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Abstract

We introduce threshold growth in the classical threshold contagion model, or equivalently a
network of Cramér-Lundberg processes in which nodes have downward jumps when there is a
failure of a neighboring node. Choosing the configuration model as underlying graph, we prove
fluid limits for the baseline model, as well as extensions to the directed case, state-dependent inter-
arrival times and the case of growth driven by upward jumps. We obtain explicit ruin probabilities
for the nodes according to their characteristics: initial threshold and in- (and out-) degree. We
then allow nodes to choose their connectivity by trading off link benefits and contagion risk. We
define a rational equilibrium concept in which nodes choose their connectivity according to an
expected failure probability of any given link, and then impose condition that the expected failure
probability coincides with the actual failure probability under the optimal connectivity. We show
existence of an asymptotic equilibrium as well as convergence of the sequence of equilibria on the
finite networks. In particular, our results show that systems with higher overall growth may have
higher failure probability in equilibrium.
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1 Introduction

The random graph approach is a tool for systemic risk modeling when uncertainty stems from
missing information on linkages. Such is the case for financial networks, see e.g. [7, 22, 24]. Instead
of who is connected to whom, only aggregated information at the level of each node is available.
One can think of these as node characteristics, and examples include capital, asset or liability size,
degree of connectivity. The random graph approach allows one to compute the limit (when the size
of the network is large) of the fraction of nodes that fail when a shock propagates. The assumption
is that one can categorize nodes according to some of their characteristics, and within each category,
nodes are exchangeable. Along this direction, [2] assume that connectivity of each node is known
and that the underlying graph is the configuration model, chosen uniformly over all graphs with
the prescribed degree sequence. Their exchangeability assumptions on the linkage weights ensure
that a limit exists for the fraction of nodes with an initial threshold to contagion. The final fraction
of affected nodes is given in closed form for all values of degrees and initial thresholds.

Of course, the configuration model is a graph where cycles become rare in the asymptotic limit,
and therefore one has to be cautious about the scope its applicability to financial networks. First,
they must be sufficiently large: networks of overlapping portfolios are large networks describing
how firms impact each other through common asset holdings [21], 27]. Networks of interbank loans
are of the order of thousands of nodes at the level of a large economic zone. Second, because of the
presence of cycles in real-world networks, the asymptotic results on failures in the configuration
model are interpreted as a lower bound on the real-world potential for contagion. They can serve
as a mandate for regulators to collect data on that specific network and assess contagion via
intensive computational methods. Without such mandate, data collection is only at aggregate level
and existing methods for filling in the gaps are entropy methods, likely to understate contagion,
or bayesian methods, computationally intensive even to generate one network compatible with the
aggregated values. Threshold models of cascades in large random graphs originate in social network
and have been used primarily to study the spread of influence [31} 35, 39]. Rigorous proofs of the
asymptotic limits for various model flavors are newer [I], 2, [4} [12] 29, 34]. Existing models however
assume that thresholds do not change during the contagion process.

Our main contribution in this paper is to extend the threshold contagion on the configuration
model to the case when nodes’ thresholds receive growth from the linkages. Because loss from the
linkages and growth are intertwined, we call this the recovery feature of the threshold. We are
motivated by the application to financial and insurance-reinsurance networks. Indeed, in financial
networks thresholds represent —depending on the context — either capital or liquidity. An initial
set of nodes fail exogenously and affect the nodes connected to them as they default on financial
obligations. If those nodes’ capital or liquidity is insufficient to absorb the losses, they will fail in
turn. In other terms, if the number of failed neighbors reaches a node’s threshold, then this node
will fail as well, and so on. Since contagion takes time, there is the potential for the capital to
recover before the next failure. It is therefore important to introduce a notion of growth.

Networks of insurers and reinsurers are the closest example of what we model here, for several
reasons. First, as the recent literature [14, [30, B2] emphasizes, network effects are critical in
insurance-reinsurance networks, where reinsurers insure the primary insurers and other reinsurers.
Contagion proceeds as failed reinsurers cannot honor contracts to other institutions, and such
failures can propagate via chains of reinsurance contracts. Such networks contain several thousand
nodes with infrequent reporting, and consequently uncertainty about the reinsurance links, [37].
Therefore asymptotic results on the scope of contagion on a random graph model are appealing.
Second, the growth model is particularly adequate, as both primary insurers and reinsurers receive
premiums rather deterministically between instances of large losses.



The model we consider in this paper can be seen as a set of Cramér-Lundberg processes living
on the nodes of a graph and which interact through the graph links. The capital grows linearly over
time. In contrast to the Cramér-Lundberg process, losses do not arrive according to an exogenous
Poisson process. Nodes have downward jumps when there is a failure of a neighboring node. When
a node’s capital or liquidity reaches zero, the node fails and it leads to downward jumps to its own
neighbors. The notion of time is also important. Calendar time governs the growth of capital. On
the other hand, jumps are governed by the interaction between nodes (specifically between a failed
one and one of its neighbors, chosen according to a probability law dictated by the random graph
model). There is a natural notion of interaction time and the link revealing filtration. Consequently,
jump arrival times have to be translated from interaction time to calendar time. We assume that
inter-arrival times are exponentials with mean inversly proportional to the size of the network.

We assume that in each time unit, nodes’ growth is proportional to nodes’ number of linkages.
The linear growth as in the Cramér-Lundberg is also consistent with models in the wider network
literature that attribute a fixed reward (respectively cost in some models) to each link as a tradeoff
to more contagion risk (respectively network rewards), see [15] and references therein.

We provide three extensions to the baseline model. First, we allow nodes’ in- and out-degrees to
differ. Second, we allow the inter-arrival times of interactions to depend on the state of the system,
and in particular on the number of failed links (out-going links of failed nodes). This essentially
provides a self-exciting process for the interactions on the network: the more failed linkages in the
system, the higher the intensity with which counterparties are affected. Third, we consider the
case when the intensity of the growth process can be prescribed and we provide fluid limits for the
number of surviving agents.

Relation to prior literature. For the Cramér-Lundberg process, many extensions have been
proposed and there is an extensive machinery for a variety of first passage problems. However
the multi-dimensional case is considerably harder. In [I9], authors provide Pollaczek-Khinchine
type formula for the transform of ruin probabilities in the two-dimensional case. A risk network
with a central branch has been proposed recently in [§]. A particular dependence that allows for
tractability is when one of the processes models a central branch and another one a subsidiary,
and the jumps form the central branch are driven by bailouts of the subsidiary. This particular
two-dimensional case allows for approximations via a reduction to the one-dimensional case. Other
explicit computations for the two dimensional case are provided in [9HII]. In the case of two-
dimensional coupled Levy queues, two-dimensional Laplace transform for the ”or” ruin probability
is given in [I7]. Our coupling of the individual risk processes is by the random graph given by the
configuration model. This allows us to give explicit results which are asymptotic and thus quite
different in nature.

Parallel to the development of network models for systemic risk, a recent series of works [I8]
23], 25, 26], 26] introduced a reduced form approach to systemic risk analysis, based on mean field
interaction models. Two works on interacting diffusions stand out as highly relevant to our work
[33, 36]. The first one, [36] is closest in spirit. They study diffusions that live on the nodes of an
infinite (directed, weighted) and complete graph, with weights that depend on the end nodes’ types.
There is an underlying stochastic kernel on the type set, and which encodes the networks structure
of the model. Nodes impact each other via upward and downward jumps prescribed by the kernel
when the processes hit certain barriers. Their network, while deterministic, is connected to the
inhomogeneous random graph in [16]. Consistently with past results on contagion in inhomogeneous
random graphs [3H5], the interacting particle system exhibits large macroscopic jumps (that we can
interpret as cascades) that are linked to the largest eigenvalue of a matrix related to the type kernel.



The type kernel can be controlled by the agents via a mean-field game. While close in spirit, the
interactions in our model live on a random graph that is a finite configuration model. We study
the scaling limit, when the size of this random graph tends to infinity. The process that lives on
the graph nodes is not a diffusion, but a Cramer-Lundberg process, with downward jumps at the
failure times. Note that our model also features types, namely the initial thresholds, and can be
extended to have more categorization, e.g. by having different in- and out-degrees. Agents control
here the connectivity in a rational expectations equilibrium for which we prove convergence as the
number of agents tends to infinity.

In [33], the authors study the scaling limit of interacting diffusions, where infractions do occur
according to a random graph. While remarkably comprehensive, their model is not intended for
cascades and there is no mechanism by which ”small” jumps can add to macroscopic effects and
our results on the size of a dynamic process on the network could not be obtained using their
methodology. Indeed, we could not study the (scaled) limit of the stopping time of the contagion
by analyzing the graph within a finite number of hops from a root. Indeed, as the size of the graph
grows, so does the stopping time of the cascade.

Outline. The paper is organized as follows. In section [2] we give the main results on the scaled
limit of failures when the model allows for recovery. We introduce the problem of choosing connec-
tivity optimally in Section [3] and we give the equilibrium solution in the limit, the convergence of
the equilibrium in the finite network as well as a numerical analysis of the equilibrium. Proofs of
the main result are provided in Section [4] Finally, in Section [5] we give further results on different
extensions.

Notations. We let N be the set of non-negative integers. For non-negative sequences x,, and ¥,
we write z, = O(yy) if there exist N € N and C' > 0 such that =, < Cy, for all n > N, and
T = 0(yn), if xn/yn — 0, as n — 0.

Let {X,}nen be a sequence of real-valued random variables on a probability space (2,P). If
c € R is a constant, we write X, 24 ¢ to denote that X,, converges in probability to c. That is, for
any € > 0, we have P(|X,, — ¢| > €) = 0 as n — oc.

Let {an}nen be a sequence of real numbers that tends to infinity as n — co. We write X,, =
op(an), if | Xp|/an converges to 0 in probability. Additionally, we write X,, = O,(ay), to denote that
for any positive sequence w(n) — oo, we have P(|X,|/a, > w(n)) = o(1). If &, is a measurable
subset of Q, for any n € N, we say that the sequence {&, },en occurs with high probability (w.h.p.)
if P(€,) =1—0(1), as n — oo.

Bin(k, p) denotes a binomial distribution corresponding to the number of successes of a sequence
of k independent Bernoulli trials each having probability of success p.

2 Model and results

2.1 A dynamic threshold model of cascades

We consider a system of n nodes (agents) [n] = {1,2,...,n} endowed with a sequence of initial
thresholds (Gi)ie[n]. To simplify the analysis, we assume that in-degree equals out-degree for each
node i € [n], i.e., A} = A; = \;. In Section we state our main theorem for the case when in-
and out-degree are allowed to differ. Given a connectivity A;, ¢ € [n], nodes form links according
to the random matching from the configuration model. In the (directed) configuration model
with given degree sequence \;, i € [n], each node i is assigned \; in-coming half edges and \;



outgoing half edges. The (multi)graph results from uniform matching of the in-coming half edges
and the outgoing half edges. Under some (usual) regularity conditions, as n — oo, self loops and
parallel edges become rare, and the graph is simple with positive probability [2§]. This means that
any property that holds with high probability on the configuration model, also holds with high
probability conditional on this random graph being simple. This graph is denoted by G and we
write (i, j) € G for the event that there’s a link between i and j. We let ugﬁg be the fraction of

nodes with degree A and threshold 6,

) _ #licn]|0i=0, N =X}
g = - .

We assume the following regularity conditions Mf\ne) — pxg, as n — oo, for some distribution

(1)

p: N2 = [0,1]. We also assume that the average connectivity converges to a finite limit, as n — oo

A = ZAHS:LQ) — Z)‘“/\ﬁ =: X € (0,00). (2)
A0 0

We let the fraction of nodes with threshold 6 be defined as
(n) ._ (n)
Hg = = Z OWE
A

This network is subject to contagion risk. After the network is formed, a shock occurs. For a
set Dy, representing a small fraction of the entire system, the threshold becomes zero meaning that
they have failed. This initial set of failed nodes triggers a cascade of failed nodes, as we assume
that failed nodes affect the nodes connected to them. Whenever a node’s threshold is smaller than
the number of failed (in-coming) links, i.e. linkages starting from failed nodes, then it fails due to
contagion.

Recovery feature. During the cascade processes, there is a growth feature in the whole
system. This feature is captured by introducing the global growth rate (per unit time) « - n for the
system with n nodes, where 0 < a < 1. We think of « - n is the rate of growth per unit time of the
entire capital. We assume this global growth is distributed proportionally to the node’s number of
links. That is, the threshold of nodes with connectivity A will grow with rate (per unit time)

A aA

a-n- Sy
Saodign A"

where ) A0 )\,ug\ne)n = n\, gives the total number of links in the system.

A very important feature is that only surviving nodes can grow.

We now introduce the dynamic model of contagion. At time 0 nodes in Dy fail. Each failed
link, defined as a link between any node and a failed node, represents an interaction and the
number of interactions is always lower than the total number of linkages in the network G. In
the dynamic model, we introduce the calendar time and relate it to interaction time. We will study
the scaling limit of contagion size and we assume that the total (calendar) time for all interactions
is independent of n. Since the number of links scales linearly with n (see ) then the average time

)

between interactions must scale with % For a system with n nodes, we define T,gn the calendar

time of the k" interaction and we refer to k to the interaction time.



We assume that the duration in calendar time between the two successive interactions is given
by a random variable A,(gn) follows an exponential distribution of parameter n, i.e.,

Algn) = Tén) — T,Eil ~ Exp(n).

This reward mechanism in the dynamic case allows the threshold to grow 5%\) Aén) between the
two interactions. Further extensions will be discussed in Section [l

The dynamics of interactions is as follows: links that belong to failed nodes are revealed one by
one (initially all such links are unrevealed). At each interaction time, a link belonging to a failed
node is revealedlﬂ and the survival condition of the counterparty node is checked according to its
current threshold. If the number of failed links of the counterparty exceeds its current threshold,
the node fails and its links become unrevealed failed links. The cascade progresses until there are
no more unrevealed failed links. Therefore it stops at most after nA\(™ interactions.

Formally, we let S g\”) ,(k) be the number of surviving nodes with initial threshold 6, A outgoing
links and  failed (incoming) links at time Ti". We have that S¢(k) = () ,(k))
inks an ailed (incoming) links at time 7}, e have tha (k) No.o(k) AOZEN 00N
is a Markov chain and its transitions are given in Section [£.1]

Remark 1 (Threshold at k-th interaction). It is easy to see that any (surviving) node with \
outgoing links and initial threshold 0 will have a threshold

A (n)

at the k-th interaction.

The number of failed nodes among those with connectivity A and initial threshold € is then

DRy =nuily— D0 SNgk).
0<e< [emﬁﬂgnh

Contagion stops at a time when all failed links have been revealed

k(")

stop

=inf{k=0,1,...,nA" : S"AD{) (k) = k}.
A0

We let D;n) the set of failed nodes at the end of the contagion process. The number of failed nodes
at the end of the contagion process is thus given by

D =D~ Dy (kay).
A0
2.2 Limit theorem in the case without growth

In the case without recovery feature, i.e. a = 0, the asymptotic fraction of failed nodes is charac-
terized by the following theorem:

!The choice is uniform among all unrevealed links belonging to failed nodes.



Theorem 2 ([2]). Let ©* be the smallest fized point of the map J in [0, 1], where

A
J(m) =Y “;9 . Byo(n),
A0

and,
A
A
By g(m) := P(Bin(\, 7) > ) = (1 —m)AE

(i) If m* =1, i.e., if J(m) > 7 for all ™ € [0,1), then asymptotically (as n — oo) almost all nodes
fail during the cascade.

(il) If 7™ < 1 and ©* is a stable fized point of J, i.e., J'(7*) < 1, then the final fraction of failed
nodes converges in probability to

‘ D(”)| .
7;( ) e > Baa(r). (3)
A0 0

Furthermore, the asymptotic fraction of surviving nodes with degree A and initial threshold 0
converges in probability (as n — o)
S0 (o)

stop P

- — pxg (1 = Byo(r")).

Theorem [2] states that in the asymptotic limit the fraction of failed nodes can be described
by means of the binomial distribution (which governs the solution on the infinite Galton-Watson
tree): given the probability 7* that a link is failed, then the probability of failure of a node with
connectivity A and threshold 6 is approximated by By g(7*), the probability of failure as if the links
failure events were independent. For this reason we will refer to 7* as the global failure probability,
which is the probability that a link chosen at random leads to a failed node at the end of the
cascade process, in the limit when n — co. The fraction of failed nodes is given by . Note that
a fixed point as in theorem always exists as we check that J(0) > 0 and J(1) <1 and the function
J is continuous.

2.3 Scaled limit of contagion with recovery features

We can now extend Theorem [2| to the case where the global growth rate is a > 0. We will prove
that a similar convergence result also holds in this case. The proof is more involved because the
threshold at any point in time is no longer constant and equal to 8, but grows at a rate . Nodes
that fail during the contagion process will not benefit from the recovery feature, only surviving
nodes can grow at any given time. This presents challenges in the description and the analysis of
the system.

In the case without growth, it was sufficient at any time to keep track of the number of failed
linkages since failure happens when the number of failed linkages reaches the initial threshold. In
contrast, here nodes fail at the first time when the number of failed links reaches the initial threshold
plus the growth up to that time, so it is insufficient to keep track only of the current number of
failed links. We need to keep track of cumulative failed links process (which is an increasing jump



process with jump size one). If this process has ever crossed the threshold (with linear growth),
then the node has failed, so the failure of a node is a first passage problem.

Remarkably, one can give a heuristic to compute the probability that a node fails based on a
notion of average growth and the notion of global failure probability. The rigorous proof is given
below as proof to Theorem [4

Heuristic of node failure probability computation. We introduce B ,(7*) as the failure
probability of a node with degree A, threshold § when the growth rate is « and the global failure
probability is 7*. We also introduce 55, ,(7*) as the probability that the nodes with connectivity A,
initial threshold # and under the growtiq’threshold rate « survive when the global failure probability
is 7* and have ¢ failed links at the end of cascade. The quantity Bia(ﬂ'*) can be calculated by:

A

BYp(m*) =1~ Zﬂie,e(ﬂ*)-
=0

By Remark |1 the threshold at the end of the cascade is (approximately)

As we will see, side result of the proof to Theorem [4]is that

stop p *

A™n

The global failure probability 7* can also be thought of as the duration of the contagion in calendar
time: the higher the global failure probability, the longer the contagion lasts. In turn, if the cascade
lasts for longer then nodes that survive have also recovered for longer. Heuristically, the final
threshold 6 + aA7* is the initial threshold plus the growth. A (necessary) condition for the node
to survive is that the number of failed links ¢ does not exceed the final threshold. Hence,

Blou(m) =0 for £> [0+ alr™].

Note that Bf  (7*) = 1. This follows by definition, since 8 g¢(7*) = 0. Moreover, we can check
that Bf(0) = 0 for 6 > 0 (all not initially failed nodes survive). This is due to the following:

(i) If £ =0, then B%,,(0) = (3)0°(1 - 0)* = L;
(i) If 0 < £ < 6, then B5,,(0) = (3)0°(1 — 0)*~* = 0;
(iif) If £ > 6, then 55, ,(0) = 0.
In general, when 0 < 7 < & we have BSg.o(m) =0 (see Theorem (i1)).

We now proceed to give the heuristic for the computation of 5. For the case when the number of
failed links ¢ is smaller or equal than the initial threshold 6, then the survival probability 55, ,(7*)
is simply the binomial distribution (the probability to have ¢ failed links)

Boar) = () )= 7P o e<0,



since each link is exposed to failure probability 7*. For the case when ¢ is larger than the initial
threshold 6, the calculation of 3%, ,(7*) is more involved.

If the number of failed links is £ > 6, then the node is definitely failed if the growth cannot
cover £ — 0, i.e., if an*\ < £ — 0, which gives

Bloe(m) =0 for 0<7<——.

In contrast, if 7 > % then we need to make sure that the node survives. Namely, it needs to
satisfy the survival condition at the end of contagion and also at each time before. This makes the
computation more involved. Remarkably, the solution has a combinatorial representation, that we
show in Figure[[] The key point is to identify the critical times when the threshold process could be
crossed by the cumulative failed links process. Let ¢ be the current time in the spread of contagion.
As we will show, the cascade will end at a time (step) kéz))p when all failed linkages have been
explored and is related to the global link failure probability 7* by a scaling constant: tsop ~ AT*.
The longer the contagion lasts the larger the global link failure probability. We note that the
threshold process for a node with initial threshold # and connectivity A is 6 + a%t, t € [0, tstop)-
Recall that we are computing the survival probability of such a node, given that its final number
of failed linkages is ¢. For every u € [0 + 1, (] we let

u—10
by = t)\ﬂ,u = a\

the scaled time (real time divided by average degree A) when the node’s threshold process is equal
to u and thus the node can withstand up to w failed links at this time. In order to ensure that the
node survives, we need to check that the number of failed links at time ¢, is lower than ¢. The first
case is when this number is r < 6. In this case, we are sure that the cumulative failed links process
has not crossed the threshold process at any time s € [0, g ¢]. Therefore the survival probability
in this case is simply the probability that there are r failed linkages between 0 and ¢, times the
probability that there are £ —r failed linkages between the time ¢, and tsop. The proof of Theorem
[4 suggests that the failure probability of a linkage in any time interval is proportional to the length
of that interval (with the scaling %)

The second case is when the number of failed links at time ¢, is 0+, for some u,, € [1,{—60—1].
Then we have a backward recursion by which we determine previous times when we need to check
that the crossing has not happened. The previous time when such crossing could have happened is
t9+u,,, since between tg,, and ty, the threshold processes is definitely above 6 + u,,. Thus we only
need to check that the number of failed links at time tg1,,, is given by 0 + wp,—1 for upm—1 < Up,.
By the same reasoning, we need to check at time tg;,, , the number of failed links is given by
0 + wpm—o for a upy—2 < upym—1 and so on, until at time ¢y, we need to check that the number of
failed links is 7 < 6. Then the survival probability is the product of the probabilities that there
arer, 0 +uL — 1 ..., Um—1 — Um—2, Um — Um—1 and £ — 6 — u,, in the respective time intervals
[0,t9+u1], [tg+u1,t9+u2] ceey [t9+um71,tg+um], [t9+um, t¢] and finally [tg,tstop]. It is understood that
m is a discrete variable which takes values in [1,¢ — 1 — 6] (this is the number of times it would be
possible to cross the threshold process).
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Figure 1: Heuristic of node failure probability computation

It turns out that

BRogm) 29: ey 3 0
(?)ﬂzu ) A e 10 4+ up — ) (ug —ur)! .o (U, — Up—1) (€ — 0 — uppy)!
( Uy )T P O+ui—r uz — ug \ 2 Upy — Uppy—q | V=1 Um =2
alT alm alT o alT
(=0 —up\" " (00 f=bum
QAT alT ’
Let UT,UJ,..., U} be iid. uniform distribution on [0, 7] and the order statistics be

T T s
Uy =Up < =Ujp:
As the above heuristic arguments suggest, we expect to have

e for /=0,1,...,0:
A _
Baam) = (3 )ntt1 = mP.

e for/=0+1,...,\:
a A ¢ A—2L T T T
,8)\’9’€<7T) = g v (1 — 7T) IP) (U(9+1) > t9+1,U(9+2) > t9+2, - .,U(g) > t() 5

where t, =ty 9, = %3\9 foralu=0+1,...,A.
Let us denote by
P)\’g,g(ﬂ') =P (U(7tr9+1) > tg_H, U(%+2) > t9+2, ceey U(% > tg) , (4)

for ¢ =60+1,...,Aand Pyg(m) =1for £=0,1,...,6.

10



Remark 3. The density of U(%H)’ U(7;9+2)’ ceey U&) 18 given by
0 (wo41)"
f(xot1,2o42,...,70) = W]1{0<369+1<:Jc9+2<---<xg<7r}‘

With the intuition behind the survival probability computation, we can now turn to finding the
global link failure probability 7*. Our theorem below shows that this quantity is the solution to
the fixed point equation m = J%(7), where the function J* makes use of the survival probability
B®. To see that this fixed point represents the global link failure probability, let us multiply
both sides of the fixed point equation with nX, which represents the total number of links in the
network. Then on the lefthand side we have 7*n\ which represents the expected total number of
failed links present in the system at the end of the cascade. The number of failed links at the end
of the cascade can be also accounted as the sum of expected failed links across different nodes.
Indeed, )\nu,\,gBie(W*) gives the expected number of failed links from nodes with threshold 6 and
connectivities A, since Bf ,(7*) represents the failure probability of node with threshold § and
connectivities A while )\n,LLAﬁ counts the total number of links belongs to such nodes. Summing
up over 6 and A we have that >y g Anjuy g BY y(7*) also gives the total number of failed links. The
fixed point equation 7* = J%(7*) states that the second way to account for failed links reaches the
same value as the first one.

Theorem 4. Let 7 be the relazed fized point of the map J* defined as
== min{7 € [0,1] | J¥(7) < 7},

where

A
Jom) =3 A Be (),

20 A
and for fived a, A\, 0,7,

min{[0+air]—1,\}

Bam=1- > ()" P,

(=0
We have:

(i) If 7" =1, i.e., if J*(7w) > 7 for all m € [0,1), then asymptotically (as n — o0) almost all
nodes fail during the cascade.

(i) If ™ < 1 and 7 is a stable fixed point of J*, then the final fraction of failed nodes converges
in probability to
| DY

n

5 Z o BS o(m"). (5)
Y]

Furthermore, the asymptotic fraction of surviving nodes with degree A and initial threshold 0
converges in probability (as n — 0o)

stop

) (o0
M BN ny, (1 _ Bgﬁ(ﬂ*)) _

Note that when a = 0, we have B ,(m) = B, g(m) and we recover the result of Theorem

11



Remark 5 (Existence of a fixed point). The relazed fized point always exists since J*(0) > 0 and
J*(1) <1, even if J¢ is discontinuous. When the function J is continuous on [0,1), the relaxed
fized point is the same as the standard fixed point.

The main theorem is established by describing the contagion process using a Markov chain of
lower dimension than the initial system, in which we aggregate nodes according to their connectivity,
threshold, and number of failed counterparties. From the point of view of the evolution of the
cascade, the nodes in the same class are exchangeable. We then show that, as the network size
increases, the Markov chain rescaled by network size converges in probability to a limit described
by a system of ordinary differential equations, which can be solved in closed form. This readily
gives us the asymptotic fraction of surviving nodes (in each class of connectivity and threshold)
at each time of the cascade spread. The stopping time of the cascade ké?o)p is the first time when
there are no more unexplored failed linkages. We can relate the stopping time of the cascade to the
global failure risk captured by n* and in the sequel we will use this quantity to define the nodes’
performance criteria and define their connectivity optimization problem.

3 Agents’ optimal connectivity choice in equilibrium

In this section we introduce the problem of choosing connectivity optimally. In choosing their
connectivity, agents (nodes) face the following tradeoff: as they add more connectivity, they increase
the risk of contagion. At the same time they derive more rewards from their linkages. We capture
these rewards in a simple way, by assuming that there exists a numéraire and that surviving nodes
with connectivity A receive A (units of the numéraire) at the end of the cascade. They receive no
reward from their linkages if they fail.

We are now ready to define the nodes’ reward. In the case without growth, the analysis of the
optimal connectivity is treated in [20]. For its tractability, we keep the same reward definition here
and we analyze the effect of growth on the network in equilibrium.

Definition 6 (Nodes’ asymptotic reward). We define the asymptotic reward for a node with degree
A and threshold 0 as the expected benefit of linkages, and it is given in the asymptotic limit by

A(L = BRo(m),

with ™™ given in Theorem [4)

Note that the global failure probability of a link 7* depends on the connectivity choice of all
nodes. Therefore, the optimal connectivity is an outcome of an equilibrium.
Of course in the network of size n, nodes with degree A and threshold 6 compute a reward

DY) (k)

A1 AR X (1 - BSp(7) + 0p(1)). (6)

n

We proceed in two steps to determine this equilibrium with the asymptotic criterion. In the
first step, we let nodes choose their connectivity according to an expected failure probability 7w of
a link, i.e., a node with threshold 6 chooses a connectivity A\g(7)

Ap(m) € arg m}z\ix)\(l — BYp(m)). (7)

12



In the second step, we will impose an equilibrium condition that the expected failure probability
of a link coincides with the actual failure probability of a link, under the optimal connectivity.

It is understood that all other nodes’ connectivities and nodes optimize the same asymptotic
criterion in all networks of size n. A finite optimizer exists, and as such it can be used to obtain
an equilibrium.

Proposition 7 (Existence). The optimization problem (@ admits a finite optimizer \j(m).
Proof. We define V() := A(1 — B?,e(”)) which is (upper) bounded by the following quantity:
vy = 3 (-t
: p )
<O0+adm

We recognize here that 1 — B () is bounded by an Incomplete beta function I1_(A — 6 +1,0).
It follows that
UN) =A1_x(A—60 —adm, 0+ alr + 1).

We next recall the following estimates: if k < nm, then

(n7r—k:)2> |

2mn

Ln(n—kk+1) <exp (—

Since a < 1, there exist Ag such that when A > Ay, we have 0 + aAw < Aw. This gives

V) U0 < Aexp (-7 _;;MW) = Aexp (—(1_20%” g0 20;)

The righthand side tends to 0 when A — +o00. Thus the maximizer exists and is finite. O

Remark 8. The quantity U gives the value function for the same optimization problem for a
modified system in which we allow failed nodes to receive rewards from their linkages and even
recover, so it is intuitive that V(X)) < U(X). We formally check that V(\) < U(X) by using the
inequality B35 g ,(m) < (;‘)(1 — ) Ert,

We now impose the equilibrium condition that the anticipated global failure probability co-
incides with the global failure probability given by Theorem {4 when nodes are at their optimal
connectivity.

Definition 9 (Equilibrium). We call <7T*, (/\2)9>0> a rational expectations equilibrium if

e given ¥,
A € arg m/{xx)\(l — B3 y(n*)), for each 0; (8)

o 1 is the smallest solution of the fixed point equation :

. o0 e s
=N 200 pa ) 9
Ea S, N N0 (T7) 9)

13



The fixed point equation in the equilibrium definition is derived from the fixed point equation in
Theorem {4} where the connectivity is set to Ay and we let g = py; 9. Combining the two conditions
above, we see that in equilibrium the failure probability of a link 7* is the smallest fixed point of
the map

5 ()1
P (m) = E 0 . - B o(m), (10)
0 SN (mpg ()
where Aj(7) is defined in (7).
Now we study the existence of the equilibrium.

Proposition 10 (Existence of equilibrium). When \j(7) is continuous in w € [0, 1), the function
¢ admits at least one fized point ™. When N\j(7) is not continuous in 7, the map ¢* admits a
relazed fized point ™ defined as

7" :=min{7 € [0,1) | ¢%(7) < 7}.
For both cases, we let \j = \j(m*).

Proof. The proof is immediate: when Aj(m) is continuous in m € [0,1) then the function ¢* is
continuous on [0,1). It thus admits at least one fixed point since

Ag(m)
lim ¢°(m) < 3 o0 — =1
71 9 >0 Ap(m)pe

and limy,_,0 ¢*(0) > 0. When \j(7) is not continuous, the relaxed fixed point always exists since

¢*(0) = 0 and ¢*(1) < 1. 0

Proposition 11. The continuity of the map m — Aj(m) holds under uniqueness of the optimal
connectivity \j(m).

Proof. Suppose uniqueness holds. For a fixed 0, if m; — , let

i = arg m}z\xx)\(l — BSy(m)).

We may assume \; < K for some constant K. Now suppose A* is an accumulation point of \;, that
is, A(jy = A over some subsequence. Since )\(1 — Bﬁ‘(,(m)) is continuous in A and ;, we have

A = arg m)z\xxk(l — BS (7).

In particular, any accumulation point of the sequence m; is an optimizer. Since the optimizer is
unique, the only accumulation point of the sequence A; is the optimizer A*. Thus we have proved
that any subsequence of A\; has a further subsequence that converges to A\*, which indicates \; — \*.
This gives A(m;) — A(7), so the map © — Aj() is continuous. O

Remark 12 (Asymptotic Nash equilibrium). We can relate the equilibrium of Definition @ to
a Nash equilibrium of the following game. Any player with threshold 6y, given the connectivity
{No}o+a, of the other players, computes their optimal connectivity

Mg, () € arg m:\emx)\(l — BS g, (1)),
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under the constraint that

A
E + g BS, (7)) = .
om E:M9A9+Me>\ B o(m) + b > 1oAg + pogA Ko ()
0 6£6g 0£6¢

We can rewrite the above constraint as m = J({\}}o26,,\) for some function J. Thus, the
optimization criterion can be rewritten as :

b € argmax A (1= B3, (J({As o0, V) -

In this sense, (X, 0 > 0) is a Nash equilibrium.

The following theorem establishes that the equilibrium in the network of size n converges to
the asymptotic equilibrium.

Theorem 13. For the network of size n, define a rational expectations equilibrium (T*(”), ()\*(n) 0> 0))
as follows:
o Given T+

(n) (s (n)
Dy (T
)\;(n) € arg m;mx)\ 1-— ,\,g(n) , for each 0; (11)

o T*(") js the smallest solution of the fized point equation :

7+ Z)\ “ D\l (T ™).
Suppose )\;(n) 1S unique in . If we define 7*(") .= #, then we have (as n — o)
o0 7 and A — AL (12)

Proof. Firstly we notice that if (T*(”), ()\*(n) 0> 0)) is the standard equilibrium of , then 7*(™)
is the fixed point of the map

(n) *(n) (n)
)\;(n) (W)Mén) D/\*m) 0 ()‘9 (7)1 ”7")

AOEDY —

0 Ze AZ(") (m )M(;,Le) "

form € [0, 1]. (13)

By the continuity of arg max, we have /\Z(n) () — Aj(m) as n — oo. By the uniform convergence

results , we obtain
D(?:)n A u(")mr
it o (3 o)

n

p
25 B, ().

These give ¢(™ (1) - ¢() as n — oo for 7 € [0,1]. Obviously we have |¢( (7)| < 1 for each n.
If we furthermore assume the sequence {¢(n)}neN is equicontinuous, i.e. for each € > 0 there is a
6 > 0 such that

| (1) — ¢ (m2)| < € (14)
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whenever |r; — m| < 6 for all functions ¢(™ in the sequence. Then by Arzela-Ascoli theorem,
the sequence {¢(™},en contains a uniformly convergent subsequence {¢(™)}.cyn. Now suppose
{m(")}en are the fixed points of the maps {¢(™)}pen. i.e. @) (7)) = 0. Since {7(")}cn are

bounded in [0, 1], 7* is an accumulation point of 7("k) | that is, W((gk) — 7* over some subsequence.

Taking limit of both sides on subsequence, since ¢(™ is continuous in 7, we obtain ¢(7*) = 0.

In particular, any accumulation point of the sequence ﬂégk) is a zero point. Since the zero point

is unique, the only accumulation point of the sequence 7(") is the optimizer 7*. Thus we have
proved that any subsequence of (") has a further subsequence that converge to 7", which implies
() — *, O

Numerical analysis of equilibrium. While the equilibrium connectivity cannot be given in
closed form, it can be efficiently investigated numerically as it benefits of the simple closed form
equations for the probability of survival and the fixed point equation for the global link failure
probability. We now investigate how the resulting equilibrium depends on the initial distribution of
the threshold § and on the growth rate . We consider the global link failure probability emerging in
equilibrium. We assume that nodes initial thresholds 6 are randomly distributed over a given range
[0, Opmaz]. We keep the mean constant and we change the variance of this distribution. We assume
a Gaussian distribution with mean 15 and standard deviation o € [1, 6] (we then condition on the
interval [0, 30] and take the integer part). As we vary o from 1 to 6 we have more heterogeneity in
the initial threshold. We find that for both the cases with growth (o > 0) and the cases without
growth (o = 0) the link failure probability in equilibrium decreases as thresholds become more
heterogeneous, see Figure As agents become more dissimilar in terms of their thresholds, the
system is more diversified and turns out more robust. This is true even as larger standard deviation
in the initial distribution of 0 give raise to larger average connectivities in equilibrium.

Failure probability in equiliborium with different initial distribution Average connectivity with different initial distribution

g

0155

Failure probability in equilibrium
Average connectvity

5 = 5 B 3 o
Standard deviation of the threshold distribution Standard deviation of the threshold distribution

Figure 2: Failure probability and average connectivity in equilibrium with different initial distribution of 6
on [0,30]. As the standard deviation of 6 increases, the failure probability in equilibrium drops.

We now fix the variance of the initial threshold distribution to ¢ = 4 and we vary the growth
rate a € [0,0.35]. We find the link failure probability in equilibrium and final fraction of failed
nodes in equilibrium (see Theorem [4f(ii)). Both increase as the growth rate increases, see Figure
Bl This unintuitive result can be explained as follows. When the system has higher growth, agents
may engage in over-lending (the equilibrium connectivity \j increases). The growth effect on the
thresholds can be outweighed by the increase in connectivity throughout the system, and more
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instability can ensue.

0178 ores

Fanure propapiity In equinpnum
o 2 £
&

0145

0135 o5

3 o1 55 0z [ & v ° 3 o1 [ oz & 03 035
Global arowth rate aloha Global arowth rate aloha

Figure 3: Failure probability and final fraction of failed nodes in equilibrium with different global growth
rates. As « increases, the failure probability and the final fraction of failures in equilibrium increases.

4 Proofs and asymptotic results

In this section, we present the proof of Theorem In [2], the authors extend the differential
equation method of [40] to show that as the network size increases, the rescaled Markov chains
that describe the contagion converge in probability to a limit described by a system of ordinary
differential equations. The case solved there corresponds to the zero growth case o = 0 of this
paper. Here, with non-zero growth, the size of the state space also increases with time as the
threshold increases. We show similar convergence results to a limit described by a more involved
system of ordinary differential equations for the case a > 0 and we obtain an analytical result on
the final fraction of failed nodes in the network. The convergence result is shown in section

4.1 Markov chain transitions

The set of survived nodes in different states S,, (k) = (S/(\ne) g(k)>
) A,0<0<N,0<0<A

chain whose transition probabilities are as in [2]. The key difference is that the number of possible
solvent states changes with time as nodes’ threshold grows, in particular it is possible the have

surviving nodes with ¢ failed links for 0 < £ <6+ 5 - A~ Tlgn)

Formally, we let A,(C ") be the difference operator: A,(gn)S = SM(k+1) - SM (k). We let ]__]gn)
the natural filtration of the Markov chain. We obtain the following equations for the expectation

represents a Markov

of S,,(k + 1), conditional on f,gn), by averaging over the possible transitions:

A n
E[A]YS AGO | F) = ()\(”)n—k) Sg,e),o(k),
E[A )S,\ez( k) | FV] = (A(")k) S&,G),Z—l(k) - ()\(”)n—k> 5&,(9),4(/5)’ 0<l<O+ 5\( ) AT,
n n n A e‘i‘ 1 « n
E[AL 53 (k) | Fi] = (A(n)n - k) Sy e-1(k), 0=0+ 555 A1,
s1, =0, >0+ —— . x. 1",

()
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The initial condition is

S (0) = i = 0)1(0 < 0 < A).

old growth. Recall that the number of failed nodes among those with connectivity A and initial
threshold 6 is

The last two equations capture the feature that failed nodes will not benefit from the thresh-
DUy =muly = D0 Siplh),
0<e<[0+agy TV

and contagion stops at a time when all failed links have been revealed

kéto)p mf{k =0,1,.

oA STADT (k) = k)
A0

Indeed, the number of (alive) outgoing half-edges belonging to failed nodes at time k is

out Z AD

(15)

and k‘éto)p is the first time that D( % = 0. The number of failed nodes at the end of the contagion
process is thus given by

’_ZDTL St0p

We introduce (for fixed A, 6,4 < \)

n

) A

VR inf{k;|€<<0+§-T,§ )>}/\)\ (16)
as the first interaction time when a node starting with threshold 6 has accumulated enough growth
to withstand ¢ < A failed links.

Clearly, for ¢ < 6, the node can withstand the failed links using
only the initial threshold, so we have k( ) g =0for £<0.

The above transition probabilities equatlons can be rewritten as following

| sz ) Si00 (),
B[S0 N F] = (R555) S50ca () — (355 ) Sioe(k) for k= iy, (SDE)
S\inelk) = for k < k).,

with initial condition

S{50(0) = (£ = 0)1(0 < 6 < \).
4.2 Fluid limit

We show that the Markov chain admits a fluid limit, namely that rescaled by the size of the network

n it is close to the solution of the ordinary differential equations stated below
We define the following set of differential equations

d5>\ 9 0 (t)
(

—(25)sn0.0(t),
t) = (A5 ) snp,1(t) — (355)sa0.e(t) for t > ixgy,

d5>\9£

S)\79,g(t) =0 for t < f)ﬁjg,
18



with initial conditions
$2,0,0(0) = pxpl(¢ = 0)1(0 < 6 < \),

where for 0 < /¢ < ),

and 7?)\7975 =0for0< /<.

Lemma 14. The system of ordinary differential equations (DE) admits the unique solution

s(t) = (sx,0,6(1))  0<p<r.0<r<x

in the interval 0 < t < \,with

o for{=0,1,...,0:

sx0.6(t) = pre @) <§\>Z (1 - ;)A_é- (18)

A— Z
t ~ A o
S)\,O,E(t) :/D\,@< ) < ) ( )\> U(@-l-l) > t)\’g’g_i_l, U(t€+2) > t>\7979+2, ey U&) > t)\ﬁ’g) ,
- <

where Ufl) < U(Q) <

random variables on [O,t].

o ford=0+1,...,A:

Uf) denotes the order statistics of € i.i.d. uniformly distributed

The solution of the corresponding DE without growth is given by [2| Lemma 5.8]. Here the
solution is significantly more involved, and we have to proceed piecewise and setting the initial
condition at successive times f>\7979+k (the first time when the threshold has grown from 6 to 6+ k).

Proof. Let 7 = 7(t) = —In(A—t). Then 7(0) = —In(\), 7 is strictly increasing and so is the inverse
function t = ¢(7). We write the system of differential equations (DE) with respect to 7:

$%0,0(T) = = Asxg.0(7),
53\79’4(7) :()\ —/ + 1)8>\,9,g_1(7') - ()\ - E)S)\’Q’Z(T) for 7 Z 7A')\7,9,g,
S)Hg’g(T) =0 for 7 < 72)\’9747

where for 6 +1 < /£ < ),

7@/\(”__]11<)\_(€_9))‘>7
” aA
and 7 g0 = 7(0) = —In(A) for 0 < £ < 6. Then we have (for £ > 1)
d ( (-0)(—(0) (A=0)(r—7(0)) .
— (e SAN(T)) — (A —0O)e 0.1 (T)1(T > Frg.0)- (19)
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(i) For the case 0 < ¢ < 0, similar to [2, Lemma 5.8], by induction we find

-1
— l—r
sraetr) = 0TS (7T (1 O) gyt

r=0
By going back to ¢, we have

sxo,e(t) = (1 - ;) . jz_:; sx,0.r(0) (2 : :) <;>E_T .

Then, by using the initial conditions, we find (for 6 > 0)

con=ea) (3 (-3)

(20)

(ii) Consider the case £ = 0 + k for k > 1. We proceed the proof by induction on k. For k = 1,

when ¢ = 6 4+ 1, by Equation we have
d

For 7 > 7y 9,041, by setting 7) g g+1 as the initial time, we have (similar to Equation

0
1) (r—? A= —(r—? t=r R
$x0,041(7) = e~ OO D00) Y <€—r> (1—6 (r ”»“)> 52,0, (TA0,041)-
r=0

By going back to ¢, we find for £ =60+ 1 and £y 90 <t < A,

0 A L—r
A—1 t—1tror N
)= M— (F
sx0,6(t) ( Z<€_r>( T > 52,0, (Ex0,0)

. <€(A_9_1)(T_T(O))8A,9,9+1(T)> =\ =0 — 1)eP 0D gy o o(T)U(T > Frp041)-
=

() 200 ) ) ()
- tr0.0 —\L—r A —troe A\ A

A ¢ l ¢ A=/ 1 0 / ) s
e <€) </\> (1 a )\> t7 ; <T) (t B t/\,e,e) t/\,e,z
£ A=l 4t L
_M)\ 0 )\ i 1 — i )\,B,E
N4 A A t
A £\ ¢ A\ A
e <5> <>\> (1 - A) P (U(0+1) > twﬁﬂ) ;

since (for £ =6

+
N

t N t N t n t n t ‘ tZ_tAé
P(U@)>t):1—P(U1gt,U2gt,,...,U4<t):1—< ) -

t

Suppose now that the statement is true up to £ = 8+ k. We now proceed the proof for £ = 6 +k+1.

Let us denote by

Prg(t) =P (U(teﬂ) > 30,041, U(tg+2) > 00,0425 - s U&) > f,\,e,z> ,

for 0 =0+1,..., and Pyg,(t) =1for £=0,1,...,6.

20
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Lemma 15. For all £ > 0 + 1, the following recursive identity holds:

A I—r ~ N
Proet) =5 Z( ) (t—x0e) " ThgePror(frge)-

Proof. Let Uf,US, ..., U} be iid. uniformly distributed random variables on [0,¢]. Then P(U} <

t/\ee

Lt)\,g,g) . We write Py () by conditioning on the number of points in [0,75\797@]. Let A, be
the event that there are exactly r points in [0, fA’M]. Then we have (for r =0,...,¢—1)

~ b—r , 7 r
AN AER2YY. txo.0

Moreover, since £y g, is increasing in ¢ and (Uf | U} < ty4,) is uniformly distributed on [0, %) g.¢],
given there are r points in [0,y g¢] we have

P (U(tem > 00,041, Ulpya) > Taoos2.-- Uy > g | Ar) = Pros(tro,e).
Thus we obtain the recursive equation

/-1 ) P b—r 7 r
W N \,0.0 2
P t — ) 'Yy P t
\0,¢(t) E (7,) (t ) (t ) N0 (Ex0.0),

r=0

as desired. O

Using the above lemma and by following the same steps as the case £ = 6 + 1, we obtain for
l=0+k+1 andf)\797g§t<)\,

A—L 9+k {—r
A—t t—1t .
sxo.(t) = (Af) < ) ( AM) sx0.r(tr0,0)
—troe
RNZEY , | 0k o )
=[N0 <€> <)\> (1 - )\> 7 Z ( ) (t—txoe)  hoePror(trge)
RNZEY P\t
=70 <€> <)\> (1 - )\> Pyg(t),

which completes the proof.
O

A key idea to prove Theorem H4| is to approximate, following [40], the Markov chain by the
solution of a system of differential equations in the large network limit. We summarize here the
main result of [40].

For a set of variables Y7, ..., Y; and for D C RP*!, define the stopping time

Tp =Tp(V1,...,Yy) = inf{t > 1, (¢/n; Y1(t)/n, ..., Y5(t) /n) ¢ D}.

Lemma 16 ([38, 40]). Given integers b,n > 1, a bounded domain D C R+, functions (fe)1<o<p
with fr: D — R, and o-fields Fr0 € Fpn1 C ..., suppose that the random variables (Y'Z(n) (t)) Lcreh

are F, t-measurable for t > 0. Furthermore, assume that, for all0 <t < Tp and 1 < ¢ < b, the
following conditions hold
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(1) (Boundedness). maxj<y<p \Yz(n) (t+1)— Ye(n) (t)] <8,

(ii) (Trend-Lipschitz). [E[Y, " (t+1) =Y, (0| Fnsl — folt/n, YO8, .., Y (£) /1) < 6, where
the function (f;) is L- szschztz—contz’nuous on D,

and that the following condition holds initially:
(#i) (Initial condition). maxj<y<p |Ye(n) (0) — gen| < an, for some (0,91,...,95) € D.

Then there are R = R(D,L) € [l,00) and C = C(D) € (0,00) such that, whenever a >
Smin{C, L='} + R/n, with probability at least 1 — 2be—*/(BCH) e have

Y n) t < 3eCL
oax max [V, (t) = ye(t/n)n| < 3e

where (Ye(t)),<p<p is the unique solution to the system of differential equations

dye(t)
dt

= ff(tayla "-7yb) with yﬁ(o) = gﬁv fOT l= 17 "'7b>

and 0 = o(g1,...,9) € [0,C] is any choice of o > 0 with the property that (t,yi(t),...,ys(t)) has
(>®-distance at least 3¢"Ca from the boundary of D for allt € [0,0).

In the next section, we apply Lemma [16| to the contagion model described in Section Let
us define, for 0 <t < A

o) = pag— Z sx0,0(1),
7

§(t) = > Aag(t)—t, and

5(t) = > dre(t)
2,0

with sy g, given in Lemma Hence, we have

oot = (1S ) () (1) ) < (). e

4

< t t
i (t) = Aorg(t) —t=XA[(J%=)— =], and, (23)
LY (-5
5(1) = Y moBie(3) (24
20

4.3 Proof of Theorem [4]
(1)

We now proceed to the proof of Theorem [4] whose aim is to approximate the value =R as

n — oo. We build on the techniques used in [2, Theorem 3.8]. In contrast to [2], the number
of states of the Markov chain grows with time. We first prove the convergence for the rescaled
number of nodes that have ¢ < 0 failed neighbors, i.e. which are guaranteed to survive. This part
of the proof follows from [2, Theorem 3.8]. Next we consider £ > # and partition the time interval
according to the possibility that growth is sufficient for survival. For every £ > 6 there is a minimal
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time ¢ 0,0 such that a node with initial threshold 6 can survive after i A0,0- As the induction initial

step we have convergence on the entire time interval [0, 1] of the rescaled vector S/(\qfe)’e for £ < 6.
As induction step, we show that convergence on the interval [f)\ﬁ[’ 1] of nge),e for ¢ < ¢ implies
convergence on the interval [tAA,G,@rl’ 1] of S&?&e for £ < {4 1.

Let k = yA(™n + o(n) for some v € [0,1]. We first show that T}En) 2, ~ ). Since

B = B~ =3k, (25)
i=1 i=1
and
sy N~ Lk 1
Var(T, ZVar -T7) = ;712 =z O(ﬁ), (26)
we have by Chebysev’s 1nequahty, as n — 00, in probability
T,gn) RLAN YA
This gives us that (for fixed A, 6,¢ < \)
Fo
= ix0.0 +0p(1). (27)

We also need to bound the contribution of higher order terms in the infinite sums and .
Fix € > 0. By regularity conditions on the degree sequence, we know

A
A= ZZ)‘”)“Q € (0,00).

A 6=0
Then, there exists an integer K., such that

Z Z)\u)\’,g < €.

A>Ke 6
It follows that for all 0 < ¢ < A,

Z ZMM@ = Z Z)\M,\,e <1 — B3 y(

A>Ke 0 A>Ke 0

)) < €. (28)

>

The number of vertices with degree A and initial threshold 6 is nug\ne). Again, by regularity condi-

tions,
Z A = A € (0, 00).

Therefore, for n large enough,

Z ZA,ug\ng) < €,

A>Ke 6

which implies for all 0 < k < nX(",

> ZADM )/n < e. (29)

A>Ke 0
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For K > 1, we denote by

K
s (1) == (52,0,6(t))x< k. 0<p.9<y and

Ky o [ a®
Sn(k)-_'(Skﬁf(k))AgK}OSKGSA,

both of dimension b(K).
We now show by induction that

sup [SK(k)/n —s"(k/n)| < Ce+o0,(1), (30)

0<t<on

where ¢ = A — e. As the induction first step, we consider the subvector with ¢ < 6.
For K > 1, we denote this subvector where £ < 6 by

K.,0
s = (SA,H,E(t))ASK 0<£<0<\ and

S0 = (S170.(h))

where the superscript § marks the upper bound on ¢. For an arbitrary constant € > 0, we define
the domain DY as

A<K, 0<0<f<N’

Df:{(T,sK)E]RiKG+1 D —e<T<A—€, —€<sygr <1}

and we verify the conditions of Lemma [L6| which shows that the fluid limit holds on the domain
DY. We obtain that for a sufficiently large constant C

sup
0<k<on

SKO (k) /n — SK’G(k/n)‘ < Ce+op(1)

with 0 = X —e.
7 K/ . . 7
For ¢ > 6 we denote the subvector (s%¢, S, )a<k.o<r0<e<i With index £ < £ by

s = (5x,0.6(1)) < e p<r 0<e<i A
Sl = (S\.(k)

Now consider on the domain

ASK,0<N0<b<l

Df:{(t,sK) e REHHL —e<t<A—e, —€<sygs <1}

We prove by induction on ? that the fluid limit holds on the domain Dg

KL(k) fn — s54 (k)| < CPe + 0,p(1). (31)

n

S

sup
0<k<on

We have seen that the fluid limit holds for { < 6 —1, so we use this as the initial induction step.
We now suppose that it holds for an £ > 8 — 1 and we need to show that it holds for £ 4+ 1. We
consider the ODEs solution §%:¢ := (330.6(1)) \c K 9<r0<t<ir1 OD the domain

Dgﬂ = {(t,sK) € REGHD+1 . ¢ <t<A—e, —€< sxee <1},
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with initial condition S

i (k( ") /n) = (SKE( /\”H)/n 0); namely we start the same system

0,041
from the time k; 0.0+ 1/n At this time it is guaranteed that S G _ =0.
Then from Lemma we have
sup  [SEEL (k) — §K’Z+1(k/n)‘ < Ce+ 0y(1). (32)
k;ng é+1<k<an

By the induction hypothesis, namely , we have

KA )= sSUED )] < Cleto,(1),

and using that gives

SIS ) = s /n)‘ < e+ 0,(1). (33)

By definition

Sxo,ip1(t) =0fort <),

Thus by continuity property of ODEs,

~

(n)

S0 () ) - swm(kwjﬂ/n)‘ < Ce+ op(1).

Combining with we obtain

SO /) = SR oy )| < Cre (D).

Thus by the stability results of ODEs we have

sup ‘ nK’Z+1(kJ/n) _ ngH(k/n)‘ < Coe + Op(l)

(n)
k>\ 0 e+1§k§‘m

Combined with this gives

sup ’Sff’g“(k:) /n— sK’Z“(k/n)‘ < (Cy+ C)e + 0p(1) (34)

B <k<on
A0 l+1

By definition

(n) 7.(n)
SA,9,2+1(k) =0fork < k,\eé+1

and
s>\,9,57+1(t) =0fort< tA,e,EH-
Combining with 7 it gives

sup SEEH (k) Jn — K (s /n) | = 0. (35)
0<k<min{f, gz mkl") o}
Thus by the continuity of solution (s, , Z+1(t))t>o between m1n{t>\ 0,i+1™ k‘/\ i €+1} and k/(\"e) ier

combining with , and , we obtain
SEE (k) fn = $5E (/)| < (Ca + C)e+ 0p(1).

sup
0<k<on
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Thus by mathematical induction, holds.

When the solution reaches the boundary of D, it violates the first constraint, determined by
o = A — €. By convergence of A to A, there is a value ng such that Vn > ng, A > X — ¢, which
ensures that on < Ay, Using and , we have, for 0 < k < on and n > nyg:

D) /m =6 (k/m)| = 132 S MDY (0)/n = dr0(t/m)]

A 0L

< S |BE e /0 = ot/
A0

< 3 APl @/ - anett/m)| + 26, (36)
A<Ke <\

and

’D(")(k)/n—d(k/n)‘ < ZZ)D /n—5,\g(k/n)’+26. (37)

A< K <\
We then obtain by that
sup | D™ (k)/n — 6 (k:/n)‘ < 2Ce + 0,(1), and (38)
0<k<on
sup | D™ (k) /n — 6(k/n)‘ < 2Ce + 0p(1). (39)
0<k<on

We now study the stopping time kM defined in and the size of the default cascade D™ (k( n) ).

stop stop
First assume J%(m) > 7 for all 7 € [0, 1), i.e., 7" = 1. Then we have for all t < o,

= Z)\(&ﬂ(ﬁ) —t>0.

We have then that kstop/n = 0+ 0(€e) +0p(1) and from convergence , since §(c) = 1—0O(e), we

obtain by tending € to 0 that |D ”)(kézlop)\ =n — op(n). This proves the first part of the theorem.
Now consider the case 7* < 1, and furthermore 7* is a stable fixed point of J*(m). Then
by definition of 7* and by using the fact that J*(1) < 1, we have J*(7) < m for some interval
(r*,7* + 7). Then §~(t) is negative in an interval (t*,t* + 1), with t* = Ar*.
Let € such that 2¢ < —infy¢ (4« »4.) 6~ () and denote & the first iteration at which it reaches the
minimum. Since 0~ (6) < —2¢ it follows that with high probability p=" )(cm)/n < 0, so kg?o)p/n =

out
t* + O(€) + 0p(1). The conclusion follows by taking the limit e — 0.

5 Further extensions

So far we have considered the baseline case where nodes have the same in- and out-degree (that we
call connectivity) and where the relation between the interaction time and the calendar time is not
dependent on the state of the system. In this section we show that both these assumptions can be
relaxed to yield more realism to the model.

First, we consider the case when in- and out-degrees are allowed to differ. The in-degree is a
channel by which one node is impacted by its neighbors, whereas the out-degree is the channel by
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which the node impacts others in the case of distress. Growth depends mainly on the in-degree:
the higher the in-degree, the more a bank is exposed to others and in return it receives higher
interest or fees. In particular, for a reinsurer its capital grows with the number of firms that it
provides reinsurance to, as they pay premiums. However, growth can also be a function of the
out-degree: banks’ leverage and growth depends on how much debt they issue; reinsurers’ business
growth depends on how many other firms reinsure them.

Below we provide the asymptotic limit of the survival probability (under growth benefits). We
leave it for future research the analysis of an equilibrium in which both in- and out-degrees are bank
choices. Such equilibrium can be defined as in the baseline case, but with the additional constraint
that average in-degree matches average out-degree.

Second, we consider the case when the calendar time between two interactions is an exponential
whose parameter depends on the state of the system. In particular, the exponential time between
interactions can depend on the current duration of the contagion process or on the number of
unrevealed outgoing links from the failed nodes. The larger the number of unrevealed links, the
higher the intensity with which we learn of affected counterparties. Growth is unlikely to stabilize
the system if it happens uniformly over time. On the other hand, if the number of initial failures
is small, then so is the intensity with which we learn the counterparties of failed linkages. This
will slow contagion as there is a threshold growth in the meanwhile for the counterparties, and the
system is likely to stabilize itself even without intervention.

In our last extension, we consider the case when growth is no longer uniform over time, but
arrived with some prescribed intensity. As before, we give fluid limits for the Markov processes
governing the number of surviving nodes in each category. Given this, one can find an optimal
control strategy by introducing a tradeoff for the controller as in [6]: the controller can increase the
growth intensity at a certain cost. Determining the optimal growth intensity as a state-dependent
process is left for future research. This is interpreted as the optimal capital or liquidity injection
by a government or a lender of last resort.

5.1 Different in/out-degree distribution

Let u(n) be the fraction of nodes with in-degree Ay, out-degree A_ and threshold 6. Assume the
At A0

following regularity conditions ”E\Z) A g HAL A0, 8STL —> 00, for some distribution p : N3 — [0, 1].
We also assume again that the average connectivity converges to a finite limit

A = Z )\+,uf\n+)7/\ﬂe = Z )‘—“E\T«\fﬂ — Z Apfiag a0 = A€ (0,00). (40)
AL A0 AL A0 AL A0

Suppose that growth benefits arrive uniformly over time according to the “growth parameter® «
and both the in- and out-degrees. Given a growth function g, g(a, A+, A_), one can define similarly
to the minimal time when the node could survive ¢ failed neighbors

(€ — 0)\

£ = 77 41
MAOET g A, AD) 4D

We let Py, \_ () as in but with the new definition of ¢.

Theorem 17. Let n* be the relaxed fized point of the map J* defined as

== min{7 € [0,1] | J¥(7) < 7},
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where )
o —HXxy A0 o
J(m) == E —= - BY, (),

A,ALL0 A
and
min{ [0+g(a,A\y A )w]—1, A4} At
BX, s p(m)=1— > < P >7T€(1 — )Py, A ae(7).
=0
We have:

(i) If 7 =1, i.e., if J*(m) > @ for all m € [0,1), then asymptotically (as n — oo) almost all
nodes fail during the cascade.

(1) If 7 < 1 and ©* is a stable fized point of J%, i.e., J¥(n*) < 1, then the final fraction of
failed nodes converges in probability to

| D}

p *

T — Z M,\+,A,,QB,C\Y+79(7T )- (42)
A0

Furthermore, the asymptotic fraction of surviving nodes with degree A and initial threshold 0
converges in probability (as n — o)

S)‘-‘rv)‘—,a(ké?o)p)

- BN KAy A_ 0 (1 — B§+79(7T*)> .

5.2 Calendar time between interactions

So far, we have analyzed systemic risk under the assumption that the duration in calendar time
between the two successive interactions follows an exponential distribution with parameter n, i.e.
A,(Cn) = T,gn) — T,gﬁ)l ~ Exp(n). In order to allow the recovery intensity vary along time, we can
extend the model by allowing the intensity of exponential distribution to be a general function of
parameter n. This gives us the flexibility to control different recovery speeds depending on the state
of the cascade. One interesting example is when the calendar time between two interactions starts
to decrease as more and more unrevealed failed links are added while the duration increases when
the total number of unrevealed failed links starts to reduce. The former stage may corresponding
to the early stage of the cascade process while the latter case may corresponding to the later stage.

In particular, our results extend to the case when
AL =0 10, Bl

where F,gn) satisfies
n k
EY = nf(2) +o(1)

for some (squared) integrable function 1/f on [0, A — ¢]. The proof of Theorem follows through
as in Section Indeed, we note that only two changes are necessary. Let k = NI o(n) for

some v € [0,1]. First, we show that in this case T,gn) N OA’A f(ls) ds. Indeed, — become

koL X
(n)y - 1_1—1 I S
=2 = 2GS T e
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and,
)

k. .
(n) 1 1 i 1—1 1 1 1 1 1
=Y ——5=-YC-") - L ooy

n

Thus (again) by using Chebysev’s inequality, we have as n — oo, in probability

SO
T P ds.
0 (s)
Second, let V™, V5™, ..., V/ beii.d. random variables on [0, 7] with density
1
g(s) = % for s ¢ [0,7N
Jo Ok

and the order statistics be
VsV < =V
In this case, we need to set
e for/=0,1,...,0:
BRo.e(m) = @\) (1 —m)*

e for{=0+1,..., X

)\ — T T s
B0,0(T) =(£>7TZ(1 —m)* P (V(9+1) > to11, Vigra) > tor2, -+ Vig > tw,é) )
where 0
. u—0-
ty = A
a\

forallu=60+1,..., A
Using these changes, Theorem [4] will be still valid.

We now consider a more concrete example where the intensity between the two successive
interactions depends on the number of unrevealed links in the system, i.e.

AM =1 — 1™~ Exp(DI(K)),

out

where D(n)

out

k-th interaction time T,gn). As shown in Section 4 for k = yYA(n + o(n) and v < 7%,

(k) denotes the number of unrevealed outgoing links belonging to failed agents at the

(n)
Ponll) 2, 3 (7(2) - ).

Similarly, in this case we expect all our results go through, since

() ~ 7; s+o
=0 = [ S g o
and
X
Var(Z;") ~ le/o st * O(%) ~ 0(%)'
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5.3 Different growth attribution policies

So far we investigated the case when growth is linear over time and the total growth is distributed
among nodes proportionally to their number of links. We now allow for different types of growth
attribution. Instead of allowing growth to be continuous in time, we can incorporate both failure
and growth jumps into Markov jump diffusion processes with different jump intensities. At each
interaction time, the jump is due either to a failed link or to growth.

We assume during each interaction time, either a failed link is revealed or threshold growth
happens with relative rate p and p1. Moreover, if threshold growth happens, it is related to each
institution’s number of links.

In the network of size n, we let S/(\ne) 1¢(t) represent the number of agents with initial threshold
0, connectivity A, k units of growth and £ failed links at time t. The conservation relation

> Siig,k,z(t) = 5&73,0,0(0)
0<k< A\ 0<I<A

gives that the Markov processes (Syg io(t))o<k<ro0<e<x has the Q-matrix (for fixed A, 0)

¢ (z,x — ety T ehisr1)) = HA =Dz 0<kE<SAOSLESA-1,
0" (2,2 — ey + eqrine) = 1A () O+k—£>0,0<k<A-10<e<),  (43)
q(n)($,$—€(A73)):Ml/\lt()\7g) O+ A—0>0,0<0<A.

For a cadlag (right continuous with left limits) function h on R, we denote by A}, a point processes
defined as follows

N :/O P[0, h(s—)] x ds)

where P is a Poisson processe in Ri whose intensity is the Lebesgue measure on Ri. When h is
deterministic N}, is Poisson processes with intensity (h(t—)).

We can represent the Markov processes (Sg\ng wo(t)o<e<ro<k<x in terms of jump components

dS,(\%),k,o(t) :N'U‘IAS;?G),I@—I,O (dt) — NMASQAMO (dt) — N”(’\_Z)S(fg,k,o (dt),
483 00.(t) = = Ny s (@) + Ny g (@) =Ny oo (dF) (<0,
dS\ 0.0(t) “Nuorrnst),, 4 =Ny _psey  (dD) (>0,
A9\ e(t) =N, s (A =N, o ()

+ N r11)5 A0 k01 (dE) — N#(A_K)S%M(dt) 0+k—10>0,
dS,(\ig,k,z(t) :N#(/\*Hl)S&f‘g,k,g,l (dt) — Nu(,\,g)sgibqu’é(dt) O+k—¢<0.

We let the martingales associated to the jumps of these processes

t t
U)(\,G),k,£<t) -—/0 [NuMSing,k,l,g(du) - M1AS§\,6)),k—1,edU] - /0 [Nm,\sw (du) — Ml/\S,(\,e,k,edu]

t
(n)
+ /0 [N#(,\—e+1)s§’jg7kl71(d“) — (A =€+ 1)Sy g1 o du]

t
_ /0 N st (du) = = ) ),

X,0,k,¢
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and we denote by

t t t t
W)(:;)’k’g(t) - /0 mxsﬁykﬂdu— /0 m/\S%,k,gdw / (- £+1)s§gk o du— /0 W_e)sng,udu

its increasing part.
In the following we show that when n — oo the sequence of processes

S,(\?f)),k,z(t)

n

(

is tight and converges in distribution uniformly on compact sets to a continuous processes (s g.x ¢(t)),
see e.g.[13].

NESEPONES EPNIESEPY

Since 0 < Sgne) po—1 < m, the above relation gives the existence of a constant C; such that

E(U\y,(H)%) = E((Uy,. ,()) (1) < CLNt

We can apply Doob’s Inequality and obtain

U>(\ne)k o(s) 1 Cit

P < E(UM, ((#)?) < =2 44

021; n > ) (eN)2 ( Moo ((2) ) < 2N’ (44)
U(’ﬂ) ( )

which shows that the martingale (%) converges in probability to 0 uniformly on compact

sets.
Tightness: For T > 0,6 > 0, define wz(9) as the modulus of continuity of the cadlag functions on
the interval [0, T7,

wz(8) = sup |Z(t) — Z(s)].
0<s<t<T,|t—s|<8
Then for any € > 0 and 7 > 0, there exists § > 0 such that P(wgm) /N((S) >n) <e
)\ 0,k,L
S\ _ Uk | Wi . . .
Recz(aull> that —=-22s = St (corresponds to the martingale part and the increasing part
S n

of 228:kL Thyus we have

P(wgm

A0,k L

O Zm) < By ()2 )+ Plogom (0> 5)

The results follow by the inequality P(w, m) (5) > 7) <P(sup | === > 7)
Ux.0,k,0 0<s<t
The limit processes (sxgx¢(t)) satisfy

dsx0.60(t) = p1(38x0,k-1,0 = J5x0,k,0)(dt) + p{—=(X = €)sx0,k0)}(dt)

dsx0,06(t) = p1(=3sxn0,0,0)(dt) + p{(A =L+ 1)sxg0,e-1 — (A —£)sx,00)}(d) <9,
dsxg,0,(t) = p(A =€+ 1)sx0,0,0-1(dt) — (A — £)sx,9,0,0(dl) (>0,
dsxo,ke(t) = p1(Fsrok—1.0— F5n0,k,e)(dt) + p{( AN =L+ 1D)sx g k-1 — (A —O)sxpre)}(dt) 0+k—1€>0,
dS/\’Q,k’[(t) = ()\ — 0+ 1)5)\’9,k’g_1(dt) - u()\ - E)SA’97k7g(dt) 0+k—2¢<0.

This can be rewriten as
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ds)vg’k’g(t) = /L1A8A,97k,17g(dt) + u(()\ — 0+ )8)\ 0,k0—1 dt) {Ml/\ + ,U()\ E)}S)\ 0 k@(di) 0+k—1£>0,
dS,\,e,k,z(t) =puA—LC+ 1)8)\797k7471(dt) — ,u,()\ — E)SA’97k7g(dt) 0+k—0<0,

and we obtain

d

7 (S)\ 0,k ge(m}‘+“(>‘7€))t) = Ml)\s)\,a,kfl,é + /L(/\ -0+ 1)8)\79’]6’5,1}e('ul/\Jr“(/\*e))t 0+k—1¢>0,
d
dt (S)\ 0.k, ge(‘u()\ Z))t) = ,u()\ — E + 1)8)\’9’&4_16“()\76)1‘/ 9 + k — E S 0.

The ODE system could be solved recursively:
Ifo0+k—-£¢>0,

t
Sxo.ke(t) = G(MHM(A@)t/ {axsx ok 1.0(u) + O — £+ 1)sx 901 (u) ferrMHrA=0)ugy,
0

and if 0+ k — £ <0,

t
sx0.k0(t) = e—u(/\—é)t/ {u(\ — £+ 1)5/\,0,k,£—1(u)}e(“l)‘Jr“()‘—[))“du
0
Recall that in the network of size n the number of failed nodes with connectivity A and threshold

0 is given b
¢ Y (n) (n) 7,0,k z
Dy, o (1) =MNHyg — Z Sy
0<e<O+k

the total number of failed nodes at time ¢ is thus
D™ (¢ Z D
and the number of unrevealed (outgoing) failed links is

D(()ﬁt Z] D,\a t( ),

where M(n) is the jump diffusion process associated to the link- revealing process. They are gener-
alized Poisson processes with intensity fg A ds with /\ﬁn) = p(my — M(n)).
Informally, we have
N Mds N — [EAMa
n n +
Ni—JEaM ds
n

(45)

Let 2 be the martingale , then as before it convergences in distribution to 0. Lettin
n g g

N
Kt = lim t77
n—oo n
from equation ,/ﬂ satisfies
t
—u()\t—/ Ksds) (46)
0
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which gives k; = A(1 — e™H).
The length of the cascade is given by
T —inf{0 <t < 0o, D™)(t) = 0}. (47)

stop out

Since both D™ (t) and N; take value in N, the above is equivalent to

7w — inf{Ti(n), 0<i<AMnp, D™ (1:) = 0}, (48)

stop out

stop

where TZ.(”) =inf{0 <t < oo,./\ft(n) = i}. We are interested in the proportion

limiting case (n — c0), this amounts to

. In the

tstop = 1nf{0 <t < o0, Z )‘5)\,9(75) = )\(1 — B_Mt)}.
A0

Finally, the proportion of failed nodes in the limit case is given by ¢(tstop)-

Conclusions

We investigated the fluid limit for a network of Cramer-Lundberg processes interacting through a
random graph. Nodes’ receive growth benefits and suffer downward jumps occurring on exponential
clocks after the failure of a neighbor. Using the limiting solution for the probability of failure, we
define a game in which nodes choose their connectivity under the tradeoff that linkages provide
income, and at the same time they bear the risk of contagion. In equilibrium, the risk of contagion
depends on the choices of all nodes in the system. Our notion of equilibrium is similar to a mean
field game: players take as given a mean-field, namely the conjectured failure probability of a link
(which also gives the proportion of failed nodes at the end of a potential contagion process). They
then decide on their own connectivity. This leads to an actual failure probability in the network and
we check that a fixed point holds: the actual link failure probability is the same as the conjectured
link failure probability.

Our results show that a higher heterogeneity in the initial distribution of the threshold (as
captured by its standard deviation) implies a lower default probability in equilibrium even as
it leads to a larger average connectivity in equilibrium. More importantly, systems with higher
growth /recovery rates may lead to equilibria with higher failure probability as well as higher final
fraction of failed agents. This result is surprising and gives new insights into potential policies that
promote financial stability. In particular, this shows that even if equity is injected over time, the
strategic agents will adapt and potentially take more risks in equilibrium as captured by increased
connectivity. This means that any policies that promote growth must be accompanied by limiting
connectivity and this must be targeted on agents which have higher initial thresholds. Otherwise,
in anticipation of future growth agents would otherwise take too high risks. By limiting their
connectivity, their thresholds will grow even larger and they will act as shock absorbers of the
system.
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