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error in finite element discretizations™

Jan Papezft Martin Vohralik*
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Abstract

We present new constructions of (approximate) H(div, Q)-liftings of the algebraic residual leading to
estimators of the algebraic error in A and p finite element discretizations of a model diffusion problem.
The estimators provide guaranteed bounds without any uncomputable constants and they are globally
efficient, similarly to some recent developments, but the cost of their construction is significantly reduced.
We provide a set of numerical experiments to assess the performance of the new estimators.

Key words: finite element method, iterative algebraic solver, algebraic error, a posteriori error estimate,
guaranteed upper bound, hierarchical splitting

1 Introduction

Numerical discretizations of partial differential equations typically give rise to large sparse systems of linear
algebraic equations, which are often solved by iterative solvers. Then two natural questions arise: 1) what
is the algebraic error on iteration ¢? 2) when to stop the iterations of the algebraic solver?

Pioneering works on estimating and balancing the algebraic and discretization error components were
proposes, e.g, by Brandt [8], Bank and Sherman [4], Bai and Brandt [3], Bank and Smith [5], Riide [22, 23,
24], Oswald [19], Becker et al. [6], or more recently by, e.g., Arioli et al. [2, 1], Janssen and Kanschat [15], or
Meidner et al. [17]. However, the available estimates often involve some unknown generic constants, which
can limit their use in practice. Using so-called flux reconstruction techniques, a posteriori error estimates
including algebraic error and avoiding uncomputable constants were derived, e.g., in Jirdnek et al. [16], Ern
and Vohralik [11], or Papez et al. [21], see also the references therein. However, these results still come
with some limitations; namely additional iteration steps are required. This drawback was overcome by the
estimates of [20] using a hierarchical lifting of the algebraic residual. Then guaranteed and fully computable
bounds on the algebraic, discretization, and total errors in conforming finite element discretizations become
available [20].

In this contribution, we elaborate on [20] and present new constructions of (approximate) H(div, 2)-
liftings of the algebraic residual leading to estimators of the algebraic error in h and p finite element
discretizations of a model diffusion problem. The estimators provide guaranteed bounds without any un-
computable constants and we show that they are globally efficient. In comparison to the construction of the
lifting proposed in [20], the cost of the new construction is significantly reduced, while all the theoretical
properties are maintained.

The rest of this contribution is organized as follows. We start in Sec. 2 with a warning example where
some commonly used estimators on the algebraic error critically fail. In Sec. 3, we introduce the hierarchy of
meshes and piecewise polynomial spaces that are used in the constructions of the liftings and the estimators.
A cornerstone of our approach, a coarse grid solver, is introduced in Sec. 4. Then we recall the construction
of the lifting from [20] in Sec. 5 and present two new constructions in Secs. 6 and 7. In Sec. 8 we finally
construct an approximate lifting in the lowest-order polynomial space. The upper bounds on the algebraic
error in the model Poisson problem are presented in Sec. 9 and their efficiency is proved in Sec. 10. Numerical
performance of the estimates is then examined in Sec. 11. The paper ends with a concluding discussion in
Sec. 12.
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2 Warning example

The purpose of this section is to present a simple example in which some commonly used estimators of the
algebraic error fail importantly. In contrast, the rigorously justified upper bounds on the algebraic error
developed in this manuscript behave without flaw.

Consider the Poisson model problem of finding v : 2 — R such that
—Au=f in Q, u=0 on 0.

Consider here the domain Q = (0,1)?, d = 1,2, 3, and choose the source term f such that the exact solutions
in (9.1) are respectively given by ug—1(z) = (1 — z), ug—2(z,y) = z(1 — 2)y(1 — y), and ug—3(z,y,2) =
z(1 — 2)y(l — y)z(1 — z). Consider a simplicial mesh with maximal element diameter H: uniform for
d = 1, composed of congruent isosceles triangles for d = 2, and composed of tetrahedra generated using
the FreeFEM [14] command cube for d = 3. Importantly, we also consider a regular refinement with
mesh size h = H/2. We denote by u§f and uf* the associated Galerkin finite element solutions, obtained
with continuous and piecewise affine polynomials with respect to the meshes 7y and 7;,. The associated
coeflicients in the standard nodal Lagrange basis on the mesh 7}, are respectively denoted by Uy and Ug¥,
and the stiffness matrix on the mesh 7y, is named A, so that AU = F,.

We elaborate on [7, Example 4.6], where the one-dimensional case is presented with a thorough discussion.
The point is to view u§} as an approximate algebraic solution to u$*. There is no (iterative) algebraic solver
here; we focus on estimating the energy norm of the algebraic error |V (uf* — u$5)|| = ||US* — Uplls, when
varying the mesh size h. We consider the probably most widespread algebraic error estimate given by the
Euclidean norm ||Rp |2 of the algebraic residual Ry, associated with uSy, Ry, := Fp, — ApUp,. It is known that
IRp||2 can be largely disconnected from the error. For this reason, we also plot the value ||A,:1||§/2||Rh||2,
which provides a (worst-case) guaranteed upper bound on the algebraic error ||V (ug* — u$)|| (see, e.g., the
discussion in [21, Sec. 3.1]). The results are given in Fig. 1.
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Figure 1: Unit cube problem with u$f as an approximate algebraic solution to uy*. The algebraic error

|V (u$* —u$¥) ||, the norm ||Ry||2 of the associated residual, and the guaranteed upper bound ||A; ! ||é/2 IRR 2
for the varying mesh size h in one- (left), two- (middle), and three-dimensions (right). For d = 2, we also
plot the guaranteed upper bound 7§ 5, = ||4,a1¢|| on the algebraic error from (9.9b)

We can see that the Euclidean norm of the algebraic residual ||Ry,||2 behaves with decreasing h differently
for each space dimension. Though in two space dimensions, it happens to have the correct convergence
rate and to be rather sharp, it dangerously over(under)estimates the algebraic error in one (three) space

dimensions. The guaranteed upper bound ||A; ! H;/ ?|IRn|l2 provides in all dimensions misleading information
on the energy norm of the error, further deteriorating with mesh refinement. Finally, in the two-dimensional
case, the upper bound 7§ , = ||o1,a1¢ on the algebraic error, proposed in Sec. 6 of this work is depicted to
show that it tightly follows the algebraic error, in adequacy with the theory developed here.

3 Setting

This section introduces the piecewise polynomial spaces used in the construction of the liftings and estima-
tors.
3.1 Hierarchy of meshes

Let Q@ c R? 1 < d < 3, be an open bounded polytope with a Lipschitz-continuous boundary. Let 75 be
a simplicial mesh of (), matching in the sense that for two distinct elements K of 7, their intersection is



either an empty set or a common vertex, edge, or face. Associated with T, let there be a hierarchy of
meshes {7;}o<;j<s. These are again matching simplicial partitions of the domain €2, nested in the sense that
7; is a refinement of T;_1, 1 < j < J, and satisfying 7, = T;. The set of vertices of 7; is denoted by V;,
and it is decomposed into interior vertices V}m and boundary vertices Vf"t. By ¢ we denote the standard
hat function associated with the vertex a € V;, 0 < 5 < J, ie., the function that is piecewise affine with
respect to the j-th level mesh 7}, taking the value 1 at the vertex a and zero at all other j-th level vertices
of V;. The interior of the support of ¢% is denoted by w? and it corresponds to the patch of elements of 7T;
which share the vertex a € V;. Fora € V;_;, 1 <j < J, we denote V' :=V; ﬁwj 1, the set of vertices on a
finer level that lie in the patch Wi (including its boundary). Flnally, we 1dent1fy wi = wj and V}, 1=V,

th th Vext Vext

3.2 Finite element approximation spaces

The pth-order conforming finite element space associated with the mesh 7; is denoted by Vjp and defined as

PY(T;) == {vn € L*(Q), vn|x € PU(K) VK € T;}, 0<q,0<j<,

VP :=PP(T;) N Hy (%), 1<p,0<j<,

In the following, the polynomial degree p will be fixed and we use the notation V' := V. By (-,-) we denote
the L2(2) or [L?(Q2)]? scalar product and by 117 the (L?)-orthogonal projection onto P¥(7j).

3.3 Finite element spaces for H(div, Q)-lifting

For our estimates, we construct H(div, Q)-conforming vector-valued liftings in Raviart—-Thomas (-Nédélec
in three space dlmenblonb) (RTN) finite element spaces Vq C H(div, ), ¢ > 0. These contain vector-valued
piecewise polynomials with continuous normal trace and are given by Vq = {v; € H(div,Q);vj|x €
PYK)|4+PI(K)x VK € T;}, see, e.g., Brezzi and Fortin [9]. We denote VZ := V1 for a fixed polynomial
degree q that we choose as either q = p or ¢ = 0, where, recall, p is the polynomial degree of the finite
element approximation space V}f’ .

The constructions below use also the local subspaces

Vz(w,?) {vj € Vilua; vinus = 0 on 9w}, ac Vi, (3.1a)
Qj(wi) = {q; € PU(T)j)lwp; (g5, Dwp = 0},
Vi(wp) = {vj € V{|uz; vjnue =0 on dwp \ 90}

gk $ k ’ eV, (3.1b)
Qj(wpt) := {qy c v ( ez} ;

where k is equal to either j or j — 1. The degrees of freedom of the space Vl( ") are illustrated in Fig. 2

4 Coarsest-level Riesz representer

Let 74, € PP(T) and A € [PO(7;)]?<¢. We will use below as a crucial step in the construction of the liftings
a piecewise affine Riesz representer po g € Vg of rj, given by

(Avpovalg, vvo) = ('r}“'UO) Yoy € Vol. (41)

This procedure is familiar from the coarsest-grid residual solve in multigrid methods; see, e.g., [13, Sec-
tion 2.5]. The piecewise affine Riesz representer was also used for estimating the algebraic error in hierar-
chical setting, e.g., in [18].

5 H(div,)-lifting of a given piecewise polynomial with large patch
solves

In [20, Def. 4.3], a H(div, Q)-lifting of the given piecewise polynomial r;, € PP(7},) was introduced such that
Ohalg € VY, V-0halg = Th, Where |0} a1g| is locally minimized. (5.1)

This is the basis of our developments. We now recall it here,



coarse patch subdomain wj‘_l forace V}“_t
coarse mesh 7;_; of w? ; (full line)

fine mesh 7; of w? ; (dashed line)

degrees of freedom of V7 ' (w#_;) for the H(div, ) Neumann
solve on large patch subdomains (p’ = 1, arrows and bullets)

Figure 2: H(div,Q)-lifting of Construction 5.1 by the large patch solve; degrees of freedom of local RTN
space V(w2 ;) from (3.1)

Construction 5.1 (H(div, Q)-lifting with large patch solves). Given rj, € PP(Ty), A € [P(T;)]9*%, and the
corresponding po.alg € VO1 given by (4.1), construct op a1y € V? as a hierarchical sum of local contributions

J
Ohalg 522 Z U;algv (52)

j=la€V;

where the local contributions O'?alg

Vi(wd ) x Q% (w?_y) such that

€ VE(wd ) solve the mized finite element problems: find (a2 ,,,,7;) €

(A_laialg,v?)w?_l — (755 V-V?)w?_l =0 AAZES Vf(w}il), (5.3a)
(Vo051 @), = (97, 05)wn_, Vg, € Q) (wi_y), (5.3b)
with
aj . Thw?—l - AVP07a1g'VT/)?_1 Jj=1
g = » a < (5.4)
(Id = TI) (rpp3_q) 1<1<J.
We note that the equivalent formulation of the problem (5.3) is
. _1

0% = argmin IlA 2Vij;s_1. (5.5)

\Z] EV? (w;‘-’fl)
V-VJ-:H?ga'J

The drawback of Construction 5.1 is the computational cost of the local solves in (5.3) (recall the degrees
of freedom of le» (w?_l) for p =1 in Fig. 2). Some possibilities of computational simplifications while not
changing Construction 5.1 are presented in [20, Sec. 8], but all these possibilities still involve solving at least
some problems of the form (5.3). In the following sections, we present three ways how to replace the local
solve (5.3) or (5.5) by a much cheaper procedure, while still maintaining all important theoretical properties.

6 H(div, Q)-lifting of a given piecewise polynomial with small patch
solves

The construction presented in this section ensures

Ohalg € VY, V-Opalg = Ths (6.1)



as in (5.1), but differs from Construction 5.1 in two key features. First, the contributions on the intermediate
levels j =1,...,J — 1 are computed in the lowest degree Raviart—Thomas(-Nédelec) space V?. Second, the
minimizations (5.3) on all levels j = 1,...,J and over every patch wi_ 1, a € Vj_1, are replaced by a single
piecewise affine Conformlng FEM problem on the large patch wj_; and several smaller problems posed on

small patch subdomains w®® , a’" € V&, where V2 denotes the set of vertices of V; that lie in wj ; and

a,a’ ., a a / a,
w =wi Nwjy, a eV
see Figure 3. This significantly reduces the size of the associated local linear algebraic systems. The

construction is illustrated in Fig. 3 and described in full detail below. Here we denote

Hi(w?_l) ={veH! (Wi—1), (v, 1)%;171 =0} ac th 1 (6.2a)
Hi(w?_l) ={veH (w8_1),v =0 on 0N} ae V. (6.2b)
and (cf. (3.1))
Vi (@*%) = Vi (@] oaars  QF (@*%) = QF (Wf )lpaw
. a//
e
\_ee '?"-
° o% 4
~~~~~ i\i ‘\\CLI,' ° 0
eeeeennes St
degrees of freedom for the H! Neumann solve degrees of freedom for the H(div, 2) Neumann
on 7}|w?71 (bullets), corresponding to the vertices in solve on small patches
1% (p’ =1, arrows and bullets)

Figure 3: H(div, Q)-lifting of Construction 6.1 and Construction 6.2 by piecewise affine conforming FEM
problem on the large patch subdomain wj_; and smaller problems posed on small patch subdomains w?®

a
aEVJ

Construction 6.1 (H(div,Q)-lifting eliminating large patch RTN solves). Given rp, € PP(Tp,), A €
[PO(T;)]?*4, and the corresponding po.aig € Vi given by (4.1), set

p =0 forl<j<J and p :=p forj=J. (6.3)

Then, for each level j, j=1,...,J:

1. For each verter a € V;_1, find 13 € P(T; wa N H}(w? 1), a continuous piecewise affine polynomial

with zero mean value on w?_, if a € V”‘t and zero on OS) if a € V& | see (6.2)), such that
Jj—1 1 j—1

(VL?‘,ij)w;L1 = (gI’a’j,vj)wa Vv, € P1(7})|w771 N Hi(w?fl). (6.4)

J—1

2. Run thmugh all vertices a’ € Va (mcludmg those on the boundary of w¥ 1) and on each small patch

subdomain w™?®  construct ch alg € V? (W), such that
V- U;;g g'haali, (6.5)



Finally,

J
’
a R a,a — a
Ohae = D T Chasi= ) D, g (6.6)

EI’EV;.a j=laeV; 1

The right-hand sides in (6.4) and (6.5) are respectively

4 9 (ratp§) — AV po,aig - VIO Jj=1,
g™l = (6.7)
(Id H? 1)(Th¢ja—l) j :2aa‘]7
and
. 119 [[119 (rnt8) — Vpo,atg - VY1 YE | — Vit - V2 j=1,
gt .= o (6.8)
I [T (1d — 119, ) (radp2_y) 2] = Vi3 - Vg2 j=2,...,J

It remains to detail the construction of a’j‘llg € Vp (w®?') in (6.5). The first construction is similar

to Construction 5.1, but the local minimization is done over a small patch, and it is therefore significantly
cheaper; cf. Figs 2 and 3.

Construction 6.2 (Local lifting 0'] &lg by a small patch RTN solve). Let j = 1,...,J, a € V;_1, and
a e V3 be given. Set pi=0if1<j<Jandyp :=p forj=J. Let gH’a’a,’j € IP”’/('T')|Wa 2 be given
by (6.8). Deﬁne o alg € Vp (w®2') as the solution of the mized finite element problem: find (o o dlg”y])
\% (wa?') x Q? (w®2) such that
(Ao v unw = (07, Vv ) = 0 v e Vi @), (6.98)
(Vo8 0) e = (972 g) o Vg € QY (W), (6.9b)

Analogously to (5.3) and (5.5), an equivalent formulation of the problem (6.9) is

ohle = agmin AT (6.10)
v;evy (s
v.vj:gII,a,a,,j

Lemma 6.3 (Properties of O'h,alg)- Any lifting o, ag of Construction 6.1 satisfies (6.1).

Proof. All the contributions 0'] alg and %), extended by zero to €2 belong to V?, for j < J, and to Vf, for
j =J, so that o ., € VJ. For the divergence claim, let 0 a1, := Zaev%l Uialg, 1<j<J. Werely on

the two partitions of unity

dv¥=lonw®, VYa€Vy Vj=1..J (6.11)
a’EV;‘
and
> oWt =1onQ,  Vi=1...J (6.12)
aEijl

and proceed in four steps.

Step 1: First, using the partition of unity (6.11) for any 2 < j < J and owing to the choice (6.3), o,
satisfying (6.5)—(6.6) fulfills

] alg Z V- 0'] alg HF)) [HS (Id - Hg—l)(rhw}i—l)] HO(Id H] 1)(7"h1/)?71)~

a/eva
Consequently, using the partition of unity (6.12),

0 0 0 0
V-0jalg = E V-o? e = W;(Id — 1Ty )ry = jry, — 107,
aEVj71



Step 2: On the first mesh 77, we similarly see that
Vol = Y Veors, =T0g) — Voo Ve§  and Vo ag =9,

1,alg =
a’evs
Step 3: On the finest mesh T,

V05 s = Z Veoyn, =I5Id-19_ ) (rped_ ) and V.05, = hry—I05_ ry = rp—I15_ 7y

J,alg
a’eV?
(6.13)
Step 4: From (6.6) and the three above steps, we now conclude
J J-1
v'o'h,alg = Z V'Uj,alg = H?rh + Z(H?Th - H?_l’l"h) +7ry — Hg_lTh =Th.

j=1 j=2

O

7 H(div,Q)-lifting of a given piecewise polynomial with single el-
ement solves
This section presents a construction of local lifting a’?:}lg satisfying (6.5) that is still cheaper than Construc-

tion 6.2. The local construction presented below follows [16, Sec. 7.3], [12, Sec. 5.1] and involves a sequential
sweep through the elements of each small patch. As in (5.1) and (6.1), it leads to

Oh,alg € Vi‘;, V'o'h,alg =Th. (71)
K
a//
o
K, a
al
degrees of freedom for the
degrees of freedom for the H! Neumann solve explicit run H(div, ) Neumann solve
on Tj_1|wa_, (bullets) corresponding to the vertices through on a single element
in V2 small patch (p' =1, arrows and
bullets)

Figure 4: H(div, Q)-lifting of Construction 6.1 and Construction 7.1 by piecewise affine conforming FEM
problem on the large patch subdomain wf_;, a sequential sweep through the elements of small patches w™#
a’ € V2, and single element solve on K; € wa?’

Construction 7.1 (Local lifting a’j‘;/g by a sweep over small patch and single element solves). Let
je{l,...,J}, a € Vj_1, and a' € V3§ be given. Set p' := 0 for 1 < j < J and p' = p for j = J.
Let g'h220 ¢ PP (T;)| jaw be given by (6.8). Let the simplices in the patch subdomain w®® be ordered
as K1, Ko, ..., Ky such that K; and K;_1 share a common (d — 1)-dimensional face, i = 2,..., M (the
fact that a suitable ordering exists is obvious in 1D and 2D; the proof for 8D is given in [12, Lemma B.1]).

Then, fori=1,...,M:



1. Find o; € RTNp,(Ki) = {v € [PY'(K;)]? + PP (K;)x} such that

) 1
o; = argmin ||A72v,|k,,
v;ERTN(K;)

where I?’i‘_ﬁ(Kl) are functions of RTNPI(KZ-) such that

Vv, = ghﬂa-,a’,j7
Ui’:llg'np for F C OK; N 0Ky, 0 <q
Vi np = 0 f07’ F C 8KZ N Owa2 s ifa S le-n,tl,

0 for F COK; N (0w™¥ \ 09Q),  ifac Vi na € Ve,

Here F' denotes a (d — 1)-dimensional face and ng the associated normal vector, whose orientation is
chosen arbitrarily but fized for interior faces and coinciding with the exterior normal of  for exterior
faces. An illustration is given in Fig. 4 for a € V;’fl.

’
a,a’ R
2. Set O'j’algh(i = 0.

For p’ = 0 in two space dimensions, the dimension of the local space RTN(K;) is equal to one on all
but the first element K; and last element Kj;; there, it is respectively equal to 2 and 0. Consequently,
for the lowest-degree RTN space with p’ = 0, where the degrees of freedom correspond to the flux through
the faces of the elements, Construction 7.1 gives a formula that is explicit without any need for solving an
algebraic system for all but the first element.

8 Approximate lifting in the lowest-order RTIN space

Setting p’ = 0 also for 7 = J in Constructions 6.1 and 7.1 leads as in Lemma 6.3 to
Oh0,lg € Vg, V01,0 = ngh- (8.1)

This procedure is yet much cheaper since the lowest-order RTN functions are used also on the finest level J.
The price to pay is that V-0 only equals to the mean value of 7, on each mesh element K € Ty,
compare (8.1) with (7.1).

Remark 8.1 (Variants). It is also possible to construct the lowest-order approzimate H(div,Q)-liftings
analogously to Construction 5.1 or Constructions 6.1 and 6.2. For the sake of simplicity, we do not consider
such liftings in this manuscript.

9 Guaranteed upper bounds on the algebraic error in the Poisson
problem

We now consider a model Poisson problem discretization and the solution of the arising system of linear
equations by an arbitrary algebraic solver. We present the notion of the algebraic residual and derive
guaranteed upper bounds on the algebraic error that are based on the liftings presented in the previous
sections.
9.1 Model problem
Given a source term f € L?(Q), the model Poisson problem reads: find u € Hg () such that

(Vu, Vo) = (f,v) Yo € H} (). (9.1)
The Galerkin finite element approximation of (9.1) consists in finding u§* € V} such that

(Vuy®, Vo) = (f,on)  Yop € V). (9.2)

Let ¢}, 1 <1 < Np, Nj, := dim V!, form a basis of V. Then problem (9.2) is equivalent to solving a
system of linear algebraic equations with a symmetric positive definite matrix: find U* € RN® such that

AU = Fy, (9.3)

where (Ap)im = (VI VL), (Fr) = (f,¢)), and ug* = Zanl1(U%X)m Y. We note that U5* depends on
the choice of the basis of V,f while u3* € V,f does not.



9.2 Algebraic residual

Let Uy, € RV% be an arbitrary approzimation to the exact solution US* of (9.3), corresponding to

Ny
un = Y (Up)m yf € V2. (9.4)
m=1
The algebraic residual vector is then
Rh = Fh - AhUh. (95)

Following Papez et al. [21], we associate with Ry a discontinuous elementwise polynomial ry, of degree p,
vanishing on the boundary of Q, i.e., 7, € PP(T3), rnlon = 0. Denote by N} the number of elements
forming the support of the basis function wz, 1 <1 < Nj. Then, for each fixed element K € Tj, we define
rn|x € PP(K) by

(Ra)t
NL

(rn, i)k = Thloxnoan =0, (9.6)

for all basis functions 1}, of the space V/’ non-vanishing on K. Such r}, satisfies obviously (Rp,); = (73, ),
1 <1< Nj, and the algebraic relation (9.5) yields

(rh, Uh) = (f, U}L) — (Vuh, V’Uh) V’Uh (S V,f). (9.7)

We point out that although rj, is uniquely defined by (9.6), it is not the unique element in PP(7;) which
satisfies (9.7). It is also possible to define 7, € V)P directly by (9.7), as in, e.g., [6]. However, this requires
the solution of a globally coupled mass system, see also [21, Sec. 5.1]. Thus we prefer to work with (9.6).

9.3 Bounds based on p-order lifting of the algebraic residual

Liftings of the algebraic residual presented in Secs. 5—7 can be used to bound the algebraic error as in [20]:

Theorem 9.1 (Guaranteed bounds on the algebraic error). Let u, € Vi be arbitrary, let v, € PP(Ty)
satisfy (9.7), and let o 15 € VY be given by any of the constructions of Sections 5-7. Then

IV (up* = un)|l < Mg (9.8)
where
nglg =0t = |ohalgl for op a1 € VY given by Construction 5.1, (9.9a)
7751g =N = |Thalgll for o, a1 € VY given by Constructions 6.1 and 6.2, (9.9b)
Mg = M1 = lloh.agll for o, a1 € VY given by Constructions 6.1 and 7.1. (9.9¢)

Proof. Using (5.1), (6.1), or (7.1), the Green theorem, and the Cauchy—Schwarz inequality

IV (i —un)l| = sup  (rn,vn) = sup  (V-Op,alg; vn) = sup  (Oh.alg, VOR)
’Uh,GVf, HV’U}LH:1 ’L)hGVf, ”Vﬂh,H:l vhev’f), HV’U;,,“:I
< sup lon.agll - [Vonll = lon.all

v €V, |[Vun|l=1

O

9.4 Bound based on the lowest-order approximate lifting of the algebraic resid-
ual

We now present an upper bound on the algebraic error using the lowest-order lifting as in Sec. 8. In order
to bound the algebraic error, we have to in this case compensate for the fact that V-0 0.a1g # 74, since
V040,01 = H(}rh only. One can therefore expect that this bound may deteriorate for approximations using
higher polynomial degrees p.

Theorem 9.2 (Guaranteed bound on the algebraic error). Let up, € V)P be arbitrary, let vy, € PP(Ty,) satisfy
(9.7), and let op 0,815 € Vg be given by the construction in Section 8. Then

IV (= un) || < ng (9.10)



where

1/2
hi 2
Mog = { > (7\|Th — & + HUh,o,algHK) } ; (9.11)

KeTn
for o 0,a1s € VY given by Constructions 6.1 and 7.1 with p' =0 for j = J.

Proof. For v, € V),
(’I’h, ’Uh) = (’I’h — H?]T‘h + H?ﬂ‘h, Uh)
= (rp — O9rp, v, — OG0p) + (Vo0 0,a18: V)

hx
< 3 (I = Irall - = Vonll i + lon ol s Vol )
KeT,

IN

b ) 1/2
{Z (Z2 i = TSl + loro.anellx ) } IVonll

KeTy,

where we have used the Poincaré and Cauchy—Schwarz inequalities. Consequently, as in the proof of (9.8),

1/2
hi 2
IV (up* —up)|| = sup (Thyvn) < Z (7”7% = Tyrnllx + ||Uh707“1g”K> '
VR €V, [Von]|=1 Keri "

10 Efficiency of the error bounds

In this section we prove the efficiency of the upper bounds on the algebraic error of Theorems 9.1 and 9.2,
i.e., we show that the bounds do not significantly overestimate the algebraic error ||V (u5* —us)||. We start
by recalling the efficiency of the upper bound 7% | proved in [20, Theorem 7.4].

Theorem 10.1 (Efficiency of the upper bound 7 ; on the algebraic error, [20]). Let i | be given by (9.9a).

There holds —
—eff,p,5. ex
U§.1 < Calg Hv(uh - uh)”v

—eff,p,5.
where Czlg’p’5 Yisa generic constant only depending on the shape regularity of the mesh Ty, the space

dimension d, the polynomial degree p, and the number of mesh levels J.

Proof. For later use, we present here the key steps of the proof of [20, Theorem 7.4]. For ease of presentation
below, C denotes a generic constant depending on the shape regularity of 7y, and d, p, J.

Step 1: Bound the norm of the lifting by the local contributions

J
lonagl® < Jd+1)D 0 > llofalis -

j=laeV;
Step 2: Bound the local contributions using the norm of the algebraic residual

ot agllws < Chuglllrallog + 1Vpoag - VUGl -
||0_a S Chw?_lnrhnw?_lv 1 <.7 S Ju

Fatglls_,
where hya | denotes the diameter of the patch wf_;.

Step 3: Bound
hillrnlxe < CIV(uy — un)llox, VK € Th,

where wi 1= Uaey, acorx Wi denotes the domain of all elements sharing a node with K.

Step 4: Combine Steps 2 and 3 to bound

Yo lofaglie , < CIV(uE —uw)l?,  1<j<J.

aGijl

10



Step 5: Combine Steps 2 and 3 together with ||V pg aig|| < [|[V(uf* — up)|| to bound

Y ot aglizg < CIV (i —un)]

EXS)

Step 6: Combine Steps 1,4, and 5 to prove the assertion of the theorem.
O

We now prove the efficiency for the upper algebraic error bounds based on the p-th order liftings of the
algebraic residual derived in Sections 6 and 7.

Theorem 10.2 (Efficiency of the upper bounds 7f , and 7%, on the algebraic error). Let nf, and n% | be
given by (9.9b)—(9.9¢). There holds

—eff,p,6.2

M2 < Cag V(g —un)l, (10.1)
—eff,p,7.1
M1 < Cag IV —un)l, (10.2)
—eff,p,6.2 —eff,p,7.1 . . .
where C' » Calg are gemeric constants only depending on the shape regularity of the mesh Ty, the

space dimension d, the polynomial degree p, and the number of mesh levels J.

Proof. We show that the norm of the local contributions %), of Construction 6.1, with o? alg constructed
either by Construction 6.2 or 7.1, can be bounded by the norm of O'J alg constructed by the local minimization
of Construction 5.1. Then the proof of Theorem 10.2 follows using the proof of Theorem 10.1 above.

Efficiency of % 5: Given j € {1,...,J},a € V;_y, and g*7 € P¥’ (Tj)lwa_, from (5.4), we denote % 5 .\,

the local flux constructed by (5.3) and 0% 4 ) 1, the local flux given in (6.6) as a sum of small patch

,alg
contributions of Construction 6.2. Then we use a modification of [10, Theorem 1.1] when setting

Q:=w? ; (see, in particular, the construction in [10, Secs. 3 and 5]) to show that

||U] (6.6), algHWJ 1 < CHO.] (5.3), alg”WJ 10 (103)

where the constant C' is a generic constant depending on the shape regularity of 75, and d. From the
definition of nf ,,

2
J
(n82)* Z Z 2eopatg| STE@FDD S D 02 6oaglie
j=laeV,_ j=laeV; '
J
SCQJ(CH‘UZ Z ||U?,(5.3),alg|‘i§‘71a (10.4)

j=laeV;_ 1
and the efficiency of 7% , then follows from the proof of Theorem 10.1.

Efficiency of ny - Given j € {1,...,J},a€V;_q,a € V3, and g'ha2%i € PP (T;)| aar We denote 0362alg
the local contribution of Construction 6.2 and by a 7 1 alg the local contribution of Construction 7.1.

Then, using constructive proofs in [12, Secs. 5.1, 6. 3 and 7], we get

|| _7a7a1 algHwE‘ a’ < CQt”U] 6.2 algHwE‘vﬂlv

where the constant Cy of [12, Theorems 2.3 and 2.5] only depends on the shape regularity of the

elements in the patch W@ Setting o2

A lalg = D v 0 37 1.a1g0 We proceed as above in (10.3) to

infer ) /
Ha?,fl,alg ||27a < CS‘ECHO-?,(S.L%),aIg ||3’a

The efficiency of 1% ; then follows as in (10.4).
O

Finally, we prove the efficiency of the upper bound based on the lowest-order algebraic residual lifting.

11



Theorem 10.3 (Efficiency of the upper bound 7%, on the algebraic error). Let 19, be given by (9.11).
There holds

—eff,0 <
nglg < CValg ||V(’U,Z - uh)H7 (105)

where 63;’0 is a generic constant only depending on the shape reqularity of the mesh T, the space dimen-
sion d, the polynomial degree p, and the number of mesh levels J.

Proof. First, we bound the norm of the local contributions [|o% ,j,llws , by HH?ThHw;‘_ and [[Vpo,aiglwa_,

1
as in Theorem 10.2 and in Step 2 of Theorem 10.1. Then we use || T1975||x < |74 [ x (since II7 is a projection)

and [y, — 17| & < |rallx. Finally, the proof follows using the Steps 3-6 of Theorem 10.1 above. O

11 Numerical results

For the numerical experiments, we consider the same test problems and setting as in [20]. We consider the
model problem (9.1) with three different choices of the domain Q € R? and of the exact solution u:

Q= (-1,1)% u(z,y) := sin(2nz) sin(27y) sinus,
Q:=(0,1)%, u(@,y) = z(z — Dy(y — 1) exp (=100((z = 5)*~(y — 1505)%))  peak,
Q:=(=1,1)2\[0,1] x [-1,0], u(r,0) :=r>/3sin(260/3) L-shape.

In the last case, we impose an inhomogeneous Dirichlet boundary condition corresponding to the prescribed
exact solution. We consider the finite element method (9.2) with the polynomial degrees p = 1,...,4.
For each test problem, we start from an initial Delaunay triangulation of the domain 2 and consider four
uniform refinement steps, so that J = 4. We give in the tables and figures below the effectivity index defined
as the ratio of the estimate (error upper bound) to the error,

. estimate
eff. index ;= ——.
error

11.1 Algebraic error bounds based on the p-degree polynomial lifting

First, we present the results for bounds from Theorem 9.1, based on the liftings constructed in p-degree
RTN space V¥ in Sections 5-7. We present the results in the same way as in [20], to allow for a test
comparison. As an algebraic solver, we consider a geometric multigrid method (MG) with V(5,0)-cycles,
i.e., employing 5 Gauss-Seidel pre-smoothing iterations and no post-smoothing. Second, we consider a full
multigrid (FMG) method using a single V(3,3)-cycle on each level (i.e. with 3 Gauss-Seidel pre- and post-
smoothing iterations). Our starting iterate is the zero vector, and in MG we iterate until the algebraic error
drops below 10% of the discretization error.

As presented in [20, Theorem 7.1}, there also exists an upper bound on the total error ||V (u — up)| in
the form

||V(U - Uh)” < nfot = ﬁdis + Tlosc + 77§1g7 (111)

where 77§1g is given by (9.9). The term 7.5 measures the oscillation in the data f and 7jqis can be used to
approximate the discretization error ||V (u — u$*)||. These two terms are independent of the construction of
the algebraic residual lifting o, a1s. In the tables below, we show the energy norm of the total error and
the efficiency of the upper bound determined by using in (11.1) the upper bounds on the algebraic error
Talg = M5.15 Mo.25 OF 17 1-

The experiments confirm excellent efficiency of n?; (reported already in [20, Sec. 9]) and also of the
new upper bound 7% ,; typically, 7§ , is very close to 7% ;. The effectivity index of 7% | is slightly worse but
still, in most of the experiments and iterations, its value is below 2, which we consider very satisfactory.
We also note that the efficiency of all the bounds (based on the p-degree polynomial lifting) does not in
the experiments deteriorate with the increasing polynomial degree p of the FEM approximation, though we
could not prove this rigorously in Section 10.

12



p (Nw)

MG

iter

algebraic

error

eff.

P
5.1

index n),

P D
M2 71

total

error

eff.

P
5.1

index nF,

Moo M.

discretization

1 error

1 (3.5%x10%)

1 1.2
8.0x1072
5.1x1073

1.11
1.13
1.15

1.11 1.24
1.16 1.29
1.17 1.32

1.3
2.5x1071
2.4x107!

1.46
1.35
1.06

1.47
1.36
1.06

1.59
1.40
1.07

2.4x1071

2 (1.4x10°)

1.2
1.1x107!
2.8x1073
9.6x107°

1.10
1.18
1.18
1.20

1.11 1.39
1.20 1.58
1.20 1.59
1.25 1.61

1.2
1.1x107!
4.1x1073
2.9%x1073

1.48
1.77
1.66
1.05

1.50
1.79
1.67
1.05

1.77
2.17
1.94
1.06

2.9%1073

3 (3.2x10°)

5.9x107!
2.2%x1073
1.0x107°
1.4%107°

1.09
1.19
1.19
1.18

1.17 1.48
1.18 1.55
1.18 1.54
1.18 1.53

5.9x107!
2.2x1073
2.4x107°
2.2x107°

1.33
1.75
1.44
1.08

1.41
1.74
1.44
1.08

2.1

1.1

1.73

1.59

2.2x107°
1

0

4 (5.6x10°)

4.5x107*
1.2x107%
6.4x10~7
8.3x107°

B RN NQE e NRE S, B CI Y NG UR \CRRE SR

—_
o

1.08
1.13
1.11
1.12

1.19 1.64
1.14 1.49
1.12 1.46
1.12 1.45

4.5x1071
1.2x107%
6.5x10~7
1.5x1077

1.39
1.58
1.53
1.06

1.49
1.59
1.54
1.06

1.94
1.93
1.86
1.08

1.5x1077

Table 1: Sinus problem, multigrid V-cycles: efficiency of the error upper bounds of Theorem 9.1

algebraic  eff. index nf), total eff. index nf,, | discretization
p (N3) eror  mEy mb, wby | ewor  qE, ub, Py |  error
1(3.5x10%) | 8.7x107* 1.03 1.07 1.25|24x107' 1.04 1.04 1.04| 2.4x107!
2 (1.4x10°) | 1.9x107° 1.10 1.18 1.49 [2.9x107% 1.02 1.02 1.02| 2.9x1073
3 (3.2x10%) | 2.6x107% 1.08 1.06 1.53|2.2x107° 1.12 1.12 1.17| 2.2x107°
4 (5.6x10%) | 5.1x10™% 1.03 1.10 1.47|1.6x1077 1.29 1.31 143 | 1.5x1077

Table 2: Sinus problem, one full multigrid cycle: efficiency of the error upper bounds of Theorem 9.1

MG
p (Nn) iter
1(9.3x10%) 1

eff.
54
1.13
1.13
1.13
1.17
1.17
1.10
1.18
1.17
1.09
1.15
1.11
1.11

total

error
6.9x1073
3.3x1073
7.5%x1073
4.6x107%
1.1x107*
4.9%x1073
1.3x107°
2.9%x107°¢
4.4x1073
1.8x107°
6.8x1078
6.3x1078

eff.
n5 41
1.61
1.10
1.61
1.76
1.10
1.40
1.75
1.01
1.44
1.67
1.34
1.02

algebraic index n?, | discretization
Moo Mra
1.61 1.69
1.10 1.11
1.62 1.97
1.77 2.14
1.10 1.12
1.47 1.92
1.74 2.12
1.01 1.01
1.56 2.15
1.68 1.99
1.34 1.44

1.02 1.03

index nslg
Mo TM7a
1.13 1.22
1.15 1.28
1.14 1.48
1.18 1.56
1.18 1.57
1.17 1.62
1.18 1.57
1.16 1.59
1.21 1.80
1.16 1.48
1.12 1.40
1.11 1.38

error
3.3x1073

error
6.1x1073
1.9x107*
7.5x1073
4.5%x107%
8.1x1076
4.9%x1073
1.3x107°
7.8%x107°
4.4%x1073
1.8x107°
2.4%x1078
1.1x107°

2 (3.8x10%) 1.1x107*

3 (8.5x10%) 2.9x107°

4 (1.5x10°) 6.3x107%

SOl W Ot W HWN =N

Table 3: Peak problem, multigrid V-cycles: efficiency of the error upper bounds of Theorem 9.1

algebraic  eff. index 7}, total eff. index ¥, | discretization
P (Nn) error M1 Moo Mra error M1 Moo Mra error
1(9.3x10%) | 1.8x107° 1.02 1.09 1.33|3.3x107® 1.04 1.04 1.05| 3.3x107°
2 (3.8x10%) | 1.9x1077 1.07 1.10 1.37 |1.1x10™* 1.01 1.01 1.01| 1.1x107*
3 (8.5x10%) | 2.2x1077 1.08 1.06 1.55|2.9x107% 1.08 1.08 1.12| 2.9x107°
4 (1.5x10°) | 9.1x107° 1.05 1.10 1.49 | 6.4x107% 1.14 1.15 1.21| 6.3x1078

Table 4: Peak problem, one full multigrid cycle: efficiency of the error upper bounds of Theorem 9.1
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MG
iter

eff.
M54
1.14
1.14
1.16
1.17
1.19
1.19
1.18
1.19
1.19
1.20
1.18
1.17
1.18
1.18
1.16
1.13

eff.
77?.1
1.60
1.61
1.37
1.22
1.78
1.79
1.55
1.32
1.72
1.76
1.89
1.48
1.68
1.71
1.87
1.57

total
error
1.4
7.0x1072
2.3%x107?
2.2x1072
2.6
8.9%107?2
9.2x1073
8.9%x1073
2.4
1.1x107!
6.4x1072
5.3x1073
2.6
1.3x107!
7.1x1073
3.8x1073

algebraic index nf, | discretization
Moo Mra
1.64 1.95
1.65 1.90
1.39 1.47
1.22 1.23
1.81 2.43
1.80 2.23
1.56 1.66
1.32 1.32
1.74 2.25
1.76 2.16
1.88 2.11
1.48 1.49
1.75 2.50
1.72 2.10
1.87 2.13

1.57 1.60

index 7,
Moo Mra
1.18 1.49
1.19 1.44
1.25 1.68
1.31 1.89
1.22 1.84
1.20 1.63
1.21 1.61
1.25 1.68
1.20 1.71
1.19 1.59
1.17 1.58
1.16 1.60
1.25 2.00
1.18 1.57
1.15 1.46
1.13 1.44

p (Nn)
1 (2.5%x10%)

error

2.2x1072

error
1.4
6.7x1072
4.3x1073
4.1x107*
2.6
8.9%x107?2
2.2x1073
8.6x107°
2.4
1.1x107!
3.6x1073
1.8x107*
2.6
1.3x1071
6.0x1073
3.5x107*

[

2 (1.0x10°) 8.9x1073

3 (2.3x10°) 5.3x1073

4 (4.0x10°) 3.8x1073

W N R W N R WD R WD

Table 5: L-shape problem, multigrid V-cycles: efficiency of the error upper bounds of Theorem 9.1

algebraic  eff. index nglg total eff. index nf,, | discretization
P (Nn) error M1 Mo Mra error Me1 Mba Mra error
1(2.5%x10%) | 44x107* 1.11 1.27 2.02|2.2x1072 1.22 1.22 1.23| 2.2x1072
2 (1.0x10°) | 8.0x107° 1.12 1.44 2.26|89x107® 1.32 1.32 1.33| 8.9x107?
3 (2.3x10%) | 5.5x107° 1.09 1.21 1.95|5.3x107% 1.45 1.45 1.46| 5.3x107°
4 (4.0x10%) | 7.2x107° 1.08 1.24 1.94 | 3.8x107% 1.49 1.49 1.51 | 3.8x1073

Table 6: L-shape problem, one full multigrid cycle: efficiency of the error upper bounds of Theorem 9.1

11.2 Algebraic error bound based on the approximate lowest-degree polyno-
mial lifting

We now focus on the efficiency of the upper bound nglg from Theorem 9.2, based on the algebraic residual
lifting constructed in the lowest degree RTN space VY in Sec. 8. As remarked in Sec. 9.4, we expect
deterioration of the upper bound for increasing polynomial degree p of the FEM approximation. Here,
we consider iterations of V-cycle multigrid solver with 5 pre-smoothing Gauss—Seidel iterations and no
postsmoothing.

The observed efficiency is in particular satisfactory for p = 1, where it stays close to 2 in the peak,
respectively, to 2.5 in the sinus and L-shape test problems. One can note a significant deterioration of the
efficiency between p = 1 and p = 2, while the deterioration is less substantial between higher polynomial
degrees. Nevertheless, the efficiency stays in all the numerical experiments bounded by p + 2. Taking
into account the importantly reduced computational cost of constructing the lowest-order lifting of the
algebraic residual, we believe that the guaranteed upper bound "721g of Theorem 9.2 can be of interest in
many applications.

12 Conclusions

In this contribution, we presented new constructions of (approximate) liftings of a piecewise polynomial
function. As showed in [20], this can be used to recover mass balance for any problem, any numerical
discretization, and any situation. Here we used these liftings to construct guaranteed upper bounds on the
algebraic error in the higher-order conforming discretization of the model Poisson problem. Together with
the results of [20, 18], one can also monitor the total and discretizations errors.

The presented constructions of the liftings are significantly cheaper w.r.t. those of [20] while still preserv-
ing the same theoretical properties, i.e., guaranteed upper bound on the algebraic error and efficiency. The
numerical experiments confirm the theoretical expectations and lead to very satisfactory effectivity indices
of the estimators. Moreover, for the liftings of Sections 6-7, of the same polynomial order p as the FEM
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Figure 5: Sinus problem, multigrid V-cycles: efficiency of the bound nglg
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Figure 6: Peak problem, multigrid V-cycles: efficiency of the bound nglg of Theorem 9.2 for varying poly-

nomial degree p of FEM approximation

discretization has, we numerically observed p-robustness. This is not the case for the bounds based on the
lowest-order approximate lifting of Section 8, which attained in our experiments effectivity indices below
p + 2. We however note that the lowest-order approximate lifting has the computational cost significantly
further reduced and, therefore, it can be of interest in many applications.
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Figure 7: Lshape problem, multigrid V-cycles: efficiency of the bound nglg
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