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Splitting-Based Method for Network Reliability Estimation

s t

• The capacities X i , i = 1, . . . , m, change due to failures.

• X = (X 1 , . . . , X m ), is a random vector in Ω = (Ω 1 , . . . , Ω m ).

• For a given demand, d, the network unreliability is: ζ = P{V(X) < d} .

• If the network is highly reliable, ζ ≪ 1.
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Aim of this talk

To introduce an efficient method for the estimation of ζ , when ζ ≪ 1, that allows a direct extension to the case of dependent components.

• The case of dependent components can be handled by means of the Marshall-Olkin copula. • The rare event situation will be handled here using Splitting.

• In previous work, we used Splitting over the so-called Creation Process, introduced by Lomonosov et al., but this option is not directly adaptable to the case of dependent components. • In this work-in-progress presentation, we will describe how to obtain low variance Splitting-based estimators using the Destruction Process instead. • We will actually describe a n extension of the Destruction Process to the case of multi-valued structure functions (instead of the previously considered binary ones) and then, how to implement a Splitting-based procedure.

• In the most general discrete model:

Ω i = (0, M i 1 , M i 2 , . . . , M i n i ), i = 1, . . . , m where: 0 < M i 1 < M i 2 < . . . < M i n i .
• In the model to be introduced:

Ω i = (0, M 1 , M 2 , . . . , M n ) where: 0 < M 1 < M 2 < . . . < M n .
• If X i = M n , link i is fully operational. 

• If 0 < X i < M n , link i is partially failed. • If X i = 0, link i is completely failed. X i =          M n w.p.
t 0 = 0 t n = 1 t 1 t 2 t n-1 • • • • • • p 1 p n p n-1 p 0 t X i (t) λ • Let τ i ∼ Exp(λ ) be the failure time of link i. • Let {λ , t 1 , t 2 , . . . , t n-1 } be a set such that →              0 < τ i ≤ t 1 w.p. p 0 , t 1 < τ i ≤ t 2 w.p. p 1 , . . . t n-1 < τ i ≤ 1 w.p. p n-1 , 1 < τ i w.p. p n .
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t 0 = 0 t n = 1 t 1 t 2 t n-1 • • • • • • p 1 p n p n-1 p 0 t X i (t) λ It is simple to prove that:      λ = -ln(p n ), t j = ln(1 -p 0 -p 1 -. . . -p j-1 ) ln(p n ) j = 1, . . . , n -1.
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t 0 = 0 t n = 1 t 1 t 2 t n-1 • • • • • • p 1 p n p n-1 p 0 t τ i X i (t) . . . M 1 M n M n-1 Let X i (t) = M n , 0 ≤ t < τ i , ◮ if 0 < τ i ≤ t 1 set X i (τ i ) = 0 and keep this value forever, if t 1 < τ i ≤ t 2 set X i (τ i ) = M 1 and keep this value forever, . . . if t n-1 < τ i ≤ 1 set X i (τ i ) = M n-1 and keep this value forever, if 1 < τ i leave X i (t) = M n forever. t 0 = 0 t n = 1 t 1 t 2 t n-1 • • • • • • p 1 p n p n-1 p 0 t τ i X i (t) . . . M 1 M n M n-1 Let X i (t) = M n , 0 ≤ t < τ i , if 0 < τ i ≤ t 1 set X i (τ i ) = 0 and keep this value forever, ◮ if t 1 < τ i ≤ t 2 set X i (τ i ) = M 1 and keep this value forever, . . . if t n-1 < τ i ≤ 1 set X i (τ i ) = M n-1 and keep this value forever, if 1 < τ i leave X i (t) = M n forever.
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t 0 = 0 t n = 1 t 1 t 2 t n-1 • • • • • • p 1 p n p n-1 p 0 t τ i X i (t) . . . M 1 M n M n-1 Let X i (t) = M n , 0 ≤ t < τ i , if 0 < τ i ≤ t 1 set X i (τ i ) = 0 and keep this value forever, if t 1 < τ i ≤ t 2 set X i (τ i ) = M 1
and keep this value forever, . . .

◮ if t n-1 < τ i ≤ 1 set X i (τ i ) = M n-1 and keep this value forever, if 1 < τ i leave X i (t) = M n forever. t t = 1 t = 0 d V max V(X(t))
• V max is the maximum possible value of V(X(t)) (all links at maximum capacity).

• According to the links' failures, V(X(t)) becomes a constant piece-wise decreasing function of time. • It only matters if, at t = 1, the trajectories are above or below the demand, d.
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t t = 1 t = 0 d V max V(X(t))
• The trajectories that down-cross d before t = 1 will be below d in t = 1.

• Simulation is not worth continuing from the red points.

• The crude Monte Carlo estimation of ζ is the ratio between the number of red points and the number of trajectories started at t = 0.

ζ = 1 3 = 0.333
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t t = 1 t = 0 d V max V(X(t))
• For highly reliable networks, trajectories will rarely "fall down".

• There will be very few red points.

• In order to make estimates more efficient, trajectories should be artificially forced "downwards". • This goal is achieved by means of the following application of Splitting. With the same purpose, Splitting has been applied over the Creation Process. Which are the differences and the benefits of one option over the other? Crude Monte Carlo over the Multi-Level Creation Process

t t = 1 t = 0 d V max V(X(t))
• The crude Monte Carlo estimation of ζ is the ratio between the number of red points and the number of trajectories started at t = 0. • For highly reliable networks, trajectories will rarely "go to the right".

• In order to make estimates more efficient, trajectories should be artificially forced "to the right". • This goal is achieved by means of the following application of Splitting. Splitting over the Multi-Level Creation Process

t 2 2 3 3 4 6 ℓ 1 ℓ 2 t = 1 t = 0 d V max V(X(t))
• Thresholds ℓ 1 , ℓ 2 , . . . , are set on the t axis.

• At every crossing point, multiple copies of those trajectories that have right-crossed the corresponding threshold below d, are launched.

• The Splitting estimation for this example is:

1 -ζ = 2 2 3 4 3 6 = 0.375.
Both methods are efficient, however the Destruction Process, in which links fail (rather than being repaired), fits more naturally than the Creation Process to the Marshall-Olkin copula, with dependent link failures. 
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Dynamic Model vs. Static Model

Finally:

Thus, observing this dynamic model at t = 1 is the same as observing the static model.

The Multi-Level Destruction Process is a generalization of the well-known Destruction Process, designed for static network models in which links can only be operational or failed.

• Set the thresholds ℓ 1 , ℓ 2 , . . . , on the V(X(t)) axis.

• Start, at every crossing point, multiple copies of those trajectories that have down-crossed the corresponding threshold before t = 1. Concluding Remarks

• Preliminary tests show that Splitting over the Multi-Level Destruction Process is a very efficient method for estimating the unreliability of highly reliable flow networks.

• Some other known (published) Splitting-based methods work on the Creation Process, rather than the Destruction Process. • For methods that work on the Creation Process, thresholds are set on the t axis.

• To set the thresholds on the t axis in methods based on the Destruction Process yields no significant improvement. • The main and most interesting feature of the proposed method is that the Destruction Process fits naturally to the Marshall-Olkin copula network model with dependent links' failures. • We are currently exploring this approach with models in which there are correlations between the behavior of their components.