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Mean-field BSDEs with jumps and dual representation
for global risk measures

Rui Chen *  Roxana Dumitrescu I Andreea Minca ¥  Agnes Sulem 8

October 11, 2022

Abstract

We study mean-field BSDEs with jumps and a generalized mean-field operator that
can capture higher order interactions. We interpret the BSDE solution as a dynamic
risk measure for a representative bank whose risk attitude is influenced by the system.
This influence can come in a wide class of choices, including the average system state
or average intensity of system interactions. Using Fenchel-Legendre transforms, our
main result is a dual representation for the expectation of the risk measure in the
convex case. In particular we exhibit its dependence on the mean-field operator.

Keywords: Mean-field interactions, BSDEs, dynamic risk measures, system influ-
ence.

1 Introduction

We consider a mean-field BSDE with a mean-field operator which can accommodate several
types of interactions. The dynamics is

—dXt = f(t,w, F(t, Xt—>,Xt—, Zt,£t<))dt — thWt — / ft(e)]\?(dt, d€>7 XT = g, (11)
E

where the mean-field operator F'is a B([0,T]) x B(L?) measurable operator from [0, 7] x L?
to R. The precise conditions are given in the next sections.

Mean-field BSDEs of type (1.1) are studied in [1], where standard existence, uniqueness
and comparison results are provided for the special case where the mean field captures the
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average state in the system. We also refer to the papers [26, 27] in which the coefficient
of the BSDE depends in particular also on the law of the quadruplet of the solution of the
forward-backward SDE with jumps.

In our present work, we start from the observation that in many applications (and specif-
ically in interacting systems), it may be desirable to incorporate the intensity of system
interactions as well, and not only the average state. The driver of the BSDE may contain
in our case a “second order” mean-field interaction term of the form

F(t7 Xt) - /]R e /i(l‘, x/)ﬂt(dx>ﬂt(dx/) =E [R(Xtﬂ Xt/)] ) ((Xtv Xt/) ~ e @ Mt> (12)

for a Lipschitz function x : R x R — R. This can be viewed as a kernel that captures the
intensity of interactions. The process X, is an independent copy of the same distribution
e as X;. Note that setting the kernel s constant in its first argument, we can recover the
expectation operator considered in [1] as a particular case. In Section 2.2, we provide an
example where the operator (1.2) represents the average intensity of interactions of nodes
of the inhomogeneous random graph introduced in [4].

We refer to [8] for convergence results of finite interacting particle systems with inhomo-
geneous interactions to mean-field Graphon BSDEs (1.1) and to [25] for convergence results
of interactive particle systems based on propagation of chaos involving BSDEs. See also [24]
and [23].

We explore how a solution to the mean-field the BSDE (2.8) with driver f, mean-field
operator F' and terminal condition n € L?(Fr) can be interpreted as a dynamic risk measure,
defined in the usual way

pr(n, T) ==Xy (n), 0<t<T. (1.3)

We can think about this as a way to capture the risk of a representative bank subject to
system influence: a regulator imposes the capital or liquidity to be the random variable 7 at
time T, and the mean-field BSDE then tells us what are the acceptable levels of capital or
liquidity at time ¢, for a given driver capturing how a representative bank’s position evolves
with dependence on the mean-field term, where the mean-field term is meant to represent
the average intensity of interactions in the system.

Contributions and organization of the paper. Our stream of novel results starts
with the strict comparison result in Theorem 2.8, which is then used to verify the no arbitrage
condition of the dynamic risk measure. The other results in Section 2 are usual properties for
the mean-field BSDE of type (1.1), proven in the case of general mean-field operators. Under
Lipschitz conditions, the existence, uniqueness and the (non-strict) comparison results are
standard and are provided for completeness. Armed with the comparison results, Section
3.1 checks that suitable conditions for a dynamic risk measure are satisfied. We provide
properties for the global dynamic risk measures such as monotonicity, consistency, and
convexity under appropriate hypotheses.

Our mean-field operator is thought of as a model for the average intensity of interactions
of an inhomogeneous random graph (in the limit when the graph is large). While the distri-
bution of each banks’ risk process is the same (and in this sense the system is symmetric),



at each point in time, the banks have different risk positions and interact according to this
inhomogeneity via the kernel function.
We introduce global dynamic risk measures induced by mean-field BSDEs. When the

mean-field operator captures the average intensity of system interactions, the interpretation
is that of a dynamic risk measure which can incorporate system influence for the represen-
tative bank.

Our main result is the dual representation for the expectation of the dynamic risk measure
in the convex case, provided in Section 3.2. New challenges for the proof strategy arise with
respect to the classical literature as we deal with the Fenchel-Legendre transform of the
mean-field functional F. We first need to establish bounds on the effective domain of this
transform (Lemma 3.2). Moreover, since the mean-field operator is inside the driver, we
have an additional dual variable with respect to the classical case and we need to establish
new bounds for it. In particular, we provide an explicit form to the conjugacy relation
of (F,F*) and rely on a new SDE of mean-field type. The presence of the mean-field
term in combination with the jumps poses additional challenges, in particular to ensure the
equivalence of the worst-case probability measure appearing in the representation and the
real-world probability measure.

We obtain a representation as the expectation under a worst-case discount factor and
the worst case probability measure of the final acceptable capital level plus a penalty func-
tion. The dependence on the mean-field operator (or its Fenchel-Legendre transform) of the
worst-case probability measure, discount factor and penalty distinguishes our results on past
literature on classical dynamic risk measures. Since the mean-field operator can capture the
influence of the system on the representative bank (for example via the average liquidity
position in the system or the average strength of interactions), using such a dynamic risk
measure can account for the system influence.

Our risk measure represents a complementary approach to systemic risk measurement,
whereby we consider a “representative bank” whose risk attitude is impacted not only by
its own practice but by the system as well, according to the mean-field operator. For
example, the risk attitude can be different in low vs. high average system liquidity/capital
or system lending intensity. To account for the impact of the system, the bank computes
its risk by assuming that other banks are exchangeable copies of itself. With wide modeling
choices, the driver enables risk measures that are compatible with the risk attitude of the
“representative bank” under system influence, be that the average state in the system or
the average intensity of interactions. This is a way to aggregate the influence of other banks
in the system, and allows for a dynamic risk assessment.

Related literature. Whereas our global risk measure is not a systemic risk measure, it
is related concept. Indeed, a first generation of systemic risk models were based on mean-
field interactions. For example, [9, 21, 22, 18], rely on interacting particle systems, with a
particle’s drift depending on the average state of the system. In [9], the authors define the
state of a particle 7 in a system of size N, Xti N as monetary reserves. The drift of Xti M has



a form
LS~ iV i
a (N > XN - xi > dt. (1.4)
j=1
When the monetary reserve reaches zero, the bank defaults. The financial interpretation of
such drift is that parameter a captures the rate of interbank lending when the banks with
more liquidity than average lend to banks with less liquidity than average.

Our setup is closer in spirit to an aggregation of system influence. The mean-field term
operator (2.7) can be seen as a limit of %Zm’el,N k(XY XPNY), which represents the
average intensity of interactions in the system, where the interactions of any two banks are
state-dependent and captured by the kernel k. We can set for example k(z,y) = ¢(x — y),
where ¢ is the gaussian kernel. This leads to a tiered structure where banks with similar
capital interact, while there is little interaction for banks of dissimilar size. To obtain a
core-periphery structure (shown to be quite realistic [13]), we could in addition restrict the
interaction of two small banks: either large banks interact with each other and small banks
interact with large banks. For this case, we can choose k(z,y) = ¢(x — y)lovyss,, Which
means that interaction occurs only if at least one of the banks has size larger than sy. Other
variations of the kernel definition can capture various market structures.

We interpret the mean-field BSDE solution as a dynamic risk measure for a representative
bank. The driver captures how the liquidity or financial position of an institution depends on
the rest of the system and allows (in a somewhat reduced form) to account for interactions
with the system. The drift form (1.4) above is one example by which the liquidity position of
one bank depends on the rest of the system, and this dependence is on the average liquidity.
Our setup is quite flexible in terms of modeling choices. In particular, we can use the states
(e.g. liquidity positions) of the nodes to define the intensity of lending (or the existence of
a link) among nodes. In the example of (1.4), the rate of interbank lending is a constant a.
It would be interesting to replace this by the average intensity of interactions in the system:
if the intensity of interactions is low, then there is little interbank lending. Our setup would
allow for the average intensity of interactions (possibly in in addition to the average state
of the system) to be a critical part of the driver.

2 Mean-field BSDEs with jumps

2.1 Notation and definitions

Let (2, F P) be a probability space. Let W be a one-dimensional Brownian motion. Let
E := R*:= R\ {0} equipped with its Borelian o-algebra B(E). Suppose that it is equipped
with a o-finite positive measure v and let N(dt,de) be an independant Poisson random
measure with compensator v(de)dt. Let N(dt,de) be its compensated process. Let [F =
{Fi,t > 0} be the completed natural filtration associated with W and N. Let T" > 0. Let
P be the predictable o-algebra on [0, 7] x €.

We use the following notation: L%(Fr) (simply denoted by L?) is the set of R-valued
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square integrable Fr-measurable random variables; IH? is the set of real-valued predictable
processes ¢ such that ||¢||%,, := E [ fOT qﬁ?dt] < 00; §? denotes the set of real-valued RCLL

adapted processes ¢ such that ||¢[|Z. = E(supgc,<r [¢4|*) < oo; We also introduce the
following spaces:

e L2 is the set of Borelian functions ¢ : E — R such that [ [¢(e)|*v(de) < 4o0.
The set L? is a Hilbert space equipped with the scalar product
(€, 0), = [gle v(de) for all £, ¢' € L2 x L2, and the norm ||| := [ |[¢(e)|*v(de).

e [H? is the set of all mappings ¢ : [0,7] x 2 x E — R that are P ® B(E)/B(R)
measurable and satisfy [[{[|3,. = E [fOT Hftﬂﬁdt} < o0, where ;(w,e) = {(t,w,e) for
all (t,w,e) €[0,7] x Q x E.

Definition 2.1 (Driver, Lipschitz driver) A function f is said to be a driver if

o [:OX[0,T]xRxR*x L2 —>R
(Wit 9y, 2,L() = flwt,y' g, 2,0(-)) is P @ B(R?) @ B(L})~ measurable,

e f(.,0,0,0,0,0) € H?.

A driver f is called a Lipschitz driver if moreover there exists a constant C' > 0 such that
dt ® dP-a.s., for each (yy,y1,21,01), (Y5, Y2 22, a),

|f(w7t7y/17y17 Zlagl) - f(watay;7y27z27€2)|
Cllyr — yal + ly1 — v2| + |21 — 22 + [|[6r — L2]],).-

We now introduce the mean-field operator F. As we will see below, the canonical example
is the expectation or the expected intensity of state dependent interactions.

Definition 2.2 An operator F is said to be a mean-field operator if

« F:[0,T]x I* >R
(t, X) — F(t, X) is B([0,T]) x B(L*)— measurable,

e For eacht € [0,T], F(t,0) < +o0.

A mean-field operator F is said to be Lipschitz if there exists a constant C' > 0, such that
for each (X1, X5) € L? x L?,

[F'(t, X1) = F(t, X5)| < Cf[ Xy — Xalls, (2.5)

where || - |2 stands for the L* norm.



2.2 Examples of mean-field operators

Example 2.1 (First order interactions) The first example for the mean-field operator
that satisfies the Lipschitz condition is the expectation of a Lipschitz function of the state:
F(t,X) :=E[¢(t,X)] for X € L*(F, P) , where

¢:[0,T] x R—= R, (t,z) — ¢(t, )

is a Lipschitz function such that ¢(t,X) € L%

Note that for a random variable X € L*(F,P), one can consider F(t,X) as a lifted
function of the law Px of X, but one can also consider, e.g., F(t,X) = E[Xn], for some
fized n € L*(F, P), so that F(t, X) is not necessarily only a function of Px.

Example 2.2 (Second order interactions) A more general mean-field operator is given
by

F(t,X)=E[r(t, X, X1)], (2.6)
where Kk is a Lipschitz kernel that captures the intensity of interactions and variable Xy s
an independent copy of the same distribution as X. The expectation is understood over the
product space.

We now establish links of the operator (2.6) to a dynamic version of the inhomogeneous
graph model of [4].

Inhomogeneous random graph and limit of average intensity of interactions.
We consider a sequence of N points (X*"),—; 5 in R equipped with a Borel probability
measure p. We assume that the empirical measure % Zfil dxin converges in probability to
a measure p as N — oo, with u(R) = 1.! We define a kernel x as a measurable function on
R xR. Given the sequence (X" ),_; y, we consider a dynamic version of the inhomogeneous
random graph model (see [4][Remark 2.4]). We let (XZ’N)Z»:LNJE[O’T] € §?, and we assume
convergence of the unidimensional empirical distributions: for all ¢ € [0,T], + NS ey
converges in probability to a measure p; as N — oo. Over time, nodes ¢ and j interact
according to a Poisson process of intensity #(X;", X7™)/N.

Following [4], we say that a kernel « is graphical if the following conditions hold:

(i) x is continuous on R x R;
(i) k € LR x R);

(ili) ~FE D ijelN w(XIN XN N — Janr ©(s: 8 ) (ds)pi(ds’), as N — oo, for all t € T,

The first two conditions are natural technical conditions. The last condition can be
interpreted as the average intensity of interactions converges to a limit as the size of the
graph tends to infinity.

IThis means that for any y-continuity set A we have that #{i, XN € A}/N & p(A).



We can now interpret the mean-field operator in the context of an inhomogeneous random
graph as the limit of average intensity of interactions in the system. In the existing literature
on mean-field models, the nodes’ states depend on the average state of all other nodes. Here
we allow dependence on the average intensity of interactions. If nodes do not interact with
each other, there is little structural reason why the nodes’ states depend on others. We
propose the following operator suggested by the condition (iii) above

F(t, X) = /R (s, (), (4, (2.7)

where px, is a distribution of X;. We can check that this operator satisfies Definition 2.2
and it is Lipschitz if the kernel x is Lipschitz, that is if there exists a constant C' > 0 such
that for each z,y, 2", v/, [r(z,y) — k(2. ¥)| < C(lz — 2’| + |y — ¥']).

2.3 Properties of mean-field BSDEs with jumps

We now introduce the BSDE with jumps, whose driver depends on the mean-field operator
F.

Definition 2.3 (Mean-field BSDEs) A solution of a mean-field BSDE with jumps with
driver f, mean-field operator F, terminal time T and terminal condition & in L*(Fr), con-

sists of a triple of processes (X, Z,1) € 8? x H?* x IH? satisfying

—dX, = f(t,w, F(t, X)), Xo—, Zy, 0,())dt — Z,dW, — / (,(e)N(dt, de); (2.8)
E

XT:€7

where X is a RCLL optional process, and Z (resp. {) is an R-valued predictable process
defined on Q x [0,T] (respectively Q@ x [0,T] x R*) such that the stochastic integral with
respect to W (resp. N ) is well defined. We denote by (X(€,T), Z(€,T),0(&,T)) the solution
of the mean-field BSDE associated with terminal conditions (T,¢).

2.3.1 Existence and Uniqueness Results

We note that an existence and uniqueness result was proven in [1] in the particular case of
F' capturing the expectation of the state (or a function thereof).

Theorem 2.4 (Existence and Uniqueness for mean-field BSDEs) Let f be a Lips-
chitz driver, F a Lipschitz mean-field operator (see Definitions 2.1 and 2.2), and & in L*(Fr).
The mean-field BSDE (2.8) admits a unique solution (X, Z,((.)) € 8% x IH* x H?.

Proof. By using a priori estimates based on the Lipschitz property of both f and F', we
establish the contraction property and the convergence of the Picard iterative sequence.
Let (X7, ZI, 07) be the solution of the following iterating BSDE with jumps

T T T
XP =6+ / F(s, F(s, X770, X, 20 () ds — / ZrdB, - / / ()N (dt, de), (2.9)
t t t E
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for n > 1 and t € [0, 1] and where for n = 0 we set (X?, 22, /%) = (0,0,0).
The existence and the uniqueness in each iteration is established by classical results, see
[32], and we denote by @ the resulting map (X", Z" (") = &(X" 1, Zn=1 1) 2

Let X! = X"—X”_l' Zr=7Zn— A = E?—E?‘l. For 3 > 0 and ¢ in IH?, we intro-
duce the norm ||¢||s := E [f eﬁsgz)?ds] and for | in HZ, we set ||i||,5 = E [fOT eﬁsnzsuzds].

We now show that ® is a contraction in IH? x H? x IH? equipped with this norm (which
implies that (X", Z™, ("),>¢ is a Cauchy sequence).

By applying It6’s formula to e?|X? — X712, n > 1, we have analogously to [28,
Proposition A .4].

T T
XM —|—B/ d3+/ GES(ZS)2dS+/ P10 ds
t t
= 2/ XL (s, Fs, XTT1), XT, Z0,00) — fs, Fs, X{72), X0 2074 057 )]ds
t

—2/t P XM 7AW, — / / (2X™ 0" (u) 4 0" (u)*) N (ds, de).

Taking the conditional expectation given F;, which we denote by E;, (local martingales are
martingales since X", X"~ ! € §?) we get

T T
BRIV +E, [ﬁ / e (X7Y2ds + / P2 + 1|2 ds
t t

s$77s

T
= 9F, U XM f(s, Fs, XM7Y, X, 2017 — f(s, F(s, X"72), X1zt " H)ds
t

Moreover,
(s F(s, X370, X3, Z3,65) — f(s, F(s, X0 72()), X907 2071 67
< Co[|F(s, X7 = F(s, Xy72) + X0+ 127 + 161,
Vn— v 7n om n— l n n mn
< CIX o+ [XT1+ 1221+ 160L] = CUEIXS )2 + [ X3+ 2] + 16511,

Now, for all real numbers z, z, [ and € > 0
20(Cx + Oz + Cl) < & +&2(Cx + Cz + COl)? < & + 3¢2(C%% + 022 + C2?),
and for all n,
ERXME|XP1?)2] < B |XP2 + ?EI X771 = SE|X7 2 + n?E[ X702,
Thus we obtain that
T T

rxrpE s [ [ ezp )

C 1 tT - t T _ T B B B
B (G [ i o [t sci [ eRnR 4 20 4 s

t t t

n* e

2Note that in our current setting the map ® does not depend on its last two arguments, but it would
if we had a mean-field term of the form F(s, X"~1(-), Z"71(-),¢"1(-)). Existence and uniqueness results

would go similarly through in this case.



By choosing = ¢, and 3 and € such that 8 — <31 — 3Ce? > 2Ce? and 1 — 3C2%€? > 2C€® we
obtain the contraction inequality:

e 7n id) 1 Y n— 7n— gn—
X0 + 12705 + 1015 < SUXTE+ 127715 + 10 12,0). (2.10)

Therefore the map ¢ is a contraction with respect to the norm || - ||3. By the Banach
fixed point theorem, the map ® has a unique fixed point, (X, Z, ). Now taking the limit in
(2.9), we conclude that (X, Z, ¢) is the unique solution of (2.8). O

2.3.2 Comparison Results

In this section, in order to compare the first components of the solutions of two mean-field
BSDESs, we need additional assumptions due to the presence of jumps and of the mean-field
operator.

Assumption 2.1 Assume that dt @ dP-a.s for each (2',x,2,01,0s) € R3 x (L?)?,
f a2, b)) — (62, 2, 0y) > (0752 0 —0,),,
with
gr o tte (0,T] x Qx R* x (L2)* = L2; (t,w, 2, 2,2, 01,05) g oty Y

P @ B(R?) @ B((L2)?)-measurable, bounded, and satisfying dP ® dt @ dv(u)-a.s., for each
($/7 L, Za€1a€2) € R3 X (L12/)27

o7 ) > —1 and (670 ()] < (u), (2.11)
where 1 € L2.

Theorem 2.5 (Comparison Theorem for mean-field BSDEs) Let f; = f;(w,t,2/, x, 2, 1),
1 =1,2, be two Lipschitz drivers, and f; satisfies Assumption 2.1. Furthermore, we assume:

e f5 is non-decreasing in x';
F is Lipschitz on L? and satisfies the following property:

e F is non-decreasing in X in the following sense: let X,, Xy € L?, if X1 < X a.s.,
then for each t € [0,T], F(t, X1) < F(t, X3).

Let £&,& € L? and denote by (X', Z,0Y) and (X%, Z2,0%) the solution of the mean-field
BSDE with jumps (2.8) associated with (&1, f1) and (&, f2). Then suppose that

o {1 > &, as.

o filw,t, 2, 2,2,0(-) > folw, t, 2’ z, 2, 0(-)),a.s. forall (t,2',x,2,0(-)) € R* x L2.

9



Then we have X} > X2, Vt € [0,T] a.s.

Proof.  For i = 1,2, let (X%", Zi" [%") be the solution of the following iterating BSDE

s 17s

with jumps

T T
XZ’"—fi—i—/ Fils, F(s, Xin=1), xon Z;",egn)ds—/ Z;}”st—/ /ﬁt N(dt, de),
t t
(2.12)
forn>1and t € [0,1]. For n =0, we set (X0 720 ¢:9) = (0,0,0).

S ? S
Now we define

ff(s,x,z,l) = fl(s,F(s,Xsl’”’l),x,z,l),
f;(s,x,z,l) = fz(s,F(s,Xf’”_l),:v,z, l).

Then obviously we have fll > f21 and fll satisfies the monotone assumption in [28, Theorem
4.2]. Thus by the classic comparison theorem for BSDE with jumps [28, Theorem 4.2}, we
have

XM > X2 as, sel0,7). (2.13)

Now since f5 is non-decreasing in =/, we have

fi(s,2,2,0) = fu(s, F(s, XM, 2, 2,1)
Z fQ(S,F(S,Xsl’l)7:IZ,Z,l)
> fols, F(s, X2V, 2, 2,1) = f3(s,2,2,1)

where the last inequality follows from (2.13) and f, and F' are non-decreasing. Using again
the comparison results for classic BSDEs with jumps, we get

X2 > X??as., sel0,7).
By the same argument above, we iteratively obtain that
XM > X2 as., se€[0,T], n>1. (2.14)

Using the proof of the existence and uniqueness result, we have that fori = 1,2, (X" Z" (o7,
converges to the respective solution with drivers (f;)i=1 .2, call these X* Z% ¢*. We have that
X! > X2t €0,T] as. follows directly from the fact that X" > X" t € [0,T] a.s. O

Remark 2.6 We can weaken the non-decreasing property of F, and consider it in the dis-
tribution sense. Let Di(x) = P(X; < x) and Do(z) = P(Xy < z). Then we would say F
non-decreasing in x, if Dy(x) > Dso(x) implies F(t, X1) < F(t, Xs).

Take Example 2.1, when F(X) = E(¢(t, X)), for X € L?, F is non-decreasing if ¢ is C*
and non-decreasing. Assuming that Dy and Dy are sufficiently smooth, this can be vem’ﬁed
by direct computation : F(t, X1) — F(t, Xs) = E(¢(t, X1)) — E(¢(t, X2)) = [ ¢(t,x)d
Do)(x) = [ 32(t,2)(Da — Dy)(w)dz = [ §2(t, 2)[Ds(x) — Di(x)]dz.

10



In the example of an operator given by an inhomogeneous random graph of Section 2.2,
we make the assumption that the kernel k is (D1 X Dy and Dy X Dy - almost everywhere)
differentiable and

92
0x 0y
In this case F(t,X1) = [ k(z,y)dDi(2)dD1(y) = |g.w %K(x,y)Dl(x)Dl(y)da:dy and the
non-decreasing property of F' follows from (2.15). This condition, along with the Lipschitz

k(x,y) > 0. (2.15)

condition, are satisfied if one uses a truncated Gaussian kernel of coefficient o

—(z—y)®
et if lr —y| < o,

K(z,y) = (2.16)

0 otherwise.
We also notice that X, < Xy a.s. implies that Di(x) > Dy(z).

Remark 2.7 Symmetrically, if we assume one of the drivers is non-increasing in ' and F
18 a non-increasing operator, the arguments in Theorem 2.5 still hold.

We now provide a strict comparison theorem, which states that under a strict inequality
on the map 6, two solutions of the BSDEs are equal at all times, if they are equal at the
initial time. This theorem is used for bullet 6 in Section 3.1 and interesting in the context
of no-arbitrage pricing theory.

Theorem 2.8 (Strict comparison for mean-field BSDEs) Suppose the assumptions of
/ 1 p2

Theorem 2.5 hold with strict inequality 07 """ (u) > —1 dt @ dP- a.s. If X} =X} as.

for some ty € [0,T], then X'. = X2 a.s. on [to,T).

Proof. Let X, = X! — X2, Z, = Z} — Z2; 0,(u) = (}(u) — ¢*(u). We suppose that f, is
non-decreasing in ' and Assumption 2.1 with strict inequality holds for f;. Then

—dX, = hyds — Z,dW, — / l,(e)N(ds,de). Xp=6& —&.
E

where h, := fi(s, F(s, X}), X1, Z1 01) — fo(s, F(s, X2), X2, Z2, (2).
Let ¢(s) := fi(s, F(s, X;), X2, Z2,63) — fa(s, F'(s, X7), X2, Z2, 2).
Note that we have
he = ¢ + fi(s, F(s, X1), X1, ZL 08 — fi(s, F(s, X)), X2, Z2,02).

CRANE] s1%s

Below we use a classical linearization procedure. We can write:

Fis, (s, X1), X1, 23, 0) — fu(s, F(s, X1), X2, 22, £2) =

sr™vs EREE

fils, F(s, X1), X1, Z1,0) — fi(s, F(s, X2), X2, Z1, 1) + fu(s, F(s, X1), X2, 21, £1)
_fl(st(S’Xsl)’stazgaéi) +f1(S7F(57X51)7Xs27Z§7£;) - fl(saF(&Xsl)’XsQ’Z?’Eg)'
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Then from the Assumption 2.1 on fi, there exist bounded processes d and 3 on Q2 x [0, T7,
such that

fl(SJF(‘S?Xsl)?X;JZl gl) _f1(57F<S7X51>7X32722 62) 2 63Xs+ﬁszs+ <057Zs>y

with
fils, F(s, X1, X1, 21, 0) = fils, F(s, X1, X2, 21, 0)
55 = - 1{)_( #0}
X s
f1<S7F<87X51)7X527Zslugi> — fl(st(87X;)7X§7237€;)
Bs = = 1z, 10y
Zs g

and 6, is as in Assumption 2.1.
Thus we have hy > ¢ +0, X+ B Zs+ (05, 0,), dt @dP-a.s.. For each t € [0,T], let (Tts)sefem
be the unique solution of the forward SDE

dlys =Ty 5 [05ds + BedW; + / 0s(e)N(dt,de)]; Ty =1.
E

By classical comparison results with respect to a linear BSDE (see e.g., [28, Lemma 4.1))
we derive that

t
Ko > [T (1 — ) + / Fipsd(s)ds|F], to<t<T.

to

By Theorem 2.5, we have X; = X! — X2 > 0, and using the non-decreasing property of F,
we can write

fl(s,F(s,XSl),XSQ,Z2 62) > f2(5,F(S,X;),XS2,ZQ 62) > f2(8,F(S,X§),X§,Z2 62)

R CRARE] CRARE]

by the assumption on f; and f;. We conclude the proof by pointing out the fact that
(b(S) = fl(st(‘S?Xsl)aX32722 62) - f2(57F(57Xs2>7X32722 62) >0

CRARE-] CRARE-]

and that if 65(u) > —1dP ® ds ® dv(u)-a.s., then I'; s > 0 a.s. from [28, Corollary 3.5]. O

Remark 2.9 We can weaken the assumption of Theorem 2.8 by assuming that the strict
/ 1 p2 1 2 2 pl p2

inequality 07 " (u) > —1 holds only along the solutions, that is g LX) XEZLE A (u) > —1

dt@dP- a.s. In the symmetric case when fy is Lipschitz and non-decreasing in x’, we obtain

the results by assuming Hf(t’X?)’Xz’Zf’gtl’@(u) > —1 dt ®dP- a.s.

3 Global dynamic risk measures

In the light of the role played by BSDEs in risk measures (see e.g., [2, 20, 30], to name
just a few, for the Brownian case, and [28, 29] for the addition of jumps) we now explore
the link between mean-field BSDEs and dynamic risk measures, which we interpret in this
case as global dynamic risk measures. The global dynamic risk measure can be seen as the
regulatory capital or liquidity for a representative bank.

12



3.1 Definition and properties

Let 7" > 0 be a time horizon and f be a Lipschitz driver. Set
pt(n7T) = _Xt(na T>7 0 S t S T7 (317)

where X;(n,T) denotes the solution of the mean-field BSDE (2.8) with driver f, mean-field
operator F and terminal condition n € L?*(Fr). We can think of i as the amount of liquidity
or capital that is acceptable to a regulator at time 7'. The risk measure p;(n, T') is interpreted
as the amount of capital needed at time ¢ in order to be acceptable at time T'. Note also
that, in insurance, the functional —p = X can represent a risk premium.

The functional p : (n,T) — p.(n, T) represents a global dynamic risk measure induced
by the mean-field BSDE with driver f and mean-field operator F'. When the dependence on
the time horizon T is clear from the context, we drop it from the notation and write p.(n)

for p(n,T).
We now provide properties of global dynamic risk measures, based on the comparison

results of the previous section. We work under the Assumption 2.1, which guarantees the
monotonicity of the risk measure in the jumps. Contrary to the standard non mean- field
case, the risk of a zero position may not be zero when the mean-field operator Fis introduced.
The first three properties, which we give for completeness, are standard and follow the
pattern of the classical literature on dynamic risk measures, see e.g. [28], in which we plug
the comparison or uniqueness results specific to our case.

1. Consistency. Let S be a stopping time. Then for each time ¢ smaller than S, the risk-
measure associated with position ¢ and maturity 7T coincides with the risk-measure
associated with maturity S and position —pg(&,T) = Xg(&,T), that is

vt < S? pt(gﬁ T) = pt(_ps(gvT)v S) a.s.

This corresponds to the flow property of mean-field BSDEs, which is the consequence
of the uniqueness result.

2. Continuity. Let {6% «a € R} be a family of stopping times converging a.s. to a stopping
time 0 as a tends to . Let {{% o € R} be a family of random variables such that
Elesssup,,(£%)?] < oo, and for each a, £ is Fpe measurable. Suppose also that £~
converges a.s. to a Fy measurable random variable £ as a tends to ag. Then for each
stopping time S, the random variable pg(£%,0%) — pg(&,0) a.s. and the processes
p(£%,0%) — p(&,0) in 8% when a — ay.

This property follows as in the proofs of [28, appendix], in which the a priori estimates
for mean-field BSDEs can be easily extended to account for the mean-field contribution.

3. Monotonicity. p is non-increasing with respect to €. i.e. for each €4, &2 € L2, if ¢! > €2
a.s., then p, (€1, T) < py(€3,T),0 <t < T as.
This is the direct consequence of the comparison results (Theorem 2.5).
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4. Convexity. Suppose f is concave with respect to (z/,x, z,1). Moreover, suppose that
f non-decreasing in 2’ and F' is non-decreasing concave operator in X. Then the
dynamic risk-measure p is convex, that is for any A € [0, 1], £',£2 € L?

p(/\fl + (1 - )‘)527T) < Ap(§17T> + (1 - /\)p(§27T)

Proof.  For i = 1,2, let (X*, Z*, (") be a solution of the mean-field BSDE (2.8)
associated to terminal time 7', driver f, mean-field operator F' and terminal condition
€. Set € = AN 4+ (1= N2, X = AX 4+ (1 —NX2 Z = 22"+ (1 — \)Z2,
0= M+ (1 — M\)F2. We have

_dXt = [)\f(tv F(t7Xt1)7Xt17 Zt17 g%) + (1 - A)f(ta F(t7Xt2)7Xt27 Zl?,g?)]dt
— ZydW, — / l,(e)N(dt,de); Xp=E.
E

By the assumptions on f and F' we have

MEFE X)), X Z0,0) + (1= Nf(6 F(t, X7, XE 27 6)

S FEAFE X + (1= NF@ X)X+ (1= NXEAZ 4+ (1= NZE M+ (1= N)E2)
< FEFEAXE+ (1= NXHD X+ (1= NXZNZ 4+ (1= N)ZE M+ (1= N6

= f(t, F(t, X,), Xy, Zy, 0y).

Thus

—dXt S f(t, F(t, Xt)7 Xt, Zt, ét)dt - thWt — / !Z(G)N(dt, de), XT = é
E

Let (X, Z,0) be a solution of the mean-field BSDE (2.8) associated to terminal time
T, driver f, mean-field operator F' and terminal condition &. i.e.

—dXt = f(t, F(t, Xt)7)?t7 Zt,gt)dt — thWt — / gt<€)]\7(dt, de), XT = é

E

By the (extended) comparison results in Theorem 2.5, we get X, < X, as desired. O
Suppose furthermore in Assumption 2.1 that we have 67 Lzl (u) > —1. Then we
have the following property.

5. No Arbitrage. For each &!,6% € L2, if &' > €2 as. and if py (€4, T) = p:(€2,T) a.s. on
A€ F,. then &' = €% a.s. on A.
This is the direct consequence of the strict comparison results (Theorem 2.8).

3.2 Dual representation for convex global risk measures

We now provide a representation for the expectation of risk measures induced by mean-field
BSDEs in terms of the value of a stochastic control problem, in the convex case. This

14



dual representation is given via the supremum over a set of probability measures which are
absolutely continuous with respect to P.

With the mean-field term, the dual representation relies on a careful analysis of the Fenchel-
Legendre transform F*. We first need to establish bounds on the effective domain of this
transform (Lemma 3.2). Moreover, since the mean-field operator is inside the driver, we
have an additional dual variable with respect to the classical case and we need to establish
new bounds for it. New elements specific to the mean-field case arise. In particular, Lemma
3.4 provides an explicit form to the conjugacy relation of (F, F*) and relies on a new SDE
of mean-field type, for which we give uniqueness and existence results in Lemma 3.3. The
presence of the mean-field term in combination with the jumps poses technical challenges,
in particular to ensure the equivalence of the worst-case probability measure appearing in
the representation and the real-world probability measure.

In the sequel we make the following assumptions on f and F.

Assumption 3.2 Let f be a Lipschitz driver. Suppose f is concave with respect to (x', x, z,1)
and mon-decreasing with respect to x’' and satisfies Assumption 2.1 with strict inequal-
ity O;(u) > —1 dt ® dP- a.s. Let F be a Lipschitz mean-field operator. Suppose F is
non-decreasing and concave in X, and moreover satisfies the following property: for each
s,t €[0,T] and X € L?, F(t,E[X|F,]) > F(t, X).

For each (w,t), we denote by f* the Fenchel-Legendre transform of f, defined for each
(B,q,a1,as) € R¥x L2 and F* the Fenchel-Legendre transform of F, defined for each § € L?,
that is, (see e.g., [16]),

f*(w7t7q767a17a2) = sup [f(w7t7x/7xazal>_qx/_ﬁa:_alz_ <0527l>1/]
(2 2,2,l)ER3X L2

F*(tva) = Ssup [F(t>X) - <X7 5>L2] :
XeL?
For each predictable processes oy = (aj, a?(+)), let Q* be the probability absolutely contin-
uous with respect to P which admits I'? as density with respect to P on Fp, where I'* is
the solution of
dr'y =Ty (o dW; + / o (u)dN(dt,du)); T§=1. (3.18)

*

The process W) = fo (s,as)ds is a Brownian motion with respect to Q“ and
N is a Poisson random measure independant from W under Q% with compensated process
Ne(dt, du) = N(dt,du) — a>(t, ap, u)v(du)dt.

Now we define the dual set of probability measures in terms of their densities.
Let Az be the set of predictable processes o = (al, @?) such that

. fo N2ds + fo |a?||2ds is bounded

o a(u) > -1 v(du)—a.s.
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From [28, Proposition 3.1, 3.2], we have that for all «. € Ap, I' > 0,0 <t < T a.s. and
(T®)o<t<7 € S?. We therefore obtain that Q® and P are equivalent.

Let A7 be the set of processes (v, B¢, qi, ot , @) where (B, q;, al, o) are predictable and
v; is adapted, such that

o (f*(w,t,qi B0, a}))iep,r) belongs to H?
o a; = (a7, a7 (-))ecio,r) belongs to Ap.
e 0< ¢ <C,Vte|0,T], dP as.

e The processes (I'?e” Jo %ds)te[O,T} belong to IH?.

3.2.1 Technical lemmas

We begin by some technical lemmas establishing bounds on the effective domain of the
Fenchel-Legendre transforms f* and F™.

Lemma 3.1 For each (s,w), the set of (¢, B, a1, az) € R*X L2 such that f*(w, s, q, 8, a1, az) <
+00 is included in the set U defined by the following conditions:

e ¢ >0 and is bounded by C;

e 3 and oy are bounded by C;

o az(u) >—1 and |az(u)] <C v(du)—a.s.,
where C' is the Lipschitz constant of f.

Proof.  Suppose by contradiction that ¢ < 0. By the definition of f* we have

f*(t7Q757a17042) Z f<t7 .T/,0,0,0) - 'TIQ7

for each 2/. This holds in particular for z, :=n, n € N. We thus get
f*(t7q7ﬁ7a17a2) Z f(tanuoa 070) —ng Z f(t70707070> — ng,

where the last inequality follows by the non-decreasingness of the map f with respect to z’.
By letting n — +o00 in the above inequality, we get lim,,_, . f(¢,0,0,0,0) —gn = 400, since
g < 0. This implies that f*(¢,q, 8, a1, as) = 400 which provides the desired contradiction,
We thus have proved that ¢ > 0. The fact that ¢, 8 and « are included in the bounded
domain [—C, (] is due to the uniform Lipschitz property of f. Finally, for the bounds on
(a1, i), the proof follows as in the classical case, see e.g., [28, Lemma 5.4]. O

Lemma 3.2 Assume that operator F satisfies Assumption 3.2. Then for each t € [0,T],
{6 € L2|F*(t,0) < +o0} (the effective domain of F*) satisfies the following property: § >
0 dP a.s. and ||d]|2 < C, where C is the Lipschitz constant of F'.
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Proof.  Suppose § > 0 dP-a.s. is not true. We denote A = {w € Q | §(w) < 0}. Then
P(A) > 0. By the definition of F*, we have for each X € L?

F*(t,6) > F(t,X) — (X,8) 2 = F(t,X) — EP[X{].
This holds in particular for X,(w) := —nd(w)1a(w), where n € N. This gives X,, > 0 dP
a.s. and thus by the non-decreasing properties of F', we obtain

F*(t,0) > F(t,X") — EP[X,,0] > F(t,0) — EF[X,,0] = F(t,0) +n /A |6(w)|*dP(w).

By letting n — 400 in the above inequality, we get F*(J) = +oo, which gives the desired
contradiction, which implies 6 > 0 dP a.s. The boundedness of § is a direct consequence of
the Lipschitz property of F. O

The following lemma establishes the existence of the solution of a particular mean-field
SDE, used towards an explicit form to the conjugacy relation of (F, F*) in Lemma 3.4 below.

Lemma 3.3 Let (al,a2(+))sst belong to Ar, (Us)sst be adapted and uniformly bounded in
L? and (hy)s>¢ uniformly bounded almost surely. Then the following SDE admits a solution
(V5>82t SR

AV, = V- [aldW, + / o?(e)dN(ds,de)] + UE[V,h,]ds, t <s < T

*

V, = 1. (3.19)

Proof. ~ We define inductively the sequence (V™) of the processes by setting V° = 1 and
forn>1

Vu”:1—|—/ I/,S”‘ldMs+/ UE[V/ " h,]ds,
t t

where dM, = aldW; + [g. a%(e)dN(ds, de). Note that V" is adapted and right-continuous

and moreover, we have
s 2 s 2
sup </ (V" — V,,"_l)dMT> + sup </ UREV" — Wn_l]dr) ] .
t<s<u t t<s<u t

(3.20)

E { sup |V — Vs”|2] < 2E

t<s<u

Using Doob and Cauchy-Schwarz inequalities, it follows that

([ VJ*)dMS)Q

<se| [ —verpanan] cor [ [Cmwpmr; - voiea
(3.21)

E {sup vt —V;”P] < 8E

t<s<u

+ 2TE [/ \UE[V" — VS"_l]|2ds}
t
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We have that d[M, M], = (o})*ds+ [g. (a?(e))2dN (ds, de)+ [g.(a2(e))*v(de)ds, (a), 2(-)) s>t
belongs to Ar and (Us)s>¢ is uniformly bounded in L?. We then obtain there exists a con-
stant K such that

E [ sup |V — vﬁ] < 2K(4+T)E [ [ - vs“Fds}
t

t<s<u

<2K(4+T)E {/ sup |V — VI 2ds]| . (3.22)
t

t<s<u }

We set C' = 2K (4+T) and let D := E [sup, 7 [V)' — V|?]. It then follows from the above
computation that for each ¢t < wu < 7T and n,

bcrTr

E {sup A V;’“IQ} < -

t<s<u n!

Consequently
oo
> | sup V=V < oo
t<s<u
n=1 2

Thus the series Y~ | sup,< <, |V — V'~ !| converges a.s. and as a result, V" converges
a.s. uniformly on every bounded interval to a right-continuous adapted process V' that is a
solution to (3.19). O

3.2.2 Dual representation theorem

We now give the main result of this section, the dual representation theorem for the expected
risk measure. For (v, ¢q, 3,a!,a?) € Az, we denote

Dg;%q = eXp(/ (ﬁu + vul]E[qubo)du), 0<t<s<T, (323)
t

which can be interpreted as a discount factor. We recall that the process I'* follows the
dynamics defined in (3.18).

The following lemma gives the existence of the process (7s)s>¢ associated to the mean-
field term, which is used towards the dual representation theorem.

Lemma 3.4 Given the predictable processes (X, Gs, Bs, s)s>t, with E[g] > 0 for all s €
0,7, there exists an adapted process (7s)ss: such that (D% el 7)o, belongs to H? and
satisfies the following equation:

B EQa I:XSDtﬁjj/vq_s] F?Dtﬂ’ij’q_s

F(s, X,) — = (s, ——=——) for each s € [0,T]. (3.24)
EQ* (D} 9q,] EQ*[D}g,
Proof.  Since F is concave and Lipschitz on L?, the conjugacy relation of (F, F™*) gives
that for each s, there exists Y, € L? such that
F(s, Xs) — EP[X,Y,] = F*(s,Y,) (3.25)
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and since F' is non-decreasing, by Lemma 3.2 we have Y > 0 dP a.s. and ||Ys||z, < C.
Fix now s € [t,T]. For each Y in L?(F,) and feasible, by Assumption 3.2, we have for
each X € L%
F(s,X) —EP[XY] < F(s, E[X|F.]) — EP[E[X|F.]Y].

This gives

F*<37Y) = sup [F($>X) o <X> Y>L2] = sup [F(SaX) - <Xa Y)Lz]‘
XeL2?(Fr) XeL?(Fs)

Therefore we can restrict the operator F on the subspace L?*(F,).> This implies that we can
choose Y, € L*(F,) in (3.25), and thus it is adapted.

Now let (V)s>¢ € 8% be the solution of (3.19) with U, = e~ JiBudwy p o= efi Budug and
V; = 1. We apply Itd’s formula to V4(I'?)~! and we obtain

d(V (T, = Vod(T9) ™" + (7)) ~HdVs + d(V, (1) 1),
= (Tt i Pudvy By, el Pudig ) ds. (3.26)

Thus V! := V(I'*)~! satisfies the stochastic differential equation
d(VY), = (D) le™ Ji uduy RPEV el Pudeg ) ds. (3.27)

Since I'? >0, g, >0, Y; > 0dP as.,and V! :==V, =1 > 0 a.s. we have V! > 0 a.s. Thus,
the process 7, satisfying ei Tudv = V% is well defined due to (3.27). We obtain that

Feelt Tt s = d(el ) = (DY) Lo S Puduy RPO el Tudue)i Budug g (3.28)

which implies that (75)s>¢ satisfies

and %/ 74 =V, belongs to IH?. Since (Y)s; is adapted, this gives the adaptedness of

(/75)52?5'
[l

We are now ready to give the main result. The expected risk measure can be interpreted
as the expectation (under a worst-case discount factor and a worst case probability measure)
of the final position ¢ plus a penalty function. The lemmas in the previous section ensure
that the supremum is finite as the effective domain is bounded.

3Note that we could have alternatively defined for each s the Fenchel-Legendre transform of the restriction
of operator F' on the subspace L?(F;). In this case we conjecture that the last property of Assumption 3.2
would not be necessary.
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Theorem 3.1 Let f and F satisfy Assumption 3.2. Then, for each t € [0,T], the expec-
tation of the convex risk-measure py, that is Epy(.,T) has the following representation: for
each £ € L?,

]Ept(£7 T) = sup EQ&DtI‘i’T”Y’q(_é) o Ct(77 ﬁ7 q, T) ) (329)
(’Yvﬁqua)eAT

where the function ¢, called penalty function, is defined for each T and (v, q, 8,at, a®) € Ar
by

T o5 o s FozDﬁ Y q")/s
G(v.8,¢,0,T) := / BV (D7 (5,45, Bs, )] + B9 [D77 g F* (8, —=—25—")15a% 50 | ds,
t EQ [Dt,s qS]

with T following the dynamics defined in (3.18). Moreover, for each & € L?, there exists
(3¢, Gs, Br, @b, a2) € Ar achieving the supremum in (3.29).

Proof.  For each processes (7Vs,qs, Bs;al, a2) € Ap, we apply Itd’s formula to DE’SA”qXS
between ¢t and T, where (X, Z,[) is the solution of mean-field BSDE (2.8). We obtain

X, qu’j qé& + / Dﬁ'Yq BSXS —_ '731E[qs}>0Xs — aiZs — <04§, ls>l, —+ f(s, F(S,Xs), Xs, Zs, ls)]ds
T
B / AMe", (3.30)
t

where dM® = D7 Z,dWE + [ D)1, (e)dN(dt, de).
For each s € [t,T], we have

- Bs s ’Yle[q }>0X - a;ZS - <Oé§, ls>u + f(sa F(Sa Xs)a X57 st ls)
- _ﬁs s (5 X ) Oé;Zs - <O‘§7 ls>zz + f<57 F(S; Xs)aXm Zs; ls) + <QSF(3; Xs) - ’YS]-E[qS]>0Xs>‘

Since g5 > 0 dP a.s., we notice that
qu(S,XS) - P)/s]-E[qs]>0Xs = (qu(57 Xs) - stXs)]-IE[qS]>0'

By taking expectation on both sides in (3.30), we obtain that

E[X,] =E°" [DETW“/ DB X — ¢ F(X,) — alZy — (02,15, + f(s, F(s,X,), Xs, Zs, 15)]| ds

EQ"[X, D7y,
EQ@~ [DE’S%qu]

F(s, Xs) —

1]E[q5]>0d8.

T
[T
t

Since Q* and P are equivalent measures and ¢; > 0 dP a.s., we have lgg >0 = 1gee [qs]>0-
By the definition of Fenchel-Legendre transform, we have

f(87 F(87X8)7X57 Zsu ls) - qu(S,XS) - ﬂsXs - OZ;ZS - <a§7l8>l/ S f*<87q<97/8870é7 043)
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EQ* (X, D},
EQ® [Dg’quk@]

E[T¢X, D} ,]
E[leD;q,)

TeD)) s
EQ°| Dﬁquqs]

F(s, Xs) — = F(s, X;) — < F*(s, ).

Since by assumption Df 7% >0 and g, > 0 dQ* a.s., we obtain

EXt S lIlf B E [D?g qg‘i‘/ D f S QSvﬁ& 3):| dS
(7:8:q:0)€EAT

T o FO{D/Bv’qu A
+/ E<"[D77,] [F*(S, e ])] 1gee[g)>0d5. (3.31)
¢

EQ~ [Dgg’qqs
Recall that for any (w, s) € Qx[0,T], f is Lipschitz, concave in (z’, x, z,1), and the following
conjugacy relation of (f, f*) holds. Let U be the set introduced in Lemma 3.1, we have
flw,s, o' x,2,1) = inf  {f*(w,s,qpB,a'a?) 4+ qr' + Bz + o'z + (a%1),}
(¢.8,01,0%)€U
= f*(w,s,q,B,a",a*) + g’ + pr +a'z+ (@ 1), (3.32)

where U is the closure of set U, that is the set in which ay satisfies ap(u) > —1 instead of
the strict inequality.

Now since U is strongly closed and convex, we obtain there exists (g, 3, @', @?) € U that
satisfy (3.32). Since v is a o-finite measure and B(FE) is countably generated, by [12, Propo-
sition 3.4.5], the space L? is separable. We can thus apply the measurable selection theorem
(Appendix of Ch.III [15]) as in [28, Lemma 5.5] to assert the existence of a predictable
processes (qs, Bs, al, a%) > satisfying

f(s, F(s,Xy), Xs, Z, 1) = B Xs + @ F (X)) + alZy + (a2, 1), + f*(s, Bs, Gs, at,@%)  a.s.
(3.33)
Similarly, since F' is Lipschitz and concave, the conjugacy relation also holds for (F, F™*).
Given the predictable processes (X, Gs, Bs, 0is)s>t € S? X A, we now introduce

Gs = @s1gasgs0 + Clgesg—0

with C' the Lipschitz constant of f. By Lemma 3.4 there exists an adapted process (Js)s>t
such that

EQO‘ X DB ol (?78 F&DB,W_/ qjs
F(S’ 8) _ [ 7{,57 /7 ] — F*(S, S t,f _ :y ) (334)
EQ°[D;74] EQ[D}] ]
Since ¢s = g5 for any s such that E[gs] > 0, we obtain
_ T ~
EX, = E9"[D] €+/ DB”’ J*(s, Bss 4, Ay, 2)ds]
t
T _ F&DBW q
+ E9* Dﬁquis F(s, —>—2 = 1p0a ds
| EC D) P2 )| b

21



Together with (3.31), we obtain (3.29).
Finally, (3.33) implies that the process f*(w,t,q, B, @), &?) belongs to IH2, since by as-
sumption (X, Z,1(.)) € 8? x H? x IH? and (q,, B, &}, @?) are bounded. O

Remark 3.5 We note that our running examples of mean-field operators F satisfy the as-
sumptions in Theorem 3.1. First, let a mean-field operator capture first order interactions.
Namely, set F(t,X) :=E|p(t, X)] for X € L*(Q, P, Fr), where ¢ : [0,T] x R — R, (t,x)
o(t, ) is a Lipschitz and concave function such that o(t, X) € L?. Then F is Lipschitz and
concave.

Second, let a mean-field operator capture the average intensity of interactions in an in-
homogeneous random graph as in Section 2.2. For F as in (2.7) and under the further
assumptions that the kernel k is Lipschitz and concave, we check that F' is Lipschitz and
concave. In particular, for the kernel k of (2.16) these conditions are satisfied.

We end this remark by making the connection of our mean-field operator (2.7) with the
economics literature. To see this, we note that

F(.X) = [ K(e.y)dDx(a)aDx(1)
_ /[0 1oy FUDR ) DY (1), (3.35)

where Dx and D' denote the distribution function of X and its generalized inverse. The
form in (3.35) of the operator appears in the literature as a utility functional quadratic in
probabilities (as opposed to linear in probabilities as in the case of expected utility), see [14,
Ezample 2.5], [11]. In [14] this operator is an example of Shur-concave functional, and the
main result of the paper is a representation theorem of F' and its Fenchel transform F* in
terms of a family of nonnegative affine combinations of Choquet integrals.

4 Conclusion

We have studied mean-field BSDEs with jumps, whose driver can capture system influence
with higher order interactions. The mean-field term can capture for example the intensity
of bilateral interactions that depend on the states of the end nodes by means of a kernel
function. This opens the path towards using dynamic risk measures induced by mean-field
BSDE as a complementary approach to systemic risk measurement. The expectation of
the risk measure is interpreted as the necessary capital of the “representative” bank to
make it acceptable. We have given a dual representation for the expectation of dynamic
risk measures induced by mean-field BSDEs. The risk measure can be represented using a
worst case probability measure, discount factor and penalty applied to the terminal financial
position. The representation of the penalty function involves the Fenchel-Legendre transform
of the mean-field operator.
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