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'Inria Saclay — Ile-de-France
2Department of Statistics and Data Science, Carnegie Mellon University

Abstract

We derive conditions under which the reconstruction of a target space is topologically
correct via the Cech complex or the Rips complex obtained from possibly noisy point cloud
data. We provide two novel theoretical results. First, we describe sufficient conditions under
which any non-empty intersection of finitely many Euclidean balls intersected with a positive
reach set is contractible, so that the Nerve theorem applies for the restricted Cech complex.
Second, we demonstrate the homotopic equivalence of a positive p-reach set and its offsets.
Applying these results to the restricted Cech complex and using the interleaving relations with
the Cech complex (or the Rips complex), we formulate conditions guaranteeing that the target
space is homotopy equivalent to the Cech complex (or the Rips complex), in terms of the
U-reach. Our results sharpen existing results.

1 Introduction

A fundamental task in topological data analysis, geometric inference, and computational geometry
is that of estimating the topology of a set X C R based on a finite collection of data points 2~
that lie on it or on its proximity. This problem naturally occurs in many applications area, such as
cosmology Starck et al.|[2005]], time series data Robins et al. [2000], machine learning Dey|[2007],
and so on.

A natural way to approximate the target space is to consider an r-offset of the data points, that
is, to take the union of the open balls of radius r > 0 centered at the data points. Under approriate
conditions, by the Nerve theorem this offset is topologically equivalent to the target space X via
Cech complex Bjorner [1995], Hatcher [2002]. For computational resons, the Alpha shape com-
plex may be used instead, which is homotopy equivalent to the Cech complex Edelsbrunner and
Miicke [1994]. To further speed up the calculation, and in particular if the data are high dimen-
sional, the Vietoris-Rips complex may be preferable, where only the pairwise distances between
the data points are used and boosts up the calculation.



To guarantee that the topological approximation based on the data points recovers correctly the
homotopy type of X, it is necessary that the data points are dense and close to the target space,
and that the radius parameter used for constructing the Cech complex or the Rips complex be of
appropriate size. The condition is usually expressed as the parameter being lower bounded by
a constant times the Hausdorff distance between the target space and the data points, and upper
bounded by another constant times a measure of the size of the topological features of the target
space. This condition has been extensively studied. Originally, the topological feature size was
expressed in terms of the reach of X: such condition for the Cech complex is studied in Chazal and
Lieutier [2008]], N1yogi et al. [2008]. Subsequently, the notion of p-reach was put forward to allow
for more general target spaces: the condition for the Cech complex is studied in|Attali et al.| [2013]],
Chazal et al.| [2009], and the condition for the Rips complex is studied in|Attali et al.|[2013]]. Also,
the radii parameters are generalized to vary across the data points in|Chazal and Lieutier [2008].

In this paper, we derive conditions under which the homotopy type of the target space is cor-
rectly recovered via the Cech complex or the Rips complex, in terms of the Hausdorff distance and
the u-reach of the target space. To tackle this problem, we provide two novel theoretical results.
First, we describe sufficient conditions under which any non-empty intersection of finitely many
Euclidean balls intersected with a set of positive reach is contractible, so that the Nerve theorem
applies for the restricted Cech complex. Second, we demonstrate the homotopic equivalence of a
positive -reach set and its offsets. These results are new and interesting in its own as well.

Overall, our new bounds offer significant improvements over the previous results in Niyogi
et al. [2008], |Attali et al.| [2013]] and are sharp: in particular, they achieve the optimal upper bound
for the parameter of the Cech complex and the Rips complex under the positive reach condition.
We will provide a detailed comparison of our results with existing ones in Section [6]

2 Background

A natural way to approximate X with 2 is to take the union of open balls centered at the data
points. In detail, let r = {ry,x € 2} € R_%V be pre-specified radii and consider the set

U Bx(x,r), o))

xed

where By (x, r) is the open restricted ball centered at x € R? of radius r > 0, defined as
Bx(x,r) :={y € X:d(x,y) <r}, 2

where d(x,y) := |[[x — y||, with || - || denoting the Euclidean norm. Even though we allow for the
points in 2" to lie outside X, we will assume throughout that Bx (x,r,) # 0 forallx € 2.

The topological properties of the union of restricted balls given above in (1)) are encoded in the
corresponding weighted Cech complex, which is the abstract simplicial complex on .2~ consisting
of all subsets {xi,...,x;} of 2" such that the intersection ﬁlj‘-:lIB%X (xj,7x;) is non-empty.



Definition 1 (Cech complex). Let 2", X be two subsets and r € R_“? . The (weighted) Cech complex
is the simplicial complex

k
Cechx (X ,r) := {6: (X1, ., C 2" mIBSX(xj,rxj) #0,k = l,...,n}. 3)
j=1

Under appropriate conditions, the homology of the resulting Cech complex in fact coincides
with the homology of X itself. This remarkable result is precisely the renown nerve theorem
Bjorner| [[1995]], Hatcher [2002], which we recall next.

Definition 2 (Nerve). Let % = {Uy} be an open cover of a given topological space X. The nerve
of %, denoted by N (% ), is the abstract simplicial complex defined as

JV(‘?/)Z{[U],...,U/C]C%Z ﬁUj%@}.

J=1

The nerve theorem prescribes conditions under which the nerve of an open cover of X is ho-
motopy equivalent to X itself.

Theorem 1 (Nerve theorem). Let % be its open cover of a paracompact space X. If every
nonempty intersections of finitely many sets in % is contractible, then X is homotopy equivalent

to the nerve N (U ).

Thus, in order to conclude that Cechy (.2", ) in (@) has the same homology as X, it is enough to
show, by the nerve theorem, that the union of restricted balls | J,c 4- Bx (x, rx) covers the target space
X and that any arbitrary non-empty intersection of restricted balls is contractible. The difficulty
in establishing the latter, more technical, condition lies in the fact that it is not clear a priori what
properties of X will imply it. If X is a convex set, then the nerve theorem applies straightforwardly.
But for more general spaces, such as smooth lower-dimensional manifolds, it is not obvious how
contractibility may be guaranteed. One of the main result of this note, given below in Theorem 5
asserts that if X has positive reach and the radii of the restricted balls are small compared to the
reach, then any non-empty intersections of restricted balls is contractible.

2.1 The reach

First introduced by [Federer| [1959], the reach is a quantity expressing the degree of geometric
regularity of a set. In detail, given a closed subset A C R?, the medial axis of A, denoted by
Med(A), is the subset of R? consisting of all the points that have at least two nearest neighbors in
A. Formally,

Med(4) = {x € R\A: 31 # g2 € Al —x]| = llg2 ]| = d(x.4) }. @

where d(x,A) = inf,ea ||g — x|| denotes the distance from a generic point x € R? to A. The reach
of A is then defined as the minimal distance from A to Med(A).
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Figure 1: Geometric interpretation of the quantities involved in (6).

Definition 3. The reach of a closed subset A C RY is defined as

T = infd (¢, Med(A)) = e nt i g —x]]. (5)

Some authors [see, e.g. Niyogi et al., [2008, Singer and Wu, 2012] refer to ‘L’Xl as the condition
number. From the definition of the medial axis in (@), the projection 74 (x) = argminpeqa ||p — x||
onto A is well defined (i.e. unique) outside Med(A). In fact, the reach is the largest distance p > 0
such that 7 is well defined on the p-offset {x € R?|d(x,A) < p }. Hence, assuming the set A has
positive reach can be seen as a generalization or weakening of convexity, since a set A C R? is
convex if and only if 74 = oo.

In the case of submanifolds, one can reformulate the definition of the reach in the following
manner.

Proposition 2 (Theorem 4.18 in Federer [[1959]). For all submanifold M C RY,

)
—  inf HCI1 Q2H2 . (6)

ai#geM 2d(qx — qi, quM)

Above, TyM denotes the tangent space of M at g € M. This formulation has the advantage of
involving only points on M and its tangent spaces, while (5]) uses the distance to the medial axis
Med (M), which is a global quantity. The ratio appearing in (6) has a clear geometric meaning,
as it corresponds to the radius of the ambient ball tangent to M at ¢; and passing through ¢,. See
Figure |1} Hence, the reach gives a lower bound on the radii of curvature of M. Equivalently, T];Il
is an upper bound on the directional curvature of M.

™

Proposition 3 (Proposition 6.1 in|Niyogi et al. [2008]]). Let M C R? be a submanifold, and )., an
arc-length parametrized geodesic of M. Then for all t > 0,

H}/A;,V(I)H < 1/TM.
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The reach further provides an upper bound on the injectivity radius and the sectional curvature
of M; see Proposition A.1. part (i1) and (iii) respectively, in Aamari et al.| [2017]]. Hence the reach
is a quantity that characterizes the overall structure of M and, as argued in Aamari et al. [2017],
captures structural properties of M of both global and local nature. In particular, assuming a
lower bound on the reach prevents the manifold from being nearly self-intersecting or from having
portions with very high curvature [Aamar et al., 2017, Theorem 3.4]. In the next section, we
describe how to use the reach condition to ensure that the union of restricted balls is contractible,
which in turn allows us to apply the Nerve theorem to recover the homology of the target space X.

For non-smooth target spaces, the reach of the space can be equal to zero. In this case, we can
deploy a more general notion of feature size, called p-reach, introduced by Chazal et al. [2009].
For any point x € R?\ X, let 't (x) be the set of points in X closest to x. Let ®x(x) be the center
of I'x(x). Then, for x € RY\ X, the generalized gradient of the distance function x — d(x,X) is

defined as
_ x—0x(x)

\Y% = 7
x(*) = — %) (7)
Then, the u-medial axis of X is defined as
Med, (X) = {x € RI\X: [Vx()]| < .}, (®)
Finally, the pi-reach of X is defined as the minimal distance from X to Med,, (X).
Definition 4. The pi-reach of a compact set X C R is defined as
U . .
Ty = inf d (¢,Med, (A)) = f —x||- 9
X ;gX <q7 © ,u( )) qEchéII%/Iedu (A) Hq X|| ( )

Note that if 4 = 1, the corresponding p-reach is equal to the reach of X.

2.2 Restricted versus Ambient balls

It is important to point out that the nerve theorem needs not apply to the Cech complex built using
ambient, as opposed, to restricted balls. In particular, the homology of X, may not be correctly
recovered using unions of ambient balls even if the point cloud is dense in X and the radii of the
balls all vanish. We elucidate this point in the next example. Below, By«(x,r) denotes the open
ambient ball in R? centered at x and of radius r > 0.

Example 4. Let X = (dBg2(0,1)) N {x € R? : xo > 0} be a semicircle in R%. Let € € (0,1) be

fixed, and let Xy, X, be points on X satisfying | X, — Xz € (8\/4 — 82,28). Then, By (X;,€) N

Bg2 (X2, €) is nonempty but has an empty intersection with X. Now, choose p < d(X, Bg2(X1,€)N
Bg2(X2,€)) and choose 2y C X be dense enough so that | ¢ o; Bg2(x,p) covers X. Now, consider
the union of ambient balls

(IB%Rz(th)UIB%Rz(Xz,s)) U( U BRz(x,p)> . (10)

xeZy
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Figure 2: An example in which the union of balls is different from the underlying space in terms of homotopy
and homology. In the figure, the union of balls deformation retracts to a circle, hence its homotopy and
homology is different from the underlying semicircle.

Then from the fact p < d (X, Bg2(X1,€) NBg2(X2,€)) and Uye 2;, Br2 (x, p) covering X, we have
that the union of balls in is homotopic to a circle, hence its homotopy and homology is different
from the semicircle X. Note that the above construction union of balls holds for all choices of
g € (0,1). Since p — 0 as € — 0, 2( can be arbitrary dense in X. See Figure 2}

3 The nerve theorem for Euclidean sets of positive reach

In order to apply the nerve theorem to the Cech complex built on restricted balls, it is enough to
check whether any finite intersection of the restricted balls ﬂ’]‘-zl Bx (xj,7x;) is contractible (since
X is a subset of R? and is endowed with the subspace topology, it is paracompact.)

Theoremis the main statement of this paper and shows that if a subset X C R has a positive
reach 7 > 0, any non-empty intersection of restricted balls is contractible if the radii are small
enough compared to the reach 7.

Theorem 5. Let X C RY be a subset with reach © > 0 and let 2" C RY be a set of points. Let
{re>0:x€ 2} be a set of radii indexed by x € 2. Then, if ry < \/7%+ (1 —dx(x))? for all
x € Z', any nonempty intersection of restricted balls (\,c;Bx (x,ry) for I C 2 is contractible.

Therefore, by combining Theorem E] and the Nerve Theorem (Theorem , we can establish
that the topology of the subspace X can be recovered by the corresponding restricted Cech complex
éechx(% ,r), provided the radii of the balls are not too large with respect to the reach. This result
is summarized in the following corollary.

Corollary 6 (Nerve Theorem on the restricted balls). Under the same condition in Theorem
suppose the union of restricted balls covers the target space X, that is,

Xc | Bx(x,r). (11)
xex
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Figure 3: An example in which Bx (X1,r) UBx (Xa,r) is not homotopic equivalent to Cechy (%, r) where
X={xeR?*: |x|=1}, X =(—1+¢,0), X2 = (1—€,0) and r > \/1+ (1 — €)?, for any € > 0.

Ifre < /T2 + (T —dx(x))? for all x € Z, then X is homotopy equivalent to the restricted Cech
complex Cechx (2 ,r).

The reach condition r, < /724 (7 — dx(x))? is tight as the following example shows that the
target space X is not homotopy equivalent to the Cech complex when max,¢c -, > /72 + (7 — dx (x))2.

Example 7. Let X be a unit Euclidean sphere in R, andfixe >0. Let X1 := (1—¢€,0,...,0),X; :=
(—=1+4+¢€,0,...,0) € R? be two points in RY. For a unit Euclidean sphere, the reach is equal to

2
its radius 1. Therefore, if r = (r1,r;) € (0, 14 (1 —8)2} and X C Bx(X1,r1) UBx(X2, 1),

Bx (X1,71) UBx(X2,r2) is homotopic equivalent to Cechy (Zy,r) by Corollary {6, However, if

ri,ra >/ 1+ (1—¢€)2 Bx(X1,r) UBx (X2, r2) = X but Cechx (2, r) ~ 0. Figure|3|illustrate the
2-dimensional case.

4 Deformation retraction on positive (i-reach

The positive reach condition is critical for the nerve theorem on the restricted Cech complex. And
it is not easily generalized to the positive u-reach condition. Instead, we find a positive reach set
that approximates the positive f-reach set.

The set we will use to approximate positive u-reach set is the double offset Chazal et al. [2007]].
For r > 0, an r-offset X" of a set X is the collection of all points that are within r distance to X, that
is, X" := J,ex Bra (1, 7). The double offset is to take offset, take complement, take offset, and take
complement, that is, X" := (((X")£)*)C. Roughly speaking, it is to inflate your set first, and then
deflate your set, so that sharp corners become smooth. See Chazal et al. [2007] for more details.

To see the topological relation between the target space X of positive p-reach and its double
offset, we first need to understand the topological relation between the positive u-reach set and its



offset. Homotopic relationship between offsets X" and X* are well known for positive pt-reach set
(see e.g.,|Grove| [1993] or Proposition 3.4 in Chazal and Lieutier| [2005]), but the correspondence
to the original set X is not known before. Theorem [§ which is one of main theorems in our paper,
asserts that the homotopy equivalence exists between the positive t-reach set and its offset when
the offset size is not large.

Theorem 8. Let X be a set with positive p-reach t, > 0. For r < 7y, X, := U, cx B(x,7) deforma-
tion retracts to X. In particular, X and X, are homotopy equivalent.

To set up the homotopy equivalent of the positive p-reach set and its double offset, we need
another tool for finding the homotopy equivalence of the complement set.

Lemma 9. Let X be a set with positive reach T > 0. Forr < 7, xC deformation retracts to (X" )C.
In particular, X° and (X’)B are homotopic.

Now, combining Theorem [§|and Lemma [9] gives the desired homotopy equivalent between the
target set of positive u-reach and its double offset, where the double offset has a positive reach.

Corollary 10. Let X be a set with positive [-reach T, > 0. For r,;s > 0 with s <, let X :=

(XN be a double offset of X. If s < ur, then X deformation retracts to X, with a positive
reach as
reach(X") > s.

S Homotopy Reconstruction via Cech complex and Rips com-
plex

We first reprove the well-known interleaving relationship of the ambient Cech complex and the
Rips complex. The interleaving result when all radii are the same is well known (e.g., see Theorem
2.5 in|de Silva and Ghrist [2007]]). With the same proof technique, we are extending to the different
radii case.

Lemma 11. Let 2~ C RY be a set of points. Let {ry >0:x € 2} be a set of radii indexed by
x€ Z. Then,
2d

Cechga(Z,r) C Rips(Z ,r) C Cechpa (%, 01 r> :

To recover the homotopy of the target set via the ambient Cech complex and the Rips complex,
we utilize the restricted Cech complex. Hence, we set up the interleaving relationship between the
the restricted Cech complex and the ambient Cech complex, and between the

Lemma 12. Let X C R? be a subset with reach T > 0 and let 2 C RY be a set of points. Let
{ry >0:x€ 2} be a set of radii indexed by x € Z". Then,

Cechyx (2 ,r) C Cechga (% ,r) C Cechx (Z,r),

8



where ¥’ = {rl. > 0:x € 2"} with v, = \/2r2 + dx (x)(2t — dx(x)). And also,

Cechx (2 ,r) C Rips(Z",r) C Cechx (2 ,r"),

wherer" ={r! >0:x€ X} withr! = d+1 r2 + dx (x)(27 — dx(x)).

Combining Lemma|l 1| and 12| together with Nerve Theorem on a positive reach set (Corollary

gives the homotopy equivalece between the target space and the ambient Cech complex. Theo-

rem [I3]asserts that when the target space is densely covered by the data points and if they are not
too far apart, the ambient Cech complex can be used to recover the homotopy type.

Theorem 13. Let X C R? be a subset with reach © > 0 and let 2~ C R? be a set of points. Let
{re >0:x€ 2} be a set of radii indexed by x € 2, and let € :== max{dx(x) : x € Z"}. Suppose
X is covered by the union of balls centered at x € 2" and radius 6 as

Xc |J Br(x,8).
xeZ

Suppose that for all x € Z', the radius ry is bounded as
ry < T—dx(x). (12)

Also, suppose O satisfies the following condition:

2
1 2
O+ p|r2ax +€R2T—€)— — | Fmin— Tmax —€—=06 | <rmn,
4 T—e+/(T—€)2 =12

l /2 d+1 \/mm et—¢) 27(r mm+e(2r—s)) (13)
=2 2r+\/4rz—

r2. +e2r—¢))

Then X is homotopy equivalent to the ambient Cech complex éeCI’le (2 ,r).

Similar approach also gives the homotopy equivalece between the target space and the Rips
complex, as in Theorem [T4]

Theorem 14. Let X C R? be a subset with reach © > 0 and let 2~ C R? be a set of points. Let
{re >0:x€ 2} be a set of radii indexed by x € 2, and let € :== max{dx(x) : x € Z"}. Suppose
X is covered by the union of balls centered at x € 2" and radius 6 as

Xc | Br(x,8).
xeZ

Suppose that for all x € Z', the radius ry is bounded as

d+1
n<y o (T dx (). (14)

9



Also, suppose O satisfies the following condition:

1 21'( @) max+8(21—8)>

0 <rmin— = )
f+\/12_ (%rgnaers(Zr—s))

2 _ —
S l 2(d+ 1) \/rmin 8(2T 8) . ZT( mln+£(2T 8)) . (15)
2|V 4 2 2t f412 -2

(r2,, +€e(2T—¢))

Then X is homotopy equivalent to the Rips complex Rips(Z,r).

Example 15. Let X C R? be the unit sphere in RY, and let 2 = {X1,...,X;.1} C (1 — €)X be

all equal, so that X;’s form the regular d-dimensional simplex. Then HXI' —-X ]|| = @(1 —€).
For a unit Euclidean sphere X, the reach is equal to its radius 1.

For the ambient Cech complex, if r € (0,1 — el and X UL Bx (Xi, i), then U, Bx (Xi, 1)
is homotopic equivalent to Cechsx (3&” r) by Theorem . However, if ry, > 1— € for all i, then
0 € N ' Bga(Xi,rx,), and hence Cechga (2 ,r) =27 and Cechga (% ,r) ~ 0, while d — 1-th

homology group of X is Hy_1(X) = Z, so X and Cechga (2, r) are not homotopy equivalent.
d+1

For the Rips complex, if r € (O \/ dil(l — 8)} and X C U"ZH Bx (Xi, ri), then Ud+1 Bx (Xi, ri)

is homotopic equivalent to Cechsx (Z,r) by Theorem . However, if ry, > (1 —¢€) for all i,

then || X; — X | = djl)(l — &) <rx, +rx;, and hence Rips (Z',r) = 2% andRips(%,r) ~ 0,
while d — 1-th homology group of X is Hy_1(X) = Z, so X and Rips(Z",r) are not homotopy
equivalent.

Corollary 16. Let X C RY be a subset with positive [L-reach Ty > 0and let ' C R? be a set of

max+€

points. Let {r, >0:x € 2} be a set of radii indexed by x € X' Let Y := (((X 1 )b)rmate)l
be the double offset, and let and let € := max{dx(x) : x € Z"}. Suppose Y is covered by the union
of balls centered at x € 2 and radius & as

Yc | Ba,o),
xed

and also covered by the union of balls centered at x € 2" and radius ry as

Y C U Br(x,ry).
xeZ

10



1. Suppose 8 satisfies the following condition:

1
6+\/max+8 2rmax+8 4(rmm Ymax — 8_5)2§rmin7

<1 /2 d+1\/mm €(2rmax + €)
_2

2t(r?, +€(2T1—¢))
27+ \/4(rmax+£) —2(2. +e(2t—¢))

Then X is homotopy equivalent to the ambient Cech complex éechRd (2 ,r).

2. Suppose 0 satisfies the following condition:

2<rmax + 8) (%I}Znax + S(Zrmax + 8))

agrmin__

?

(Fmax +€) + \/(”max‘l‘g)2 - (2((1611) max+8(2rmax+8)>

s< | [2(d+1) [r2. —&(2rmax +€)
~2 d 2

27(r2 reo 8(2rmax +¢))
27+ \/41'2 —2(r2. 4+ €(2rmax +€))

Then X is homotopy equivalent to the Rips complex Rips(Z ,r).

We end this section by introducing a sampling condition in which we can guarantee the cover-
ing conditions in Corollary 6| and Theorem[[3] [I4]are satisfied. Let P be the sampling distribution
on X. We assume that there exist positive constants a, b and &y such that, for all x € X, the following
inequality holds:

P(Bga(x,€)) > ag®, Ve e (0,g). (16)

This condition on P is also known as the (a,b)-condition or the standard condition |Cuevas and
Rodriguez-Casal [2004], Cuevas| [2009]], Chazal et al.|[2018]]. It is satisfied, for example, if X is a
smooth manifold of dimension » and P has a density with respect to the Hausdorff measure on it
bounded from below by a.

Under this condition, we have the following covering lemma.

Lemma 17. Let {r, = (ru.1,...,"nn) }nen be a triangular array of positive numbers. For each n,
suppose the minimum of radii can be bounded as
1/b
logn
2 (i> < minry; < 26 (17)
an i

11



Then the probability of the samples forming an r,-covering of X is bounded as

n

1

P (X C UBRd(thn,i)) >1-— 2blogn. (18)
i=1

6 Discussion and Conclusion

So far, when the target space X has positive y-reach t# and the data points 2" being contained in
the e-offset X€ of X, this paper investigated the conditions under which the ambient Cech complex
Cechga (.2, r) and the Rips complex Rips(.2",r) are homotopic to the target space X. In this
section, we further discuss our result and compare it with previous results. For comparison purpose,
we consider the case when all the radii r,’s are equal, and we denote that as r. When all the radii’s
are equal, an analogous homotopic relation between the ambient Cech complex CechRd (Z,r) and
the target space X were presented in |Attali et al.| [2013]] and Niyogi et al.| [2008]].

First, we compare the upper bound for the maximum parameter value r in éechRd(% ,F) or
Rips(Z7,r). When u = 1 so that we have the positive reach condition T# = 7, our result suggests

that the homotopic relations hold when r < 7 — € for CechRd(% ,r) and r < ,/%(T —¢) for

Rips(Z",r). As we have seen, these bounds are optimal bounds. In Niyogi et al.[ [2008]], such a
(t+€)+V1+er—61¢
2

bound for Cechga (2, r) in Proposition 7.1 is . Then our bound is strictly sharper

than this when € > 0 since

(t+¢&)+V124€e2—61¢ _ (t4+€)+V12+9e2—6Te

5 5 T—E.

In|Attali et al. [2013]], a necessary condition for éechRd(% ,r) in Section 5.3 is r < T — 3¢, so our
upper bound is strictly better when € > 0.
Second, we compare the condition for the maximum possible ratio of Hausdorff distance

dy (X, Z") and the p-reach 4. In our notation, dy (X, 2") = max{8,e}. For our case, the up-
per bound for the ratio p := &T’m is the root coming from the bound: for éechx(% ,1), it is the

maximum value p that satisfies both conditions below:

pt (2 ep—p)- (D)~

for some % € (0,1],

p<l \/2(d+1)\/(1—p)2—p(2f—p)_ 2((1-p)*+p(2—p))
2 d 2 2+v/4-2((1-p)*+p(2-p)) )
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For Rips(.Z",r), it is the maximum value p that satisfies both conditions below:

p<y/ St 0-p)- 2(10-pPip—p)
l—l—\/l— 1_ +p(2_p))
pgl 2(d+1)\/%(1—l))2—p(27:—p)
2 d 2

With the aid of computer program, we can check that CeChRd(% ,r) is homotopy equivalent to
X when M < 0.01126---. This result is worse than 3 — /8 ~ 0.1716--- in Proposition

7.1 in Niyogi et al.| [2008]] or %ﬁ ~ 0.1300--- in Section 5.3 in |Attali et al. [2013]]. Again
with the aid of computer program, we can check that Rips(.Z",r) is homotopy equivalent to X

when 4C22) < 0.03982 . This result is better than 2Y2-2=¥2 ~0.03412. - in Section 5.3
in/Attali et al.| [2013]].

In the asymptotics, as we sample more and more points from the target space, .2 forms a dense
cover on X, i.e. sup,cx infye o [|x —y[| — 0. Still, the Hausdorff distance dy (X, 2”) need not goes
to 0 when we have noisy sample distribution, i.e. sup,c - infyex ||x —y|| - 0. In our notation,
0 — 0 but € does not converges to 0. For this case, the upper bound for the ratio is again coming
from the bound: for Cechx(% ,1), it is the maximum value p that satisfies both conditions below:

e A (A

for some % € (0,1],

o< ! \/2(d+1)\/(1—p)2—p(2f—p)_ 2(1-p)>+p(2—p))
2 d 2 2+4/4-2((1-p)>+p(2-p))

13



For Rips(.Z",r), it is the maximum value p that satisfies both conditions below:

o< /i, )_1 2(3 (l—p) +p(2—p))
2d 1+/1- (A1 -p)+p(2- )

L[ @+ \/d“ —p<2r )
_2

2(%(1—p)2+p(2—p))
2+\/4 2(5H(1=p)2+p(2-p))

With the aid of computer program, we can check that CeChRd(% ,r) is homotopy equivalent to
X when &T’%) M <
0.06700- - -.

Finally, we emphasize that our result also allows the radii {ry},c 2 to vary across the ob-
servation points x € 2 . Considering different radii is practically of interest if each data point has
different importance. For example, one might want to use large radius on the flat and sparse region,
while to use small radius on the spiky and dense region. However, there are significant technical
difficulties to allow different radius per each data point. As can be seen in Figure |2, too uneven
distribution of radii might lead to nonhomotopic between the Cech complex or the Rips complex
with the target space. It has been studied in Chazal and Lieutier| [2008]] for the union of balls under
the reach condition, but not the Rips complex or under u-reach case. Theorem [I4] or Corollary
[16] first tackles this homotopy reconstruction problem with different radii. for the Rips complex or
under the mu-reach condition.

< 0.1096---, and Rips(.Z",r) is homotopy equivalent to X when
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A Projection on a Positive Reach set

We first start with a simple calculation of the distance from one point of a triangle to another point
lying on the opposite side.

Claim 18. Let x,x1,...,x; € R and Ay,..., Ay € [0,1] with ¥, A; = 1. Then

3 Aaws =) = v X Al =31 = L i [ =
Proof of Claim The distance from Y A;x; to x can be expanded as
| X5 A =
= [IX 240 =)

:Z?Ll-zHx,'—x\|2+221ilj<xi—x,xj—x>. (19)

Then applying the identity 2 (x; — x,x; —x) = [|x; —x|*+ ij —xHZ — Hxi —xsz to gives
1Y Ay — ]2 = ¥ s — 2l = ¥ A s — x|
and the claim directly follows. 0

Given a line segment whose endpoints are on A, Lemma/[I9] gives a bound on the distance from
any point on that segment to its projection on A. See Figure A

Lemma 19. Let A C R? be a set with reach © > 0, and let x1,...,x;y € R? with da(x;) < T. Let
Aty A €10,1] with Y A; = 1, and let u := Y Aix; be such that d(u,A) < . Then

|| — 74 (u)| ST—\/<ZA (T—da(x)) le Hxl XJH )

Proof of Lemma[l9) If ma(u) = u, then there is nothing to prove. Now, suppose 4 (u) # u, and
let w:= ma(u) + T% Then, we have that ||w — s (u)|| = 7and w —u = (M> (u—

(1707 (1) —u]
ma(u)). Since ||u—mq(u)|| < 7, it follows that (w—u,u—ma(u)) = ||w—ul||ju— ms(u )|| and
)+ o — ] = o~ 0. s i Figureld, Since e () + o — ma ()| 2 ) =

7ta(u) and 7a (1) + r% ¢ Med(A) for all r < 7, Theorem 4.8 (2) and (6) in Federer| [1959]

imply that e
. u—my(u) el
& (”A(”” ||u—nA<u>||) )

for all » < 7. Thus, B(w,7) NA = 0 and we can conclude that ||w—x;|| > T —da(x;). Applying
Claim[18]to ||w — ul| yields that

Hw—uuzmiuxi—wuz—zmjsz-—xjHZ
> \(Eade—datw = ik o) -

17



L T ®

W e

Figure 4: Bound on the distance from any point on the segment to its projection on A, as in Lemma
19|

Then, ||u— ms(u)|| = ||w— ma(u)|| — ||w — u|| implies that

et — 74 () || < 7 — WZA,-(T—dA(x,—))z—Z%% HXi—xjHZL-
]

In order to prove the contractibility, we will show that if two points in A belong to a ball of
sufficiently small radius then the projection onto A of any point along the path connecting them
also lies inside the ball. In particular, we will show that when two points y,z € A are in a ball with
the center x, then for any point u on the line segment connecting y and z, its projection s (u) to A
is also in the ball by bounding its distance to x as

= ma(w)l] < /Ay —x[2+ (1= A) = x|% 20)

where A € [0, 1] is a number satisfying u := Ay+ (1 —2)z.
Extension of Theorem 4.8 (7) in Federer [[1959].

Claim 20. Let A C RY be a set, and x,y € RY withx,y € Unp(A), and da(x) < T, :=reach(A, 14 (y)).

Then
2
o mm) o = A g (1-57 ).
Proof. Assume m4(y) # y and let
V= }%(Ay()y), S={t>0:my(ms(y)+1tv) =ms(y)}.

Then ||y — m4(y)|| € S implies supS > 0, and then Theorem 4.8 (6) in Federer [1959] implies that

sup$ > 1.

18



Now, if r € S, then w4 (m4(y) +1v) = ma(y) implies

1724 (v) +2v = x]| = [[7a (y) +2v = Ta OO || = [lx = A ()| = (|74 () +1v = A (V) | = da (x) =1 = da ().
Then additionally under ¢ > d4(x), squaring and expanding gives

|7t (y) —x||2 +21 (0, A (y) —x) 12 > (t —da(x))*.

Rearranging this gives

) - 2 IO gy (1 40,

Hence under the condition 7, > dj(x), applying v = |I§ :Zj g gl\ and sending 7 — T, gives

e x
Y= ma(y), ma(y) —x) > — S 2ryH o A0 (1 N dg—iy)> '

]

The situation in which the center of the ball lies on the set A, we will rely on a slight modifica-
tion of Theorem 4.8 (8) in|[Federer| [1959]].

Lemma 21. Let A C R? be a set, and x,y € RY withx,y € Unp(A), and da(x) < T, :=reach(A, ms(y)).
Then

b= m ()] < \/ o (o) (41020000 + A5 ).

da(y) Ty

Proof of Lemma[21] From above claim,

ma) —xlPdaly)
27,

(y—ma(y), ma(y) —x) >

Hence ||x — y||* can be expanded and lower bounded as

2 2 2
=yl = Iy = )" + |4 (v) — x|

> da(y)* + | 7a (y) — I (1 - dA(y)) —2da (x)da(y) (1 - dA(x)) .

By rearranging, we obtain that

X 2
=m0l < \/ P—r (=17 = aa0) ()~ 20000 + 487 ) ).

da(y)
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Lemma 22. Let A C RY be a set, and x,u € R? with x,u € Unp(A), and da(x) < T, :=reach(A, ms (u)).
Suppose that ||x — u|| < 1, —da(x). Then

[l = 72 (u) |

20 (Jlu = x| +da(x) (27— da (1)) )

<

- ’L'+\/’L'2—<||u—x||2—|—dA(x)(2T—dA(x))>

—d(x) (2T —ds(x))

Z, (2 et —x||? + da (x) (27, —dA(x)))
T+ \/rg— (= x|+ da () (2, — da(x)))
V2-1

T

< min

Y

2
(% ot = 1P+ da(x) (27— da () + = (JJu— x|+ da(x) <2r—dA<x>>))

1

—da(x) (2T —da (x))>

Proof of Lemma[22] First, considering Lemma [21] gives

x 2
I — 74 ()| < \/#A(u) (Hu—x||2—dA(u) <dA(u)—2dA(x)+dA(T) )) 21)

For further bounding (21)), let 7, := |ju—x|| and 74 := 2da(x) — 440 for convenience. Now,

T
consider the function ,
T(F—t Fat
te0,7)— f(1):= Ur T_;HA ).

Then its derivative is
(2 =27t + 72+ 747)

f,(t): : (T—l‘)2

Hence f/(t) > 0 if and only if # < T — /12— (72 +747), and f attains its maximum at t = T —
/72 — (2 +747). Hence, for all € [0, T),

T <27§ — 2024+ 2F T+ (2T — Fa) /T2 — (P2 + 7,41’))

V= (7 +7aT)

f(1) Sf(f—\/TZ—(ngrfAr)) —

20



Hence (21) is correspondingly further upper bounded as

llx — 7 ()] < \/#A(u) (Hu—xHZ_dA(u) <dA(u) _ZdA(X)—l-dASC)Z))

T <2f}t — 2724274 T+ (2T — 74) /T2 — (72 +7AT)>
B V12— (R4 747)

= \/r <21—fA—2\/T2—(Fﬁ+fAr))

2‘5(7’3—}—?141') ZT
= —Fa
T4+ /12— (F2+F4T)

2T <||u—x||2+dA(x) (2f—dA(X))>
_ —ds(x) (2T —da(x)).

ey (lu—alP - da) 2 - da ()

And this is again further bounded in twofold. First, we bound as

2T(P2 +FatT
= )] < Gt 74D o
T4+ /12— (F2+747T)

21’?5—1—(1’—\/1'2 (72 rAr)>FAT
- T4 /12— (F2 + 74 T)
< T(272 +7aT)
T\t (Rt 1)
T<2Hu—x||2+dA(x)(ZT—dA(x)))
e 2 (P4 da (o) (25— da(0)

Second, let 7 := \/||u —x||* +dy(x) (2T — da(x)), then 7 < 7 and

e 2 (P4 da(o) (25— da(o)
=VT(VT+Fi—VT—F).

+ ) VT (VTH+i—+/T—1)ont €[0,7], then /(1) = (1+2(‘/%’1)t)—
f () ﬁ‘”—%((r )2 — (r-i—t)*i),andf”’(t):—%E((r—t)*%—i-

T

2¢ (fju— x| +da () (27 — da (x)) 2n~ _ forte-

Now, let f(¢) := <1
2 (A7)
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(’H—t)_%) < 0. Hence f”(t) is monotonically decreasing on [0, T), and f”(0) > 0, lim,_,; f”'(¢) <0
implies that there exists #, € (0,7) such that f”(r) > 0ift <1, and f”(r) <0ift > 1. Then, f'(1)
is increasing on [0,7,] and is decreasing on [t,, 7). Then f’(0) = 0 and lim,_,; f'(¢) < O implies that
there exists ¢ € (f2,7) such that f/(r) > 0ifr <t and f'(r) < 0if t > 1. Since f(0) = f(1) =0,
this implies that f(¢) > 0 for all ¢ € [0, 7]. Hence

2t (Jlu =2 + da () (27~ da (1))
w72 (lu—alP - da ) 2 da ()

=VE(¢?I?—v?i7y§<f+

and applying this gives

[l = 7 (u) |

S\/ 2T(F247aT) it

T+ /12— (2 +74T)

2
< J (¢ o =117+ da (x) (27 — da(x)) + ﬂf‘l (M= x|+ da () <2r—dA<x>>)> —da(x) (20— da(¥)).

O

Lemma 23. Let A C R? be a set with reach T > 0. Let x; € RY, A; € [0,1] with Y A; = 1, and let
u:=Y Aix;. Let x € RY with ||x — x| < \/(T—dA(x))2 + (T —dy(x;))*. Then

o — 4 (0| < minWZzi (Il =1+ da () (27 = da () )

\/2 ||lx — u||2+dA(x) (2T—dA(x))} )

Suppose further that Y A; <||x,- —u||* 4+ 27da (x;) — dy (x,-)2> < |lx — ul|* +27dy (x) —da (x)2, then

e a0
< (L (I =l +-da () (27— da(x)))
T

V(T — da ()~ LA

—1

(ccu +Zl<r @xg-qm—ﬂﬁ)

Proof of Lemma[23) Let r:= /¥ 4;||x; — x||*, then r < \/(’L’ —dy(x))? + X A (t—da(x;))*. Then
from Claim [T8]
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2 2
o=l = /Y A s — x> = ¥ A i — ]
— /=Ll @
Again applying Claim gives that ¥ A; ||x; — u||* = ¥ A; ||x; — u/|*, and hence
o= a4+ 3 e — ][ = 72,

Then r < \/(T —ds(x))? + X A (T —da(x;))* implies that either |x — ul| < T—dy(x) or ||x; —u|| <
T —d4 (x;) for some i,and hence d4 (1) < 7 holds for either case. Hence applying Lemmaimplies
that

(= A §r—\/<7:2 Y ida(xi) (27 —da(xi)) = Y Ai||xi — uf ) (23)

Now, considering Lemma [21] gives

x 2
e — 74 ()| < \/#A(u) (Hu—x||2—dA(u) (dA(u)_sz(deA(T) )) (24)

For further bounding (24)), let

Fu o= [lu—x|,
2
Tp = 2dA(x) dAi_X) )
Py 1= \/Z)LdA (xi)( 2r—dA(x,-))+Z7Li||xi—u||2,

for convenience. Now, consider the function

T(72 — 12 4+ qt)
T—t ’

€ [O,T— (Tz—f§Z)+ = f(t) =

Then its derivative is
T(1? = 2Tt + 72 + 74 T)

(t—1)?

Hence if 7 + 74T > t2 then f'(t) > 0 holds for all 1 € [0, T— /(12 —72) )+ ,and if 72 + 74T < 72

then f'(r) > 0 if and only if # < T — /72 — (P2 +74T). Hence if 75, < T%,77 4 747 then f attains

fl) =

its maximum at t = 7 — /72 — 72, and if 7, + 74T < 7,7, then f attains its maximum at 7 = T —

/72 — (72 +747). Hence by letting 7 := min{\/72 + 74T, .}, for all t € [O, T— /(72— §Z)+

T (7§+72—2’52+7Ar+ (2T —74) r2—72>

f(f)§f<r— 12_72>:
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Hence with (23), (24) is correspondingly further upper bounded as

)2
[l — 74 () || < \/#A(u) (||”—x||2—dA(“) (dA(M) _ZdA(X)‘f‘dAi) ))

J T<F§+72—212+7AT+(21—FA) 12—72)
<

:\/75+f2—(2r2—75—72—m)( - —1)- (25

Now, 7’5 +72 s upper bounded as
Fat P <Pt
= [l — x| + Y Aida (x:) (27 — da (x)) + Y Ak [l — x5 |
= (2= YAy i — 7)Y Aada () (2 — dia () + 3 Aid o — x|
=r’+ Z?LidA (xi)(2T —da(x;))
=32 (Il =2l + da () (27— da(x)) )
<Y Ai(t—da(x))
And hence
PP+ it
<P 4 Y Aida () (27 — da (i) +da(x) (27 — da (x))
<(T—da()* + Y A (T —da(x1)> + ¥ Aida (x1) (2T — da (x;)) + da(x) (27 — da(x))
<2172

applying this to (23]) gives the desired upper bound as

= ma(w)l| < /R +72 < (/272 4 74

< \/ZHM—XHZ—i-dA(X)(ZT_dA(x))'

= ma(w)]| < /72 + 7

< \/7‘2 + Z;LidA (xi) (21’ — dA (xi))
= T (sl 4 ) 27— da ).

And also,
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Now, under further assumption that }" A; (Hu —xi||? +27dy (x;) — da (xi)2> < |u— x||* +27dy (x) —

d(x)?, this is equivalent to ,,2 < 724 74T, 50

ot P =Rt A = Y (Il o da () (27 — da(x)

and

212—72—72—7Ar

=277 —r2—r2 —7AT

=272 —Zz (Hx,—xH Fda(x )(2r da(3))) = L da () (27 — da ()

= (T—ds(x +Z)L T—da(x Z)L ||x,—x||
And hence (20) is expanded as

[l = 72 (u) |

T
72 4 72 2_ 732 _ 7%
< Rt (- T ?—1
T

ryz

= (L2 (I =2l 4+ da () 27— da ()

T
— (= da()?+ L s (T = da(w0))? = i =) -
VEA(T—daw0))? £ i — ]
[l = 74 ()]
< |Rip _(2_p_@ T 1
> ru—i—ryz—(’t — I, — ryz) T—
272
2 Lod 21 —d 2_0_ 2 P
= + ) Aida(xi)(2T —da(x;)) — (17 =7 = F
\ Y dida () (27— da(x1)) = (72 = 72 ”m@m)
T+ )r2
= 75+( Vo P
\ ’c+\/’c2—r
()"
Then f(1) = 72 + r+\/rr27l is an increasing function on 7 € [0, 7), so 7 < 7y, implies

25
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Now, let f(t) = 2 +12 — (12— 2 —12) <; - 1) for 7 € [0,7), then

N
12
fo)y= |t —(?-r-r)
\ \/‘L’Z—t2<f—|—\/’62—t2>
(T—I—i>t2
|24 V212
R VLI

Then it is apparent that f(¢) is an increasing function of ¢, so f(7) < f(7,;) holds. Hence applying
this gives

[l = 74 ()]

T
) 2_R_R
< (Rt (TR ) T—l
T2 —F
¥z

= (L0 (Il =2l + da () 27 — da ()
(2= L (I —xIP ) 27— da(x))) )

o=

X ! -1

\/‘L’2 —ZlidA(xi)(TE —dA()Ci)) —Zlikj Hx,- —xjH2

B Proofs for Section

Theorem Let X C R? be a subset with reach © > 0 and let 2~ C R? be a set of points. Let
{re>0:x€ 2} be a set of radii indexed by x € 2. Then, if ry < \/t%+ (1 —dx(x))? for all
x € 2, any nonempty intersection of restricted balls (\,c; Bx (x, ry) for I C 2" is contractible.

Proof of Theorem[3] Fix x € I and write By := Bpa(x,ry). Let yi,y2 € ByNX. Let[: [0,1] — By
with [(t) =ty; + (1 —1)y, be the line segment joining y and y,, and define the curve 7y, , : [0, 1] —
Xas y(t) = mwx(I(t)). Theorem 4.8 (4) in Federer| [1959] implies that y is continuous.

Now we argue that ¥, ,,(t) € By, for t € [0,1]. For notational convenience, let y =7, ,, here.
Then since y;,y2 € ByNX, dx(y1) = dx(y2) =0 and ||x—y;||,||x—y2|| < ry, hence applying
Lemma[21] gives,

lx—y(@)] < \/t le=y1l? + (1 =1) Jx=y2* < .
Hence ¥(t) = ¥,.y,(¢) € Bx.
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Now, fix yo € (ByNX, and define the map F : (ﬂBxﬂX) x [0,1] — (ﬂBxﬂX) as

xel xel xel
F(y,t) = %,.,(t). Since 7, is continuous and, as we have shown above, %,,(f) € B NX
xel
for all 7, F is a well-defined, continuous map. As F(y,0) =y and F(y,yo) = yo forall y € (| ByNA,
x€l
the intersection () B, N X is contractible. [
xel

C Proofs for Section 4

Proof of Theorem[8} For each x € X,\X, there exists a vector field W, : U, — R? defined on a
neighborhood U, of x such that for any y € U,,

We(3), Vo) <=5 IIVO)I-

=

From the open cover {U,} D X,\X, take a locally finite covering {Uy, }, and take a smooth partition
of unity {p;} subordinate to {U,,}. Then we define a vector field W : X,\X — R as

WIZPiWi-

Then note that for any x € X\ X,

W (), V() = (LpWi(x), V() < =5 [V

Now, let D C (X,\X) x [0,0) be the set of points (x,s) such that an integral curve y*, i.e. y*(0) =x
and (y*)'(t) = W(y*(¢)), exists on an interval containing [0,s]. let ¥ : D C (X, \X) x [0,00) —
X, \X be the flow of W on D, i.e. y(x,s) = y*(s). From W being smooth, D is an open set in
(X,\X) % [0,00) and y is smooth on D from the fundamental theorem on flows.

Now, note that

L (i) < <V(w(x,s)>,%w<x,t)> (Y (p(x,)), W ((x,5)))
u u?
<-3 V(x)[| < -5

Hence dx is strictly decreasing along the integral curve y~*.

Let D, := {5 € [0,00) : (x,s5) € D}, then Dy is a connected open set in [0, o), and above implies
that s, := supDy < ixz—(fz) < % < 0, 30 Dy = [0,s,). And since ||(y*) (s)]| = [|W (¥*(s))]] < oo,
y*([0,sy)) is a curve of finite length. Hence there exists a limit y*(s,) := lim;_,, Yy*(s), and we
can extend y* continuously on [0,0) by y*(s) = y*(sy) if s > s,. Using this, we extend y on
X, % [0,00) as

(), ifxe X\X,
Vixs) = {x, ifx € X.
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Now we show that y is continuous on X, x [0,e0). If (xg,s0) € D, then y is smooth on an open
set D, so y is continuous at (xg,sg). When xo € X,\X and sg ¢ Dy, let p, > 0 be small enough

so that B(xo, px) X [O,sx0 - %28] C D and |y (x,s) — y(xg,s50)| < “ng for all (x,s) € B(xo,px) X
[O,Sxo — %28} . Then for any x € B(xo, px),

2
dx <l[/ (x,sxO — %8))

2 2
S dX <W <X7SXQ - %8>) —dX (W (X(),SXO - %8>) ‘
2
+ |dx (Vf (x07sx0 - §8)) —dx(llf(xo,sxo))‘ +dx (y(x0,5x)))
- 4

and hence

2 2
Sx— (sxo — %8)’ < £. Hence for ||x — xo|| < px and [|s —so|| < €,

[y (x,5) — w(xo,50)||

2 2 2
(o) o) v

‘u2
+ Hl// (x07SXQ - ?8> - W(XO,SO)

2 2
e u’e u’e
<—4+—4+—<E.
-2 + 8 + 8
2 2
Hence V is continuous at (xo,s0). When xo € X, let x € B(xo, 5-€). Then dx (x) < ¢, s0 s, < §.

Then for any x € B(xo, “Tze) and for any s > 0,

Hence v is continuous at (xg, o).

Now, we define the deformation retract H : X, x [0,1] — X, as H(x,t) =y (x, %t) Then,
H(x,0) = x for all x € X, and H(x,7) = x for all x € X. Also, since s, < % for all x, H(x,1) =
74 (x, %) € X for all x € X,. Also, H is continuous since ¥ is continuous. Hence H gives the

deformation retract from X, to X.
]

Proof of Lemma9, For x € XL, let 7, := reach(X, 7 (x)), and let the function v : XC — (X")C be

e ml),
oG] & )

v(x) =
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Then, note that y is continuous on xC. Also,

() — 72 ()] = (1 G ”“”“”””) P——

[ — 7 (x) |
=max {r, ||x— wx(x)||} > r,

so y(x) ¢ X', ie. w(x) € (X)L, And if x € (X")E, then ||x — 7x (x)|| > r, so w(x) = x on (X")C.
Now, we define the deformation retract H : X x [0,1] — XC as H(x,1) = (1 — t)x + ty(x).
Then, H(x,0) = x for all x € XC, H(x,) = x for all x € (X")¢, and H(x,1) € (X")C for all x € X".
Also, H is continuous since Y is continuous. Hence H gives the deformation retract from XL to
(x"E.
O

Proof of Corollary[I0} Since X has a positive p-reach t* and r < 7#, Theorem [§] implies that X
and X" are homotopy equivalent. Then, by Theorem 4.1 in Chazal et al.| [2007],

reach((X’)E) > ur.

Then, from Lemma@and s < pr, X' = ((X)BC and X7 = (((X7)¢)*)C are homotopy equivalent.
And hence, X and X"* are homotopy equivalent as well. Also, by Theorem 4.1 in (Chazal et al.
[2007]],

reach((((X")%)")%) > s.

D Proofs for Section

Lemma 24. Let X be a paracompact space, and let % = {U;}icr, %' = {U]}icp, be good covers
of X, with I C I' and U; C U! for alli € I. Let . be a simplicial complex satisfying N U C ./ C
NU'. Suppose there exists p : S — N U suchthati yo o 0p :S— S is homotopy equivalent
toidy : .S — . Then X and . are homotopy equivalent.

Proof of Lemma[24} Let ¢ : X — A% and y : N %' — X be the maps giving homotopy equiv-
alence of the Nerve Theorem. Then from Lemma 3.3 in |Chazal and Oudot| [2008]], the following

diagram commutes at homotopy level:
X
//1;/ \:>\\

N U NU'

(26)

vwu—svu

To show homotopic equivalence, we define maps ®: X — . and¥: . - XbyP=1 49 , o0
¢and ¥ =vy'o1,_, 4. Then, we need to show that ¥o P ~ idy and @ oW ~ id » on homotopy
level.
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For W o ® ~ idy, consider the diagram below:

N U
vy—svau'
SANU'
VYU —S
B

Then from 26), ¥/ o1 44, 49, © ¢ ~ idx holds, and hence

/
‘POCI)ZI[I Oly_%/V%/Olr/;/@/_xyOQ)
/
=V olyy yy°9
~ idy.

And hence W o @ ~ idx on homotopy level.
For ® oW ~ id o, consider the diagram below:

NU — N
NYSNU!
Pty vl
ILNUY .S
&

Then 1 y 9.7 0 p ~ id & from the condition, and from 26), ¢ oy o1 40, , 401 > id 44 holds,
and hence

Po¥ =1y y0hoV oly, 4y
~ g s 09OYW Ly ygrOlyy g 0P
=l U 09O Oy ygr0p
Sy 0P
~idy.

And hence ® oW ~ id » on homotopy level.
O

Lemma Let 2 C R? be a set of points. Let {ry > 0:x € 2} be a set of radii indexed by
x€ Z. Then,

5 . 2d
CechRd(%,r) C Rlps(‘%'7r) - CeChRd <%’ d+1r> )
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Proof of Lemma The first inclusion Cechga (2", 7) C Rips(:Z’, r) is trivial.

For the second inclusion, the equivalent statement is as follows: if 2" = {xo,...,x;} C R satis-
fies that Hx,- —X;j H <ri+rjforall 0 <i, j <k, then the intersection of the balls ﬂfzo Bra <xl~, . dz—f]rxl)
1s nonempty.

We first prove this for the case k < d. Consider a function f : R — R defined as

_ lxi =yl
f<y)_0rgla<k Iy,

This is continuous, and f(y) — 0 as y — oo, so f has a global minimum f(yg). Then yg € € (Z"),
since otherwise Hxi — g2y (00) || < [lxi — yol| for each x; € 2, contradicting the minimality of yp.

Let £; := x; — yo be the translated x;’s. We can find a convex combination (ag/ry,)%0 + -+
(ar/ry, )% = 0 for some j < k, after relabeling so that ag > 0 is the largest among ay, . .., a; and all

-
a;’s are nonnegative. Then —Xy = Zl | a’érx’ X;, and so

k
~ 12 a'/ri A A
—rf(00)* = = [|%oll* = Y = (fo, %)

i=1 aO/rxo
2
Then at least one i should satisfy (a;/agp) (£, %) < — M ;which can be weakened to (£, £i) <
2
_M. Putting these together gives

Feola +12) < ||Rol|” — 2 (R0, 1) + |||

2
fo)*(ri, + 7
= ||fo — &i[|* = (rao + 7))

Then from AM-GM inequality,

2 d—1 d+1 2
re + Zol +ri= 5 (rg, +1r3)+ (7(&0 +r3)+ Erx()rxi)

d—1 d+1 2 d+1
=74 errxi+( 2d Ufoﬂi”ﬁrx‘)rx’): 2d

(rxo_l_rxi)z'

Hence combining these gives

100 S g+ ) < 001202+ g +72) < (g + ),
and hence
f(vo) < %
Therefore yo € N\_y Bga (xi, \/dzfﬂx,)’ ie. N oBpa (xl-, \/z Vx,) is nonempty.
For the case k > d, the result follows by the Helly’s theorem. [
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Lemma Let X C R? be a subset with reach © > 0 and let 2 C R¢ be a set of points. Let
{ry >0:x€ 2} be a set of radii indexed by x € Z . Then,

Cechx (2 ,r) C Cechga(Z,r) C Cechx (2 ,1"),

where ' = {r, > 0:x € 2"} with ¥, = \/2r% + dx (x) (27 — dx (x)).

Proof of Lemma([I2} For Cechyx (2", r) C Cechga (2 ,r), this is implied from By (x, r,) C Bga(x, 7).
For Cechga (2, r) C Cechx (2, 7), let [xy,...,x;] € Cechga(Z,r), then there exists Ay,..., A4 €
[0, 1] with " A; = 1 such that

k
U= Zl,-x,- € ﬂ Bga (xi,ry,)-

i=1
Then from Lemma

[lxi = 7 () || < \/2 e —xi[|* + dx (x:) (27 — dx (7))
< \/2}’%1, —I—dx(x,')(zf — dx(xi)).

And hence )
7z (u) € () Bx (xj, \/Zr +dx(x;) (27 — dx(xl))> .
j=1
Therefore, [xq,...,x;] € Cechyx(2",7) as well, and hence Cechga (2", r) C Cechx (2, ) holds.

]

Claim 25. Let X C R? be a subset with reach T > 0 and let 2~ C RY be a set of points. Let
{re >0:x € 2} be a set of radii indexed by x € Z'. For each 6 C X, let rs := Rad(0) and
€5 = max{dx(x) :x € Z}. Suppose X C U,c 9 Bx(x,€). Then for each 6 C X, there exists
bs € X and ys € Z such that

1. If r¢ < T— &g, then

27(r: +e5(21— ¢
[ xi —yoll < s G( o)) —&5(21—&5) +€
T+ /12— (r2+ (21— &5))

\/_ 2
< <\/r?;+8o(2r—ec)+ 2T_1(r%+80(2T—80))> ~&(21 &) te.

2. If ro < T— &g and suppose ¢ C T , then

2t(r: + 6521 —&5))
be=ell < \/f+ VB elt &)

V2-1
T

< \/}%—{—86(2’6—86)—1— (rk+e5(21—€5)) +&.
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2
3. Ifrg<’c—8aandsupp0se8—|—\/r%,—FEG(ZT—SG)—% (rmin_ rs - —80—8> <

T—e5+1/ (T—€6)2—r%

Tmin, then o € Cv’echRd(%,r) implies that [x| - - XYy )Y ey "'y[Xr-vck}] € éechRd(%, r).

ZT(%rﬁmﬁsg(Zr—%))

r+\/r2f (72([1‘11) raxte(2T—€)
implies that [x XY g V] Vi xe]| € Rips(27,7).

5. Ifre < T— € and suppose € < % (\/ \/ \/2r6+£a (2e—&)) +€G(2T—€o)>,
T+

r5+€g ZT 8(7))

, then 6 € Rips(Z",r)

4. If re < T— &g and suppose € < rmin_%

N : d .
then ro = Rad (o) implies that [X1Y[y, x,] =+ V], .x,]| € Rips <%, %r(y), e, ||x1 —ys|| <
d 2(d
z(jl)r(;andHyg—yGH< (H re if ¢ C O.

Proof. We choose b € R? be the center of the smallest enclosing ball of ¢, so that max; ||bg — x;| =
ro. And by covering condition, we can choose ys € 2" be satisfying ||ys — mx(bs)|| < €.
1.

Note that ||x; — bg|| < T— &5 < T—da(x;), so applying Lemma 22| gives
[Ixi — 7x (bo ) |
2¢ (|[vi— o> +da(x) (27— da(x)))
T+ \/1'2 — <||xl' — bl +dA(Xi)(2T—dA(xi))>

< T(2ri +e5(2T—€5))
TVt + e (21— &65))

— dA (X,‘)(ZT — dA ()Ci))

—&(2T1—&5).

2
< ( r%,—i—eg(Z‘L'—Sg)-l-ﬁr_l(l’%-i-gc(z’f—so))) —&(27 &)

And hence

i = Yol < llxi = 7w (bo) || + [ (bs) — s

<\/ 2t(r: +e5(21—€5))

T+/12— (r +&5(2T— &)

&2t —€5)+¢€

7 2
< <\/r%+8c(27—80)+ 2T_1(r%,+86(21'—80))> —&(21 &) te.
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2.
Without loss of generality assume that ¢ = [x;---x;] and ¢ = [x;---x¢] with j < k. Then

21(r3+e5(21—£5))
17+\/1727(r%,+80(2177£g))

above argument implies that ||x; — mx (bg) || < \/ — &5(27—¢&5) foreach i =

1,...,j. Also,

. 2t((t—&)*tes(21-¢65) B
|7 (bo) ZH<\/T+\/7:2—((17—80)2+86(2r—80)) £s (27— €5)

— [P+ (1—€0)? < [ (t— d(mx (b)) + (T — dx(x) -

Hence Lemma [23]is applicable and gives

|7 (bo) — mxc(be) || < \/Zli <||xz' — 7z (bo)|I* + dx (x;) (27 — dx(?Ci)))

< \/Zzi (i = 72(bo) | + (27 — )
<\/ 2t(r3 +&5(21— €5))

T+~ (r2 + &6 (21— &5))

< \/rg-i-ec(Zr—ec) + \/ET_ ! (rZ+e5(21—¢5)).
And hence
lye —vol| < [y — mx (be)|| + ||7x (be) — mx(bo) || + | 7x (bs) — yo
2 _
= \/r i \Z/T r<2r jgf; (2163)80)) e
< \/r%+86(21:—80)+ \/if_l (rk +e5(21—&5)) +2¢.
3

We need to find 5 € R? and check that Hxi — EH < ry, and || Yo — EH <ry,. First, note that for

any ¢ C 0, ||be — mx(b¢) || is bounded as
2 2 r%
b. —mx(b <r—\/ T—Eg)"—r = + &5.
|| 9 ( g)” —= (( 0') 0')+ T—g, (’L’ 80)2 }% (o
1 o 2 . C o . .
Now, let 7y := 5 (rmm S & — € ). We divide into two cases. First, if all ¢

with {x1,...,x;} C¢ C o ={xq,...,x} satisfy that HbG —bGH < 19, then we can set b := by. For
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this case, ||x,~ — EH < ry; and

lys —2]

< [ye = mx(be)| + [|mx (b) = be || + [ = bo |

<6+< ’% +86)+l<rmin_ ’% _80'_6>
T—&+\/(T—8&)>—13 2 T—&+/(T—€)*—73

< Fmin < Tye-

For the other case, let k := max { j: ‘

b[XI )] T bs H > to} be the largest integer that ‘

bli.xj) —bo
fo , and let 6 := [xl'-'x,;]. Leth:= ”botf"bﬁuba%— <1 — ||bat+ba\|> bs, so that ||13—b6H =ty9. Then
forall ¢ with 6 C ¢ C 0, ||b—bg| < ||b—bs|| + ||bs — b || < 21 and

s B
< lve = m(be) || + || (bg) — be || + || bg — bo ||
) >

<6+ ‘' +& | + [ rmin — ' —&—0
T—&++/(T—&5)>—12 T—&++/(T—€5)*—1%

= Fmin < Ty,-

Now, note that rg < \/r%, —|lbo —bs]%, 50 x; € Bga(bo,rc) NBgra(bs,rs) C Bga(h,\/r3 —12)

holds. Hence for all xq,...,x;,
16— xil| < /12 —13 <rs.

Then Lemma [23]is applicable and gives

|7 (be) — B|| < \/Zz,- (Hxi—BHz-i—dX(x,-)(Zr—dX(x,-)))

< \/}% —13+e5(2T—€5).

Then,
[ye = | < [|ye — msc(bg) || + || mxc (bg) — |
<s+\/rg—t§+ec(27—ea)
2
=&+ r2+85(2r—£g)—1 Fmin — L. p—
° 4 T—&+\/(T—&)— 15
< Fmin < 76.
4,
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We need to check that [[x; — yo|| < ry, + 1y, and ||yg — yol| < ry, + ryq.
For ||x; —ys|| < ry; + ry,, note that (1) and the condition on € gives

2r: +e5(27—¢€
X1 —yoll < ©(2r5 + & o)) —e;(2T—€5) + €
T+ /12— (rl +&5(2T1—€&5))

< 2rmin < Tx; + Ty,

For H Y¢— VYo H < Iy, + Iy, note that (2) and the condition on € gives

2t(ri + (21— ¢€5))
[ve —vol| < \/H NG e} Iy

< 2rmin < Ty + Tyg-

5.
We will show that [x1y[x, ]+ Vjx,...x,]] € Rips (5&”, z(djl)rg), i.e. we will show that if

¢ C o, then

I —yoll < \/r3 + €027 —£6) + (2 +e5(27— £5)) + 2,

V2 -1
T
V2-1
T

(rf, +&5(2T—€5)) +2¢.

H)’g—ycH < \/V%+86(2T—80)+

For ||x; —yes|| < z(djl) re, note that (1) and the condition on € gives

2
V2-1
lx1 —ys| < <\/’%+80(27—80)+ . (rZ+e5(21—¢5)) | —€&5(21—€5)+€

V2 -1
T

< \/r%,+80(2r—86)+ (r§+sg(2r—ec))+2e.

For Hyg Vo H <\ = dH) ro, note that (2) and the condition on € gives

V2—1
T

(rk +e5(21— &5)) +2¢.

Ive —yol < \/r3+es(2T—€5) +

[

Proof of Theorem[I3} For a simplex ¢ = [x1,...,x] € Cechga(2Z,r), let r := Rad(c) and & :=
min{dx(x;) : xi € 6}. Then as long as rs < T — &, Claim (3) asserts that [x1, ..., 0Y[x,..x]] €
Cechga (2, r) holds. Now, define the homotopy map Fj : [x1,...,x;] x [0,1] = [x1,... s XY [y oy
as

F (Z Aixi,t) = Z(l,- —minA;)x; +kminA;(tys + (1 — t)% in).
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Then F; gives homotopy between ig_g+y, and fi : © — 0 xys defined as fi (Y Ax;) = L(Ai —

min A;)x; + (kmin ;)ys, giving homotopic equivalence between [x1,...,x¢] and Y[xy -+ £i - XV [y, ooy ]
in Cechga (2, 7). And again, Cla1m.(3) asserts that [xy -+ Xt 1Y[y,..x ] € Cechga (2", r) holds.
Now, define the homotopy map F% : [x1 -+ Xg— 1 V[, ]| X [0, 1] = [¥1 -+ Xk 1V [x o)V ]y ]| @S

. . 1
ZAX, —I—)ka[ ] 1) = lky[xly...ﬁk} +Z(7Li—mlnli)xi+ (k—1) mm),,-(ty[xl...xkfl] +(1 —l‘)k_—l ZX,‘).

Then F;, gives homotopy between LIRSV R RN Y PSS VO and f5 : [x) - -xk—1)7[x1~-xk}] —

[P0+ Xk 1Yy o |V )] defined as

LA+ Ay ) = MV ] + 2 (A = min Ag)o + (k — 1) min Ay, g,

giving the homotopic equivalence between [x; - - “Xk—1Y[x, '“xk]] and Y [xy -+ &y 1Yy 1Y ~-~xk]]

in éechRd(% ,r). By repeating this and concatnating the homotopy maps, we have the homo-

topy map Fg : 0 x [0,1] — Cechgs (2", r) giving homotopy between 1, ., Sz and fo:10—
R I’

Cechga (2, r) with fo(0) = Ylxc DY lrayrey] - Vi xJ)» 1-e. Fg is giving homotopic equiva-

lence between [xy,...,x;] and ¥ [xy(p) ()Y preayee] Vi xl in Cechga (2", r). Now, note that for

0,7 € Cechga(2,r), F5 and F; coincides on 6 N7 x [0, 1], hence by induction, the homotopy
map can be extended to F on the enitre Rips complex Cechga (.2, r) giving homotopy between
idéechRd(ﬁl” ) and f.

Now, note that (o) = Z[xr(l)y[xr(l) xe] Yx;.-x]] consists of simplices with diameters at most

2 _
\/ 21(r3+e5(21—£5)) 5 + 2¢, hence applying Lemma gives that

T+ \/12— (r3+es(21—¢5

d 21(rz +e(2t1—¢))
Rad e Yie]) < 2 2¢e |.
ad (e o) -+ Vle-al) \/2(d+1) (\/r+ VTE—(rk +e(2t—¢)) o

Hence by repeating this sufficiently many times (say N), we can guarantee that £V ) (éechRd (Z°,r))
consists of simplices with their radii (i.e. Rad(0)) at most 75, Where 74 is the solution of f(z) =

4 21(12+€(21—¢)) _ 2. —g(21—¢) .. -
2d+1) <\/T+\/Tz_(t2+£(27_g)) +28> —t=0. Thenf( f> > 0 implies that 75 <

2. —g(21—¢ 2r €) e(2t—¢
rm”‘f() Hence ¢ satisfying € % d+] Tin m“’+ )
21+\/41:2 2(r2;, +e(21—¢))

p rr. — — . .
implies that f™) (Cechga (2, r)) C Cechga (% , M) And Lemmalmphes that

C Cechx(%,rmin) C éechx(%,r),

¥ v 2 _g(21—
N (Cechga(2,r)) € Cechpa %,\/rmm 82< nl)
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ie. f™ :Cechga(2 ,r) — Cechx (2 ,r). Then by construction, + Wechy (2, r)%éech (20 ° o fV)
is homotopy equivalent to id, choa (21)° Hence by applying Lemma l X and CechRd (Z,r) are

homotopy equivalent.
O]

Proof of Theorem[I4, For a simplex ¢ = [x1,...,x;] € Rips(2",7), let p := 4 max{||x; — x;[|}
and &5 := min{dx(x;) : x; € 6}. From Lemma [[1} we can find b5 € conv(x,...,x;) such that
|bs —xj|| < 4/ d+1pg : 7o for all x; € 0. Then as long as r5 < T — &5, Claim [25|(4) asserts that

X1+ Xk [y, ]] € Rips(27,7) holds. Now, define the homotopy map Fj : [xi,...,x] x [0,1] —
RSP A KN

F (Zlixi,t) = Z(l, — min?Li)xi+kmin)Li(tyG + (1 —Z)%in).

Then F; gives homotopy between 15,54y, and fi : 6 — 0 xys defined as fi (¥ Aix;) = X.(Ai —
min A;)x; + (kmin A;)ys, giving homotopic equivalence between [x, ..., x;] and Y[y - - Xi - X[y, .y
in Rips(:Z",r). And again, Claim (4) asserts that [x; -+ Xg_ 1Yy, .5, | € Rips(27,7) holds. Now,
define the homotopy map Fy : [x1 -+ X1V [y, cox,]] X [0, 1] = [t - X 1)y o Vo] @S

Z/'sz‘l—lk)’[ o) = My ‘i'Z)“ min A;)x; + (k— 1) min A; (£, ..q 1+ (1 _1ZX’

Then F; gives homotopy between RN Bt SR and fo: [x1 - X1 Ve, )] —

[xl o 'xk—ly[xl---xk,ﬂy[xl---xk}] deﬁned as

2O Mixi A+ ey o)) = MYy o] F 3, (A —min Ag)ox; + (k= 1) min Ay, )5

giving the homotopic equivalence between [x1 -+ Xt 1V[x,...,]] @0 L1 -+ %+ Xk 1V [ coony 1]V ey o]
in Rips(Z,r). By repeating this and concatnating the homotopy maps, we have the homotopy map
Fo:0x[0,1] = Rips(2", r) giving homotopy between 15 _,gips( 2" ) and fo : 6 — Rips(2",r) with
fo(0) = Xlxr(1)Vx ] Vg -xy)]» -6+ Fo is giving homotopic equivalence between [x1,. . ., x;]
and Y[x;(; DY by age)] - Yl x]] in Rips(27, 7). Now, note that for 6,7 € Rips(2',r), F and Fy
coincides on 6 N7 x [0, 1], hence by induction, the homotopy map can be extended to F on the
enitre Rips complex Rips(.2",r) giving homotopy between idgips( 2 ) and f.

Now, note that f(0) = ¥ [x7(1)Vx, 1] Vi ]| consists of 51mphces with diameters at most

2 _
\/ 21(r5+€6(2—¢5)) + 2¢, hence applying Lemmagives that

T+\/T2— (r3+es(21—¢5))

d 2t(rz +e(21—¢))
Rad < 2¢e |.
ad (Bee(1)V o]+ Voae-ng]) < \/2(d+1) (\/T+ VT2 — (3 +e(21—¢)) e

Hence by repeating this sufficiently many times (say N), we can guarantee that f{ () (Rips( r))
consists of simplices with their radii (i.e. Rad(0)) at most 7, where 7 is the solution of f(¢ ) =
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z(dd+1) (\/ 2t(12+¢e(21—¢)) 5 +28) _+=0. Then f( #) > 0 implies that 75 <

T+ \/127 (P+e(2t—¢

(21— /2 /2 2 (2
—m‘“ Z(T £) Hence & satisfying € % d+l "inin —€(277€) ““"+8 )
2r+\/47:2 2(2,, +e(21—¢€))

. . (N) (R > 2. —g(21—¢) . .
implies that f\")(Rips(2",r)) C Cechpa | 2,4/ 2—~— |. And Lemma|12|implies that

M 2 _e(2r—
f(N)(RiPS(%J)) C Cechpa %,\/rmm £(21—¢)

C Cechx(%,rmin) C éechx(%,r),

ie. f™) :Rips(2",r) — Cechx(2",r). Then by construction, Wechs (2 ) —Rips(2r) o f™) is ho-
motopy equivalent to idg;y (4 ). Hence by applying Lemma X and Rips(.Z7, r) are homotopy
equivalent.

[
max +€

Proof of Corollary[I6] Consider the double offset Y := (((X™ =~ )B)rmat€)C Since X has a posi-
tive -reach t#, Corollary [10]implies that Ty := reach(Y) > rmax + €.
Then ry < Ty — € holds, so Theorem [13]applies under the appropriate condition of &.

Also, r, < 2 d (‘L’Y €) as well, so Theorem |14{ applies under the appropriate condition of

]

Proof of Lemma To prove the covering lemma (1’7} we first show the following upper bound on
the covering number holds.

Claim 26. Suppose the distribution P satisfies the (a,b)-condition in (16). Then for all € < &, the
covering number N (X, ||-||,2€) is bounded as

1
X, |-, 2¢e) < —e7P.
N (X -], 2¢) < p

Proof. Letxy,...,xy be a maximal 2¢e-packing of X, with M = .Z (X, ||-||,2€). Then %(x;,€) and
#(xj,€) do not intersect for any i, j, and hence

ZP (xi,€)) < P(RY) = 1. (27)

Then for all € < &), the (a,b)-condition implies
P(B(x;,€)) > ae’,

hence applying this to (27) gives that

(K] 28) < Le .

a
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Then from the relationship between covering number and packing number,
1
N (X, |1l 28) < A (X, |-, 28) <~
a

O

Now, to prove Lemma set € := %mini ryi. Under the (a,b)-condition, the previous claim
implies that there exists x1, ..., xy with N < a~'e~? satisfying

N
X C | Bga(x),2¢).
j=1

Let E be the event that all By.(x;,2¢) have intersections with {Xj,...,X,}, that is, for each 1 <
J <N, there exists 1 <i <n with X; € Bra(x;,2¢€). Then note that 4¢ = min; r,; < r,;, and hence
we have the following relations between balls:

BRd(Xj,ze) C BRd (X,-,48) C BRd(Xiyrn,i)-
Therefore, under the event £, we have
N n
X C U ]BRd(xj,Zg) - U BRd(Xh rn,i)7
j=1 i=1
which implies

P <X C | JBpe (Xi,rmi)) > P(E). (28)

i=1

Now, P(E) can be lower bounded as

pac]
=
I
=}
N
=
s

{X; € Bra (xj, 28)})

~

Il
—_
~.

I
—_

Il
T
2=
-~
at
IDE

~
Il
_
=
I

{Xi ¢ Bga (xj,zg)})

j=1

[V
|
M=
as]
N/\
=

{Xi ¢ Bra(x), 28)}>

1

~.
I
—_
3

I
|
™=

~
I
—_
-
I
—_

(1 —P(Bga(xj,2¢))

AV
|
M=

exp (— iP(BRd (XJ;2€))> :

1=

~.
I
—_
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where the last line is from that 1 —r < exp(—t) for all t € R. Now, from the covering number

logn
an

1/b
bound N < a~le~? with the condition, 2¢& = %mini Tni > < ) , we can further lower bound

P(E) as following:

P(E)>1—Nexp (—an(2£)b>

>1—a e bexp <—an(28)b>

n
1— Flogn exp (—logn)

1
2blogn’

which implies

n
1
P (X C UBRd(Xi,rm)) >1

— = ,
et 2%logn

as desired. L]
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