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DG-SE coupling for stable

Elastodynamic system

x ∈ Ω ⊂ R d , t ∈ [0, T ], T > 0 :

         ρ(x) ∂v ∂t (x, t) = ∇ • σ(x, t), ∂σ ∂t (x, t) = C (x) (v (x, t)).
With:

ρ(x) the density, C (x) the elasticity tensor, (x, t) the deformation tensor, v (x, t), the wavespeed, σ(x, t) the strain tensor.
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Elasticus software

Software written in Fortran for wave propagation simulation in the time domain

Features

Simulation:

on various types of meshes (unstructured triangles and tetrahedra), on heterogeneous media (acoustic, elastic and elasto-acoustic).

Discontinuous Galerkin (DG) based on unstructured triangles and unstructured tetrahedra, with various time-schemes : Runge-Kutta (2 or 4), Leap-Frog, with multi-order computation(p-adaptivity)... Spectral Element Method

General principle

Finite Element Method (FEM) discretization + Gauss-Lobatto quadrature, Gauss-Lobatto points as degrees of freedom (gives us exponential convergence on L 2 -norm).

f (x)dx ≈ N+1 j=1 ω j f (ξ j ), ϕ i (ξ j ) = δ ij .

Hybrid meshes structures

Aim at coupling P k and Q k structures.

Need to extend or split some structures (e.g. neighbour indices).

Define new face matrices:

M K ,L ij = K ∩L φ K i φ L j , M K ,L ij = K ∩L ψ K i ψ L j , M K ,L ij = K ∩L φ K i ψ L j . Γ int K 1 K 2

Fluxes

Definitions

Jump and average.

[[u]] = (u K 1 n K 1 + u K 2 n K 2 ) {{u}} = 1 2 (u K 2 + u K 1 )
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           Ω h,1 ρ∂t v 1 • w 1 = - Ω h,1 σ 1 : ∇w 1 + Γ out,1 (σ 1 n 1 ) • w 1 , Ω h,1 ∂t σ 1 : ξ 1 = Ω h,1 (C ξ 1 ) : ∇v 1 .
DG variational formulation :

                                                                            Ω h,1 ρ∂t v 1 • w 1 +                                                                  {{σ 2 }} : [[w 2 ]] + Γ 1/2 {{σ}} : [[w ]] + [[σ]] • {{w }}, Ω h,1 ∂t σ 1 : ξ 1 + Ω h,2 ∂t σ 2 : ξ 2 = Ω h,1 (C ξ 1 ) : ∇v 1 - Ω h,2 (∇ • (C ξ 2 )) • v 2 + Γ out,2 (C ξ 2 n 2 ) • v 2 + Γ int {{v 2 }} • [[C ξ 2 ]] + Γ 1/2 {{v }} • [[C ξ]] + {{C ξ}} : [[v ]]. DG-SE coupling for stable PML Mathias 2019                                                                  Ω h,1 ρ∂t v 1 • w 1 + Ω h,2 ρ∂t v 2 • w 2 = - Ω h,1 σ 1 : ∇w 1 - Ω h,2 σ 2 : ∇w 2 + Γ out,1 (σ 1 n 1 ) • w 1 + Γ out,2 (σ 2 n 2 ) • w 2 + Γ int {{σ 2 }} : [[w 2 ]] + Γ 1/2 {{σ}} : [[w ]]
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+[[σ]] • {{w }}, Ω h,1 ∂t σ 1 : ξ 1 + Ω h,2 ∂t σ 2 : ξ 2 = Ω h,1 (C ξ 1 ) : ∇v 1 - Ω h,2 (∇ • (C ξ 2 )) • v 2 + Γ out,2 (C ξ 2 n 2 ) • v 2 + Γ int {{v 2 }} • [[C ξ 2 ]] + Γ 1/2 {{v }} • [[C ξ]]
( ( ( ( ( (

+{{C ξ}} : [[v ]].
Step 1: Rewrite the system in the frequency domain

     iωρv = ∇ • σ iωσ = C : ∇v DG-SE coupling for stable PML Mathias 2019
Classic PML formulation

Step 1: Rewrite the system in the frequency domain

     iωρv = ∇ • σ iωσ = C : ∇v
Step 2: Introduce a new system of complex coordinates Define dz the damping :

dz > 0 if z ∈ Ω PML dz = 0 if z / ∈ Ω PML DG-SE coupling for stable PML Mathias 2019
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Classic PML formulation

Step 2: Introduce a new system of complex coordinates Define dz the damping : 

dz > 0 if z ∈ Ω PML dz = 0 if z / ∈ Ω PML z(z) = z - i ω z 0 dz ( 

Classic PML formulation

Step 2: Introduce a new system of complex coordinates Define dz the damping :

dz > 0 if z ∈ Ω PML dz = 0 if z / ∈ Ω PML z(z) = z - i ω z 0 dz (s)ds
Define the associate differential operator :

∂ z = iω iω + dz ∂z = 1 - dz iω + dz ∂z
Step 3: Rewrite the system 

iωρvx = ∂x σxx + ∂ z σxz , iωρvz = ∂x σxz + ∂ z σzz , iωσxx = (λ + 2µ)∂x vx + λ∂ z vz , iωσzz = λ∂x vx + (λ + 2µ)∂ z vz , iωσxz = µ(∂x vz + ∂ z vx ). Introduction of 2 d + 1 new variables ψ ∈ H 1 →

Conclusion and perspectives Conclusion

1 SEM is more efficient on structured quadrangle mesh than DG 2 Build a variational formulation for DG/SEM coupling and find a CFL condition that ensures stability 3 Show the utility of using hybrid meshes and method coupling (reduce computational cost,...)

Achievements

Implement DG/SEM coupling on the code (2D)

Develop DG/SEM coupling in 3D

Develop PML in the hexahedral part DG-SE coupling for stable PML Mathias 2019 29 / 30
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Domain in two parts : Ω h,1 (structured quadrangles + SEM), Ω h,2 (unstructured triangles + DG).DG-SE coupling for stable PML Mathias 2019

Ω h,2 ρ∂t v 2 • w 2 = -Ω h,2 σ 2 : ∇w 2 + Γ out,2 (σ 2 n 2 ) • w 2 + Γ int {{σ 2 }} : [[w 2 ]], Ω h,2 ∂t σ 2 : ξ 2 =-Ω h,2 (∇ • (C ξ 2 )) • v 2 + Γ out,2 (C ξ 2 n 2 ) • v 2 + Γ int {{v 2 }} • [[C ξ 2 ]].DG-SE coupling for stable PML Mathias 2019

Ω h,2 ρ∂t v 2 • w 2 = -Ω h,1 σ 1 : ∇w 1 -Ω h,2 σ 2 : ∇w 2 + Γ out,1 (σ 1 n 1 ) • w 1 + Γ out,2 (σ 2 n 2 ) • w 2 + Γ int {{σ 2 }} : [[w 2 ]] + Γ 1/2 [[σw ]], Ω h,1 ∂t σ 1 : ξ 1 + Ω h,2 ∂t σ 2 : ξ 2 = Ω h,1 (C ξ 1 ) : ∇v 1 -Ω h,2 (∇ • (C ξ 2 )) • v 2 + Γ out,2 (C ξ 2 n 2 ) • v 2 + Γ int {{v 2 }} • [[C ξ 2 ]] + Γ 1/2 [[(C ξ)v ]].DG-SE coupling for stable PML Mathias 2019

Ω h,1 ρ∂t v 1 • w 1 + Ω h,2 ρ∂t v 2 • w 2 = -Ω h,1 σ 1 : ∇w 1 -Ω h,2 σ 2 : ∇w 2 + Γ out,1 (σ 1 n 1 ) • w 1 + Γ out,2 (σ 2 n 2 ) • w 2 + Γ int
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Thank you for your attention !

Questions?