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• Predict metastasis 

• Personalize (adjuvant) therapy
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Benzekry et al., Cancer Res, 2016

• Theoretical framework for 
description of the process 

• Test different hypotheses and reject 
non-valid ones

Benzekry et al., PloS Comp Biol, 2014

Can mathematical models be of help in oncology? 



Predict and control (clinic)

• Predict tumor growth

Jouganous, Colin, Saut et al., 2014
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• Theoretical framework for 
description of the process 

• Test different hypotheses and reject 
non-valid ones

Can mathematical models be of help in oncology? 
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• Theoretical framework for 
description of the process 

• Test different hypotheses and reject 
non-valid ones
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• Theoretical framework for 
description of the process 

• Test different hypotheses and reject 
non-valid ones

• Rational and individual design of drug regimen

safety–efficacy multiscale model describing the PK/
PD relationships between docetaxel and epirubicin, 
allowing the best in silico drug-dosing regimen (that 
is, docetaxel first and epirubicin 1 day later, a sequence 
opposite to that usually performed with these drugs) for 
each patient to be tested in a phase Ib trial101. To date, 
17 patients have been recruited and the proposed regimen 
was both well tolerated, and achieved a response rate of 
45%, a median progression-free survival of 10.4 months 
and a median survival of 54.6 months, which compares 
favourably to the results reported in initial publications of 
the docetaxel and epirubicin combination102–108.

Planning metronomic chemotherapy. The role of metro-
nomic chemotherapy in the treatment of cancer remains 
to be fully determined109. Metronomic chemotherapy is a 
paradigm that illustrates how changes in dose and sched-
ule can alter the mechanisms of action of drugs — for 
example, canonical cytotoxic agents can have antiangio-
genic or immune-stimulating effects, or both109. A better 
understanding of metronomics might be derived from 
mathematical modelling studies110, and computational 
approaches can facilitate comparison of the efficacy 
of conventional versus metronomic regimens. Because of 
the innumerable permutations for repeated, low-dose 
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Figure 4 | Example of PK/PD simulation to optimize a vinorelbine treatment regimen. The empirical metronomic 
regimen, incorporating a 50 mg fixed dose of vinorelbine on days 1, 3 and 5 (D1-D3-D5 50 mg) of a 7-day cycle (left panels), 
can provide substantial clinical benefit to many patients; however, mathematical modelling has helped to identify an 
alternative dynamic dosing schedule (right panels) of 30 mg, 60 mg and 30 mg on days 1, 2 and 4 (D1-D2-D4 30-60-30), 
respectively, which was predicted to achieved a higher antiproliferative efficacy (lower panels), while displaying the same 
safety profile based on absolute neutrophil count (middle panels)112. Shading represents confidence intervals. Permission 
obtained from Springer International Publishing © Barbolosi, D. GV�CN��%CPEGT�%JGOQVJGT��2JCTOCEQN� 74, 647–652 (2014).
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ule can alter the mechanisms of action of drugs — for 
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What are minimal biological processes able to recover the kinetics of (experimental) tumor 
growth?
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Since the viable tumor mass, mv, is the product of the total
number of viable cells and the average mass of a cell, mc, we have
mv~Nvmc leading to

BT~(
Bc

mc
)mvz(

Ec

mc
)
dmv

dt
ð5Þ

This first-order differential equation, representing conservation of
energy, explicitly links properties of tumor cells (Bc, Ec, and mc)
with properties of the whole tumor (BT and mv). Consequently, it
provides a simple, but powerful, way to integrate important
features and results from different areas of cancer research.
Solving this equation to determine tumor growth requires
knowledge of how tumor metabolic rate, BT , depends on its
viable mass, mv, to which we now turn.

Model for tumor vascular system and the prediction of
metabolic rate. Tumor metabolic rate, BT , is proportional to
the sum of the rates of cellular fermentation and aerobic
respiration. For avascular tumors, BT depends on the diffusion
rate of nutrients and oxygen from the surrounding environment
[18]. For vascular tumors, BT is proportional to the total blood
volume flow rate to the tumor, _QQT , consistent with observations
that glucose and oxygen consumption rates vary linearly with
blood flow rate [19]. The dependence of _QQT on mv and host mass,
M, is determined by the structure, dynamics and interaction of the
tumor and host vasculatures. Here, we develop a complete
analytical model of tumor vascular networks applicable
throughout different phases of development by deriving the
allometric scaling of tumor rates and times with host body size
and capillary density. Although the importance of the vascular
interface between the tumor and the host has been previously
recognized, our work is a novel attempt to mechanistically model
its role in tumor growth [10–12,20].

Mounting evidence suggests that some tumor vascular networks
exhibit fractal-like properties similar to those of the circulatory
system [21–23]. To analyze tumor vasculature, we borrow from an
idealized framework that has proven successful for quantitatively
understanding the circulatory system. This framework assumes
that in healthy tissue the vasculature is space-filling, minimizes
energy loss and has invariant terminal units (capillaries) [1]. We
compare these optimal networks with measures of tumor
vasculature, while retaining the assumption of invariant capillaries.

To facilitate comparisons between healthy and tumor vascula-
ture, we introduce scaling ratios for radii and lengths of vessels
across levels, k, of the network. We treat all branches at the same
level, k, as having similar properties and assume a constant
branching ratio, n–the effective number of daughter vessels for
each mother vessel [1]. Following West et al 1997 and Gevertz et
al 2006, we model blood vessels as cylinders, similar to the Krogh
model [1,11]. The capillaries define the lowest level k~N while
the largest vessels feeding the tumor define k~0 (Fig. 1). We
introduce scale factors for the ratio of daughter to mother vessel
radii:

rkz1

rk
~n{a ð6Þ

and similarly for daughter to mother vessel lengths:

lkz1

lk
~n{b ð7Þ

The exponents, a and b, can be used as quantitative diagnostics for
comparison with healthy tissue, where theory predicts and data

support a~1=2 for large vessels and a~1=3 for small vessels (from
energy minimization) and b~1=3 for all vessels (from space filling)
[1]. Deviations from these values indicate the degree to which
optimization and space-filling are violated during tumor growth.

For healthy tissue, a and b are approximately independent of k,
indicating that the network has a fractal-like structure, as observed.
To determine if tumor vascular networks have similar geometric
structure, we observe that for vessel radii, rk

r0
~n{ka, where r0 is

the largest vessel in the hierarchy, and taking the log of both sides
and rearranging yields log rk~({a log n)kzlog r0, and similarly
for vessel lengths log lk~({b log n)kzlog l0, so plotting log rk

and log lk versus k should yield straight lines whose slopes are
{a log n and {b log n, respectively, if a and b are constant.
Figs. 2a, 2b show data from various tumors, indicating that tumor
vasculature does indeed exhibit approximately fractal behavior, in
agreement with other studies [22,24].

The metabolic rate of the tumor, determined by oxygen and
nutrient availability, depends on its capillary density, which is
controlled by the scaling factors a and b. In File S1 we derive the
relationship between the metabolic rate, tumor size and vascular
architecture:

BT~B0(M)mb
v ð8Þ

where b~1 if 2azbƒ1, but ~1=(2azb) otherwise, and B0(M)
is a normalization factor that depends on the host mass, M. For
healthy tissue, where capillary density is controlled by large-vessel

scaling, this gives b~3=4, in agreement with data (B!M3=4) for
large mammals [25]. For tumors too small to support significant
pulsatile flow, or whose host supply vessels are likewise too small,
theory predicts a&1=3. So, if their vasculature is space-filling,
b~1 and their metabolic rate scales linearly: BT~B0(M)mv [1].

As tumor vasculature becomes increasingly inefficient and/or
attaches to host supply vessels sufficiently large to deliver pulsatile

Figure 1. Schematic of tumor growth model. (a) Vascularized
tumor supplied by blood siphoned from host vasculature. White area
represents viable tissue, while grey represents necrotic core. (b)
Schematic of vascular network composed of tubes. (c) Topological
model of tumor and host network beginning with feeding vessel (k = 0)
and terminating at the capillary level (k = N).
doi:10.1371/journal.pone.0022973.g001
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Population fit of tumor growth models

Exponential Logistic Gompertz

A

B

C

D

Figure 1. Population analysis of experimental tumor growth kinetics. A) Visual predictive checks assess goodness-
of-fit for both structural dynamics and inter-animal variability by reporting model-predicted percentiles (together with
confidence prediction intervals (P.I) in comparison to empirical ones. B) Prediction distributions. C) Individual weighted
residuals (IWRES) with respect to time. D) Observations vs predictions Left: Exponential, Center: Logistic, Right:
Gompertz models.
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Bayesian estimation for prediction of tumor age

Vaghi et al. (Benzekry), bioRxiv, 2019
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Figure 4. Backward predictions computed with likelihood maximization and with Bayesian infer-
ence. Three examples of backward predictions of individuals A, B and C computed with likelihood maximization

(LM) and Bayesian inference: Gompertz model with likelihood maximization (first row); reduced Gompertz with

likelihood maximization (second row); Gompertz with Bayesian inference (third row) and reduced Gompertz

with Bayesian inference (fourth row). Only the last three points are considered to estimate the parameters. The

grey area is the 90% prediction interval (P.I) and the dotted blue line is the median of the posterior predictive

distribution. The red line is the predicted initiation time and the black vertical line the actual initiation time.
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Metastasis



• Breast 

• 94% of cases are local or regional at diagnosis but 30% will relapse 
Pollard, N Eng J Med, 2016 

• Estimate the amount of residual distant disease at diagnosis in order to 
personalize the adjuvant (chemo)-therapy  

• Avoid heavy toxicities for low risk patients 

• Lung 

• 57% of cases are metastatic 

• Decide whether to use whole brain radiation therapy or just 
(stereotactic) surgery 

• Avoid cognitive impairment of the patient

Steeg, Nat. Rev. Cancer, 2016

• Metastases are the main cause of death (>90%) from solid cancers Lambert and Weinberg, Cell, 2017

Institut Bergonié, Bordeaux

Metastasis (µετά = beyond, στάσιζ = place)



Some biological questions of interest to mathematical modeling

• Minimal model of metastatic dissemination and colonization able to reproduce the systemic 
dynamics of a solid cancer disease 

• Investigate the relevance of several processes:  

• (early VS late event Klein, Nat Rev Cancer, 2009) 

• (metastases of metastases Gundem et al., Nature, 2015) 

• (dormancy Chambers and Groom, Nat Rev Cancer, 2002) 

• tumor-tumor interactions 

• (cancer-immune interactions) 

• differential effect of therapy Ebos et al. (Kerbel), Cancer Cell, 2009 

• ((pre-)metastatic niche Peinado et al. (Lyden), Nature, 2005) 

• systemic inhibition of angiogenesis O’Reilly et al. (Folkman), Cell, 1990s 

• (self-seeding Norton, Nat Med, 2001)

60 Chapter 2. Metastasis: biological dynamics at the organism scale

multiplication within organ parenchyma (Fig. 3). These
successful metastatic cells (“seed”) have been likened to a
decathlon champion who must be proficient in 10 events,
rather than just a few (64). However, some steps in this pro-

cess incorporate stochastic elements. Overall, metastasis fa-
vors the survival and growth of a few subpopulations of
cells that preexist within the parent neoplasm. The current
data, especially studies focused on isolated tumor cells,

Table 1. Steps in the metastatic process

Step Description

1 After the initial transforming event, the growth of neoplastic cells is progressive and frequently slow;
2 Vascularization is required for a tumor mass to exceed a 1- to 2-mm diameter (200, 201), and the synthesis and secretion

of angiogenesis factors has a critical role in establishing a vascular network within the surrounding host tissue (201);
3 Local invasion of the host stroma by tumor cells can occur by multiple mechanisms, including, but not limited to,

thin-walled venules and lymphatic channels, both of which offer little resistance to tumor cell invasion (202);
4 Detachment and embolization of tumor cell aggregates, which may be increased in size via interaction with

hematopoietic cells within the circulation;
5 Circulation of these emboli within the vascular; both hematologic and lymphatic;
6 Survival of tumor cells that trafficked through the circulation and arrest in a capillary bed;
7 Extravasation of the tumor embolus, by mechanisms similar to those involved in the initial tissue invasion;
8 Proliferation of the tumor cells within the organ parenchyma resulting in a metastatic focus;
9 Establish vascularization, and defenses against host immune responses; and
10 Reinitiate these processes for the development of metastases from metastases.

Figure 3. The process of cancer metastasis consists of sequential, interlinked, and selective steps with some stochastic elements. The outcome of
each step is influenced by the interaction of metastatic cellular subpopulations with homeostatic factors. Each step of the metastatic cascade is potentially
rate limiting such that failure of a tumor cell to complete any step effectively impedes that portion of the process. Therefore, the formation of clinically
relevant metastases represents the survival and growth of selected subpopulations of cells that preexist in primary tumors.

Talmadge and Fidler

Cancer Res; 70(14) July 15, 2010 Cancer Research5654

Research. 
on April 11, 2013. © 2010 American Association for Cancercancerres.aacrjournals.org Downloaded from 

Published OnlineFirst July 7, 2010; DOI: 10.1158/0008-5472.CAN-10-1040 

Figure 2.1 – The metastatic cascade. Reproduced from [Talmadge and Fidler, 2010]

growth. A detailed review of all the mathematical modeling studies that addressed the questions
of metastatic dissemination and growth is beyond the scope of the present document (and can
be found, in part, elsewhere [Scott et al., 2013b, Clare et al., 2000]) but a few publications of
biological or clinical interest that the curious reader can consult are: [Slack et al., 1969, Liotta
et al., 1976a, Saidel et al., 1976, Guiguet et al., 1982, Koscielny et al., 1985, Klein and BartoszyÒski,
1991, Kimmel and Flehinger, 1991, Yorke et al., 1993, Retsky et al., 1997, Koscielny and Tubiana,
1999, Iwata et al., 2000, Michor et al., 2006, Hanin et al., 2006, Barbolosi et al., 2009, Bethge
et al., 2012, Haeno et al., 2012, Newton et al., 2012, Newton et al., 2013, Scott et al., 2014, Scott
et al., 2013a, Mehrara et al., 2013, Coumans et al., 2013, Araujo et al., 2014, Bazhenova et al.,
2014, Brodbeck et al., 2014, Hanin and Bunimovich-Mendrazitsky, 2014, Hanin et al., 2015, Hanin
and Rose, 2016, Poleszczuk et al., 2016].

The mathematical formalism that we develop below has been employed to address the following bi-
ological questions about metastasis, which have the common characteristic of concerning dynamics
of the disease at the organism scale.

Biological problem 2. What are the qualitative and quantitative di�erences among experimental
models of metastasis for di�erent cancer types? Is the growth of secondary tumors identical to the
growth of the primary tumor, in a given experimental system? How does the dissemination process
depend on the size of the primary tumor? What is the impact of surgery on metastatic growth and
dissemination?

Biological problem 3. Is the “standard” view of metastatic initiation and growth – that secondary
lesions once established grow without interactions with each other or with the primary tumor –
quantitatively valid for description of the dynamics of the number and size of metastases?

Talmadge and Fidler, Cancer Res, 2010



Metastasis: a forgotten major player in modeling

• The majority of mathematical modeling efforts in oncology are focused on (primary) tumor 
growth 

• Existing models are based on a statistical, biologically agnostic, prediction of survival

Individual biomarkers 

PT size, lymph node status, 
histological grade, molecular 
factors, proliferation indices,…

van de Vijver et al., A gene expression signature as a predictor of survival in breast cancer, N 
Eng J Med, 2002
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Figure 2. Kaplan–Meier Analysis of the Probability That Patients Would Remain Free of Distant Metastases and the Probability of
Overall Survival among All Patients (Panels A, and B, Respectively), Patients with Lymph-Node–Negative Disease (Panels C and D
[Facing Page], Respectively), and Patients with Lymph-Node–Positive Disease (Panels E and F, Respectively), According to Whether
They Had a Good-Prognosis or a Poor-Prognosis Signature.
The P values were calculated with use of the log-rank test.
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Figure 2. Kaplan–Meier Analysis of the Probability That Patients Would Remain Free of Distant Metastases and the Probability of
Overall Survival among All Patients (Panels A, and B, Respectively), Patients with Lymph-Node–Negative Disease (Panels C and D
[Facing Page], Respectively), and Patients with Lymph-Node–Positive Disease (Panels E and F, Respectively), According to Whether
They Had a Good-Prognosis or a Poor-Prognosis Signature.
The P values were calculated with use of the log-rank test.
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fl(t, V ) ≥ e⁄0t
�(V )

Z +Œ

V0
fl(t, V )dV

Z +Œ

V0
V fl(t, V )dV

Y j
i = M(tj

i , —j
) + Áj

i

Y j
i = M(tj

i , —j
) + Áj

i

—1, . . . , —N ≥ LN (—µ, —Ê), —µ œ Rp, —Ê œ Rp◊p

yj
i = M(tj

i , ◊j
) + Áj

i
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Molecular data (-omics)

Medical imaging is one of the major factors that have
informed medical science and treatment. By assessing
the characteristics of human tissue noninvasively,

imaging is often used in clinical practice for oncologic diagnosis
and treatment guidance1–3. A key goal of imaging is ‘personalized
medicine’, where treatment is increasingly tailored on the basis of
specific characteristics of the patient and their disease4.

Much of the discussion of personalized medicine has focused
on molecular characterization using genomic and proteomic
technologies. However, as tumours are spatially and temporally
heterogeneous, these techniques are limited. They require
biopsies or invasive surgeries to extract and analyse what are
generally small portions of tumour tissue, which do not allow for
a complete characterization of the tumour. Imaging has great
potential to guide therapy because it can provide a more
comprehensive view of the entire tumour and it can be used on
an ongoing basis to monitor the development and progression of
the disease or its response to therapy. Further, imaging is
noninvasive and is already often repeated during treatment in
routine practice, on the contrary of genomics or proteomics,
which are still challenging to implement into clinical routine.

The most widely used imaging modality in oncology is X-ray
computed tomography (CT), which assesses tissue density.
Indeed, CT images of lung cancer tumours exhibit strong
contrast reflecting differences in the intensity of a tumour on
the image, intratumour texture and tumour shape (Fig. 1a).

However, in clinical practice, tumour response to therapy is only
measured using one- or two-dimensional descriptors of tumour
size (RECIST and WHO, respectively)5. Although a change in
tumour size can indicate response to therapy, it often does not
predict overall or progression free survival6,7. Although some
investigations have characterized the appearance of a tumour
on CT images, these characteristics are typically described
subjectively and qualitatively (‘moderate heterogeneity’, ‘highly
spiculated’, ‘large necrotic core’). However, recent advances in
image acquisition, standardization and image analysis allow for
objective and precise quantitative imaging descriptors that could
potentially be used as noninvasive prognostic or predictive
biomarkers.

Radiomics is an emerging field that converts imaging data into
a high dimensional mineable feature space using a large number
of automatically extracted data-characterization algorithms8,9.
We hypothesize that these imaging features capture distinct
phenotypic differences of tumours and may have prognostic
power and thus clinical significance across different diseases. Here
we assess the clinical relevance of 440 radiomic features, many of
which currently have no known clinical significance, in seven
independent cohorts consisting of 1,019 lung cancer and head-
and-neck cancer patients. Two data sets are used to assess
the stability of the features, four data sets to assess the prognostic
value of radiomic features on lung cancer patients and
head-and-neck cancer patients, and one data set for association

Tumour intensity

Tumour shape

Tumour texture

Wavelet

x

Radiomic features

a b

A A

A

B

B
B

Clinical data

Gene expression

II) Feature extractionI) CT imaging III) Analysis

Figure 1 | Extracting radiomics data from images. (a) Tumours are different. Example computed tomography (CT) images of lung cancer patients. CT
images with tumour contours left, three-dimensional visualizations right. Please note strong phenotypic differences that can be captured with routine CT
imaging, such as intratumour heterogeneity and tumour shape. (b) Strategy for extracting radiomics data from images. (I) Experienced physicians
contour the tumour areas on all CT slices. (II) Features are extracted from within the defined tumour contours on the CT images, quantifying tumour
intensity, shape, texture and wavelet texture. (III) For the analysis the radiomics features are compared with clinical data and gene-expression data.

ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/ncomms5006

2 NATURE COMMUNICATIONS | 5:4006 | DOI: 10.1038/ncomms5006 | www.nature.com/naturecommunications

& 2014 Macmillan Publishers Limited. All rights reserved.

Imaging data (Radiomics)
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Clinical data 
PT size, lymph node status, 
histological grade, molecular factors, 
proliferation indices,…

• The majority of mathematical modeling efforts in oncology are focused on (primary) tumor 
growth 

• Existing models are based on a statistical, biologically agnostic, prediction of survival



SurgeryInjection (or first cell)

Metastases

Primary 
Tumor 
(PT)

Dissemination law: d(Vp)= μ(Vp) γ

PT growth law: gp(Vp)=Vp(αp-βpln(Vp)) 

Metastases growth law: g(V)=V(α-βln(V)) 

Pre-surgical Post-surgical



• Primary tumor Vp grows with rate gp  [size.day-1]

Mathematical formalism
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• Population of metastases represented by a density 

ρ(t,v) [size-1] structured in size v

fast computation of the metastatic burden

M(t) =

Z +Œ

V0
vfl(t, v)dv =

Z t

0
d (Vp(t ≠ s)) V (s)ds

—(V ) = mV –

dVp

dt
= (–p ≠ —p ln(Vp)) Vp

8
><

>:

ˆtfl(t, v) + ˆv ((– ≠ — ln(v)) vfl(t, v)) = 0

g(V0)fl(t, V0) = µVp(t)“

fl(0, v) = 0

8
><

>:

ˆtfl(t, V ) + ˆV (g(t, V )fl(t, V )) = 0 t œ]0, +Œ[, V œ]V0, +Œ[

g(t, V0)fl(t, V0) = —(Vp(t)) +
R +Œ

V0
—(V )fl(t, V ) dV t œ]0, +Œ[

fl(0, v) = fl0 V œ]V0, +Œ[

8
><

>:

ˆtfl(t, V ) + ˆV (g(t, V )fl(t, V )) = 0 t œ]0, +Œ[, V œ]V0, +Œ[

g(t, V0)fl(t, V0) = —(Vp(t)) t œ]0, +Œ[

fl(0, v) = fl0 V œ]V0, +Œ[

8
><

>:

ˆtfl(t, v) + ˆv(g(v)fl(t, v)) = 0

g(V0)fl(t, V0) = d(Vp(t))
fl(0, v) = fl0

g(V0)fl(t, V0) = —(Vp(t)) +

Z +Œ

V0
—(V )fl(t, V ) dV

g(V0)fl(t, V0) = d(Vp(t)) = µVp(t)

ˆtfl(t, V ) + ˆV (g(t, V )fl(t, V )) = 0

fl(t, V ) ≥ e⁄0t
�(V )

Z +Œ

V0
fl(t, V )dV

Z +Œ

V0
V fl(t, V )dV

Y j
i = M(tj

i , —j
) + Áj

i

Y j
i = M(tj

i , —j
) + Áj

i
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• They are spread by the PT with dissemination rate 

d(Vp(t)) [day-1]

ln(µ) = ln(µm) + µ‡Á, Á ≥ N (0, 1)

Z +Œ

x
fl(t, y)dy

M(t) =

Z +Œ

V0
vfl(t, v)dv =

Z t

0
d (Vp(t ≠ s)) V (s)ds

—(V ) = mV –

dVp

dt
= (–p ≠ —p ln(Vp)) Vp

8
><

>:

ˆtfl(t, v) + ˆv ((– ≠ — ln(v)) vfl(t, v)) = 0

g(V0)fl(t, V0) = µVp(t)“

fl(0, v) = 0

8
><

>:

ˆtfl(t, V ) + ˆV (g(t, V )fl(t, V )) = 0 t œ]0, +Œ[, V œ]V0, +Œ[

g(t, V0)fl(t, V0) = —(Vp(t)) +
R +Œ

V0
—(V )fl(t, V ) dV t œ]0, +Œ[

fl(0, v) = fl0 V œ]V0, +Œ[

8
><

>:

ˆtfl(t, V ) + ˆV (g(t, V )fl(t, V )) = 0 t œ]0, +Œ[, V œ]V0, +Œ[

g(t, V0)fl(t, V0) = —(Vp(t)) t œ]0, +Œ[

fl(0, v) = fl0 V œ]V0, +Œ[

8
><

>:

ˆtfl(t, v) + ˆv(g(v)fl(t, v)) = 0

g(V0)fl(t, V0) = d(Vp(t))
fl(0, v) = fl0

g(V0)fl(t, V0) = —(Vp(t)) +

Z +Œ

V0
—(V )fl(t, V ) dV

g(V0)fl(t, V0) = d(Vp(t)) = µVp(t)

g(V0)fl(t, V0) = d(Vp(t))

Ç
+

Z +Œ

V0
d(v)fl(t, v)dv

å

ˆtfl(t, V ) + ˆV (g(t, V )fl(t, V )) = 0

fl(t, V ) ≥ e⁄0t
�(V )

1

Volume (cells)
100 105 1010 1015

N
um

be
r o

f m
et

s

0

5

10

15

20

25

30

Imaging detection limit

Iwata, Kawasaki, Shigesada, J Theor Biol, 2000

 g(v)

Y
_]

_[

ˆtfl(t, V ) + ˆV (g(t, V )fl(t, V )) = 0 t œ]0, +Œ[, V œ]V0, +Œ[

g(t, V0)fl(t, V0) = —(Vp(t)) t œ]0, +Œ[

fl(0, v) = fl0 V œ]V0, +Œ[

Y
_]

_[

ˆtfl(t, v) + ˆv(g(v)fl(t, v)) = 0

g(V0)fl(t, V0) = d(Vp(t))
fl(0, v) = 0

ˆtfl(t, v) + ˆv(g(v)fl(t, v)) = 0

Y
_]

_[

ˆtfl(t, v) + ˆv(g(v)fl(t, v)) = 0

g(V0)fl(t, V0) = d(Vp(t))
fl(0, v) = fl0

g(V0)fl(t, V0) = —(Vp(t)) +

⁄ +Œ

V0
—(V )fl(t, V ) dV

g(V0)fl(t, V0) = d(Vp(t)) = µVp(t)

g(V0)fl(t, V0) = d(Vp(t))
3

+

⁄ +Œ

V0
d(v)fl(t, v)dv

4

ˆtfl(t, V ) + ˆV (g(t, V )fl(t, V )) = 0

fl(t, V ) ≥ e⁄0t
�(V )

⁄ +Œ

V0
fl(t, V )dV

⁄ +Œ

V0
V fl(t, V )dV

Y j
i = M(tj

i , —j
) + Áj

i

Y j
i = M(tj

i , —j
) + Áj

i

—1, . . . , —N ≥ LN (—µ, —Ê), —µ œ Rp, —Ê œ Rp◊p

M i
j = M(ti

j , ◊i
) + ‡(M(ti

j , ◊i
))Ái

j , Ái
j ≥ N (0, 1)

yj
i = M(tj

i , ◊j
) + Áj

i

4

N(t) =

⁄ t

0
d(Vp(s))ds = E [N (t)]

ln(µ) = ln(µm) + µ‡Á, Á ≥ N (0, 1)

⁄ +Œ

x
fl(t, y)dy

M(t) =

⁄ +Œ

V0
vfl(t, v)dv =

⁄ t

0
d (Vp(t ≠ s)) V (s)ds = E

S

U
ÿ

iØ1
Vi(t)

T

V

T n1, ... , nk≠1, j
:= T n1, ... , nk≠1 + T̃ n1, ... , nk≠1, j

M(t) =

⁄ +Œ

V0
vfl(t, v)dv =

⁄ t

0
d (Vp(t ≠ s)) V (s)ds

—(V ) = mV –

dVp

dt
= (–p ≠ —p ln(Vp)) Vp

dVp

dt
= gp(Vp), Vp(t = 0) = Vi

dVp

dt
= gp(t, Vp), Vp(t = 0) = Vi

dVp

dt
= gp(t, Vp)

Y
_]

_[

ˆtfl(t, v) + ˆv (g(t, v)fl(t, v)) = 0

g(V0)fl(t, V0) = µVp(t)

fl(0, v) = 0

g(v) = (– ≠ — ln(v)) v

Y
_]

_[

ˆtfl(t, v) + ˆv ((– ≠ — ln(v)) vfl(t, v)) = 0

g(V0)fl(t, V0) = µVp(t)“

fl(0, v) = 0

3

• Secondary tumors grow in size with rate g(v)



Validation on animal data

Time (days)
0 10 20 30 40 50 60 70

Pr
im

ar
y 

tu
m

or
 s

ize
 (c

el
ls)

104

105

106

107

108

109

1010

M
et

as
ta

tic
 b

ur
de

n 
(c

el
ls)

104

105

106

107

108

109

1010

Orthotopic
implantation

Surgery
(t=34)

Pre-surgical
PT

Post-surgical
MB

Time (days)
0 10 20 30 40 50 60 70

Pr
im

ar
y 

tu
m

or
 s

ize
 (c

el
ls)

104

106

108

1010

M
et

as
ta

tic
 b

ur
de

n 
(c

el
ls)

104

106

108

1010

Orthotopic
implantation

Surgery
(t=34)

Pre-surgical
PT

Post-surgical
MB

Time (days)
0 10 20 30 40 50 60 70

Pr
im

ar
y 

tu
m

or
 s

ize
 (c

el
l)

105

106

107

108

109

M
et

as
ta

tic
 b

ur
de

n 
(c

el
l)

105

106

107

108

109

Orthotopic

implantation

Surgery

(t=34)

Pre-surgical

PT

Post-surgical

MB

Time (days)
0 10 20 30 40 50 60 70

Pr
im

ar
y 

tu
m

or
 s

ize
 (c

el
l)

105

106

107

108

109

M
et

as
ta

tic
 b

ur
de

n 
(c

el
l)

105

106

107

108

109

Orthotopic

implantation

Surgery

(t=34)

Pre-surgical

PT

Post-surgical

MB

Time (days)
0 10 20 30 40 50 60 70

Pr
im

ar
y 

tu
m

or
 s

ize
 (c

el
l)

105

106

107

108

109

M
et

as
ta

tic
 b

ur
de

n 
(c

el
l)

105

106

107

108

109

Orthotopic

implantation

Surgery

(t=34)

Pre-surgical

PT

Post-surgical

MB

Data primary tumor
Median model primary tumor
10th and 90th percentiles model primary tumor
Data metastatic burden
Median model metastatic burden
10th and 90th percentiles model metastatic burden

Nonlinear mixed-effects

statistical model for inter-

animal variability

TTR = inf {t > 0; Nvis(t) > 1}

–P , –ther, –reb

µ, –

Z

Nvis(t) =

Z t≠·vis

0
d(Vp(t))1Vp(t)ÆVd

dt

M(t) = µ
Z t

0
Vp(t)V (t ≠ s)ds

µi
= µpop + —Txi

+ ÷i, ÷i ≥ N (0, Ê2
)

◊i
= ◊pop + —T xi

+ ÷i, ÷i ≥ N (0, Ê2
)

◊i
= ◊pop + ÷i, ÷i ≥ N (0, Ê2

)

÷i ≥ N (0, Ê2
)

◊i
= ◊pop + —T xi

+ ÷i, ÷i ≥ N (0, Ê2
)

xi œ Rp

N (t)

N(t) =

Z t

0
d(Vp(s))ds = E [N (t)]

ln(µ) = ln(µm) + µ‡Á, Á ≥ N (0, 1)

Z +Œ

x
fl(t, y)dy

1

Benzekry et al. (Ebos), Cancer Res, 2016

⟹ same growth for PT and mets: αp = α, βp = β

Ebos lab
Roswell Park Cancer Institute

Benzekry et al. (Ebos), Cancer Res, 2016



Differential effects of anti-angiogenic therapies between primary tumor 
and metastases
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Neoadjuvant antiangiogenic therapy reveals
contrasts in primary and metastatic tumor efficacy
John M L Ebos1,*, Michalis Mastri1, Christina R Lee2, Amanda Tracz1, John M Hudson2, Kristopher

Attwood3, William R Cruz-Munoz2, Christopher Jedeszko2, Peter Burns2,4 & Robert S Kerbel2,4

Abstract

Thousands of cancer patients are currently in clinical trials evaluat-
ing antiangiogenic therapy in the neoadjuvant setting, which is the
treatment of localized primary tumors prior to surgical intervention.
The rationale is that shrinking a tumor will improve surgical
outcomes and minimize growth of occult micrometastatic disease—
thus delaying post-surgical recurrence and improving survival. But
approved VEGF pathway inhibitors have not been tested in clinically
relevant neoadjuvant models that compare pre- and post-surgical
treatment effects. Using mouse models of breast, kidney, and mela-
noma metastasis, we demonstrate that primary tumor responses to
neoadjuvant VEGFR TKI treatment do not consistently correlate with
improved post-surgical survival, with survival worsened in certain
settings. Similar negative effects did not extend to protein-based
VEGF pathway inhibitors and could be reversed with altered dose,
surgical timing, and treatment duration, or when VEGFR TKIs are
combined with metronomic ‘anti-metastatic’ chemotherapy regi-
mens. These studies represent the first attempt to recapitulate the
complex clinical parameters of neoadjuvant therapy in mice and
identify a novel tool to compare systemic antiangiogenic treatment
effects on localized and disseminated disease.
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Introduction

Eight inhibitors that block the vascular endothelial growth factor

(VEGF) pathway have now been approved as first- or second-line

treatment in twelve different late-stage cancer types, thus validating

antiangiogenesis as a therapeutic modality in treating established

metastatic disease and late-stage glioblastoma (Jayson et al, 2012).

Stemming from these approvals, several hundred phase II and III

trials were initiated to evaluate VEGF pathway inhibitors in earlier

stage disease, that is, neoadjuvant (pre-surgical) and adjuvant (post-

surgical) treatment settings (Ebos & Kerbel, 2011). Such ‘periopera-

tive’ treatments are unique in that they typically have defined treat-

ment durations (unlike in late-stage or advanced disease, where

treatments are variable depending on response) and are guided by

the hypothesis that drug efficacy in advanced metastatic disease

would elicit equal or greater improvements in the earlier stages

(Tanvetyanon et al, 2005). These benefits—shown with radiation

and chemotherapy (Van Cutsem et al, 2009)—would theoretically

include control of localized primary cancers which, in turn, would

prevent occult micrometastatic disease and improve progression-free

survival (PFS) (Ebos & Kerbel, 2011). However, based on recent clini-

cal and preclinical observations, there is growing concern that VEGF

pathway inhibitors may not be effective in this setting (Ebos & Kerbel,

2011). First, there have been five failed phase III adjuvant trials with

VEGF pathway inhibitors, including four with the VEGF neutralizing

antibody bevacizumab (in combination with chemotherapy or an

anti-HER2 antibody) in colorectal carcinoma (CRC) (AVANT and

C-08) (de Gramont et al, 2012) and triple-negative and HER2+breast

carcinoma (BEATRICE and BETH, respectively) (Cameron et al,

2013), and one with the VEGF receptor tyrosine kinase inhibitor

(RTKI) sorafenib in hepatocellular carcinoma (HCC) (Bruix et al,

2014). Second, growing preclinical evidence suggests that unex-

pected collateral consequences of angiogenesis inhibition may limit

efficacy in preventing growth of micrometastatic lesions (Mountzios

et al, 2014). Indeed, we and others have demonstrated that VEGF

pathway inhibitors can elicit both tumor- and host-mediated reac-

tions to therapy that can offset (reduce) benefits, or even facilitate,

early-stage metastatic disease in certain instances (Ebos et al, 2009;

Paez-Ribes et al, 2009). Though these latter results have thus far not

been confirmed clinically in patients with advanced metastatic

disease when therapy is removed (Miles et al, 2010; Blagoev et al,

2013), they underscore a gap in our current understanding of how

antiangiogenic therapy may work in different disease stages. They

also raise questions about the translational value of preclinical stud-

ies in predicting clinical outcomes. This is of immediate concern as

few preclinical studies have tested VEGF pathway inhibitors in
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SUMMARY

Herein we report that the VEGFR/PDGFR kinase inhibitor sunitinib/SU11248 can accelerate metastatic tumor
growth and decrease overall survival in mice receiving short-term therapy in various metastasis assays,
including after intravenous injection of tumor cells or after removal of primary orthotopically grown tumors.
Acceleration of metastasis was also observed in mice receiving sunitinib prior to intravenous implantation of
tumor cells, suggesting possible ‘‘metastatic conditioning’’ in multiple organs. Similar findings with additional
VEGF receptor tyrosine kinase inhibitors implicate a class-specific effect for such agents. Importantly, these
observations of metastatic acceleration were in contrast to the demonstrable antitumor benefits obtained
when the same human breast cancer cells, as well as mouse or human melanoma cells, were grown ortho-
topically as primary tumors and subjected to identical sunitinib treatments.

INTRODUCTION

Multiple strategies for inhibiting the VEGF pathway have been
shown in numerous preclinical studies to hinder tumor growth,
and the recent approval of a VEGF-neutralizing antibody (beva-
cizumab) and VEGF receptor tyrosine kinase inhibitors (RTKIs)
(sorafenib and sunitinib) has clinically validated targeting VEGF
or its receptors (particularly VEGFR2) as an anticancer treatment
(Folkman, 2007). The purpose of the present study was to test
whether a VEGF RTKI, when administered daily for short periods,
can influence the growth of experimental and spontaneous
metastasis in mice. The rationale for this experimental design
was based on a number of recent clinical and preclinical obser-
vations. First, while sorafenib and sunitinib have been approved
for the treatment of renal cell carcinoma, as well as hepatocel-
lular carcinoma (sorafenib only) and gastrointestinal stromal
tumor (sunitinib only), enduring clinical responses are rare. More-

over, single-agent use of such drugs, including bevacizumab,
has not led to meaningful beneficial activity in many cases.
Second, when such agents are administered on a discontinuous
schedule, such as with sunitinib (4 weeks on/2 weeks off), tumor
regrowth has sometimes been observed during drug-free break
periods (Burstein et al., 2008) or when treatment is discontinued
(Johannsen et al., 2008). Third, rapid tumor revascularization has
been reported when therapy is stopped in preclinical studies
(Mancuso et al., 2006). Finally, we recently reported that
a number of changes in proangiogenic plasma proteins
observed in patients after sunitinib treatment could be recapitu-
lated in non-tumor-bearing mice, and moreover, in a dose-
dependent manner (Ebos et al., 2007). Together, these results
suggest a systemic host response to VEGF inhibition that could
play a role in regrowth of both tumor and vasculature in eventual
evasion of response during continued antiangiogenic treatment
(Bergers and Hanahan, 2008; Casanovas et al., 2005) as well

SIGNIFICANCE

The use of VEGF pathway inhibitors to impair angiogenesis now represents a clinically validated anticancer treatment
strategy. However, the benefits of VEGF-targeted agents in the treatment of late-stage cancers can be transitory, resulting
in eventual drug resistance, tumor growth and/or regrowth, and rapid vascular recovery when therapy is stopped. Our find-
ings here demonstrate that angiogenesis inhibition in mice can lead to opposing effects on tumor growth and metastasis
depending on tumor stage and treatment duration. These observations could have clinical implications with respect to
optimal dose, treatment schedule, and therapy in the adjuvant/neoadjuvant setting and highlight the importance of testing
additional drugs in combination as a possible approach to abrogate this effect.
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allow for increased tumor initiation even after drug has been
removed.

We next tested the effect of short-term sunitinib treatment on
distant spontaneous metastasis generated after primary tumor
removal using the protocol illustrated in Figure 2A. Mice receiving
short-term adjuvant sunitinib therapy showed increased sponta-
neous metastatic tumor burden as measured by biolumines-
cence (Figures 2A and 2B), which corresponded with decreased
overall survival (Figure 2C). To ensure equal tumor burden
between groups prior to drug treatment, resected tumors were
weighed prior to sorting into groups A and B (Figure 2D).

We have previously reported that surgical resection of highly
metastatic orthotopicallygrown 231/LM2-4 tumors leads to spon-
taneous metastasis in the lungs, liver, and lymph nodes, with the
primary determinant for euthanasia being extensive visceral and
peripheral metastasis (Man et al., 2007). In the spontaneous and
experimental metastasis studies described herein, we similarly
considered visceral and peripheral disease as the primary reason
for mouse sacrifice (data not shown). To test for differences in
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Figure 2. Short-Term Sunitinib Treatment
Increases Spontaneous Metastasis and
Decreases Survival after Removal of
Primary Human Xenograft Tumors
(A) Orthotopically grown 231/LM2-4LUC+ tumors

were surgically removed, and SCID mice were

treated daily with vehicle (group A) or short-term

sunitinib therapy (group B). Biweekly quantifica-

tion of bioluminescence showed accelerated

tumor growth and increased spontaneous metas-

tasis in group B compared with group A. Data are

presented as mean ± SD.

(B) Representative bioluminescence images visu-

alizing tumor cells before and after primary tumor

resection (days 5 and 30 after resection).

(C) Kaplan-Meier survival curves of the corre-

sponding mice show significantly decreased

median survival in group B (log-rank test, p =

0.0024) compared with group A. 0.001 < **p <

0.01.

(D) Resected tumors were weighed prior to sorting

into groups A and B to ensure equal tumor burden

between groups. Sunitinib dose and treatment

schedule were performed as illustrated in (A).

distribution of metastatic disease after su-
nitinib treatment, mice subjected to the
same protocol as described in Figure 1
were sacrificed 27 days after tumor
implantation to allow for assessment of
231/LM2-4LUC+ tumor burden using biolu-
minescence (Figure S2). Increased overall
tumor burden was found in mice receiving
sunitinib before or after tumor inoculation
(groups B and C compared to group A;
Figure 3A, inset), which corresponded to
increased metastatic tumor burden in
multiple organs, while no obvious differ-
ences in overall tumor distribution were
observed (Figure 3A). Immunohistochem-
ical staining for tumor tissue in mouse

organs using an anti-human vimentin antibody confirmed
increased micrometastasis in various organs in groups B and C
compared with controls in group A (Figure 3B, upper panel).
Importantly, increased metastasis in multiple organs was
observed in an additional tumor model when human MeWo mela-
noma cells were injected intravenously (i.v.) into nu/nu mice pre-
treated with either vehicle or short-term sunitinib therapy (groups
A and B, respectively; Figure 3B, lower panel). Examples of micro-
metastases detected using an antibody specific to human vimen-
tin are shown in Figure 3C. Finally, increased visible lung surface
nodules and lung weight were indicative of increased tumor
burden in both tumor models, with representative hematoxylin
and eosin (H&E) and anti-vimentin staining shown in Figure 3D.

Since previously published studies had demonstrated potent
tumor growth inhibition of established primary tumors in mice after
sunitinib treatment (Christensen, 2007), we compared short-term
and sustained sunitinib therapies in both orthotopic primary tumor
and experimental metastasis models. 231/LM2-4LUC+ cells were
implanted into the mammary fat pad of nu/nu mice and treated
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Testing hypotheses for neo-adjuvant TKI effect
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Fig 2: Simulations of effect or no effect of treatment on metastases
Comparison of the experimental data with model simulations under the hypothesis of
effect (A) or no effect (B) of therapy on the metastases. The data comprises primary
tumor and metastatic growth dynamics in a group of sunitinib treated animals (14 days
treatment at the dose level of 60 mg/kg). Simulations were obtained using parameter
estimates from a previous population fit on a group of untreated animals [Benzekry et
al., Cancer Res, 2016]. The inhibitory effect of sunitinib was simulated by setting the
growth rate to zero during the time in which the drug was administered.
A) Simulation obtained including treatment also on metastases. B) Simulations
performed assuming sunitinib acts only on primary tumor growth.
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Clinical application - Brain Metastasis from NSCLC 



Data of a NSCLC patient with brain mets
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Figure 3: Data of primary tumor and brain metastases in a patient with non-small cell

lung cancer
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DiagnosisFirst cancer cell

Brain 
Metastases

Primary 
Tumor

Secondary dissemination?

Growth law: gp(Vp)=Vp(αp-βpln(Vp)) 

Growth law: g(V)=V(α-βln(V))  

Dissemination law: d(Vp)= μ(Vp) γ

Delay?

Dormancy?

treatment

Same growth?



The model with dormancy could describe best the data
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Figure 1: Observed mets growth and the theoretical one with pre-calibrated growth pa-
rameters and with parameters from our best fit.

smaller. Thus, visually, fit with parameters from the best fit is better, but quantitatively,
the worsening of the fit for the biggest met increases RSS value almost 6-fold.

At fig. 3-4 theoretical sized for all the mets are plotted.

Conclusion

Performing fit of mets dissemination parameters we used fixed pre-calibrated values on
mets growth parameters. This estimation was based only on the sizes of all mets with
time. Pre-calibrated parameters show quite good agreement with data (fig. 1 left). At
the same time, when we let both dissemination and growth parameters free, we obtained
much better fit of the cumulative distribution function, but we also got di↵erent values
of ↵0 and �. Thus, we plotted theoretical growth of all mets with the corresponding
growth parameters (fig. 1 right). After visual comparison of two results we can conclude
that in general, growth law with parameter values taken from the “best fit” matches data
quite good and sometimes (quantitatively in cases of ten mets) better than law with pre-
calibrated values. Nevertheless, the value of RSS for the growth law with parameters from
the “best fit” is almost 6-fold higher. Thus, improvement of the fit for the smaller mets is
negligible in comparison to the worsening of the fit for the biggest met.

2

Bilous et al. (Benzekry), biorXiv, 2018

Model Patient 1 Patient 2
Base 5.51 2.53

Secondary 5.43 2.3
Delay 5.23 1.53

Dormancy 4.93 1.71
Di↵. growth 4.95 1.79

1

Objective function

Dormancy estimated to 133 days ± 4.2%



Bilous et al. (Benzekry), biorXiv, 2018
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Clinical application - Metastatic relapse in breast 

cancer 



Clinical data of individual breast 
metastatic relapse

Institut Bergonié, Bordeaux, FR
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Vdiag

TTRpre-clinical history

Mechanistic modeling of time to relapse

• Number of metastases with size larger than the 

visible size Vvis (= 0.5 cm)

τvis = time to reach Vvis

• Time to relapse (TTR) defined as the time elapsed from 
diagnosis to the appearance of a first visible metastasis

• Parameter β fixed such that carrying capacity = 1012 cells
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Mixed-effects statistical model

(Observation model)

Survival function to account for 
censoring in the likelihood

fixed effects random effects

Lavielle, CRC press, 2014

Likelihood maximization performed using the saemix R package (SAEM algorithm)
Comets, Lavenu, Lavielle, J Stat Softw,  2017
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Descriptive power: fit to the data
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Predictive power: covariates

c-index = 0.62  (10-folds cross-validation)
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Calibration for 10−year outcome

• Covariates on !: 

• KI67 (p = 3e-04) 

• HER2 (p = 0.02) 

• CD44 (p = 0.1) 

• TRIO (p =0.085)

Mechanistic model with covariates 

log( i) = log( pop) +
X

k

�kxk + ⌘i
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• Covariates on ": 

• EGFR (p = 0.035) 

c-index = 0.62  estimated with 10-folds cross validation
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Diagnosis personalization
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median µ
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large µ (90th prct)

Breast cancer patient with primary tumor of 4.32 cm

Nothing visible



Chemotherapy personalization

Patient µ # metastases Patient µ # metastases

n¶
1 1.7 ◊ 10

≠8
0 n¶

6 7.0 ◊ 10
≠8

0

n¶
2 1.9 ◊ 10

≠8
0 n¶

7 1.3 ◊ 10
≠7 1

n¶
3 2.7 ◊ 10

≠8
0 n¶

8 2.7 ◊ 10
≠7 2

n¶
4 5.0 ◊ 10

≠8
0 n¶

9 4.0 ◊ 10
≠7 3

n¶
5 6.1 ◊ 10

≠8
0 n¶

10 6.1 ◊ 10
≠7 4

µ Protocole de Viens Optimized protocol

6 cycles 9 cycles 12 cycles 9 cycles 13 cycles 18 cycles

126 days 189 days 252 days 126 days 182 days 252 days

1.3 ◊ 10
≠7 1 0 ı 0 ı ı

2.7 ◊ 10
≠7 2 1 0 2 0 ı

4.0 ◊ 10
≠7 3 2 1 3 1 0

6.1 ◊ 10
≠7 5 4 3 4 3 1

2

Toward taking into account inter-individual variability  

• 10 virtual patients with breast cancer detected at stage T1N0M0. Size of the tumor 

at detection: 1 gram.  

• Chemotherapy : 6 cycles of 21 days (75mg of DTX and 100mg d’EPI) Viens & al., J. Clin. 

Onc. 2001  

• Number of visible metastases (> 108 cel.) 5 years after the end of the treatment 

Adapt the number of cycles to each patient 

Barbolosi, Verga, 2011
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