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—— Abstract

We derive conditions under which the reconstruction of a target space is topologically correct via
the Cech complex or the Vietoris-Rips complex obtained from possibly noisy point cloud data.
We provide two novel theoretical results. First, we describe sufficient conditions under which
any non-empty intersection of finitely many Euclidean balls intersected with a positive reach set
is contractible, so that the Nerve theorem applies for the restricted Cech complex. Second, we
demonstrate the homotopy equivalence of a positive u-reach set and its offsets. Applying these
results to the restricted Cech complex and using the interleaving relations with the Cech complex (or
the Vietoris-Rips complex), we formulate conditions guaranteeing that the target space is homotopy
equivalent to the Cech complex (or the Vietoris-Rips complex), in terms of the p-reach. Our results
sharpen existing results.
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Homotopy Reconstruction via Cech Complex and Vietoris-Rips Complex

1 Introduction

A fundamental task in topological data analysis, geometric inference, and computational
geometry is that of estimating the topology of a set X C R? based on a finite collection
of data points & that lie in it or in its proximity. This problem naturally occurs in many
applications area, such as cosmology [30], time series data [28], machine learning [17], and so
on.

A natural way to approximate the target space is to consider an r-offset of the data
points, that is, to take the union of the open balls of radius r > 0 centered at the data points.
Under appropriate conditions, by the Nerve theorem [5] this offset is topologically equivalent
to the target space X via the Cech complex [7, 23]. For computational reasons, the Alpha
shape complex may be used instead, which is homotopy equivalent to the Cech complex
[20]. To further speed up calculations, and in particular if the data are high dimensional, the
Vietoris-Rips complex may be preferable as only the pairwise distances between the data
points are used.

To guarantee that the topological approximation based on the data points recovers
correctly the homotopy type of X, it is necessary that the data points are dense and close to
the target space, and that the radius parameter used for constructing the Cech complex or
the Vietoris-Rips complex be of appropriate size.

The conditions require the offset r to be lower bounded by a constant times the Hausdorff
distance between the target space and the data points, and upper bounded by another
constant times a measure of the size of the topological features of the target space. Originally,
the topological feature size was described as a sufficiently small number, for the Vietoris-Rips
complex in [24, 25]. Then, the topological feature size was expressed in terms of the reach
of X: see, for the Cech complex, in [12, 27]. Subsequently, the notion of p-reach was put
forward to allow for more general target spaces: the condition for the Cech complex is
studied in [6, 8], and the condition for the Vietoris-Rips complex is studied in [6]. Also, the
radii parameters are allowed to vary across the data points in [12]. For the case when the
target space equals the data points, the conditions for the Cech complex or the Vietoris-Rips
complex is studied in [3, 4]. When the offset r is beyond the topological feature size so that
the homotopy equivalence does not hold, the homotopy type of the Vietoris-Rips complex
was studied for the circle in [2].

In this paper, we derive conditions under which the homotopy type of the target space
is correctly recovered via the Cech complex or the Vietoris-Rips complex, in terms of the
Hausdorff distance and the p-reach of the target space. To tackle this problem, we provide
two novel theoretical results. First, we describe sufficient conditions under which any non-
empty intersection of finitely many Euclidean balls intersected with a set of positive reach is
contractible, so that the Nerve theorem applies for the restricted Cech complex. Second, we
demonstrate the homotopy equivalence of a positive p-reach set and its offsets. These results
are new and of independent interest.

Overall, our new bounds offer significant improvements over the previous results in [27, 6]
and are sharp: in particular, they achieve the optimal upper bound for the parameter of
the Cech complex and the Vietoris-Rips complex under a positive reach condition. We will
provide a detailed comparison of our results with existing ones in Section 6.

2 Background

This section provides a brief introduction to simplicial complex, Nerve theorem, reach, and
p-reach. We refer to Appendix A and [23, 19, 21, 1, 8, 13, 26, 18] for further definitions
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and details. Throughout the paper, we let X and X' be subsets of R?. For z,y € R?, we
let d(z,y) := ||z — y|| be the Euclidean distance with || - || being the Euclidean norm. Let
d(z,X) = infyex d(z,y) denotes the distance from a point z to a set X, and let dx : R? — R
be the distance function z — d(z,X). For r > 0, we let Bx(x,r) := {y € X : d(z,y) < r}
be the open restricted ball centered at & € R? of radius > 0. For > 0, we let X" be an
r-offset of a set X defined by the collection of all points that are within r distance to X, that
is, X" := (Jyex Bra(z, 7). Finally, for two sets X,Y C R? we let dgr(X,Y) :=inf{r > 0 :
X CY"and Y C X"} be the Hausdorff distance between X and Y.

2.1 Simplicial complex and Nerve theorem

A natural way to approximate the target space X with the data points X is to take the union
of open balls centered at the data points. In detail, let r = {r,,x € X'} € Rf be pre-specified
radii and consider the union of restricted balls

U Bx(,ra). (1)

zeEX

Though we allow for the points in X to lie outside X, we will assume throughout that
Bx(z, ;) # 0 for all z € X.

To infer the topological properties of the union of balls in (1), we rely on a simplicial
complex, which can be seen as a high dimensional generalization of a graph. Given a set V,
an (abstract) simplicial complex is a collection K of finite subsets of V such that o € K and
B C « implies 8 € K. Each set a € K is called its simplez, and each element of « is called a
vertex of a.

A simplicial complex encoding the topological properties of the union of balls in (1) is
the Cech complex.

» Definition 1 (Cech complex). Let X', X be two subsets and r € RY. The (weighted) Cech
complex Cechx(X,r) is the simplicial complex

k
Cechx(X,r) =< o ={z1,....ax} CX: [|Bx(z;,ra,) #0 p . (2)
j=1

Computing the Cech complex requires computing all possible intersections of the balls.
To further speed up the calculation, we only check the pairwise distances between the data
points and instead build the Vietoris-Rips complex.

» Definition 2 (Vietoris-Rips complex). Let X, X be two subsets and r € Rf. The weighted
Vietoris-Rips complex Rips(X,r) is the simplicial complex defined as

Rips(X,r) :={o C X : d(x;,2;) < Ty, + 1o, forall z;,z; €0}. (3)

The ambient Cech complex in (2) (that is, X = R?) and the Vietoris-Rips complex in (3)
have the following interleaving relationship when all radii are equal (e.g., see Theorem 2.5 in
[16]). That is, when r, =7 > 0 for all x € X, then

- ~ 2
Cechga (X, r) C Rips(&X,r) C Cechpa (2\,’,\/ d+le> . (4)

This interleaving relation is extended to the case of different radii in Lemma 16.
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The union of balls in (1) and the Cech complex in (2) are homotopy equivalent under
appropriate conditions. This remarkable result is precisely the renowned nerve theorem
[5, 7, 23], which we recall next. We first introduce the nerve, which is a more abstract notion
of the Cech complex.

» Definition 3 (Nerve). Let U = {U,} be an open cover of a given topological space X. The
nerve of U, denoted by N'(U), is the abstract simplicial complex defined as

k
NU)={U,....UsycU: (U; #0

Jj=1

The nerve theorem prescribes conditions under which the nerve of an open cover of X is
homotopy equivalent to X itself.

» Theorem 4 (Nerve theorem). Let X be a paracompact space and U be an open cover of X.
If every nonempty intersection of finitely many sets in U is contractible, then X is homotopy
equivalent to the nerve N (U).

Thus, in order to conclude that the Cechy (X, ) complex in (2) has the same homotopy
type as X, it is enough to show, by the nerve theorem, that the union of restricted balls
U,ex Bx(z,72) covers the target space X and that any arbitrary non-empty intersection
of restricted balls is contractible. The difficulty in establishing the latter, more technical,
condition lies in the fact that it is not clear a priori what properties of X will imply it. If
X is a convex set, then the nerve theorem applies straightforwardly. But for more general
spaces, such as smooth lower-dimensional manifolds, it is not obvious how contractibility
may be guaranteed. One of the main results of this paper, given below in Theorem 9, asserts
that if X has positive reach and the radii of the restricted balls are small compared to the
reach, then any non-empty intersection of restricted balls is contractible.

2.2 The reach

First introduced by [21], the reach is a quantity expressing the degree of geometric regularity
of a set. In detail, given a closed subset X C R?, the medial axis of X, denoted by Med(X),
is the subset of R? consisting of all the points that have at least two nearest neighbors in X.
Formally,

Med(X) = {z € R?\ X: there exist ¢1 # ¢2 € X, ||q1 — z|| = [|@z — || = d(z,X)},  (5)
The reach of X is then defined as the minimal distance from X to Med(X).

» Definition 5. The reach of a closed subset X C R? is defined as

o= infd(@Med() = it g —all. (6)

Some authors [see, e.g. 27, 29] refer to 75 ' as the condition number. From the definition
of the medial axis in (5), the projection mx(z) = arg min,ex ||p — || onto X is well defined
(i.e. unique) outside Med(X). In fact, the reach is the largest distance p > 0 such that mx is
well defined on the p-offset {x e R?:d(z,X) < p}. Hence, assuming the set X has positive
reach can be seen as a generalization or weakening of convexity, since a set X C R? is convex
if and only if 7x = oco. In the next section, we describe how to use the reach condition to
ensure that the union of restricted balls is contractible, which in turn allows us to apply the
Nerve theorem to recover the homotopy type of the target space X.
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Figure 1 The graphical illustration for the generalized gradient Vx(z), from [9, §].

For a non-smooth target space, the reach of the space can be zero. In this case, we can
deploy a more general notion of feature size, called p-reach, introduced by [8]. For any point
r € R4\ X, let I'x(z) be the set of points in X closest to z. Let Ox(x) be the center of the
unique smallest closed ball enclosing I'x(z). Then, for € R?\ X, the generalized gradient
of the distance function dx is defined as

x — Ox(x)
dx(l‘)

and set Vx(x) =0 for € X. See Figure 1 for a graphical illustration. Then, for u € (0, 1],
the p-medial axis of X is defined as

Vx(z) = (7)

Med, (X) = {z € R*\ X : | Vx(2)|| < u}, (8)
Finally, the p-reach of X is defined as the minimal distance from X to Med,, (X).

» Definition 6. The u-reach of a closed subset X C R? is defined as

nf llg — x|l (9)

" — inf d (q,Med , (X)) = i
X T i (g, Med,,(X)) qEX,xéMedu(X)

Note that if g = 1, the corresponding p-reach equals to the reach of X.

Two offsets X" and X® of the target space X are topologically equivalent if they are free
of critical points of the distance function dx in the sense specified below (see e.g., [22] or
Proposition 3.4 in [11]).

» Lemma 7 (Isotopy Lemma). Let X C R? be a set, and for r,s > 0 with s < r, let X" and
X*® be two offsets of X. Suppose the distance function dx does not have a critical point on
X\X®, that is, Vx(x) # 0 for all x € X"\X® where Vx is from (7). Then X" and X*® are
homeomorphic.

Note that requiring Vx(z) # 0 for all z € X7\X* is weaker than the p-reach condition 74 > r
for any u € (0,1]. One of the main results of the paper, given in Theorem 12, generalizes this
topological relation to the relation between the target space and its offset under a stronger
positive p-reach condition.
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Figure 2 An example in which the union of balls is different from the underlying space in terms
of the homotopy. In the figure, the union of balls deformation retracts to a circle, hence its homotopy
is different from the underlying semicircle.

2.3 Restricted versus Ambient balls

It is important to point out that the nerve theorem needs not to be applied to the Cech
complex built using ambient, as opposed, to restricted balls. In particular, the homotopy
type of X, may not be correctly recovered using unions of ambient balls even if the point
cloud is dense in X and the radii of the balls all vanish. We elucidate this point in the next
example. Below, Bga(z,r) denotes the open ambient ball in R? centered at x and of radius
7> 0.

» Example 8. Let X = (0Bg:(0,1)) N {x € R? : 25 > 0} be a semicircle in R?. Let
€ € (0,1) be fixed, and x1, z2 be points on X satisfying |lz1 — 2| € (ev4 — €2, 2¢). Then,
Bgr2(z1,€) N Bg2 (2, €) is nonempty but has an empty intersection with X. Now, choose
p < d(X, Bge (71, €) NBge (22, €)) and choose Xy C X be dense enough so that |, y, Brz2(, p)
covers X. Now, consider the union of ambient balls

(IB%R2(J:1,€)UBR2($2,€)> U ( U IBB]Rz(x,p)> ) (10)

zEXy

Then from the fact p < d (X, Bgz(z1,€) N Bgz(z2,€)) and U, ¢, Br2 (7, p) is a covering of X,

we have that the union of balls in (10) is homotopy equivalent to a circle, hence its homotopy

is different from the semicircle X. Note that the above construction holds for all choices of
€ (0,1). Since p — 0 as e — 0, Xy can be arbitrary dense in X. See Figure 2.

3 The nerve theorem for Euclidean sets of positive reach

In order to apply the nerve theorem to the Cech complex built on restricted balls, it is enough
to check whether any finite intersection of the restricted balls ﬂle By (x5, 7,,) is contractible
(since X is a subset of R? and is endowed with the subspace topology, it is paracompact.).

Theorem 9 is one of the main statements of this paper and shows that, if a subset X C R¢
has a positive reach 7 > 0, any non-empty intersection of restricted balls is contractible if
the radii are small enough compared to 7.

» Theorem 9. Let X C R? be a subset with reach T > 0 and let X C R? be a set of points.
Let {r, > 0:x € X} be a set of radii indezed by x € X. Then, if r, < /72 + (1 — dx(z))2
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14+ (1 —¢)?

Bx(l'l,’l") ]Bx(l'g,?")

Figure 3 An ezample in which Bx(z1,7) | Bx(z2,7) is not homotopy equivalent to Cechx (X,r)
where X = {;I: ER?: ||z|2 = 1}, z1 = (=14 ¢€0), 22 = (1 —¢0), X = {z1,22}, and

r> /14 (1—¢€)3?, for any e > 0.

for all x € X, any nonempty intersection of restricted balls
contractible.

ver Bx(z,7y) for I C X is

Therefore, by combining Theorem 9 and the Nerve Theorem (Theorem 4), we can establish
that the topology of the subspace X can be recovered by the corresponding restricted Cech
complex Cechy (X, r), provided the radii of the balls are not too large with respect to the
reach. This result is summarized in the following corollary.

» Corollary 10 (Nerve Theorem on the restricted balls). Under the same condition of The-
orem 9, suppose 1, < /T2 + (1 — dx(x))? for all x € X, then the union of restricted balls
Usex Bx(z,72) is homotopy equivalent to the restricted Cech complex Cechx(X,r). If, in

addition, the union of restricted balls covers the target space X, that is,

Xc U Bx(z, ), (11)
rzeX

then X is homotopy equivalent to the restricted Cech complex Cechx(X,r).

The reach condition r, < /72 + (7 — dx(z))? is tight as the following example shows.

» Example 11. Let X be the unit Euclidean sphere in R?, and fix € > 0. Let z; :=

(1-¢€0,...,0), 29 := (=14¢,0,...,0) € R? | and set X := {x1,22}. For a unit Euclidean
2

sphere, the reach is equal to its radius 1. Therefore, if r = (r1,72) € (O, V1+(1 - 6)2:| then

By (x1,71) UBx(x2,72) is homotopy equivalent to Cechy (X, ) by Corollary 10. However,

if 71,0 > /14 (1 —€)2, Bx(x,71) UBx(22,72) ~ X but Cechx (X,r) ~ 0. Figure 3
illustrates the 2-dimensional case.

4 Deformation retraction on positive y-reach

The positive reach condition is critical for the nerve theorem on the restricted Cech complex.
However, it is not easily generalized to the positive py-reach condition. Instead, we find a
positive reach set that approximates the positive pu-reach set. And to show their homotopy
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Figure 4 An example where X" does not deformation retracts to X. X is a topologist’s sine circle,
that is, X = Xo U Xy U Xpo, with Xg = {(:msin g) eER?2:z € (0,1]}, Xy ={0} x [-1,1], and X3 is a
sufficiently smooth curve joining (0,1) and (1,0) and meeting Xo U X1 only at its endpoints.

equivalence, we discover the topological relation between the positive u-reach set and its
offset.

The homeomorphic relation between two offsets X" and X° of the target space X in
Lemma 7 does not hold in general between the target space and its offset, but a weakened
topological relation holds under a stronger condition on the target space. Theorem 12, which
is one of the main results in our paper, asserts that if the target space X has a positive
p-reach, then the offset X" deformation retracts to X when the offset size is not large, and in
particular, they are homotopy equivalent.

» Theorem 12. Let X C R? be a subset with positive p-reach ™ > 0. For r < T, the
r-offset X" deformation retracts to X. In particular, X and X" are homotopy equivalent.

The positive p-reach condition » < 7# in Theorem 12 is critical and cannot be weakened
to Vx(x) # 0 for all z € X"\X as in Lemma 7. Indeed, Example 13 shows that the offset
does not deformation retract to the target space although Vx(z) # 0 for all z € R%.

» Example 13. Let X C R? be a topologist’s sine circle, that is, X = X U X; U Xy, with
Xo = {(z,sinZ) e R? : z € (0,1]}, X; = {0} x [-1,1], and X; is a sufficiently smooth curve
joining (0,1) and (1,0) and meets Xy U X; only at its endpoints. See Figure 4. Then,
% =0 for any p € (0,1] but Vx is nonzero for all z € R*\X. Now, H;(X) = 0, but for any
sufficiently small r > 0, X" is homeomorphic to an annulus Bg2(0,2)\Bg2(0, 1) and hence
H;(X") = Z. Hence X" cannot deformation retract to X.

Using Theorem 12, we find a positive reach set that approximates the positive u-reach
set. The set we will use is the double offset [9]. Recall that, for » > 0, an r-offset X" of a set
X'is the collection of all points that are within r distance to X, that is, X" := | .y Bga(z, 7).
The double offset is to take offset, take complement, take offset, and take complement, that
is, for s >t > 0, X5 := (((X*)®))C. Roughly speaking, it is to inflate your set first, and
then deflate your set, so that sharp corners become smooth. See [9] for more details. To
set up the homotopy equivalence of the positive u-reach set and its double offset, we need
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another tool for finding the homotopy equivalence of the complement set. This is done in
the next lemma.

» Lemma 14. Let X C RY be a subset with positive reach 7 > 0. Forr < T, xC deformation
retracts to (X7)C. In particular, Xb and (X")C are homotopy equivalent.

Now, combining Theorem 12 and Lemma 14 gives the desired homotopy equivalence
between the target set of positive u-reach and its double offset, where the double offset has a
positive reach.

» Corollary 15. Let X C R? be a subset with positive p-reach ™ > 0. For s,t > 0 witht < s,
let X5t .= (((X*)®))C be the double offset of X. If s < 7" and t < ps, then X>* and X are
homotopy equivalent, and the reach of X*t is greater than or equal to t, that is, Txs.: > t.

5 Homotopy Reconstruction via Cech complex and Vietoris-Rips
complex

Next, we derive conditions under which the homotopy type of the target space is correctly
recovered via the Cech complex and the Vietoris-Rips complex. We first extend the inter-
leaving relationship of the ambient Cech complex and the Vietoris-Rips complex in (4) to
the different radii case in Lemma 16.

» Lemma 16. Let X C RY be a set of points and r = {r, > 0: 2 € X} be a set of radii
indexed by x € X. Then,

. . 2
Cechga(X,r) C Rips(X,r) C Cechpa (X, \/ET) .

To recover the homotopy of the target set via the ambient Cech complex and the Vietoris-
Rips complex, we utilize the restricted Cech complex. Hence, we set up the interleaving

relationship between the restricted Cech complex and the ambient Cech complex in Lemma 17
and between the restricted Cech complex and the Vietoris-Rips complex in Corollary 18.

» Lemma 17. Let X C R? be a subset with reach 7 > 0 and let X C R? be a set of points.
Let r ={r, >0:x € X} be a set of radii indexed by x € X. Then,

Cechyx(X,r) C Cechga(X,r) C Cechx(X,r"),

where v’ ={rl, > 0:x € X} with

, \/ 27 (ry +du(@) @ = dx(@)) 40y 25 — dy(a)).

T+ /72 — (12 + dx(x) (27 — dx(7)))
FEquivalently,
Cechga(X,7") C Cechx(X,r) C Cechga(X, 1),

where "' = {rll > 0:2 € X} with

12 = 72 = dx(o)ar — dy(ay) - Z T2 del)Cr — el
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» Corollary 18. Let X C R? be a subset with reach T > 0 and let X C R¢ be a set of points.
Letr ={r, >0:2 € X} be a set of radii indexed by x € X. Then,

Cechyx(X,r) C Rips(X,r) C Cechx(X,r"),

where v’ = {rl! > 0:x € X} with

" 2T (d+1 3+ dx(z )(QT_dX(fc))) b () (27 — d ()
Ty = — ax(x T—ax\xr)).

T+ \/T2 - (d+1 rg +dx(2) (21 — dX(x)))

Combining Nerve Theorem on the restricted balls (Corollary 10) with the covering
condition (11) and Lemma 17 or Corollary 18 gives the following commutative diagram:

/\

Cechx ////)

where S is either the ambient Cech complex Cechga(X,r) or the Vietoris-Rips complex
Rips(X,r). Using this diagram, we develop the homotopy equivalence between the target
space and either the ambient Cech complex or the Vietoris-Rips complex. First, Theorem 19
asserts that when the target space of positive reach is densely covered by the data points and
if they are not too far apart, the ambient Cech complex can be used to recover the homotopy

type.

; (12)

Cechx

» Theorem 19. Let X C R? be a subset with reach 7 > 0 and let X C R? be a closed
discrete set of points. Let {r, > 0 : x € X} be a set of radii indexed by x € X with
Tmin = Milgexv{r,} and rmax := maxgex{rz}, and let € := max{dx(z) : x € X}. Suppose
X is covered by the union of balls centered at x € X and radius § as

X c | Br(z,9). (13)
reX

Suppose that the maximum radius rmax 1S bounded as
Tmax S T — €. (14)

Also, suppose ¢ satisfies the following condition:

o+ rr2n<1x _Z~2 +6(27—_€) - ((7_6)2 ma‘x—’—l2 (7_6[)2) (T~ - 1)
7'2 —Ts,c
S T'min>
A e | e g gy [Ty s | <o, (15)
2(d+ 1) Tnin b b 2 7:2 min»
6,b
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[:=

(run =7+ VTP B =0), =7 P

1 ~
7:?’6 ‘= min {(52 +e(21 —€), §(rr2nax — 2+ €21 —€) + (27 — 6[))} ,
272 — 2. — (27 —€))?
A 2 _ (27 — _ ( min
Tin \/T €21 —¢€) 2 ,

7;2 — 27 (( mm) + 6(27— - 6))
L V2= ((rlh) +e(27’—e))

N | =

1
73, = min {52 +€(28 — e), 2733} .

Then X is homotopy equivalent to the ambient Cech compler Cechga (X, 7).

A similar approach also gives the homotopy equivalence between the target space and
the Vietoris-Rips complex when the target space has positive reach.

» Theorem 20. Let X C R? be a subset with reach 7 > 0 and let X C R? be a closed
discrete set of points. Let {r, > 0 : x € X} be a set of radii indexed by x € X with
Tmin = Milgexv{ry} and rmax := maxgex{rz}, and let € := max{dx(z) : x € X}. Suppose
X is covered by the union of balls centered at x € X and radius § as
X c | Br(z,9). (16)
reX
Suppose that the maximum radius rmay 1S bounded as

d+1
max S - . 1
r 5 (tr—¢) (17)

Also, suppose ¢ satisfies the following condition:

T

7:1? (Tmax) — (272 — 7:(% (Tmax)) > — 1| 426 < 2ryin,
T2 — 7"57b(7”max)
d T
97 1 1) T2 (rmln) (27_2 - TQ( ;1/1111)) -1]+ 26 < T;r/nnv
(18)
where
272 — 2. —€(21 —€))?
- 2 _ (27 — _ ( min
27 (12 + €(27 — 1
F(t) = 7 (2 +e(2r — o)) 72 ,(t) := min {52 +e(27 —¢), fﬁ(t)} :
T+\/T2 t2+62T—6)) 2

Then X is homotopy equivalent to the Vietoris-Rips complex Rips(X,r).

» Remark 21. Compared to the restricted Cech complex (Corollary 10), the covering condition
in (13) or (16) is more critical for the ambient Cech complex (Theorem 19) or the Vietoris-
Rips complex (Theorem 20). Although the restricted Cech complex Cechyx (X, r) is still
homotopy equivalent to the union of restricted balls (J, ., Bx(z,7,) without the covering
condition in (11), such homotopy equivalence does not hold for the ambient Cech complex or
the Vietoris-Rips complex. This is since the upper triangle of the diagram in (12) only holds
under the covering condition in (13) or (16). Furthermore, the covering condition in (13) or
(16) is denser in that 6 < r, for all x € X, to construct an additional homotopy equivalence
on the lower triangle of the diagram in (12).

11
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The homotopy equivalences in Theorem 19 and 20 for the positive reach case is extended
to the positive u-reach case by applying Corollary 15 with the double offset of the target
space. Corollary 22 shows that when the double offset of the target space of positive u-reach
is densely covered by the data points and if they are not too far apart, either the ambient
Cech complex or the Vietoris-Rips complex can be used to recover the homotopy type of X.

» Corollary 22. Let X C R? be a subset with positive p-reach T > 0 and let X C R? be a set
of points. Let {r, >0:x € X} be a set of radii indexed by x € X with ryin := mingcx{r.}
and Tmax = MaxXgex{rs}. Let s,t,e > 0 with ﬁ <s<th and let Y := ((X)B))C be the
double offset, with dy(x) < € for all x € X. Suppose Y is covered by the union of balls
centered at x € X and radius § as

Y C U BR(Z‘,(S).
TEX

(i) Suppose rmax <t —€, and § satisfies the following condition:

- t
J + TIQII'IX l2 =+ 6(2t - 6) - ((t - 6)2 nnx + l2 (t - 6[)2) T s = 1
t2 —Ts,c
< Tmin,
d r t
— =22 -7 ——=—-1] +20 | <7,
2(d + 1) Tumin b b 22,
where

-1 .
l::f(rmin—t—i— (t—e)Q—rgnaX—é), =t —/(t—e)2 =12, +1,

1 .
fg’c = min {52 +e(2t —¢), i(rfnax — P4 e(2t —€) + (2t — Ei))} ,

T‘//~ = \/t2 _ 6(2t _ 6) _ (2t2 "in G(Qt — €)>2

min 42

fl% — 2t (( mln) + 6(2t - 6))
t+ /12— ((r7)? +e(2t —e))
Then X is homotopy equivalent to the ambient Cech complexr Cechga(X,r).

% (t —€), and 0 satisfies the following condition:

[\V]

1
, iﬁb := min {52 +e(2t —¢), 27“5}

(ii) Suppose rmax <

t
F%(TmaX) — (212 — f{?(rmaX)) — 1] +26 < 2ruyin,

12— 72, ()

d L t 1
2(d+1) rb (Tmln) (2t2 - Tb( r;nn)) _— 1 + 26 < ’/‘mln’
2(d+1) o

where
22 — 12— e(2t — ¢))?
Tglin = \/t2 - E(Qt — 6) - ( m1n4t2€( 6)) ,
2t (12 + e(2t — :
fg(t) = ( e( 6)) r?b(t) := min {52 +e(2t— o), T%(t)}
t+ /P — ([ +e2t—e) S
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Then X is homotopy equivalent to the Vietoris-Rips complex Rips(X,r).

We end this section by introducing a sampling condition in which we can guarantee the
covering conditions in Corollary 10 and Theorem 19, 20 are satisfied. Let P be the sampling
distribution on X. We assume that there exist positive constants a,b and ¢y such that, for
all x € X the following inequality holds:

P(Bga(z,€)) > ae’, for all e € (0,¢). (19)

This condition on P is also known as the (a, b)-condition or the standard condition [15, 14, 10].
It is satisfied, for example, if X is a smooth manifold of dimension b and P has a density
with respect to the Hausdorff measure on it bounded from below by a.

Under this condition, we have the following covering lemma.

» Lemma 23. Let {X1,...,X,} be an i.i.d. sample from the distribution P and let {r, =

(Pn1s -3 Tnon) tnen be a triangular array of positive numbers such that, for each n,
1 1/b
2 ( ogn) <minr,; < 2¢. (20)
an i ’

Then, the probability that the sample is a ry-covering of X is bounded as

P (X C LnJ B]Rd (X“ rn,i)) Z 1-— 1 (21)

7 .
= 2°logn

5.1 Conditions for homotopy reconstruction

In this subsection, we discuss the tightness of the conditions we have identified for guaranteeing
the homotopy equivalence of the target space and the Cech complex and the Vietoris-Rips
complex. We first argue that the maximum radius conditions in (14) and (17) are tight,
as Example 24 shows that the Cech complex fails to be homotopy equivalent to X when
Tmax > T — dx(z) and the Vietoris-Rips complex fails to be homotopy equivalent to X when

Tmax > \/ % (T - dx({L‘)) and d < 2.

» Example 24. Let € € [0,1) be fixed. Let X C R? be the unit sphere in RY, and let
X ={x1,...,2,} C (1 — €)X be a finite set of points on the sphere centered at 0 and of
radius 1 — e. Suppose that for some d > €, X is covered by dé-balls centered at X, that is,
X CU,cx Br(7,0). The reach of X equals to its radius 1.

For the ambient Cech complex, if 7 € (0,1 — ¢]" and condition (15) is satisfied, then X is
homotopy equivalent to Cechyx (X, r) by Theorem 19. Now, suppose that 7y, > 1 —¢. Then
0 € Bra(xi,ry,) for all i, hence for any y € |J;_, Bra(zi,74,), a line segment connecting 0
and y is contained in (J}'_, Bra (24, 7s,;) as well. Hence |J'_, Bra (24, 75,;) is contractible, and
then from the usual Nerve Theorem, Cechga (X,7) ~ (J;_, Bra (2, 75,) ~ 0. On the other
hand, the d — 1-th homology group of X is H; 1(X) = Z, so X and Cechga (X,7) are not

homotopy equivalent.
d+1

For the Vietoris-Rips complex, if r € (0, d%dl(l — e)} and condition (18) is satisfied,

then X is homotopy equivalent to Ripsgx (X, r) by Theorem 20. Now, suppose each r,, is

equal to some r > 1/%(1 —¢), and further suppose that d < 2 and § < 2(%_6)7"0 — %.

When d = 1, then the Vietoris-Rips complex equals the ambient Cech complex, hence from
the above argument, Rips (X,r) = Cechga (X,r) ~ 0. When d = 2, then Rips (X,r) =

13
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V3

Rlps( - X, 1157“()) and =X C X C U;_; Bra({:-2;,0) holds.
and hence from Propomtlon 3.8, Corollary 4.5, Proposition 5.2 of [2], either Rips (X,r) ~

S2+1 for some | > 1 or Rips (X,r) ~ v°S? for some [ > 1 and ¢ > 0. In either case,
H, (Rips (X, 7)) = 0. However, the d — 1-th homology group of X is Hy_1(X) = Z, so X and
Rips (X, r) are not homotopy equivalent.

We then rephrase the conditions on € := max{dx(z) : x € X'} and the covering radius ¢
in (15) and (18) in terms of the Hausdorft distance dy (X, X'). For simplicity, we consider the
case when all the radii r,’s are equal, and we denote that common value as r. In general, the
Hausdorff distance dy (X, X') gives a bound for both € and J, that is, €, < dy (X, X). Let

pi= M For the Cech complex, a sufficient condition for (15) is that for some Z € (0,1],
r - r ~ 1 r
ot |CR=Btp@—p)~ (1P~ (LR +E+( ) [ —— 1] <,
T T 1— 7:2 T
d,c
d 1
=2 =2
— -2-) | ——=—-1]+2p| <rin: (22)
where
- 1 /(r r r ~
[=>(1-1 1—p)2—(=)2— ri= 1= (1= p)2— ()2 +1
s (-1 fumpr-Crp). g (12— (D2l
" . L =
o= min {20, (02 = B4 oz )+ pi2 = ) |
G2 p)
T&in:—\/lp@p) 1 :
2 2— 1
72 = (( mm) + p( p)) 72, := min {2p, f%} .
L+ V1= ((w)? + 02— 0)) ’ 2
And for the Vietoris-Rips complex, the sufficient condition for (18) is
<2 2 1
(o) = (2 = 73(0)) |~ — 1| +20 <21,
1—75,(r0)
_d (" ) — (2 —72(r".)) S 1] +2p| <o (23)
b\"min/ — — Ty "min - min»
2(d + 1) 1 - T(S b( gun)
where
d+1 iz (2—%(1—/0)2—/0(2—;)))2
= 1-— n i =A1=p2—-p) —
7o g7 =P T p(2=p) 1 ,
N 2(t* + p(2 - p) . 1.
= —2EERD) gy {03730}
1+ /11— (2 +p(2-p)) 2

With the aid of a computer program, we can check that (22) is equivalent to p < 0.01591 - - -,
and (23) is equivalent to p < 0.07856 - - -
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Now, we consider two specific cases. First, we consider the noiseless case X C X, that is,
the data points lie in the target space. For that case, ¢ = 0 and 6 < dg (X, X). For the Cech
complex, the sufficient condition for (15) is that for some £ € (0, 1],

Tve 72 (1 ("2 o2 ! 1l <
pr [P OB ) e 1) <
ré,c
T eogomy | 1) | < (24)
b b — "min>
where
-1 .
=g (Lo i-Gren) i
2 T
=2 s 21 22_[2 (2 — -
T5c = min§ p%, 5 () +0i(2=pp)) ¢
T
2-(3)?)? " 2(rmin)’ . : 1.
T =1 = 1 , rg = o )2, T?,b :=min { p?, 57‘% .
For the Vietoris-Rips complex, a sufficient condition for (18) is
52 =2 1
7y (ro) = (2= 73(r0)) | ———==—1| +2p < 2r0,
L- Tg,b(ro)
s | |0 — @ = ) e 1] 42| < (@)
2(d + 1) 1- ’F(%,b(rglin)
where
[+ (- 40— 2P
== (1 v 1 - 2d
To 2 ( p)7 Tmin \/ 4 )

2

F2(t) := % 73 (t) := min {pQ, ;Ff(t)} .

With the aid of a computer program, we can check that (24) is equivalent to p < 0.02994 - - -
and (25) is equivalent to p < 0.1117---.

Second, we consider the asymptotic case, where we sample more and more points and X
forms a dense cover of X, that is, sup,cx infzex ||z — y[| — 0. Still, we have a noisy sample
distribution, that is, sup,cy infyex ||z — y|| - 0, so the Hausdorff distance dg (X, X) need
not go to 0. In this case, 6 — 0 and ¢ < dy(X,X). For the Cech complex, a sufficient
condition for (15) is that for some = € (0, 1],

)

T -, T - 1 T
(CR—Btp@—p)— (1= p2 = (P +B+ (1) ———1] <,
T T 1_ 72 T
d,¢
d - 5 1
2(d + 1) rl% (2 - r?)) 1 — -1 < T;rlnna (26)
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where

=
Il
| =
7 N
|
|
—_
+
—~
—
|
s
S—
[\v]
|
—
L
(V]
~
RS
bl
Il
—
—
—
|
N2
—
L
[\v]
+
~

= min {p(2 = p) 552 = P4 02 )+ 2= )}

= \/1—p(2_p)_ (2_(2)2—P(2—p))2’

min 4

2 2(( mm) +p(2_ ))
P+ VI ()2 p2—p)

And for the Vietoris-Rips complex, a sufficient condition for (18) is

~ . 1.
o= min{p(2 - o). 372}

1

7 (ro) = (2= 7§(ro)) | ————=—1] < 2ro,
1- T?,b(ro)
d 2 =2 (! 1 "
m ’rb( HllIl) - (2 -7y (Trnin)) m -1 < Tmin>» (27)
where
_d+lqy _ )2 _ — )2
To = %(1 - p)? r:‘r/lin = \/1 - p(2 - p) - ( 2d (1 p4) p(2 p)) ;
YR 2(t2+p(2 - p)) 2 ) i 1 2
) = s ) = min {2 ), 70}

With the aid of a computer program, we can check that (26) is equivalent to p < 0.03440- - -,
and (27) is equivalent to p < 0.07712---.

6 Discussion and Conclusion

Above we have provided conditions under which the ambient Cech complex Cechga (X, 1)
and the Rips complex Rips(X,r) are homotopy equivalent to the target space X when the
target space X has positive u-reach 7# and the data points A being contained in the e-offset
X€ of X. In this section, we further discuss our results and compare them with existing ones.
For the comparison purpose, we consider the case when all the radii r,’s are equal, and
we denote the common value as r. In these settings, an analogous homotopy equivalence
between the ambient Cech complex Cechga(X,7) and the target space X is presented in [6]
and [27].

First, we compare the upper bound for the maximum parameter value r in Cechga (X, r) or
Rips(X,r). When p =1 so that 7# = 7, our result suggests that the homotopy equivalences

hold when 7 < 7 — ¢ for Cechga(X,r) and r < 4/ %EL (7 —€) for Rips(X, 7). As we have seen

in Example 24, these bounds are optimal bounds. In [27], such a bound for Cechpa (X, 7) is
(r4+e)+VT2+e>—67e (
2

see Proposition 7.1). Then our bound is strictly sharper than this when
€ > 0 since

(T+€)+ VT2 + €2 —67¢ - (T+€)+ V72 +9e2 — 67¢
2 2

=T — €.
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In [6], a necessary condition for Cechga (X, 7) in Section 5.3 is r < 7 — 3¢, so our upper bound
is strictly better when e > 0.

Second, we compare the condition for the maximum possible ratio of the Hausdorff
distance dg (X, X) and the p-reach 7#. For this case, as we have seen in Section 5.1, we can
check that Cechga (X, 7) is homotopy equivalent to X when M < 0.01591 - - -. This result

is worse than 3 — v/8 ~ 0.1716 - - - in Proposition 7.1 in [27) or =3:¥22 ~0.1300- - - in Section
5.3 in [6]. Again from Section 5.1, we can check that Rips(X,r) is homotopy equivalent to X

when 22X < 0.07856 -+ This result is better than 2Y2-Y2=Y2 ~ 0,03412 - in Section
5.3 in [6].

Then we consider two specific cases. In the noiseless case X C X, the data points
lie in the target space. In this case, as we have seen in Section 5.1, we can verify that
Cechga(X,7) is homotopy equivalent to X when w < 0.02994 - - -, and Rips(X,r) is
homotopy equivalent to X when w <0.1117---.

In the asymptotics case, as we sample more and more points from the target space, X
forms a dense cover on X, that is, sup, cx infzex ||z —y|| — 0. For this case, as we have seen

in Section 5.1, we can check that Cechga (X, r) is homotopy equivalent to X when w <

0.03440 - - -, and Rips(X,r) is homotopy equivalent to X when w <0.07712---.
Finally, we emphasize that our result also allows the radii {r,}.cx to vary across the
points z € X. Considering different radii is of practical interest if each data point has different
importance. For example, one might want to use large radii on the flat and sparse region,
while to use small radii on the spiky and dense region. However, there remain significant
technical difficulties to allow for a different radius per each data point. As it can be seen
in Figure 2, an uneven distribution of radii might lead to nonhomotopic between the Cech
complex (or the Vietoris-Rips complex) and the target space. This situation has been studied
in [12] for the union of balls under the reach condition, but not the Vietoris-Rips complex or
under the p-reach case. Theorem 20 or Corollary 22 first tackles this homotopy reconstruction
problem with different radii for the Vietoris-Rips complex or under the p-reach condition.
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A  More background

Throughout the paper, for € R, we use the notation ()4 := max{z,0}. Also, for a subset
X C R? and a point z € R¥\ Med(X), let mx : R? — X be the projection function to X, that
is, mx(z) = arg minyex ||z — y||-

We first review some topological equivalent relations. Two spaces X,Y are homeomorphic
and write X = Y if there exists a bijective function f : X — Y that is continuous and
its inverse f~! : Y — X is also continuous. Sometimes the homeomorphic equivalence is
too fine and we need a coarser equivalent relation. A homotopy between two continuous
functions f,g: X — Y is a continuous function H : X x [0,1] — Y such that H(x,0) = f(z)
and H(z,1) = g(z) for all z € X. We say that f and g are homotopic if there exists a
homotopy between them, and write f ~ g. Two spaces X,Y are homotopy equivalent if there
exists f: X > Y and g: Y — X such that go f ~idx and f o g ~ idy. Then homotopy
equivalence is coarser than the homeomorphic equivalence, in that if X 2 Y then X ~ Y.

A space X deformation retracts to a subset A C X if there exists a homotopy H :
X x[0,1] — X such that for all € X, H(z,0) =z and H(z,1) € A, and for all z € A and
t €10,1] H(xz,t) = 2. A space X is contractible if X is homotopy equivalent to a point z.
We can see that if a space X deformation retracts to a point x € X then X is contractible,
but the converse is not always true.

The following theorem is from [26]. This theorem is used for constructing the homotopy
map giving a deformation retract from X" to X in Theorem 12.

19


https://doi.org/10.1007/PL00000526
http://dx.doi.org/10.1007/PL00000526
http://dx.doi.org/10.1007/s00454-008-9053-2
http://dx.doi.org/10.1007/s00454-008-9053-2
http://dx.doi.org/10.1007/s00454-008-9053-2
http://www.sciencedirect.com/science/article/pii/S0167278999002286
http://dx.doi.org/https://doi.org/10.1016/S0167-2789(99)00228-6
https://onlinelibrary.wiley.com/doi/abs/10.1002/cpa.21395
http://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1002/cpa.21395
http://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1002/cpa.21395
http://dx.doi.org/10.1002/cpa.21395
https://doi.org/10.1155/ASP.2005.2455
https://doi.org/10.1155/ASP.2005.2455
http://dx.doi.org/10.1155/ASP.2005.2455

20

Homotopy Reconstruction via Cech Complex and Vietoris-Rips Complex

» Theorem 25 (Fundamental theorem on flows). Let W be a smooth vector field on a
smooth manifold M. Then there is a unique maximal flow v : D C M x R — M with
Lop(x,t) = W(¢(z,t)). In particular, the mazimal domain D is open in M x R.

The following Lemma 3.3 in [13] shows that the homotopy equivalence in the Nerve
Theorem commutes well with the inclusion maps. This lemma plays a critical role in showing
the homotopy equivalence of the target space X and a simplicial complex S in Lemma 40.
For a space X, its open cover U = {U, }ier is a good cover if its intersection is either empty

or contractible, that is, for each o C I, the set (.. U; is either empty or contractible.

i€o
» Lemma 26 (Lemma 3.3in [13]). Let X C X' be two paracompact spaces, and letU = {U; }icr,
U = {U!}icr, be good covers of X and X', respectively, with I C I' and U; C U] for all
i € I. Then, there exist homotopy equivalences NU — X and NU' — X' that commutes

with inclusions X — X' and NU — NU' at homotopy level, that is, the following diagram
commutes:

X —x/
X ——X

NdNuaNuNu/

A.1 The reach and the distance function

Sometimes we are interested in the local behavior of the target space. For that, the reach
can be defined locally at a point. The reach of a closed set X C R? at ¢ € X, denoted by
7x(q), is defined as

= Med (X)) = inf —xll.
mx(q) := d (g, Med(X)) rel\ldgd(x)llq |

Then it is direct that the reach is the infimum of the reach at each point, that is,

Tx = inf T .
x = Inf x(q)
The positive condition for the reach imposes smoothness on the target space. In particular,
the reach condition enforces a lower bound on the inner product between a difference vector
between two points and a normal vector at one of these points, and provides a Lipschitz
continuity on the projection function to the target space.

» Theorem 27 (Theorem 4.8 (7) and (8) in [21]). Let X C R? be a subset.
(i) If v € X and u € R\ Med(X), then

|l = mx(w) | dx(u)
27x (u)

(u —mx(u), mx(u) — x) >

(i) Ife,7 € R with0 < e < 7 and z,y € RY\ Med(X) with dx(x),dx(u) < € and tx(x), 7 (u) >
T, then

I (2) — mx ()| < [l — ull.

T — €

In the case of submanifolds, one can reformulate the definition of the reach in the following
manner.
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Figure 5 Geometric interpretation of the quantities involved in (28).

» Proposition 28 (Theorem 4.18 in [21]). If X C R? is a submanifold of R?, then

_ 2
||Q1 Q2||2 (28)

= inf
£ q17#q2€X 2d(q2 —dq1, TQ1 X)

Above, T;X denotes the tangent space of X at ¢ € X. This formulation has the advantage of
involving only points on X and its tangent spaces, while (6) uses the distance to the medial
axis Med(X), which is a global quantity. The ratio appearing in (28) has a clear geometric
meaning, as it corresponds to the radius of the ambient ball tangent to X at ¢; and passing
through ¢2. See Figure 5. Hence, the reach gives a lower bound on the radii of curvature of
X. Equivalently, 7 ! is an upper bound on the directional curvature of X.

» Proposition 29 (Proposition 6.1 in [27]). Let X C R? be a submanifold, and ~,, an
arc-length parametrized geodesic of X. Then for all t > 0,

e @ < 1/mx.

The reach further provides an upper bound on the injectivity radius and the sectional
curvature of X; see Proposition A.1. part (ii) and (iii) respectively, in [1]. Hence the reach
is a quantity that characterizes the overall structure of X and, as argued in [1], captures
structural properties of X of both global and local nature. In particular, assuming a lower
bound on the reach prevents the manifold from being nearly self-intersecting or from having
portions with very high curvature [1, Theorem 3.4].

We end this section with the bound on the distance function, which is Lemma 3.2 in [8].

We enhance this bound in Lemma 39.

» Lemma 30. Let X C R? be a closed set and © € Med,,(X). Then for any y € R?, the
distance dx(y) is bounded as

dx(y)® < dx(2)® + ||z — yl* + 2dx () | Vx(@)|l |l =yl

» Theorem 31 (Theorem 4.1 in [9]). Let X C R? be a closed set with p-reach 7% > 0. Then
forr € (0,7%),

T(xr)8 = HT-

21
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B Projection on a Positive Reach set

The positive reach condition imposes smoothness in geometry and topology. In particular,
given two points z,u € R? where u has the unique projection mx(u) € X to the target space
X, the positive reach condition gives a bound on the distance || — 7x(u)|| from the projection
mx(u) to = in terms of the distance || — u||. When z also has the unique projection 7x ()
and 7 > 7x(mx(x)), x(7x(u)), a direct consequence of Theorem 27 (ii) gives a bound as

I — w2 (@)l < (@) = mx(] + 2 = mx(@) € ———— llz — ul| + dx(e).  (29)

x(u)
This section is devoted to improve (29) and give a tighter bound on ||z — mx(u)|. An
improved bound is given in Lemma 33. Then, for the case where the distance dx(u) from
u to X is not directly known, a bound for a general case is given in Lemma 34 in terms of
|l — ul|, and a bound for a case when u is in a convex hull of a set of points z1, ...,z is
given in Lemma 37 in terms of || — z;||’s for i = 1, ..., k. Lemma 34 and 37 play key roles
in showing the homotopy equivalence of the target space X to the restricted Cech complex
(Corollary 10), the ambient Cech complex (Theorem 19), and the Vietoris-Rips complex
(Theorem 20).
The proof of Theorem 27 (ii) in [21] is based on Theorem 27 (i). To improve (29), we
generalize Theorem 27 (i) to the case where the point x need not be on the target space X,
in Claim 32. The proof is similar to the proof of Theorem 27 (i) in [21].

> Claim 32. Let 7 > 0 and X C R? be a set. Let 2 € R? and u € RY\ Med(X) with
reach(X, mx(u)) > 7 and dx(z) < 7. Then

w2 2 I gy (1- 5 7).

Proof of Claim 32. If mx(u) = u, then dx(u) = 0 and the inequality trivially holds. Assume
mx(u) # u, and we will find a lower bound for (u — mx(u), mx(u) — ). Let

u — mx(u)
dx (u) ’

Then [|u — 7x(u)|| € S implies sup S > 0, and then Theorem 4.8 (6) in [21] implies that

v =

S={t>0:mx(mx(u) + tv) = mx(u)}.

supS > 7. (30)

Now, if t < sup S, then ||mx(u) 4+ tv — x| is lower bounded using mx(7x(u) + tv) = mx(u) as
(see Figure 6 for a graphical illustration)

[mx(u) + tv — z|| > [|x(u) + tv — 7x(2)|| — ||z — mx(2)]]
> |Imx(u) + tv — mx(mx (u) + to)|| — dx(z)
= ||mx(u) + tv — wx(u)|| — dx(z) =t — dx(z). (31)

And since both ||7x(u) + tv — z|| and t — dx(z) are continuous on ¢, so for all ¢ < sup S,
|l (1) + tv — z|| is lower bounded as

|| (u) + tv — z|| > ¢ — dx(x).
Then additionally under ¢ > dx(z), squaring and expanding gives

7 (u) — z||® + 2t (v, mx (u) — z) + 2 > (t — dx(2))>.
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|l (u) + tv — x|
X

- mx (u) + tv
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Figure 6 The graphical illustration involved in (31).

Rearranging this gives that if dx(z) <t <supS, then (v, mx(u) — z) is lower bounded as
d
X(x)) . (32)

(v, mx(u) — z) > *W — dx(x) (1 T

Hence(30) and (32) implies that, under the condition dx(z) < 7, applying v = ‘"_”(:3” and

Ju—mx (

t = 7 gives a lower bound for (u — wx(u), Tx(u) — ) as
- matu ) ) 2 O IR g (1 4
<

Now we are ready to pose a bound for || — mx(u)| in Lemma 33 that is improved from
(29). The proof is similar to the proof of Theorem 27 (ii) in [21], while we use Claim 32

instead of Theorem 27 (i).
» Lemma 33. Let 7 >0 and X C R? be a set. Let € >0, z € RY, and u € R\ Med(X) with

reach(X, mx(u)) > 7 and dx(x) < e < 7. Then
2e+ &

e — ()] < \/ s (el = dxtw) (st

Proof of Lemma 33. From Claim 32, (u — wx(u), 7x(u) — x) is lower bounded as

dx(if)) .

2
(u —mx(u), mx(u) —x) > — I () _2:_0” du(u) _ dx(z)dx (u) (1 o

Hence ||z — u/|* can be expanded and lower bounded as

lz = ull® = lu — mx(u)|* + [ (u) — 2] + 2 (u — 7 (u), 7x(w) — )
) — 2dx () dx (w) (1 - di(f)> .

> dx(u)? + ||mx(u) — 2| (1 - dXT(U)

By rearranging, we obtain an upper bound for |z — 7x(u)|| as

& — ()] < \/ s (=l = ) (el 2ae) + ) ),
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And dx(z) < e < 7 implies 2dx (x) — M < 2e— é, and hence ||z — 7x(u)|| is further upper
bounded as

o = mew)]| < \/ s (ol = o) () - 26+ 2 ) ).

Note that by setting € = dx(z), the bound of (33) is upper bounded by the bound of (29)

\/T_;W(nx_uu it (s 204 %)
\/T d ( Hx ul? - ;()( e

< - yllz—ul et < ez~ + e
T — dx 7 —dx(u)

-
i ||x ull +¢,
so (33) is indeed tighter than (29).

For many cases, we don’t have direct access to the distance dx(u) from u to X but only
through a bound dx(u) < €, for some €, > 0. For this case, we need to maximize the
bound of (33) with respect to dx(u). As a result, the bound for ||z — mx(u)]|| is expressed
in terms of ||z — u|| and €, in Lemma 34. Lemma 34 plays a key role in showing the
interleaving relationship between the restricted Cech complex and the ambient Cech complex

<

as

in Lemma 17.

» Lemma 34. Let 7 >0 and X C R? be a set. Let € >0, z € R, and u € RY\ Med(X) with
reach(X, mx(u)) > 7 and dx(z) < e < 7.
(i) Let €, € R and suppose that dx(u) < e, < 7. Then

N - T
[l — mx(u)]| < \/IIHC—UII2 +72 = (724 (1= )2 — |l& —ul* - 72) (H - 1)7
T2 —F

where
# := min {||x —ul® + €21 —€), 7% — (7 — eu)2} .

(ii) Suppose that |z — u|| < 7 — €, then

27 (||u — x|’ +e(27 — 6))

T+\/T2— (||u—x||2—|—e(27—e))

[l — mx(u)]] < —e(21—¢).

Proof of Lemma 34. (i)
First, considering Lemma 33 gives an upper bound for ||z — 7x(u)|| as

lz — ()] < \/ s (e al? — ) (a0 -2+ £ ), (34)
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We further bound (34) by regarding (34) as a function of dx(u) and maximize with respect
2
to dx(u). Let 7, := |lu — 2|, 7x := 2¢ — &, and 7, := /72 — (T — €,)? for convenience, so

2

that ¢, =7 — /72 —7Z_. Now, consider the function

7(72 — 2 + ixt)

_ 2 2 .
tG[O,T T2 =72 | = f(t): p—

Yz

Then its derivative is

(t> — 27t + 7 + 7xT)

£y =T

Hence if 72 +7x7 > 72 then f/(¢) > 0 holds for all t € [0, T — /72 =72, |, and if 7L +-7xT < 77

then f(t) > 0 if and only if ¢ < 7 — /72 — (72 4 7x7). Hence if 77, < 77 + 7x7 then f
attains its maximum at ¢ = 7 — (/72 —72_, and if 7 + 7x7 < 77 then f attains its

maximum at t = 7 — /72 — (72 4+ 7x7). Hence by letting 7 := min{\/72 + #x7, 7, }, for all

te [0,7‘— 72—f§z ,

f(ﬂﬁf(T—M) :7—(7*Z+712727—2+77X7—+(27—77?X) 7—2,7:2).

7-27;2

Hence (34) is correspondingly further upper bounded as

A AT I (RRRY (YRR )

- T(fﬁ+f2—27‘2+7’x7‘+(27—17x) 72—f2)
= JrZ _ 2

T

— 72 52 2 _ 52 _ 52 _ & —

_\/ru—i—r (272 —72 -7 r;g)( = 1)

=\/||a:—u||2+f2—<72+<r—e>2—||x—u||2—f2>(T—1),
72 _ 72

where
72 .= min {||g; ol 4 e2r — ), 72— (1 — eu)2} .
(i)

Since dx(u) < T, we can set €, — 7, which implies ff}z — 72, And under ||z —u|| < 7 —¢,
72 4+ 7xT < (T — €)% + €(27 — €) = 72, and hence 72 — 72 + #x7. Then (35) converges to

7 (72 + 72 — 272 + g7 + (217 — Px)V/T2 — 72
(7 a7+ (27 Fx) )—>T<27—fx—2\/m)a

T2 _ 72

25
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and hence ||z — x(u)]|| is correspondingly bounded as

|z — mx(u)]| < \/T (2r = 7x = 2v/72 = (72 + 7))

27 (72 4+ 7x7) -
= — rXT
T+ \/12 — (72 + 7x7)
27 (||u - x||2 +e(21 — e))

T+ \/7'2 - (Hu—tz —|—6(27’—€>)

—€(21 —e).

<

Now, we consider the case when the point u is in a convex hull of a set of points z1, ..., k.
We first start with a simple calculation of the distance from one vertex of a simplex to
another point lying on the opposite side.

> Claim 35. Let 2,21,...,2; € R® and Ay, ..., A, € [0,1] with Y%, A; = 1. Then

k
2 2
=D dille =l = Y0 A llai - (36)
i=1

1<i<j<k

k
xr — E )\zwz
i=1

2

k k k
i=1 i=1 j=1

Proof of Claim 35. The distance from Zle Aixz; to z can be expanded as

2 2

k
E Ai(x — ;)
=1

k
Z)\ |z — 2|* + 2 Z Aidj (T — 5,0 — x5) . (38)
=1

1<i<j<k

k
T — E i
i=1

Then applying the identity 2 (z — z;, 2 — z;) = ||z — 2]|* + ||z — z;||” — ||z — 2;]|* to (38)
gives

k
xr — E /\11),
i=1

k
=D Nillz—mll* = Y Nl — ), (39)
i=1

1<i<j<k

which gives (36). Then, applying = = Zle Aix; to (39) gives

2

k k
ZN T — Z)\jxj = Z Aij llzi — ijHZ ) (40)
i=1 j=1

1<i<j<k
and combining (39) and (40) gives (37). <
If the points x1,...,x, are not far from the target space X, then so is the convex

combination u. Lemma 36 gives a bound on the distance from any point u on the convex
hull to its projection 7x(u) on X. See Figure 7.
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Figure 7 Bound on the distance from any point on the segment to its projection on X, as in
Lemma 36.

» Lemma 36. Let 7 > 0 and X C RY be a subset with reach 7x > 7. Let €1,...,€5 > 0
and 1,...,2, € R with dx(z;) < ¢ < 7 fori = 1,...,k. Let \1,..., A\, € [0,1] with
Zle Xi =1, and let u := Zle Aix; be such that dx(u) < 7. Then

k
lu —mx(u)]| <7 — Z)\ZT—Q Z Aidj |l — a:J||
i=1 1<i<j<k N
2
k
=7 Z (1 —€)? Z)\ Ti— Z)\xj
i=1
+

Proof of Lemma 36. If wx(u) = u, then there is nothing to prove. Now, suppose mx(u) # u,

and let w = mx(u) + T%. Then, we have that ||w —7x(u)|| = 7 and w — u =

(M> (u — mx(u)). Since |lu — mx(u)|| < 7, it follows that (w —u,u — wx(u)) =

75 (w) —ufl

[lw —ul |lu — 7mx(uw)]| and ||u— mx(uw)| + ||w —u|| = ||w —7x(u)|, as in Figure 7. Since
X (Wx(u)+ lw — 7 (u)]| ”Z :;Z;H = 7x(u) and mwx(u) + T#ﬁi)u ¢ Med(X) for all

r < 7, Theorem 4.8 (2) and (6) in [21] imply that

x (wx(u) + r“_ﬂX(“)) = mx(u)

[l = mx(w)]|

for all r < 7. Thus, B(w,7) NX = () and we can conclude that ||w — z;|| > 7 —dx(z;) > 7—¢;
fori=1,...,k. Applying Claim 35 to ||w — u|| gives a lower bound for ||w — ul| as

k
2 2
IUJUII\Z/\ilmeI = > A e -l
i=1

1<i<j<k

v

k
Z)\z T — 61 — Z )\1)\j ||$z — xjHQ
1=1

1<i<j<k

27
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Then, applying ||u — mx(u)|| = ||w — 7x(u)|| — ||w — || and Claim 35 gives upper bounds for
[ — mx(u)]| as

k
lu—mx@) <7— [[D Nr—e)2= D Nl —
i=1 1<i<j<k
+
2
k k k
=7 ZAAT—QP-ZM xi—Zijj
i=1 i=1 j=1
+

<

Now, combining Lemma 34 and 36 and gives the bound on ||z — ul| in terms of ||z — z;||’s
fort=1,...,k, in Lemma 37. Lemma 37 plays a key role in showing the contractibility of
the intersection of restricted balls in Theorem 9.

» Lemma 37. Let 7 > 0 and X C R? be a subset with reach x > 7. Let €,e1,... € > 0
and x,x1, ...,z € RY with dx(z) < e <7, dx(x;) <& <7, and

lo —zill < /(= + (7 — &),

foreachi=1,... k. Let \y,..., \p € [0,1] with Zle i =1, and let u := Zle Aix;. Then
dx(u) < 7 and

o= mxw)| < |72~ (2 =72 4+ (7= ) | == 1],
7_2_,,:2
u,x
where
k
P2=3"N (||a:i —a|? + (2 — ei)> :
=1

k
1
7712”0 ‘= min {; i (||3L‘Z — u||2 +e (21 — el)) , a(fi +e(21 — e))} .

Proof of Lemma 37. Let r := \/Zle Ai || — z||?, then

Then from Claim 35,

K K K
lz —ull = [ DA ||$i—95||2—2/\i [ r2 =3\ s — |, (41)
1=1 =1 =1

whose rearrangement gives

k
e — wl® + 37 N [li — ul)* = 2.
=1
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Then r < \/(7’ —)’ + Zle Ai (T — €;)° implies that either ||z —u|| < 7 — € or ||z; — u <
T — ¢; for some 7,and hence dx(u) < 7 holds for either case. Hence applying Lemma 36
implies that

k k
lu — mx(u)]| <7 — (7’2 - Z i€ (2T —€;) — Z i ||z — u|2>
i=1 i=1

Hence, combining (42) and Lemma 33 gives

. (42)
N

T

[l — mx(u)[| < \/x —ul® +72 = (12 4 (1 = 02 — |}z — ul|* — 72) <7_2_7:2 - 1>7 (43)

where
k k
72 := min { |z — u|® + €(27 — €), min {Z Ai€i (2T —€;) + Z Ai |z — ul? ,7'2}} .
i=1 i=1
For further bounding (43), use the following notations for convenience:
2 k k
oy = |lu— x|, rx 1= 2e — —, Fyz 1= Ai€i (2T — & Ai |z — ).
7 |l — ]| x € . Ty ; € (27 — €;) +; le; — ul|

First, note that 72 + Fzz can be expanded as

k k
o ie, =z —ul® + D N&@r—a) + Y N[l — ull?
i=1 1=1

k k k

2 2

— <7~2 = > "Nl — ul ) +) Ne2r— )+ > Al — ul|
=1 i=1 i=1

k
=r24 Z Ai€i (217 — €;)
. =1
=3\ (Hxi—x||2+ei(27'—ei)> = 72, (44)

Il
-

3

Then, ||z — z;|| < /(T — €)? + (7 — &)? implies that 72 + Fx7 + 72, is bounded as
k
72 4+ T + 7:732 = Z by <||xl —® + (27 — 62)) +e(2T7 —¢)
i=1

k
< Z Ni((T—€?+ (T— )+ 627 —€)) +e(2r —€) =277,
im1

and hence

52 22 s =2
7% = min {ru+rx7,ryz

Now, we split into cases whether 7, < \/Fi + PxT or \/fﬁ + 7x7 < Ty For 7y, < /72 + FxT
case, applying 7 = 7, to (43) gives

|z —mx(u)]| < |72 +72, — (2r% =72 — 2, —igr) | ——— — 1. (45)
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FOT \/”m S fyz case, applylng ’F = 7:121 + fXT to (43) giVGS

IN

|z — e (u)]| 2f§+fxT(2722f32fX7)< . - 1)

72— (2 + rar

— \/272 —7xT — 27/7T2 — (72 + 7xT)

Then RHS is an increasing function of #,. Hence applying 72 < %(fﬁ + ng — 7xT) gives

T

— ) — 1. (46)
V2 5 472, 4 i)

o =)l < |72+ 73 — (22 = 72 = 75,

Hence, combining (45) and (46) gives that

[l = mx(w)]

.
52 m2 (9.2 _ 52 52 & _
< |Ta T, (272 — 72 R 7XT) 1

) V72— max {72, 372 + 72, + )}

Then, (44) gives that ||z — mx(u)]| is upper bounded as

|z —mx(u)l| < |72~ (72 =72 + (1 — )?) | ———x— 1],
7_2777‘121.13
where
k
2= 3 A (o — 2l + es(2r — )
i=1
1
~2 . 2 ~2
p = )\L( i ,‘2—1‘),* P 21 — .
P mm{; lz: — ul|” + € (27 — €;) 2(7@—&—6( T 6)}

C Proofs for Section 3

This section provides the proofs for Section 3, in particular focuses on proving Theorem 9.
To show the contractibility of the intersection of restricted balls [, .; Bx(z,r.), we fix a
point yo € (,c; Bx(x,7,) and show that [ .; Bx(x,r,) deformation retracts to {yo}. This
deformation retract is constructed by sending each y € [, .; Bx(x,7:) to yo via a curve
7x (Lyy.y ), Where 1y, , is the line segment joining yo and y in R%. The key part is to show that
Tx(lyo,y) C Nyer Bx(w,72), or equivalently, to show that for all z € I and ¢ € [0, 1],

o — ety + (1 — )]l < 1

This is implied from Lemma 37, as ||z — yol| , ||z — y|| < 7, implies that

2 2
|z — mx(tyo + (1 — t)y)|| < \/t [z = yol” + (L = 1) lz — y[I” < 7a-
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We restate Theorem 9 and formally write its proof below.

Theorem 9. Let X C R? be a subset with reach T > 0 and let X C R be a set of points.

Let {r, >0:x € X} be a set of radii indexed by x € X. Then, if r, < /72 + (7 — dx(z))?
for all x € X, any nonempty intersection of restricted balls (), .;Bx(x,7:) for I C X is
contractible.

el

Proof of Theorem 9. Fix z € I and let y1,y2 € Bx(x, 7). Let Iy, 4, ¢ [0,1] = Bra(z,ry)
with I, ,,(t) = ty1 + (1 — t)y2 be the line segment joining y; and yo. Then dx(y;) =
0 and ||z —y|| < rp < \/(r —dx(x))2+ 72 for i = 1,2, hence Lemma 37 implies that
dx(ly, 4, (1)) < 7 for all t € [0,1]. Hence mx(ly, 4, (t)) € X is uniquely defined for each
t € [0,1]. And hence the curve v, 4, : [0,1] — X defined as y(t) := mx({(¢)) is well-defined.

Now we argue that 7y, ,,(t) € Bx(z,7;) for all ¢ € [0,1], in other words, we show
|z — Yy ,y0 ()| < 72. Again, applying Lemma 37 gives the bound for||z — 7y, 4, (t)| as

2 2
12 = Vg1 (D] < \/t [z = ll” + (1= 1) |2 — 2| < 7a.
Hence 7y, 4, (t) € Bx(z,r;) for all t € [0,1].

Now, fix yo € () Bx(x, ), and define the map F : ( N Bx(z, rI)> x[0,1] = N Bx(z, )
el zel zel
as F(y,t) = vy,.y(t). As we have shown above, 7y, ,(t) € [ Bx(z,7,) for all ¢, so F is a
xzel
well-defined. Also, for any y,§ € () Bx(z,r;) and ¢, € [0, 1], Theorem (27) (ii) implies
el

HF(y,t) - F@ﬂﬂ” = H'mey(t) - Vyo,y(f)H = HWX(lyo,y(t)) - 71'X(lyo,.i/(g))H
d Hlyoyy(t) - lyo,ﬂ(E)H
— 7 —max {dx(ly, (1)), dic(ly,,5(1)) }
Then (§,t) — (y,t) implies Ly, 5(f) = tyo + (1 — )F — tyo + (1 — t)y = Iy, ,(t) and
dx(lyy,5(1)) = dx(ly,,y(t)) < 7, and hence |[F(y,t) — F(§,1)|| — 0, and hence F is continuous.
Now, for all y € (] Bx(z,7:), F(y,0) = y and F(y,1) = yo, and for all ¢ € [0,1],
xzel

F(yo,t) = yo. Hence the intersection (] Bx(x,r,) deformation retracts to a point {yo}. And
el
hence the intersection () Bx(z,r,) is contractible. <
el
Then Corollary 10 is a direct application of Theorem 9 to Nerve Theorem (Theorem 4).
Corollary 10 (Nerve Theorem on the restricted balls). Under the same condition
of Theorem 9, suppose 1, < \/72 + (1 — dx(x))? for all x € X, then the union of restricted
balls \J,cr Bx(x,72) is homotopy equivalent to the restricted Cech complex Cechx(X,r). If,
in addition, the union of restricted balls covers the target space X, that is,

X c | Bx(z,ra), (47)
reX

then X is homotopy equivalent to the restricted Cech complex Cechyx(X,r).

Proof of Corollary 10. Let U := {Bx(z,7,)},cx be the collection of balls. Then since R?
is paracompact, |,y Bx(z,7:) C R? is paracompact as well. And from Theorem 9, any
nonempty finite intersection of ¢ is contractible. Hence from Nerve Theorem (Theorem 4),
Uzex Bx(z,75) is homotopy equivalent to the nerve A(U), which is the restricted Cech
complex Cechy (X, r). Further, under the covering condition (47), X = |, o Bx(,72), so X
is homotopy equivalent to Cechy (X, ) as well.

<
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D Proofs for Section 4

This section provides the proofs for Section 4, in particular focuses on proving Theorem 12.
As in Section 2.2, we use the following notation: For a closed set X and x € R4\X, let I'x(x)
be the set of points in X closest to z, and Ox(z) be the center of the smallest ball enclosing
FX (JZ)

To prove the deformation retract, we proceed similar to [22]. We find a continuous vector
field W : X"\X — R? that satisfies

sup (W (z), Vx(x)) < 0. (48)
zeXm\X

And use the flow 9 generated from W, that is, %w(m‘, t) = W(¢(z,t)) to find a homotopy
map giving a deformation retract from X" to X. To use ¥ as a homotopy map, we show that

the distance function dx decreases to 0 in a finite time on the integral curve ¥*(-) := ¢(z, -):
sufficiently, we show that

wp limsup A0S 1) — (0. 5)

<0. (49)
(,8):(2,8)EXT\X  h—0 h

To construct a vector field W satisfying (48), the generalized gradient of the distance
function Vyx is necessarily required not to change too much. Lemma 38 asserts that the
generalized gradient of the distance function is not necessarily continuous but it also does
not change too much in terms of the inner product geometry.

» Lemma 38. Let X be a closed set and x € RN\X. Then

liminf (Vx(y), Vi (@) > [ V()]

Yy—x

Proof. Fix a small € > 0. Let Fx(x) be the radius of the ball enclosing I'x(z), and consider

a compact set K := IBpa(x,dx(x))\Bra(Ox(z), Fx(z) + €). Since IBpa(x,dx(z)) N X C

Bgra(Ox(x), Fx(z) + €), K does not intersect with X, i.e. K C R¥\X. Then since R¥\X

is an open set, for each ¢ € K, there exists 7, > 0 such that Bra(g,2r,) € R\X. And

{Bra(q,7q)},cx covers K, hence there exists a finite subcover {Bga(g;, Tq,)}ie, that covers

K. Now, let Ar :=min{r,, : 1 <i < m}, then K2" C ", Bra(g;,2ry,) C RA\X holds.
Now, from the expansion

la = ©x@)I* = llz = qll* + |2 = Ox(@)|* = 2(x — . — Ox(x)),
it is implied that if € OBga(x,dx(x)), then 2 € K is equivalent to
1
(@ = q.2 = 0x(2)) < 5 (dx(2)? + dx(@)? | V(@) |* — (Fu(@) + 0)2)
1
= dx(@)? |[Vx(@)| = eF(e) - 3¢

using Fx(z)? = dx ()2 (1 - ||Vx(x)||2>. Hence q € Bga(z, dx(z) + Ar)\Bga(z, dx(z)) with

(x — g, — Ox(x)) < dx(2)? || Vx(z)|® — eFx(z) — Le? implies that ¢ € K", Then from

Bpa(z,dx(2)) NX =0 and KA" NX = (), for any g € Bra(z, dx(z) + Ar) N X,

(x — g,z — Ox(w)) = dx(2)* | Vx(@)||” - eFx(x) - %€2~ (50)
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Now, for € (0,3Ar), suppose y € R? with |y —z|| < 6. Then dx(y) < dx(z)+ 6, so
Ix(y) C Bra(y,dx(y)) C Bra(y,dx(z) +6) C Bra(z,dx(x) + 26) C Bra(z,dx(z) + Ar).

Hence for any ¢q € I'x(y), (50) implies that
(y— a2 —Ox(2)) = (z — ¢, — Ox(2)) + (y — z,2 — Ox(z))

> (dx(a? 19@)|” - i) = 3¢ ) = Iy =l o = )]

> dx(@)? |V(@)|]* ~ eF(a) — 3 ~ Sdx(a) [ V()] (51)

Since Ox(y) is in the convex hull of I'x(y), there exists q1,...,qx € I'x(y) and A\q,..., \; €
[0,1] with 37 X\igi = Ox(y). Then (51) implies that

(y = Ox(y),x — Ox(x)) = dx(x)? | Vx(2)|” — eFx(x) - %8 — ddx(2) [Vx ()],

which implies that

dx(2)? || Vx(2)|” — eFx(z) — 12 — ddx (@) | Vx(2)||
(Vx(y), Vx(x)) > dx(x)dx(;)

. dx(x)” IVx(@)[|* — eFx(z) - 5 = ddx() | Vx ()|
- dx (z)(dx(x) +6) '

Hence by sending § — 0,

liL§£f<Vx(y)7Vx(x)> > | Vx(@)]* - W'

And since the choice of € was arbitrary small,

lim inf (Vx(y), Vx()) > |[Vx(2)|*.

y—z
<«
To show (49), we generally show that for x,y € R, the distance function is bounded as
dx(y)® < dx(2)” + & — y|* + 2dx(x) (y — z, Vx()) -
This implies that for z € RY\X and any differentiable curve v with v(s) = =,

lim sup dx(v(s + h)})b —dx(v(s))
h—0

< (Y(s), Vx(x)) ,

and hence together with Lemma 38 implies (49). Lemma 39 bounds the distance function
values that are close to each other and improves Lemma 30.

» Lemma 39. Let X be a closed set and x,y € R?. Then the distance dx(y) is bounded as
dx(y)* < dx(x)® + & — y|* + 2dx(2) (y — 2, Vx(2)) . (52)
In particular, suppose x € RN\X and let v be a differentiable curve with (s) = x, then

s O+ ) = d5(1(5))

sy / < (0(). V(). (53)
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Proof. We first show (52). For any ¢ € I'x(z),
ly = all* = e = all* + lly = =|* + 2{y — 2,2 — q)
= [lz = ql* + ly — 2|* + 2 (y — &, — Ox(x)) + 2 (y — 2, Ox(x) — q) . (54)

Then since Ox(x) is in the convex hull of I'x(z), there exists qi,...,qr € I'x(x) and
Aty A € [0,1] with Zle Xig¢i = Ox(x). Then 22?:1 Ai{y —z,0x(x) —¢;) = 0, so
there exists g; € I'x(z) with

and applying this to (54) gives
ly — a1 < llz = glI* + ly — 2[I* + 2 (y — 2, & — Ox(x))
= [lz — g5 + lly — 2l|* + 2dx () (y — =, Vx()) -

Then applying dx(y) < |ly — ¢;|| and dx(z) = [l — ;|| gives (52).
For (53), from dx(y(s)) = dx(x) > 0, applying (s + h) and ~v(s) to (52) and rearranging
gives

dx(y(s + 1)) —dx(v(s)) _ Lllv(s + h) = y(9)|I” + 2dx (v(s)) (£ (v(s + h) = 7(s)), V()
h = dx(v(s + h)) + dx(v(s)) '

Then from v being differentiable, as h — 0, v(s + h) = v(s),  [v(s + h) — 7(s)||* = 0, and
+(y(s+h) —~(s)) = 7'(s) hold, and (53) follows.
<4

Now, from Lemma 38 and Lemma 39, we can construct a vector field W with the desired
properties, and build a homotopy map from W. We restate Theorem 12 and formally write
its proof below.

Theorem 12. Let X C R? be a subset with positive pu-reach ™ > 0. For r < 1M, the
r-offset X" deformation retracts to X. In particular, X and X" are homotopy equivalent.

Proof of Theorem 12. For each z € X"\X, let W, : U, — R? be a vector field on a small
neighborhood U, of = defined as a constant W, (y) = —Vx(z). Then from Lemma 38 and
the p-reach condition, U, can be chosen arbitrary small so that

(Waly), Vi) < =5 IVxw). (55)

From the open cover {U,} O X"\X, take a locally finite covering {Uy, }icn, and take a
smooth partition of unity {p;}ien subordinate to {U,, }ien. Then we define a vector field
W :X"\X — R? as

€N
Then note that for any z € X"\X, (55) implies
1
(W(z), Vx(x)) = <ZP¢W¢($)7VX($)> < =5 IVx(@)ll- (56)
ieN

Then, since X"\X is an open set in R and W is smooth on X"\ X, Fundamental Theorem of
flows (Theorem 25 implies that there exists a domain D C (X"\X) X [0, 00) and the unique
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smooth flow 1 : D x [0,00) — X"\X, i.e. Lep(z,s) = W(¢(z,s)). Such D is a maximal in
that D is the set of points (z, s) such that the integral curve ¢ (-) := ¢ (z, ) exists on an
interval containing [0, s|.

Now, Lemma 39 and (56) implies

by B O (046 0, L,
= <VX(¢($'7 S))? W (z, S)))

2
~LIvx@)l < -£-. (57)
Hence dx is strictly decreasing along the integral curve ”.

Let D, := {s € [0,00) : (x,s) € D}, then D, is a connected open set in [0,00), and (57)
implies that s, := supD, < iljé(g) < zu% < 00, so D, = [0,s,). And since ||(¥*)'(s)|| =
[[W (% (s))|| < oo for all s € [0,s,), ¥*([0,s,)) is a curve of finite length. Hence there
exists a limit ¥?(s,) = lim,,, ¥*(s), and we can extend ¢* continuously on [0,00) by
P¥(s) = PT(sy) if s > s,. Using this, we extend 1 on X" x [0, 00) as

Y (se), ifz e XN\X
vie,s) = {a:, ifx e X.

Now we show that ¢ is continuous on X" x [0,00). If (29, s0) € D, then 1) is smooth on an
open set I, so 4 is continuous at (zg, sg). When zy € X"\X and so ¢ D,, let p, > 0 be

small enough so that B(zo, ps) X [O,SIO - %2€:| C D and |(x,s) — ¥(zg, s)| < ‘%6 for all
(x,8) € B(xo, ps) X [O,Szo - %26] Then sg > Sz, holds. And for any x € B(zg, pz),

(oo )

oo o 20) e e 29)
2
e (1 (20,000 = 5] ) = dx@lan, )| + dx(van, )
- 4

then (57) implies that < £. Hence for (x,s) with ||z — x| < p, and

2

u
Sy — (8930 — §6
2

2 2
22 ) nw .
lls — soll < &€, 80 > 82, and 5 > 59 — L€ > 55, — e imply

19 (2, 5) = (0, 50) | = [[¢(z, min{s, 52 }) — ¢(0, 52, )|
2 2 2
< Hw(mamin{575m}) - ¢ (17753:0 - M86) H + Hw <xa5$0 - ,U'SE) - (x075xo - /;6) H

2

+ de (ansro - ‘LL8€> - ,l;Z) (1:07510)

2 2

T I T2
< — 4+ — <e
< +8+8 €

N o

Hence ) is continuous at (zg, o). When zy € X, let x € B(xo, “;e). Then dx(x) < ‘1—267 SO
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sg < 5. Then for any = € B(xo, & ) and for any s > 0,

9z, 8) = d(wo, 8)l| = lP(z, 8) — woll = |[9(x,8) — 2] + [z — 20l
ure

b <e
2+4*

<

Hence 1 is continuous at (xg, $p)-
Now, we define the deformation retract H : X" x [0,1] — X" as H(z,t) = ¢ (1:, % )
Then, H(x,0) = x for all z € X" and H(x,t) = z for all x € X. Also, since s, < % for all x,

H(z,1) =14 (z, %) € X for all z € X". Also, H is continuous since % is continuous. Hence

H gives the deformation retract from X" to X. |

For showing Lemma 14, we directly construct a map 1 : X¢ — (X7)C

dx (x)

o= {7 =de@) (p — g (2)), if 2 € X\X,
€T) =
x, if © iﬁ XT7

and show that X deformation retracts to (X”)C using the map . We restate Lemma 14 and
formally write its proof below.

Lemma 14. Let X C R? be a subset with positive reach T > 0. Forr < T, XC deformation
retracts to (X7)C. In particular, XC and (X")C are homotopy equivalent.

Proof of Lemma 14. For z € XC, let the function ¢ : X¢ — (X")C be

Y(x) = 7+ 05 d(X()I))(m —mx(x)), ifzeX"\X,
z if v ¢ X",

From r < 7, this function is well defined, and 1 is continuous on XC. Also, if = ¢ X" then
Y(z) =z ¢ X" and if z € X"\X,

960 = me(@)l = (14 25 o = me(o)l =

so 1h(x) ¢ X”. Hence in any case, ¢(z) € (X")C. And if 2 € (X")C, then ¢(2) = z on (X")C.
Now, we define the deformation retract H : XE x [0,1] — X as H(z,t) = (1 —t)x + ty().
Then, H(z,0) =z for all z € X8, H(2,t) = z for all 2 € (X")¢, and H(z,1) € (X")¢ for all
x € X". Also, H is continuous since 1 is continuous. Hence H gives the deformation retract

from XC to (X7)C.
<

Corollary 15. Let X C R? be a subset with positive p-reach ™ > 0. For r,s > 0 with
s <1, let X705 = (X)L be the double offset of X. If r < " and s < pr, then X
and X are homotopy equivalent, and the reach of X™* is greater than or equal to s, that is,
TxXrs > S.

Proof of Corollary 15. Since X has a positive u-reach 7* and r < 7%, Theorem 12 implies
that X and X" are homotopy equivalent. Then, by r < 7# and Theorem 31,

T(er»)c Z .
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Then, from Lemma 14 and s < pr, X" = ((X")®)¢ and X" = (((X")£)*)C are homotopy
equivalent. And hence, X and X™*® are homotopy equivalent as well. Also, again by s < ur
and Theorem 31,

X = T((xr)8)s)0 2 -

E Proofs for Section 5

This section provides the proofs for Section 5, and in particular, focuses on proving Theorem 19
and 20. For this section, we define some notions for (weighted) barycenter and radius. For a
given set of radii r = {r, : x € X}, Let (weighted) barycenter bc, : 2% — R and (weighted)
radius Rad, : 2% — R be functions defined on a simplex defined as

[z =yl

be,(0) = arg min max ———,
y€ERI xzE€0 Ty

Rad, (o) = max ||z — be,(o)]] . (58)
xrxeEoT
And we drop the notation r» when r,’s are all equal, i.e.
be(o) = arg min, max = —wyll,

Rad(o) = max |z —be(o)]| . (59)
be(o) is the usual center of the smallest enclosing ball, and Rad(c) is its radius. Also, note
that be,(0) € ,c, Bra(z,7,) if and only if min,cgs max,cq @ <1l

We first extend the interleaving relationship of the ambient Cech complex and the Vietoris-
Rips complex in (4) to the different radii case in Lemma 16. The proof is similar to the proof
of Theorem 2.5 in [16] but modified to adapt to different radii case.

Lemma 16. Let X C R? be a set of points. Let {r, > 0:x € X} be a set of radii
indexed by x € X. Then,

§ . 2d
Cechga(X,r) C Rips(X,r) C Cechpa (X, ir 1r> .

Proof of Lemma 16. The first inclusion Cechga(X,7) C Rips(X,7) is trivial.
For the second inclusion, the equivalent statement is as follows: if o = {xg,..., 73} C R?
satisfies that ||x; — ;]| < r; +r; for all 0 < 4,5 < k, then the intersection of the balls

k .
Mi—o Bre (xl-, %rmi) is nonempty.

We first prove this for the case k < d. Consider a function f : R¢ — R defined as

_ i — yll
fly) = max SR

This is continuous, and f(y) — oo as y — o0, so f has a global minimum f(yo) at
Yo = ber(o). Then yo € co(o) where co(o) is the convex hull of o, since otherwise
|z = Teo(o) (Wo) || < [l — wol| for each z; € X, contradicting the minimality of yq.
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Let &; := z; — yo be the translated z;’s. We can find a convex combination (ag/7s,)Zo +
<+ (ag/ry, )&, = 0 for some j < k, after relabeling so that ag > 0 is the largest among
k  ai/rs,
=1 ag/ra,

ag, - . .,ar and all a;’s are nonnegative. Then —Zg = | Z;, and so

N Q; /Ty, . .
2 fo)? = ol = 30 2T gy gy

=1 ao /T,

2

Then at least one ¢ should satisfy (a;/ag) (Zo, ;) < —M,which can be weakened to

> < _ngTzif(yO)z
= d

(Zo, &4 . Putting these together gives

2 N . .
fyo)?(r, + FwoTw; + r2) < |laoll® — 2 (2o, &3) + |2

= ||&0 — &il)* = (e + 72:)*
l I

Then from AM-GM inequality,

2 d—1 d+1 2
ra270 + g’rx()rmi + TCQEi = 2d (rizro + Tgi) + ( 2d (rizro + Tgi) + d/"mormi>
d—1 d+1 2
> TT%TW + ( 2% (T:Qco + 7’3:7) + d%ﬂ’x,,)
d+1
= 270{(1",30 +72,)2.

Hence combining these gives

d+1 2
2 2 (TIO + rIi)Q < f(yO)Q(T?m + ST Tz; + ri) < (TJL’O + rlz‘)2>

f(yo) d

and hence

[ 2d
f(yo) < m

Therefore yy € nf:o Bra (mi, . %rmi), ie. ﬂf:o Bgra (xi, £/ dQ—flrwi) is nonempty.
For the case k > d, the result follows by the Helly’s theorem [18]. This asserts that a
collection of k > d + 2 convex sets in R? has a nonempty intersection if and only if it is

true for each subcollection of size d + 1. Now, for any k + 1 points o = {zy,...,x;} with
k> d+1, any subset ¢ C o with [¢| = d + 1 satisfy that () . Bga (33, \/ dQ—flrm) is nonempty.
Hence by Helly’s theorem, m?:o Bga (zi, A/ %rrz) is nonempty as well. |

We also set up the interleaving relationship between the restricted Cech complex
Cechx (X,7) and the ambient Cech complex Cechga(X,r) in Lemma 17. The proof is
a direct application of Lemma 34. We restate Lemma 17 and formally write its proof.

Lemma 17. Let X C R? be a subset with reach 7 > 0 and let X C R be a set of points.
Let {ry > 0:2 € X} be a set of radii indexed by v € X. Then,

Cechx(X,r) C Cechga(X,r) C Cechx(X,r"),

where v’ ={rl, > 0:x € X} with

o \/ 27 (r2 + dx(z) (21 — dx(2))) —dx(x) (21 — dx(x)).

T+ /72— (r2 + dx(2) (21 — dx(2)))
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Equivalently,
Cechga(X,7") C Cechx(X,r) C Cechga(X,r),

where v’ = {rll >0:x € X} with

(272 — r2 — dx(z) (27 — dx(2)))?
412 '

rl = \/72 —dx(x) (21 — dx(x)) —

Proof of Lemma 17. For Cechx(X,r) C Cechga(X,r), this is implied from Byx(z,7.) C
Bra(z,rs).

For Cechga(X,r) C Cechg(X,r'), let [x1,...,2] € Cechga(X,r), then there exists
ALy ..y Ag €[0,1] with >° A; = 1 such that

k
u = Z)‘ixi € QBRd($i,T‘mi).

Then from Lemma 34,

[; — mx (u)]
27 (Il = 2l + dx(zi) (27 — dx (1))
< —dx(w;) (27 — dx(2;))
T+ \/72 — <||u — leQ + dx(z;) (21 — dx(%‘)))
_ 27 (r2, + dx(w;) (27 — dx(x;))) — dy () (27 — dx (1)) =10,
T+ \/72 - (r% + dx(z;) (217 — dx(xi)))
And hence
k
mx(u) € ﬂ Bx (zj,r;j) .

Therefore, [x1,...,2;] € Cechx(X,r') as well, and hence Cechga (X, r) C Cechx(X,r’) holds.
<

Then, Corollary 18 is a combination of Lemma 16 and 17. We restate Corollary 18 and
formally write its proof.

Corollary 18. Let X C R? be a subset with reach 7 > 0 and let X C R? be a set of
points. Let r ={r, > 0:x € X} be a set of radii indexed by x € X. Then,

Cechx(X,r) C Rips(X,r) C Cechx(X,r"),

where """ = {r)' > 0: 2 € X} with

» 27 (%r%—i—dx(:c) (ZT—dX(sc))) dx(@) (2 — de@)
Ty = — ax(x T—ax\r)).

i fro = (3 + dx(@) Cr - dx(@)




40

Homotopy Reconstruction via Cech Complex and Vietoris-Rips Complex

Proof of Corollary 18. For Cechx(X,r) C Rips(&,r), this is implied by Lemma 16 and 17
as

Cechx (X, r) C Cechga(X,7) C Rips(X,7).

For Rips(&,r) C Cechx(X,r""), this is again implied by Lemma 16 and 17 as

Rips(&,r) C Cechpa <X, ”d2—|—dlr> C Cechyx (&, ™).

<

To show Theorem 19 and 20, we consider a generalized commutative diagram of (12). Let
X be a paracompact space, let U = {U; }ier, U = {U]}icr, be good covers of X, and let S be
a simplicial complex satisfying NU € S C NU', so that the following diagram commutes:

X . (60)

In Theorem 19, N = Cechx(X,r), NU' = Cechx(X,r’), and S = Cechga(X,7), and
in Theorem 20, NUU = Cechgx(X,r), NU' = Cechx(X,r"), and S = Rips(X,r). Then
our goal is to construct a homotopy equivalence between X and S. The maps between
X and S are naturally defined as ® : X - Sand ¥ : § - X by ® = 1\ys 0 ¢ and
U =4’ 015 pn. Then, ¥ o ® ~ idx naturally follows by the commutative diagram in
(60). However, ® o ¥ ~ ids needs an additional condition. We suppose the existence of
p: S — NU such that inyyso0p: S — S is homotopy equivalent to ids : S — S, so that
the following diagram commutes:

X . (61)

Then ® o ¥ ~ ids can be deduced from this commutative diagram. We summarize this result
in Lemma 40.

» Lemma 40. Let X be a paracompact space, and let U = {U;}ier, U' = {U!}icr, be good
covers of X, with I C I' and U; C U/ for alli € I. Let S be a simplicial complex satisfying
NU C 8§ C NU'. Suppose there exists p: S — NU such that inyssop: S — S is homotopy
equivalent to ids : S — S. Then X and S are homotopy equivalent.

Proof of Lemma 40. Let ¢ : X — NU and ¢ : NU' — X be the maps giving homotopy
equivalence of the Nerve Theorem. Then from Lemma 26, the following diagram commutes



J. Kim, J. Shin, F. Chazal, A. Rinaldo, and L. Wasserman

at homotopy level:

X . (62)
[ Y’

NU INUSNU' Nu/

To show homotopy equivalence, we define maps ® : X - Sand ¥V : S - X by & =
iv—s 0@ and ¥ =1’ o15_,p. Then, we need to show that ¥ o ® ~ idx and ® o ¥ ~ ids
on homotopy level.

For W o ® ~ idyx, consider the diagram below, which is (60):

X
¢ P’

Nu INU—NU' ./\/'Z/[/

Mmk‘\ %Nu'

S

Then from (62), 1’ o 1arr—snvur © ¢ =~ idx holds, and hence

Wod =1 ousnu 0Nu—s O P
=" ounu—nu 0 ¢
~ idx.

And hence ¥ o ® ~ idx on homotopy level.
For ® o ¥ ~ idg, consider the diagram below, which is (61):

X
¢ U

N?/{ INUSNU' ./\/7/{/

X
[
INUSS S—NU'

S

Then x5 © p = ids holds from the condition, and from (62), ¢ o 1’ 0 1A sy = tday
holds, and hence

DoV =1y ss0dot) o auw
>~ anU—s 0 P oY Ols N O INUS O P
= NU—5 0 P oY Cany N O p
XINU—SOP
~ids.

And hence ® o ¥ ~ ids on homotopy level.
<

Hence for showing Theorem 19 and 20, the problem reduces to finding a subcomplex in
Cechy (X, r) that is homotopy equivalent to S = Cechga (X, 7) or S = Rips(&,r). To do this,
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for each o =[x ... 2] € S, we choose b, to be a point in a convex hull of {x1,...,2;}, and
we find y, € X to be a point close to mx(b,) such that

k
[ml,...,xk]:Z[x1-~-£i-~-xkya] in S. (63)
i=1
We use the notation [z1,...,2;] to emphasize that each simplex is considered with its

topology structure, and [x; ---&; - - - 2k Y,] means that the vertex x; is removed. To show
(63), we need several bounds for ||z; — yo|| and ||yc — yo ||, which we collect in Claim 41.

> Claim 41. Let 7 > 0, X C R? be a subset with reach 7x > 7 > 0, and X C R? be a set of
points. Let {r, > 0:2 € X} be a set of radii indexed by x € X. For each o C X, let ¢, > 0
be satisfying dx(z) < ¢, for all 2 € 0. Let 6 > 0, and suppose X C |, Bx(z,9). For each
o C X, let b, be a point in the convex hull of o, and let 7, := max,¢, || — by||. Then for
each 0 C X, there exists y, € X that satisfy the followings:
(i) If ro < 7, then

dx(bs) <7 — /(T —€5)? — 2.

(ii) If ro <7 — €4, then

lzi = mx(bo) | < /75, — €5 (27 = €5),

and

|z — yo| < \/Fﬁd —€,(27 — €,) + 9,
where

ffc, _ 27 (7'(2, + e, (27 — eg))

T4+ /72— (r2 + e (2T —€))

(iii) If r, < 7 — €, and suppose ¢ C o , then

f%a — (21 —€5) < f’fa — (272 — ffﬂ) —_— 1| + 4%,
T2 — Fg,b
and
=2 2 =2 T
lys —voll < |75 — (272 =7} ) — 1] +24,
T2 — Fg,b

where 77 is from (ii) and

1~
fg,b := min {62 + e, (27 — €5), 27“’56} .

(iv) Suppose that for all ¢ with {x1,...,2;} C ¢ C o, b. €
and suppose

IGCBRd(az,rw). Ifro, <7—¢,

b+ |12 Pt e =) ~ (T =) =12+ B (7= )?) | — ===~ 1| <P,
i
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1 .
Fic := min {52 + €0 (27 — €5), 5(7"3 %2+ € (2T — €5) + €27 — Ei))} .

Then o € Cechga(X,7) implies that
[‘Tl LYy ez Y[z emgaa] T y[ll.Lk]] € CeCh]Rd(X7 T)'

(v) If ro, <7 — €, and suppose

72— (272 =2 ) | e — 1| 426 < 2rpin,

\/ 72— fg,b
where 7p_ is from (ii) and 75 is from (iii), then o € Rips(&X,r) implies that
[.%'1 S TiYlwyag) Y[y wga] y[xl---zk]] S RipS(X, 7‘).

Proof of Claim 41. For choosing y, € X, we divide the problem into two cases. If
d(mx(bs),0) < §, then choose y, = argminge, ||z — mx(bs)||. Otherwise, by using covering
condition, choose y, € X be satisfying ||y, — mx(bs)| < .

(i)

From dx(z;) < e, <7 fori=1,...,k, dx(by) <re <7 — €y, and dx(b,) < T, applying
Lemma 36 gives

k
1bo = mx(bo) || < 7 — ((T —2 =) Al - ba||2>
i=1 +

<T—V(T—€,)%2—1r2.

(i)

Note that ||z; — b, || < 7o < T — €, so applying Lemma 34 gives
[l — 7 (bo )|

27 (HalcZ —bo|® + o (27 — eg))

— €, (27 — €5).
T+ \/72 — (||$cl — bo||” + ep (27 — eg))
27 (r2 + €,(27 — €,)) (9 — e
= \/’7’+ VT2 = (12 + 6, (27 — €,)) -(2 o)

< \/7:13(, — €, (27 — €5),
where
f% _ 27 (Tg +eo (27 — eg))

T4+ /12— (12 + e,(27 — €))
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And hence

|Zi — yoll < [l@i — mx(bo)[| + [[7x(bs) — Yol
< \/ffa — (27 —€5) + 0.

(iii)
Without loss of generality assume that ¢ = [z1---2;] and o = [z1--- 2] with j < k.
Then (ii) implies that for each i =1,...,7,

o 27 (12 + €,(27 — €5)) e (97—
o X"’“”'S\/T+¢72—<r3+eg<27—ea>> )

We divide the problem into two cases. First, consider the case d(b¢,<) < §. Then y. = x; for
some x; € ¢ and

27 (r2 + €,(27 — €,))
T+ \/7'2 —(r2+ €6 (21 — ¢))

— (2T — €5)

1ys = mx(bo)l| = [lzr — mx(bo ) || < \/

Fl?o — (2T — €5),

( +€a(27— ea))
'rJr\/'r2 r24es(27—€5))

where 7} = is from (ii). And hence for d(b¢, ) < ¢ case,

Hyc — Y| < ||y§ - WX(bU)H + ||7TX(bU) — Yol
< \/Fga — (27 —€5) + 0. (64)

Otherwise, d(b¢,s) > 0, i.e. ||x; —be]| > 0 for all 1 <4 < j. Then

27 (T — €5)? + €5 (27 — €5))
mx(bs) — x; — 2T 6
H X( ) ” ) \/T+\/T2_((7_60)2+60(2T_6‘7)) ( )

T2 4+ (T —€4)2.

So Lemma 37 is applicable and gives

Imx(bs) = mx(b) < |75, = (272 =7 ) | —=—=—=—=—1]

where

'y, = Z)\ (|Iz — mx(bo)||> + €5 (27 — en)) ,

1.
r’i by = min{ E Y <||:cl —be|]? + es (27 — 60)) 2r§ }
i=1

Then, RHS is an increasing function of ||z; — mx (b, )||* and a decreasing function of ||z; — bc|?,
and from ||x; — bc|| > d for all 1 <i < j , we have

Imx(bs) — mx(bo)l| < |75, =272 =7 ) | —=—=—==—1],
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9 2T (r§ + e (27 — eg))
T+ \/72 —(r2 + e, (27 — 60-))’

rbg ==
~2 . 2 1 2
75p i= min 6% + € (2T —€5), 5T, ¢ -

2
And hence for d(b.,s) > § case,

195 = yoll < llys — mx (bl + lImx(b) — mx(bo) || + [[7(bo) — wo l

T

< iz - | ——-1]+24 (65)
T2 =73,
Hence (64) and (65) gives that for any case,
Hyc - yo“
< § + max \/Fg — (2T —€), |72 — (212 —72) B S (66)
o o o 22,

Now, we show 7} —€,(2T —€,) < 7y —(27° =77 ) <72 — 1) + 62, We again divide

N T2
T =75

it into two cases. First, when %7’50 < 6%+ 6,(21 — €5), then 72, = %ffa and therefore,

T— /T2 =172
2oty —1) =2 —err o) | — 2
T2 — 72, 72— 152
1
=27% — 21y /72 — =7}
2 o
=272 — \J4rt — 2721:50
>9 2 4 4 2 2752 1’“4
> 277 — T—T’I"bU—FZT’bU
I
=57,
S 52 (82 _
> 7y — (0" + €6 (2T —€5))
= (7, — (21 —€,)) — 67
And hence for %Ffa < 6% +€,(27 — ¢,) case,
e 2r ) <7 (22—} ) | === -1 + (67)
7.2 _ 7"/5

Second, when 62 + €, (27 — €,) < %f’fg, then f§7b =62 + €,(27 — €,), and therefore,

T— /T2 =72,
7ot o) | =] = - ) | ———
T TS T =TS
~2 (272 =75 )ig,
T
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~ - 27272 .
Then from 72, = 6% + €, (27 — ¢,) < 472 be is lower bounded as
4,0 2" bo \/7'27'7’2 (T+\/Tsz )
5.b 5,b
2 =2 2 =2
2T =Ty, B 2T =Ty,
V72 — 73, (T + V72 —73,) T _fg,b+7\/72 — T3
< 212 — ffo
— 2 _ x2 2 _ &2
e (r Té,b)
2712 — FE
<575 = =1L
212 — T
o
and hence
2 =2 \x2
N N T N (272 =75 )75,
rl%—(27'2—r§) _ 1 :rg— AR
7 7 2 _ =2 7 2 _ =2 2 _ =2
TS T5 \/T 75 (T + \/T 5 p)
2 2
ZThy = T80

= (7, — (21 —€,)) — 67
And hence for §% + €, (27 — €,) < %ffa case,
5 T

ffg — 6, (2T —€¢,) < fgg —(27% — B)|—-1]+ 52. (68)

Hence from (67) and (68), for any case,

72—y (21 —€) <72 — (272 — 1) % —1| 462
7_2 _ rlé
and applying this to (66) gives that
~9 2 ~9 T
Yy — ol < T — (272 — rba) — — 1] + 26.
T — F(%,b

(iv)

We need to find b € R% and check that sz — BH <71y fori=1,...,k and HyS — 5” < Ty,
for all ¢ with {z1,...,2;} CsCo={z1,...,zx}. Welet

-1

l:zi(rmin_T‘i‘ (7—60)2—7“3.—5),
and divide the problem into two cases.

First, if all ¢ with {z1,...,2;} C ¢ C o satisfy that ||b, — by || <, then we can set b := b,.

For this case, for i =1,...,7,
Hxi - ISH = ||z; — be|| < 74y,

and for any ¢ with {z1,...,2;} C ¢ C o, (i) and the covering condition imply
Il — o]

< lys — mx(b)[| + [ (bs) — bg |l + [|bs — b ||
<6+ (T— (7—60)2—7‘§> +1

= Tmin — ! < i < Tye-
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For the other case, let k := max {j : ||b[ml.ux_7.] — bgH > i} be the largest integer that
[ | [,and let & := [z1--- ;). Let b:= mba + (1 - m) bs, so that

||B —bo|| = I. We first show that HE — || <rp, fori=1,.. ., k. Since ||z; — by < s, and
||lz; — bs|| < rs,;, and hence from Claim 35,

T B (R P
zi = bl < ) ———— i — s P+ (1= ——— ) [Jzi — bo||* < 7a,.- 69
i =3l %bg_b& = = bo i) el (69)

Next, we show that for all ¢ with 6 C ¢ C o, ||y<—l~)|| < ry.. Note that ||5—b<H <

=

||B — bo || + [Ibs — b < 20, and then (i) and the covering condition imply

v =]
< lye = mx(bo)ll + [l (be) = bell + [lbg — bl
<0+ (’T— (T—60)2—T3) +20

= Tmin < Tye-

Yo — EH < ry.. Note that 76 < /72 — ||b, — bs %, so

Finally, we show that for all ¢ C &,
z; € Bra(by, 7o) NBya(bs,75) C Bra(b, \/72 — 12) holds. Hence for all i =1,...,k,

||foi||<\/r(2,fl~2§ra. (70)

We again divide it into two cases. First, consider the case d(bc,s) < §. Then y. = x; for
some x; € ¢, hence from (69),

g =l = llae = Bl} < oy = 7.
Otherwise, ||z; — b¢|| > ¢ for all z; € ¢. Then (i) implies
dx((;) < dx(bs) + HE - bUH

<T—V(T—€)2 -2 +1.

And from (70), Lemma 37 is applicable and gives an upper bound for ||7rx(b<) — BH as

where

€ i=T— (T*60)27T§+l~,

=t
[STN)

Il
[~

“n2
1 A (||x1 — b” + e, (27 — eo)) ,

1
fliﬁ := min {Z)" <Hx7 —be|® + €, (27 — ea)> , 5(7:52 + (27 — 6[))} .

i=1

.
Il
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Then, RHS is an increasing function of ||z; — BHz and decreasing function of ||z; — bc||?, so

applying (70) and from ||z; — b||* > d for all z; € ¢, we have

[l (b<) = b]
< 12— P24 e,(2T —€) — (T — €)2 =12 + 124 (T — ¢7)2) S ,
T2 _fz%,(‘
where

1 —
Fg’c := min {52 + e, (27 — €5), 5(7“3 %+ € (2T — €,) + (27 — q))} .

Then,

e 3] ~
< lye = mx(bo)|| + || (be) = 0|

<O+ 12 P4 e,2T )~ (T— )2 =12+ R+ (1 —)?) | ——= 1

< Tmin < Ty, -

(v)
We need to check that ||z; — yo|| < 72, + 7y, and ||y — yol| < ry. + 1y, -
For ||z; — yo|| < ry, + 1y, , note that (ii) (iii) and the condition on ¢ gives

lo1r = yoll < /72, — 027 —€0) + 6

< R -@r-R) | ——=-1]+2

< 27pmin < Ty, Tyos

where 7 is from (ii) and 7 is from (iii).
For |lys — yo|| < 7y, + 7y, , note that (iii) and the condition on 0 gives

lye —woll < |72 —@r2—i2) [ ——— —1] +26

o

< 2rmin S Ty Ty,

After repeating (63) several times, we get the homotopy equivalence as

[331 A CUk] ~ Z [J;ly[mw(l)xw(z)] .. y[I11k]] in 87 (71)
wESk

where S}, is the permutation group of size k. Since we are trying to map S = Cechga (X, )
or Rips(&,r) to into Cechx (X, ) which is consisting of smaller simplices, we want to each
simplex [21Y(z, )20 )]~ Ylz1--a)] D€ Of smaller size. We measure the size by Rad,(o) or
Rad(co) as introduced in (58) and (59). We collect several bounds for Rad,.(¢) or Rad(o) in
Claim 42.
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> Claim 42. Let 7 > 0, X C R? be a subset with reach 7x > 7 > 0, and X C R? be a set
of points. Let {r, > 0: 2 € X'} be a set of radii indexed by x € X. Let € > 0 be satisfying
dx(x) <eforall z € X. Let § > 0, and suppose X C . » Bx(z,9).

(1)

zeX

Rad,(0) < “2%*Rad(c),
Tmin
where 7y, = min{r, : x € X'} and ryax = max{r, : x € X}
(ii) be, and Rad, satisfy the following: for each o = {z1,..., 2} C X, y, € X can be chosen
so that if r, := Rad,(0) < 7 — €5, then

Rad,«({xly{ww?} e y{ﬂhﬂik}})

2((/‘11):2&; 72— (272 — 72) T;_Tgb —1] 425,
where
72 21 (r2 + e(21 — €))
T+ /72— (r2 4 €21 —¢))

73, = min {52 +e(21 —€), ;ff} .
Further, if

S |12 Bae@r - = ((r— P =2+ P+ (7)) | ——=——== 1] < rum.
where

[:= (rmin*7'+ (7‘*6)277‘(2776),

1
2
FI=T—

% (rf 2+l

—_

Fg,c ‘= min {52 +e(21 —€), = (12 — P + (21 — €) + 727 — e[))} .

o |

then o € Cechga(X,7) implies that

{z1--- TjY{ay-a;}Y{e1zjen} y{xl...zk}} IS CeCh]Rd(X, ).

(iii) bc and Rad satisfy the following: for each o = {x1,...,25} C X, y, € X can be chosen
so that if r, := Rad(o) < 7 — ¢, then

d T

Rad({l’ly{$1$2} P y{xlrk}}) S m Tb (2’7’ — ’I”b) ﬁ -1 —+ 2(5 s
TF—T5y
where
2 27 (7“2 +e(27 — 6))
Tb N

77’—!—\/7'2 (r2 +€(2 7'—6))’

1~
Fg,b := min {52 +e(21 —€), 27”’5} .
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Further, if

f% _ (27-2 _ fg) ; —1 + 25 S QTmina

A/ T — fg,b
then o € Rips(X,r) implies that

[331 S TYLmy e Y Y e wi ) -y{wl...mk}] € Rips(X,r).

Proof of Claim 42. (i)

From be,(0) = arg min,cgs maxz e, lz=yll

Ty

x —be,(o
Rad, (o) = max |z — be,(0)]] < rmax max HTA
T
—b
< e max SEZ PO a0
reo T Tmin T€0
= TmﬁRad(a).

Tmin
Conversely, from be(o) = arg min,cga maxzeo || — yl|,
Rad(o) = max |z —Dbe(o)] < max |z — be(o)]] = Rad, (o).
reco reo
(i)

For each 0 C X, we set b, := be,.(0) and choose the corresponding y, € X according to
Claim 41. Note that Rad,(0) = maxgeq || — bs||. Then Claim 41 (ii) implies that

H-Tz _ycr” < \/ F}% - 60(27—_60) +57

and Claim 41 (iii) implies that for any ¢ C o,

~ . T
lye —yoll < |72 — (212 =72) | —=—1| + 24.

VT — 75
Then from Claim 41 (iii), /77 — €, (27 — €5) + 0 < \/Fg — (272 —7}) <T~2 — 1) + 24,

2_
=T,

and hence

. 1
{21, Y120} - - > Yfzran} ) € RiDS | X, =

[N}

3~}
1

[\

And Lemma 16 implies that

{xlyy{wla:g}a .. ay{zlmk}}

. [ d _ _ T
S CeChRd X, m 7”13 — (27’2 — ’I”g) ﬁ —1 + 25
4,b
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And hence

Rad({xla Y{ziaa}r--- ay{anxk}})

d T
<y |- -f) | —— 1] +25
2(d+1) b b 22,
Then from (i),
Radr({xlv Y{zrza}s- -+ ay{xl---zk}})
d r T
< 2N -2 =) | ——= -1 +2§
=\ 2@+ 1) "o b b .
(d+1)r T = T?,b
Further, Claim 41 (iv) implies that if
S+ [r2—Rre@r—e—((r—e2 =242+ (r—¢)?) | ——x — 1| <rm,

then o € Cechga (X, 7) implies that be = bey () € ), ¢ Bra(#,72). And hence

{z1,...,2j, Y{wya;}r Yo zjpr}r - ,y{zl..ixk}} € CeChRd (X,r).
(iii)

For each o C X, we set b, := bc(o) and choose the corresponding y, € X' according to
Claim 41. Note that Rad(o) = max,e, |2 — by||. Then Claim 41 (ii) implies that

lzi — yoll < \/T2 — €-(27 — €5) + 6,

and Claim 41 (iii) implies that for any ¢ C o,

~2 T

lys —voll < |75 — 22 = 7)) | ===
VT — 75
Then from Claim 41 (iii), /77 — €, (27 — €5) + 0 < \/fg — (272 - 72) <T~2 - 1) + 26,

—1] +26.

TS
and hence
: 1 =2 2 _ &2 T
{xl,y{wlmz},...,y{xl._wk}} € Rips | X, 2 =2 -7 | ——=-1]+20
T = fg,b

And Lemma 16 implies that

{3317 y{asla:z}7 .. 7y{mlwk}}

e Cechpa | X L 72 — (272 — 72) ;—1 + 26

R "\ 2(d+1) b b 2_ 2
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And hence

Rad({21, Y{zrza}> -+ s Y{ar-an}))

d T
<4 — 72— (212 —2) | ——=—1 20
f1/2(d+1) 7y — (212 = 7}) o +

Further, Claim 41 (v) implies that if

72— (272 — 72) 1] 420 < 2,
2 _ 72
T2 — 73,

then o € Rips(&X,r) implies that
{xl, s Ty Yoy ay s Yo wjpa oo 7y{x1~~xk}} € RipS(Xa T)'
<

For Theorem 19, Claim 41 and 42 imply that there exists a map p : Cechgpa(X,7) —
Cechx (X, r) that UCechy (X,r)—Cechyq (X,r) © P Cechga (X, 1) = Cechga (X, ) is homotopic to
the identity idCechRd( x,r)- Then from Lemma 17, the following diagram commutes:

¢ v’

- (Ze s ~ R
CeChX(X7 TSeChX(X r)—Cechy (X 76eChX(X’ /rl)

\p\

(Y r e ’
3 . Gch_ g (X,r)— Cechy (X,r/)
1CechX(X,r)~>CechRd (x,n R ’ £

Then Lemma 40 implies that X is homotopy equivalent to the ambient Cech complex
Cechga (X, 7). We restate Theorem 19 and formally write its proof below.

Theorem 19. Let X C R? be a subset with reach T > 0 and let X C R? be a closed
discrete set of points. Let {r, > 0 : x € X} be a set of radii indexed by x € X with
Tmin 1= ifzcx{rz} > 0 and rmax == sup,ex{rz} < oo, and let € := sup{dx(x) : x € X}.
Suppose X is covered by the union of balls centered at x € X and radius 6 as

X c | Br(z,9).

zeX

Suppose that the maximum radius rmay 1S bounded as
Tmax < T — €.

Also, suppose & satisfies the following condition:

St \[Toax — P A e2m—€) = (T — €2 = r2uu + P+ (T — ¢)?) (T — — 1>
7'2 —Ts,c
S Tmin;
A e | e g gy [Ty s | <o,
2(d +1) Tmin b b 2, -
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~ 1 7
li= g (i =7+ VT = P =R =0)s === R+

1 ~
7:(2;’6 ‘= min {(52 +e(21 —€), §(rr2nax — 2+ €21 —€) + (27 — 6[))} ,
272 — 2. — (27 —€))?
A 2 _ (27 — _ ( min
Tin \/T €21 —¢€) 2 ,

7;2 — 27 (( mm) + 6(27— - 6))
b T+ /72— () —|—e(7’—e))’

[\]

1
73, = min {52 +€(28 — e), 277,?} .

Then X is homotopy equivalent to the ambient Cech complexr Cechga(X,r).

Proof of Theorem 19. For a simplex o = [z1-- 2] € Cechga(X,7), let r, := Rad, (o),

and choose y, € X according to Claim 42. Then as long as r, < T — €,, Claim 42
(ii) asserts that [z1 - Ty, ..zy]] € Cechga(X,r) holds. Now, define the homotopy map
Fycfoy---ap] X [0,1] = [21 - TkY[ey oap)] @S

k k k
1
g < E )\ixi,t> = E (A — min A\;)x; + kmin A; <tyc, +(1- t)E E xl> .
i=1

i=1 i=1

Then F gives homotopy between 2554y, and fi : ¢ — o * y, defined as

k
(Z i xz> = Z (A; — min \;)z; + (kmin \;)y,,
=1

giving homotopy equivalence as

[x1 - xk] ~ Z[ml B TYeyeay) 0 Cechga (X, 7).

And again, Claim 42 (ii) asserts that [21 - Zr_1Y[z, -z 1)Yw,x)) € Cechga(X,r) holds.

Now, the homotopy map F : 21 Tk 1Y[ay-zy)] X [0, 1] = [T1 - Th1Y[ay 2y 1) Ylwr -]
is defined as

k—1 k—1
Fy <Z Nix; + )\ky[ml...xk],t> = )\ky[m...zk] + Z()\Z — min \;)z;

i=1 i=1
1 k—1

Then Fy gives homotopy between 2[4, ...,y ] and

le1 ) B TR 1Y[eg g 1Y [eg )
oo 1Yy an)] = (21 Th— 1Yz mp )Yz a]) defined as

k-1 k—1
<Z AiTi + AkY[e, - zk]) = AeY[z1-zn] T Z (Ai —min Aj)x; + (B — 1) min A\iy[z, ...z 1]
i=1

i=1

giving the homotopy equivalence as

(21 k1Yo an]] & D1 B e 1Yy Y]] 10 Cechga (X, 7).

By repeating this and concatenating the homotopy maps, we have the homotopy map F, :

o x[0,1] — Cechga (X, 7) giving homotopy between U Cechyg (A,r) A0 fo 10— Cechpa (X, 1)
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with fo(0) = 22 s, [To)Ynnyzu] - - - Yier-—ai] ], 1. Fo is giving homotopy equivalence
between [z1,...,zx] and Zwesk [xw(l)y[%(l)mwm] o Ylayeemy]] D Cechga (X, 7).

Now, we extend f, and F, to the entire ambient Cech complex Cechga(X,r). Define
f : Cechga(X,r) — Cechga(X,7) and F : Cechga(X,7) x [0,1] — Cechga(X,7) as flo = f»
and F|,xj0,1] = F, for each o € Cechga (X, 7). Then for 0,7 € Cechga(X,7), F, and F;,
coincides on o N7 % [0,1], so f and F are well defined. Also, from X being closed and discrete,
Cechga(X,7) is locally finite. Hence for any compact set C' C Cechga(X,r), C intersects
with only finite number of simplices o1, . ..,0; € Cechga(X,7), so F~1(C) = Ule F;1(0)
is compact, and hence F' is continuous. So F' gives the homotopy between eseeh, , (x,r) a0d
I

Now, applying Claim 42 (ii) gives that

Rad?“([xw(l)y[wwu)wu@)] T y[z1$k]])

d  Tma T
_ & [max 272 — i) | ——— — 1| +25 |,
20 rain (7 ET T )
where
5 27 (r2 + €(21 — €))

Tp o=
b T4+ /72— (r2 +e(2r —€))
1
73, = min {(52 +e(21 —¢), 2?5} .
Hence by repeating this sufficiently many times (say N), we can guarantee f™) (Cechga (X, 1))

to be consisting of simplices with their radii (i.e. Rad(c)) at most 7,, where 7, is the solution
of

d r .
50 =\ g 2= | (730 - r2 - 730) | == 1] +25 | ~t =0,
2(d + 1) T'min 7_2 _ 'Fib(t)
with 72(t) = 2r(tre(2rc) and 73 ,(t) = min {62+ e(27 —€), 172(t) }. Let

'r+\/7'2 (t24e(27—¢))

272 _ (27 — )2
= \/72 —€e(21 —€) — (2r Tmm47_26( D) )

then f(r];,) < 0 implies that 7, < 7, . Hence satisfying f(r];,) < 0 implies that

F) (Cechga (X, 7)) € Cechga (X,7”,,). And Lemma 17 implies that
FM) (Cechga (X, 7)) € Cechga (X,77,,) € Cechg (X, rmin) C Cechy (X, 1),

i.e. f(N): Cechga(X,r) — Cechx(X,r). Then by construction, Uechy (2,) - Cechya (A1) © f
is homotopy equivalent to idCcchRd( X.r)- Hence by applying Lemma 40, X and Cechga (X, 1)
are homotopy equivalent. |

For Theorem 20, Claim 41 and 42 imply that there exists a map p : Rips(X,r) —
Cechx (X, 7) that UGochy (A1) —Rips(¥,r) © P ¢ Rips(X,r) — Rips(X,r) is homotopic to the
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identity idRips(x,r)- Then from Corollary 18, the following diagram commutes:

X
¢ Y’

YGechy (X,r)—Cechx (X,r/")  «

Cechyx (X, r) Cechx (X, r"")
P
| \\A Mec}lx(xﬂ‘/”)
?Cechy (X,r)—Rips(X)

Rips(X,r)

Then Lemma 40 implies that X is homotopy equivalent to the Vietoris-Rips complex
Rips(X,r). We restate Theorem 20 and formally write its proof below.

Theorem 20. Let X C R? be a subset with reach 7 > 0 and let X C R? be a closed
discrete set of points. Let {r, > 0 : x € X} be a set of radii indexed by x € X with
Tmin = Infzex{ry} > 0 and rmax = sup,cr{rs} < 0o, and let € := sup{dx(z) : x € X}.
Suppose X is covered by the union of balls centered at x € X and radius § as

X c | Ba(z,9).

reX

Suppose that the maximum radius rmax S bounded as

d+1
< _ —€).
Pmax < 54 (t—¢€)

Also, suppose § satisfies the following condition:

T

7:1? (Tmax) — (272 — 7:(% (Tmax)) — 1| 426 < 2ryin,

72 — 73 (Fmax)
R - @ -2 u 1)+ | <o,
2(d + 1) b\" min b \"min 2 _ Tgb( ) min

- \/7_2 _ 6(27' _ 6) _ (2T2 rmm — 6(27— — 6))2

412 ’
B 27 (12 + e(21 — ¢))
7'—|—\/7'2 t2+627’—6))’

1
fg_’b(t) := min {52 +e(27 —¢), 2r§(t)}
Then X is homotopy equivalent to the Vietoris-Rips complex Rips(X,r).
Proof of Theorem 20. For a simplex 0 = [z1--- 2] € Rips(X,r), let 7, := Rad(o), and
choose y, € X according to Claim 42. Then as long as r, < 7 —¢€,, Claim 42 (iii) asserts that

[T1 - TkY[zy..2,]] € Rips(X,7) holds. Now, define the homotopy map F} : [z - - - 2] x[0, 1] —
(w1 Tk an] B8

k k
Fi <Z)\ixi,t> Z)\ —min \;)z; + kmin \; (tyg (1—-t)— le>
i=1 i=1
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Then F gives homotopy between 25,54y, and f1: 0 — o * y, defined as

k k
f1 (Z )\ixi> = Z()‘Z — min \;)z; + (kmin \;)y,,
i=1 i=1
giving homotopy equivalence as
k
[x1 - ap] = Z[xl c @i TRY[wymy]] D Rips(X,7)
i=1

And again, Claim 42 (iii) asserts that [z1- Tk_ 1Yz, ...ap_1]¥[z1--ax)] € Rips(X,7) holds.
Now, the homotopy map Fy : [21 - Zg_1Y[zy.z]] X [0, 1] = [T1- Th 1Yz, oz 1]Y[zr-2]]
is defined as

k—1 k—1
F (Z Aii + MYz, ai)s t) = MeYlayai] T Z()\z —min \;)z;

i=1 i=1
p kel
+ (k—1)min\; (ty[ml,..mkl} +(1- t)m z_;xl> .

Then F» gives homotopy between 17

1T Yy ] TR 1Yy )Y ] AR
foi[rr Tk 1Ymy )] = [T Tk 1Yz p | Y[zray]] defined as

k—1 k—1
fo (Z \ix; + )\ky[wl.uxk]> = )\ky[m“.xk] + Z(/\Z —min A;)z; + (k — 1) min Aiy[$1"‘$k—l]’

i=1 =1

giving the homotopy equivalence as

N

—1
[T1 - T 1 Yaya]] = ) 1 B T 1Yoy g Y[er i) 10 RiDS(X,7)

i=1

By repeating this and concatenating the homotopy maps, we have the homotopy map
Fy:0 x[0,1] — Rips(X,r) giving homotopy between 2, ,rips(x,r) and fo : 0 — Rips(&X,r)
with f,(0) = > cs, [mw(l)y[zw(l)%(z)} e Y[zyzp]]> 1-€. Fy is giving homotopy equivalence
between [z1,..., 2] and Y ° o [Tw)Yizynyzue)] - - - Ywr-zi)) 10 RIpS(X, 7).

Now, we extend f, and F, to the entire Vietoris-Rips complex Rips(X,r). Define
f : Rips(X,r) — Rips(X,r) and F : Rips(X,r) x [0,1] — Rips(X,r) as f|, = f, and
F|yx[0,1] = F5 for each o € Rips(&,r). Then for 0,7 € Rips(X, ), F, and F; coincides on
oN7x[0,1], so f and F are well defined. Also, from X being closed and discrete, Rips(X,r)
is locally finite. Hence for any compact set C C Rips(X,r), C intersects with only finite
number of simplices o1, ...,0; € Rips(X,r), so F~}(C) = Ule Fa_il(C’) is compact, and
hence F' is continuous. So F' gives the homotopy between idrips(x,r) and f.

Now, applying Claim 42 (iii) gives that

Ra‘d([xw(l)y[a:u(l)ww(g)] e y[mlwk]])

d T'ma T
< 0 Tmax | ae o gy T g o5
S e el B A Gy==l
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where

5 27 (r2 + (27 — €))
7= ,
b T+\/T2 (r2 + €2t —¢))

1
7‘~§7b ‘= min {52 +e(2T —¢€), 2??} .

Hence by repeating this sufficiently many times (say N), we can guarantee fV)(Rips(X,r))
to be consisting of simplices with their radii (i.e. Rad(c)) at most 7,, where 7, is the solution
of

d 2(t) — (272 — 72(t) | ————— —1| +26 | —t =0,

1) = 2(d+1) 72 ,ng(t)

( ) 27(1& +e(27— e))
‘r+\/‘r2 (t2+e(217—¢€))

’I”H - \/7_2 _ 6(27' _ 6) (2T2 — rmm 6(27— — E))27

min 47-2

with 77 and 73 , () = min {6 + €(27 — €), 373 (1)} . Let

l
2"

then f(r,,) < 0 implies that 7, < rl;

min min-

FN)(Rips(X,r)) € Cechga (X

< 0 implies that

mm )

Hence satistying f (7
And Lemma 17 implies that

? mm)

FM) (Rips(X, 7)) € Cechga (X,77,,) € Cechx (X, 7min) C Cechx (X, 7),
ie. fOV) : Rips(X,r) — Cechg(X,7). Then by construction, UCechy (X,r)—Rips(X,r) © FI) s
homotopy equivalent to idgips(x,r). Hence by applying Lemma 40, X and Rips(&X',r) are
homotopy equivalent.

<

Now, Corollary 22 is from the combination of Corollary 15 and Theorem 19 and 20. We
restate Corollary 22 and formally write its proof below.

Corollary 22. Let X C R? be a subset with positive p-reach # > 0 and let X C R? be a
set of points. Let {r, > 0:x € X'} be a set of radii indexed by x € X with ryiy := mingexy{ry}
and Tmax 1= Maxgex{ry}. Let s,t,e > 0 with ﬁ <s<7h and let Y := ((X*)5))C be the
double offset, with dy(x) < € for all x € X. Suppose Y is covered by the union of balls
centered at x € X and radius § as

Y C U BR(Z,(S).
TEX

(i) Suppose rmax <t —e€, and § satisfies the following condition:

~ t
o+ T?ndx_l2+€(2t_€)_((t_€)2 de+l +(t_€l))<t2~_1>
—Ts,c
S Tmin
d T'ma t
— X — (2t2 — 72 — 1 20| <7
2(d + 1) T'min b ( rb) t2 _ f2 + Tm1n7
4,0
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-1 ]
U= 5 (roin =t + V= P =B =0) . qi=t == = +1.

1 .
fg’c = min {52 +e(2t —¢), i(rfnax — P4 e(2t —€) + (2t — Ei))} ,

T‘//~ = \/t2 _ 6(2t _ 6) _ (2t2 Tin — G(Qt B €)>2

4¢2
2t + €(2t — 1

7= (2( mm) 6( 2) 73, = min {52 +€(2t —e), rg}
t+/t 2+ €2t —€)) 2

Then X is homotopy equivalent to the ambient Cech complex Cechga(X,7).
(i) Suppose rmax < % (t —€), and 0 satisfies the following condition:

t
’F% (Tmax) - (2t2 - ’F[% (Tmax)) - 1 + 25 S 2"”miru

t2 =73, (Tmax)

d t

"} ? "
2(d+1) /rb (rmln) (2t - rb( mln)) —_—m 1 + 26 < Tmln’
where

22 — 12— e(2t — ¢))?

Tglin = \/t2 - E(Qt — 6) - ( m1n4t2€( 6)) ,
2t (£ + (2t — €)) .
’th: ~2 t ::min{62+€2t—6 TQt}
b() t+\/t2 t2+62t—€)) 51)() ( )21)()

Then X is homotopy equivalent to the Vietoris-Rips complex Rips(X,r).

Proof of Corollary 22. Consider the double offset Y := (((X*)£)*)¢. Since X has a positive

u-reach 7", s < 7 and t < us, Corollary 15 implies that the reach of Y is bounded by

A% Z t.
(i) V
For the ambient Cech complex case, r, <t — ¢ < 7y — € holds, so Theorem 19 applies

under the appropriate condition of 4.

(i)
For the Vietoris-Rips complex case, r, < (/4L(t —€) < /L (ry — €) as well, so
Theorem 20 applies under the appropriate condition of §.

To prove the covering lemma 23, we first show the following upper bound on the covering

number holds.

> Claim 43. Suppose the distribution P satisfies the (a, b)-condition in (19). Then for all
€ < €p, the covering number N (X, |||, 2¢) is bounded as

N, ], 26) < S,

Q



J. Kim, J. Shin, F. Chazal, A. Rinaldo, and L. Wasserman 59

Proof of Claim 43. Let x1,...,2) be a maximal 2e-packing of X, with M = M(X, |||, 2¢).
Then Bga(z;, €) and Bga(x;, €) do not intersect for any i, j, and hence

M
> P(Bga(w,€)) < P(RY) = 1. (72)
i=1

Then for all € < €, the (a,b)-condition implies
P(BRd(‘xiae)) > aeba

hence applying this to (72) gives that

e P,

SH R

Then from the relationship between the covering number and the packing number,

—-b

SE R
a

Now, we restate Lemma 23 and formally write its proof below.
Lemma 23. Let {X1,...,X,} be an ii.d. sample from the distribution P and let

{rn=(rn1,-- - Tnn)tnen be a triangular array of positive numbers such that, for each n,
o 1/b
2 (gn) < minr,; < 2¢.
an )

Then, the probability that the sample is an ry-covering of X is bounded as

" 1
P (X C U BRd(Xi,rn’i)> 2 1 - m.

i=1

Proof of Lemma 23. Now, to prove Lemma 23, set ¢ := imini Tn,i. Under the (a,b)-
condition, the previous claim 43 implies that there exists x1,...,zy with N < g~ le®
satisfying

N
X C | Bra(z;, 2e).

Jj=1

Let E be the event that all Bga(x;, 2¢) have intersections with {X1,..., X}, that is, for each
1 <j < N, thereexists 1 < i <nwith X; € Bga(z;,2¢). Then note that 4 = min; r,, ; < ry 4,
and hence we have the following relations between balls:

]E]Rd ({Ej, 26) C BRd (X“ 46) C BRd (X“ Tn,i)~

Therefore, under the event F, we have

N n
Xc U Bra(xj,2€) C U Bga (Xi, mni),

j=1 i=1



60 Homotopy Reconstruction via Cech Complex and Vietoris-Rips Complex

which implies

i=1

P (x c O IB%W(XM”,,;)> > P(E). (73)

Now, P(E) can be lower bounded as

N n
P(E) =P | () [J{X: € Bpa(a;,26)}

j=1j=1

N n
>1- ZP (ﬂ{Xz ¢ BRd(xj72e)}>

I
~
|
WE
—.
=
|
hac]
&
4
®
¥

N n
Z 1— Zexp (—ZP(BRGZ({L‘J‘,QE))> y

i= i=1

—

where the last line is from that 1 — ¢ < exp(—t) for all ¢ € R. Now, from the covering number

1/b
bound N < a~le~? with the condition, 2¢ = %mini Tni > (I‘Zgn"> , we can further lower
bound P(FE) as following;:
P(E) >1— Nexp (—an(2¢)®)
>1—a ‘e Pexp (—an(2e))
n
~ Flogn exp (—logn)
_
2blogn’

which implies
PlXC LHJBRd(Xi,Tni) >1—#,
= ’ - 2blogn

as desired. |
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