .. . There exists a partition C = {Ui,..., Uk} of M into
K measurable parts such that:

1. fork=1,..., K, Uy contains a ball By of radius 2t,
2. fork=1,...,K, P(Uy) =1/K,

3. we have 1/(2C fmaxt?) < K < 1/(Cqfmaxt?).

Proof. Ift < 17(M)/8, then P(B) < Cyfmaxt? for any ball B of radius 2¢. Assume that ¢ is small
enough so that Cgfmaxt? < 1/2 and let K be the largest integer such that 1/K > Cjfmaxt?, so
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that 1/(2Cy fmaxt?) < K < 1/(Cqfmaxt®). Build C in the following way. Start with an union of
K disjoint balls By, of radius 2t, for k = 1,..., K, choose V} any measurable set in M\ Uszl By,
with P(V}) = 1/K — P(By,) > 0 and let U, = By UVj. The set M\ X, Uy is of P-measure null,
so that by adding it to U; for instance, we obtain a partition following the required properties.
Note that we used the fact that for any A C M and 0 < p < P(A), there exists a subset V' C A
with P(V') = p: this holds as P is absolutely continuous with respect to the volume measure on

M. O

We fix such a partition in the following. For V' C M, let Ny be the number of points of
X, in V and write Ny for Ny, . Denote by By, the ball sharing its center with By, of radius ¢
and define E}, the event

(Nk =2 and NBI; = 2) = T(XnﬂUk) < At
= N #2or (Ny=2and (Ng <2or (N =2and r(X, NUg) < At))) (C.1)
= N # 2 or Fy.
Lemma C.2. If hy(t,X,) < At, then Ey is satisfied for k=1,..., K.

Proof. Let 0 =X, NUg. If N, =2 and NB/ = 2, then both points of ¢ are in B}, and one has

r(o) < t. Therefore, dy(Conv(o)|X,,) < At. "Let X be the middle of the two points composing
o. The smallest enclosing ball of o is of radius smaller than ¢, and is therefore included in By,
(which is of radius 2t). As Np, = 2, one has d(X,,X,,) = d(X¢,0) = r(0). Therefore, we have
r(0) < dg(Conv(0o)|X,,) < At and E}, is satisfied. O

We therefore obtain the bound

P(ha(t, Xn) < Af) < IP’(Vk: 1. K, E)
E [P(Vk K, Ee|(Np)k=1,....i)]

K
H L{Nj, # 2} + P(Fj|Ny = 2)1{N}, = 2})1

||,':]N

P(Fi|Ng = 2))1{Ny = 2})]

Lemma C.3. There exists a positive constant Cy (depending on A, d, fumin, fmax) such that
P(Fi|Ny =2)<e  fork=1,... K.

Proof. Let Y1,Ys be two independent random variables sampled according to P, conditioned on
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being in Bj,. Then,
P(Fk‘Nk = 2) = P(NBI/C < 2’Nk = 2)
+P(Np, =2 and r(X, N Ug) < AN}, = 2)
P(NB,’C =2 and r(X, NU) > )\t‘Nk =2)
]P)(NB]/C =2|N, =2)P(r(X, N B]/C) > )\t‘NBL =2)

1
1

_ (PBYY
1= (B By = A

d 2
1— (KC’dfmint ) P(||Y; — Ya|| > 2At)
<1-CGiP([|Y1 - Yaf| = 2)),

IN

where we used [Aam17, Lemma II1.23] at the second to last line and Lemma C.1 at the last line.
Let 1, z2 be two antipodal points on By. If ||z; —Y;|| < (1—\)t for i = 1,2, then ||Y] —Y3|| > 2At.
Also, there exists a ball W; of radius (1 — A)t/2 in B(z;, (1 — \)t) N By,. Therefore,

2 (-2t
P(Wz) Cd frin ( 3 )
P(||Y1 — Ya|| > 2Xt) > > =C
(H 1 QH_ )— (P(B]/C)) = Cdfmaxtd 25
where we used [Aam17, Lemma II1.23]. This concludes the proof. O
We finally obtain
K
P(hg(t, X,) < At) < E |exp (—C’g Z 1{N;, = 2})] . (C.2)
k=1

We use the following theorem to estimate this quantity (see [LL14]):

Proposition C.4. Let Z1,...,Zk be Bernoulli random wvariables. Let 0 < | < L < K be
positive integers. Then,

P(iZk2L> g% > E[HZi], (C.3)
k=1 (l) Ac|{1|,...,K} €A
Al=l

where |A| denotes the cardinality of a set A.

For k=1,...,K and n > 0, let Zj := 1{Nj # 2}, Iy(n) :=E {Hf’;l Zl} and

p:=P(N, =2) = (g) K2 <1 - ;{)7” : (C.4)
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Assume that K > 17 (this can be ensured by taking ¢ small enough according to Lemma C.1).

Then,

o[

<1/3.

()% exp(—n/K)
p < 2K —

(1-%)

=

One has, for £k > 1 and n > 2,

I(n) =P(Ny #2,...,Npy—1 #2) —P(N1 #2,...,Nj_1 # 2,Nj, = 2)
= Ik_l(n) — ]P’(Nl 75 2, . 7Nk—1 75 2|Nk = 2)])
=Ir_1(n) — Ix_1(n —2)p.

Let, for K > 1 and n > 2,

Ry(n) :

so that Ri(n) =1 — Sk_1(n)p. One has

Ie(n) =P(Ny #2,... Ny #2 and X1 & | U)

<k
+P(N1#2,...,Ny#2and X1 € JU)
1<k
k
:Ikz(n_l) <1—K>+P(N1#2,,Nk§é23ndX1€ UUl),
1<k

so that "
(1 - K) Li(n—1) < Iu(n) < Tu(n— 1) + Tp_1(n — 1).

Iterating this equation, we obtain

k 2
(1 _ ) T(n —2) < Tu(n) < Lu(n— 2) + 2Tx_1(n — 2) + Tp_a(n — 2).

K

Therefore,

2
<1 - }k(> < Sp(n) ™' <1+ 2Rp(n—2)"" + Ry(n — 2) 'Ry (n —2)~ 1.

Assume that 2 <k < K(1 - (3/2)/p) (with 1 —(3/2),/p > 0 for p < 1/3). Then,

p 2\?
Rpi(n) =1—=5p2(n)p=21—-——52>1- () > 0.
oy
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Therefore, by (C.7),if 3 < k < K(1—(3/2),/p), then S;_1(n)~! < Cj for some absolute constant
C3 and
Rp(n) =1—Sp_1(n)p < 1—Cy'p. (C.8)

Thus, we have, for 3 <1 < K(1 - (3/2),/p),

l l 9
1i(n) = T] Run) < T Rulw) < (1 - C57'p) " < Caexp(~C5ip). (C.9)
k=1 k=3

We are now ready to apply Proposition C.4 to Zy, ..., Zk for some integers [, K, with 3 <1 <
K(1-(3/2),/p) <L<K:

K K (K)
P (Z 1N, =2} <K — L) =P (Z Zy > L) < ﬁal exp(—Cy tip). (C.10)
k=1

k=1 !
To conclude, we use the following estimate:

Lemma C.5. There exists an absolute constant p such that the following holds. Let 0 < p < 1/3
and let K > 17 be an integer satisfying

—Kup/log(p) > 1. (C.11)

Then there exists integers l, L such that
2<K/8<I<K(1-(3/2)p)<L<K(Q1+pup/log(p)) <K

and K
W) - 4 exp((c51 /16)Kp), (C.12)

(V)

for some absolute constant Cs.

Before proving Lemma C.5, let us finish the proof. Assume first that K and n are such
that condition (C.11) is satisfied and choose integers [, L as in Lemma C.5 to obtain from (C.10)
that

]P’(i 1{N, =2} < —Kup/log(p)) <P <§: 1{N, =2} < K — L)

k=1 k=1
< 0405 exp(—(C5 1 /8)Kp + (C51/16)Kp)) < C4Csexp(—(Cy*/16)Kp).
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Therefore,
K
P(hq(t,X,) < At) <E [exp (—Co Z 1{N, = 2})1
k=1

K
<P (Z KNy =2} < —Kup/ log(p)> + exp(Co K pup/ log(p))
k=1

< C4Cs exp(—(Cy ' /16) Kp) + exp(Co K pp/ log(p))
< Cp exp(C7Kp/ log(p)). (C.13)

Note that, should condition (C.11) be not satisfied, then the right-hand side of (C.13) is larger
than Cgexp(—C7/un). Thus, by replacing Cg by a larger constant if necessary, the right-hand
side of (C.13) is larger than 1 in this case. As the left-hand side of (C.13) is smaller than 1,
we observe that (C.13) holds even if (C.11) is not satisfied. Also, for K > 17, one can easily
check that p > (n/2K)%e=2"/K > (Cgnt?)? exp(—Cgnt?) for some constant Cg. As the function
p € (0,1) — p/log(p) is nonincreasing, this concludes the proof.

The only remaining part is to prove Lemma C.5.

Proof of Lemma C.5. We first prove that there exists integers 2 < I < L < K satisfying

K/8 < K(1—(3/2)y/p+ pp/log(p)) <1 < K(1—(3/2)/p) and
K(1+2pp/log(p)) < L < K(1 4 pup/log(p)) < K.

Indeed, one has 1—(3/2),/p > 1/8 as p < 1/3, and also, for any x > 0, /p > —rup/log(p) for 0 <
p < 1/3 if p is sufficiently small with respect to x. Therefore, K/8 < K(1—(3/2),/p+pp/log(p))
and K(1—(3/2)\/p) < K(1+2up/log(p)) for  small enough. The existence of integers L and I
satisfying (C.14) is then ensured by the inequality —K up/log(p) > 1. We now fix such integers
I L.

(C.14)

To prove (C.12), we use the following bound which holds for any 0 < k < K (see [Gal68,
Exercise 5.8]):

8k([f_k)ez>{l) (Ko(k/K)) < (5) < Mexp (Kp(k/K)), (C.15)

where ¢p(z) = —xlogx—(1—=x)log(1—x) for x € (0,1). There exists an absolute constant ¢y such
that [¢'(z)] < —colog(l — x) for = € (1/8,1). Therefore, as 1/8 < 1 —(3/2),/p + pp/log(p) <

P(I/K) = (1 = (3/2)y/p) + (p(I/K) — (1 - (3/2)y/p))
©(1—(3/2)/p) + colog((3/2)/p)up/ log(p)

<
< (1= (3/2)y/p) + c1up,
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as there exists o > 0 such that (3/2),/p > p® for 0 < p < 1/3. Therefore, using that the function
z € (0,1) — 2~ 'p(x) is nonincreasing,

(%) - 8K (L —1)

(b mexp (Ko(l/K) — Le(l/L))

< o i <Ks0(1 ~ (3/2)yP) + cupK
L+ 2up/ log(p) ( 1-(3/2)y/p ))
1—(3/2)yp ~ \ 1+ 2up/log(p)

< \/zexp (K <so(1 —(3/2)y/p) + cipp

- (1= 6725+ o) D) (ﬂ;ﬁﬁ%) ))

_ \/zexp (K (F.(p) + c1up))

Let us bound F),(p). Write F,(p) = ¢(a) — bp(c), so that F,(p) = ¢(a)(1 —b) — b(p(c) — ¢(a)).

e One has, using 1 — (3/2),/p > 1/8,

1—(3/2)y/p — (1 — (3/2)y/p + pp/log(p))(1 + 2up/ log(p))

L-b= 1-(3/2)yp
_ —3up/log(p) — 2(up/log(p))® + 3up*’*/ log(p)
1—(3/2)y/p

< —24pp/log(p),
and also it is clear from the second line that 1 — b > 0 if u is small enough.

e There exists a positive constant cy such that ¢p(z) < —cozlog(z) for x € (0,v/3/2).

Therefore, ¢(a) = ¢(1 —a) = ¢((3/2)\/p) < —cay/plog((3/2)\/p). As (3/2)\/p > p°
for 0 < p < 1/3, we obtain ¢(a) < —caa/plog(p) < —c3log(p) for some absolute constant
c3. We therefore obtain ¢(a)(1 —b) < 24cs3up.

e We have

_ 1-(B/2)yp
1+ 2up/log(p)

— (1= (/2VE) gt PR < —ayp ogr).

cC—a

- (1-3/2)vp)
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as 1+ 2up/log(p) > 1/2. Also, ¢ > a > 1/8 and |¢/(z)| < —¢olog(l — z) for z € (1/8,1).
Therefore, |p(c) —¢(a)| < —cglog(l—c)|c—al < 4cglog(1—c)up/log(p). Finally, we have,
if 41 is small enough, using that p € (0,1/3),
(3/2)y/P + 2up/ log(p)
1+ 2pp/ log(p)

for some 8 > 0. Therefore, |p(c) — ¢(a)| < caup for some absolute constant cy.

1l—c= 2(3/8)\/]322957

As 0 < b < 8, we finally obtain that there exists an absolute constant ¢ such that F,(p) < csup
for p € (0,1/3) and p small enough. The conclusion is obtained by taking p sufficiently small
with respect to Cy */16. O

C.2 Proof of Theorem 4.6

Upper bound on t) 4(B) Let A, B be as in the statement of Theorem 4.6. A direct adaptation
of [ALS13, Lemma 5] shows that for any ¢t > 0, hgq(B,t) < hq(A,t+7)+2v. Therefore, according
to Proposition 4.4, we have for t*(A4) <t+~v < 7(M),

(t +7)° t*(A)
() 1—|—T(M)>+2'y.

ha(t, B) < +t*(A)

*(A

Therefore, hq(t,B) < At if (ta})) +t*(A ( )) 2y < At. A straightforward compu-
2?2

tation shows that this is the case if v < t*(A) T(M)/24 and if t € [to,t1] with tg =
2t*( ) (1 + (( ;) + 677 and t; = % Therefore, t)(B) < Qt*)EA) (1 + tT((]\%) + 677, as long as
tmax < T(M)N/2 and tmax +7 < 7(M).

Lower bound on t) 4(A) in the noise-free case Assume that e(A) < 7(M)/78 so that Propo-
sition 3.5 holds. Let ¢ € M with ¢(A) = d(¢,A). One has ¢ = my(x) for some = €
Convy(t*(A); A), so that, by Proposition 3.5 and Lemma 3.3,

t(A) t*(A)
d(z,A) > d(q, A) — [z —q|| > -
(w,4) > d(q, A) — | Q\>(1+6§ﬁﬂ 7(M)

. (A) 1(4)
=) (16 ~an) ~ T<M>)

2t*(A)  t*(A) t*(A)
> (A)(l—ﬁ - )275*(/1)(1—13 )
(M) 7(M) (M)
where we used at the last line that £(A) < 2¢*(A) ise(A)/7(M) if sufficiently small by Proposition
3.5. As x € Convgy(t*(A); A), we have,

ha(t(A), A) > #°(A) (1 EEPAC) (C.16)

: o)
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Therefore, if A <1 —13t*(A)/7(M) and t*(A) < tmax, then t5(A) > t*(A).

Lower bound on t) 4(A) in the tubular noise case [ALS13, Lemma 5] yields that for any ¢t > ~,

hd(B, t) > hd(A, t— ’7) - 2’7. (017)
Plugging in t = t*(A) + v, and using (C.16), we obtain

muifpﬁ+v)zﬁuo<y—wfgg>—2y (C.18)

This quantity is larger than A\(¢*(A) + ) as long as

t*(A)
(M)

13 <1—A—(2+)) (C.19)

°
t*(A)
Ifv<(1- /\)% and 1354 < %, then (C.19) is satisfied, giving the desired lower bound

(M)
on t(B) under those two conditions, should ¢*(A) + 7 be smaller than t,ax.

C.3 Proof of Corollaries 4.7 and 4.9
Lemma C.6. Let A C M be a finite set of cardinality n. Then,
e(A) > cqr(M)n~V4, (C.20)

Proof. As M C Uyea Bu(z,6(A)), one has Vol(M) < ncge(A)?. Lemma I11.24 and Proposition
I11.25 in [Aam17] imply that there exists a constant Cy such that Vol(M) > Cyr(M)?, thus
leading to the conclusion. O

In the following proofs, we let ¢ = (Tmin, fmin, +00,1) € Q¢ and P € 'Pg’n. We write
X, = {X1,..., X} a n-sample of law txP and let Y,, = {Y3,...,Y,,} be the corresponding
sample on M := M(P). Also, v = n(logn/n)*? and we fix tyax = 1/log(n).

Proof of Corollary 4.7. By equation (B.9), if t*(Y,) + v <ty 4(X,) < 7(M) — 7, then

(M)

This relation holds as long as Conditions 1, 2 and 3 of Theorem 4.6 are satisfied. If v <
7 (log n/n)Z/d and Tmin > 2tmax/A, Conditions 1 and 2 are satisfied as long as t*(Y,,) is small
enough with respect to A, tpax and 7nin and n is large enough. Note that the probability
that ¢*(Y,,) is smaller than #max up to a constant is smaller than Cy 4 exp(—nCy ,(log n)~%) by

dH(COan(t)\’d(Xn);Xn),M) < v+ (0.21)
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Proposition 3.6. Also, by Lemma C.6 and Proposition 3.5, Condition 3 is satisfied as long as n
is large enough. Hence, if S denote the event that Conditions 1, 2 and 3 are satisfied for B = X,
and A = Y, then, we have P(S) > 1 — Cyqexp(—Cy ,(log n)~4). Therefore, by using (C.21),
the upper bound in Theorem 4.6, Proposition 3.5 and Lemma 3.6 (in that order), we obtain

E[dH( COIlVd(t)Hd(Xn); Xn), M)] S E[dH( COHVd(t)\,d(Xn); Xn), M)l{S}] + (diam(M) + 'Y)P(SC)

<7+ ! E[<6t*(§{”)+(i+1>7>21{5}

+ Cy,q exp(—nCy ,(log n)~%)

Tmin

1 60
—E {E(Yn)ﬂ + Cyqexp(—nCy ,(log n)~%)

Tmin A2

_ (logn>2/d L] 12172 ] .
1II N 1S large enou, .
- n g Tmin A2 (wdfmin)2/d 8 &

<7+

As there exists a constant Cj; ) such that

N 12172 <C <n+ C(1— k) )
g )\2(Wdfmin)2/d7_min = e 2 (wdfmin)2/d7_min

for all ¢ € Q% 1 < d < D, the bound (4.8) follows from Theorem 2.4. O

Proof of Corollary 4.9. Recall that we assume that n = 0, so that X,, = Y,. Theorem 3.2 in
[BSW09] states that for A C M, if t < 7(M)/2 and t > 10e(A), then

t
(M)

Z(Ty(A 1), T,M) < 6 (C.22)

Assume that the conditions of Theorem 4.6 are satisfied for X,,. Then, by Proposition 3.5 and
Theorem 4.6,

11ty ¢(X,) > 117 (X,,) > 10e(X,,) and

2t*()\Xn) <1+ t:éj?\{;))) s ATl(éw) <1+ 1) ) T(éw)‘

11¢ X,) <
Ad(Xp) < 51

Hence, the upper bound in Theorem 4.6, Proposition 3.5 and Lemma 3.6 yield

B[ (T, M, Ty (X, 114(X0)))] < ELZ(T,M, Ty(Xn, 1160(X0))) 1{S}] + P(5°)
M(X") + quexp(—C’ d(log n)—d) < @EE(XH)

Tmin A Tmin

< 66 +Cqa exp(—nC{Lq(log n)~%)

136 /Ee(X,,)2 ) 4 137/2n logn\ /4
< v — <
if n is large enough. O
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D Precise lower bound on the minimax risk

The goal of this section is to show the lower bound in Theorem 2.4. To do so, we adapt the
construction made in [KZ15] so that the lower bound holds with an explicit constant. Let
0<d< D and q= (Tmin, fmin, fmax, ) € Q4(x). We denote by M(P) the underlying manifold
of P € P(k). The lowerbound is based on Le Cam’s lemma:

Lemma D.1. Let PN, P2 be two subfamilies of Pt‘in which are e-separated, in the sense that
dp(M(PW), M(P®)) > 2 for all P ¢ PO, PR) ¢ PR, Then,

1 1
(#pm 2 L#P“))A(#pm 2 L#P@))

P ep() P2 ep(2)

mn(M,PS,) > e , (D.1)

where |P A Q| is the testing affinity between two distributions P and Q and ¢ : RP? x RP — RP
is the addition.

To obtain a lowerbound on the minimax risk, authors in [KZ15] exhibit two families
of manifolds which are e-separated, and consider the uniform distributions on them. Those
manifolds are built by considering a base manifold My which is locally flat, and by adding small
bumps on the locally flat part. Such a construction leads to distributions having a density equal
roughly to 1/ Vol(Mj), a constant which might be smaller than fyi,. If this is the case, then
the corresponding submodels are not in Pg,n and we cannot apply Le Cam’s Lemma. Hence, we
consider another base manifold, which is a sphere My of radius R slightly larger than iy, so
that its volume is smaller than 1/ fui, (this is possible as fuinwgd, < & < 1). The two families
are then once again constructed by adding small bumps on My. We now detail this construction.

Let R, 6 > 0 be two parameters to be fixed later. Let My C R*! ¢ RP be the d-sphere
of radius R, and let A be a maximal subset of My of even size, which is 4-separated. Note
that, standard packing arguments (and the formula for the volume of a spherical cap) show that

d
if §/R is small enough, then the cardinality 2m of A satisfies 2m > (%) for some absolute
constant cq.

Let ¢ : R — R be a smooth function such that 0 < ¢ <1, ¢ =1o0n[-1,1] and ¢ =0 on
R\[~2,2]. For s € {£1}*, we build a diffeomorphism ®¢ by letting for 2 € R”

() = (1 DI (Hocgyn)) | (D.2)

yeA
Recall that || V||, denotes the operator norm of a linear application N.

Lemma D.2. There exists two absolute constants ci,ca > 0 such that the following holds.
Assume that 6 < R and that cie/6 < 1. Then, the function ®5 : B(0,3R) — R is q
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diffeomorphism on its image, with

g
.Z’(PS

sup |[[Id —d, ®5||,, < c1€/6 and  sup ‘

< c9e /6% (D.3)
2€B(0,3R) z€B(0,3R) °op

Proof. As A is 46-separated, at most one term in the sum in (D.2) is non-zero. A computation
gives that the derivative of ®p is given by, for z € B(0,3R),

4B5(h) = h+h= Y s(y ( y')+x22§s(y)¢’(|$gy|><x_y’h>- (D.4)

yEA yEA |z =y
Hence,
2 1] IWH
-,y < 5 (Holloe + o152 ) < 5 (ol + 312 ) < a5,
where ¢; = [|¢]lco + 3||¢|lcc- A similar computation gives that Hdi@i”op < c9e/8? for cg =

2[|¢ oo + 3/c1(|¢']|co + |¢"||oc). We eventually show the injectivity: if ®5(z) = ®E(a’), then
x and 2’ are colinear. Also, if ¢1e/6 < 1, one can check using (D.4) that the derivative of the
function r — (®%(ru),u) for u an unit vector is increasing, proving the injectivity. O

Therefore, from [Fed59, Theorem 14.19], we infer that M¢ := ®5(M) is a manifold with
reach larger than

. . (1—c1e/0)?
> — . .
T(M:) > Rmin (1 c1e/é, T c12/0 + Reae o (D.5)

Denote by J®¢ the Jacobian of ®Z. Then, the volume of M; is smaller than

Vol(M?) = J(I)E( )dw—wde—i—Z/ (JOE(z) — 1)da
yeA B, y,26)

< wgR + QmCdclg Vol(Bag, (y,26)) < wqR? (1 + C’dclg) , (D.6)

where we used that det(N) —1 < Cy [N —1d||,, for some constant Cy if N is a matrix of size
d with operator norm smaller than 1, the fact that 2m Vol(Byy, (v, 26)) < Vol(Mjy), and Lemma
D.2.

Let R = Tmin + % (* — Tmin) and 6 = v Rev where v is chosen so that R >

(wa fmin) /@
Tinin (1 + c2/v?), say v? = %37::’1'12 Then, if €/6 is small enough, we have Vol(M¢) < 1/ fmin and
7(ME) > Tiin by (D.6) and (D.5). We define the family M) of manifolds M¢ where s contains
exactly m signs +1 (and m signs —1). The family M@ is defined likewise by considering M. °
where s contains exactly m 4+ 1 or m — 1 signs +1. We then let P(!) be the set of distributions
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\%]\[j e M,

Figure 5 — An element P € P() has its first marginal supported on the blue manifold M. N

(lower bump), whereas an element P € P(?) is such that Pl(z) is supported on the red manifold
M ;JW (upper bump) and L#P(Z) is the uniform distribution on the dotted manifold.

(Q2,80) where Q¢ is the uniform distribution on a manifold of M2 € M) so that P is a
subset of Pg,n' We then define P(?) as follows: let X ~ QS where QS is the uniform distribution
on a manifold of M2 € M®). Then, we have X = ®(V) for some V € My, and we let

Y = ®<H(V), Z=X-Y.

An element of P®?) is then given by the law of the couple (Y, Z). Note that for P(2) € P
L#P(2) is the uniform distribution on a manifold of M®). Also, M(P®) is equal to M+ =
DY o (@)1 (M?) for some ME € M®P). By (D.6) and (D.5), its reach is also larger than
Tmin, and its volume is smaller than 1/ fui, if (¢ +)/¢ is small enough. Note also that |Z] =
|25(V) — @57(V)| < |[V[7/R < . Hence, P? is indeed a subset of PZ,,.

By construction, the two families P(1), P(?) are (2 4 v)-separated (see Figure 5). Hence,
we can apply Le Cam’s lemma. The exact same computations than in [KZ15, Section 3] show
that the testing affinity between P and P2 converge to 1 as long as 4m = n/logn. Thus, Le
Cam’s Lemma (D.1) yields

n(M, P2,
lim inf Lf’d) > lim inf ((m/4)2/d5 + 77) . (D.7)
n logn) / n 2
As 2m > (coR/5)?, we therefore have
o ma(MPL) G RE o G R
hmnmf (logn)Q/d > 22Ty = g + 3
2

¢g R(R—Tmin) 7 c3 ( 1 ) n
= > — s J

82/d 2¢2Tmin + 2~ (Wdfmin)l/dTmin (wdfmin)l/d Tmin |

2 )
for some absolute constant c3, where we used that R — 1y, = % (W — Tmin> by definition

and that R > %(wd fmin)*l/ 4 AS Toin < K/ (wg fmm)l/ ¢ we obtain the conclusion.
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