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Abstract. In this work, we are interested in the homogenization of time-harmonic Maxwell’s
equations in a composite medium with periodically distributed small inclusions of a negative
material. Here a negative material is a material modelled by negative permittivity and perme-
ability. Due to the sign-changing coefficients in the equations, it is not straightforward to obtain
uniform energy estimates to apply the usual homogenization techniques. The goal of this article
is to explain how to proceed in this context. The analysis of Maxwell’s equations is based on
a precise study of two associated scalar problems: one involving the sign-changing permittivity
with Dirichlet boundary conditions, another involving the sign-changing permeability with Neu-
mann boundary conditions. For both problems, we obtain a criterion on the physical parameters
ensuring uniform invertibility of the corresponding operators as the size of the inclusions tends
to zero. In the process, we explain the link existing with the so-called Neumann-Poincaré oper-
ator complementing the existing literature on this topic. Then we use the results obtained for
the scalar problems to derive uniform energy estimates for Maxwell’s system. At this stage, an
additional difficulty comes from the fact that Maxwell’s equations are also sign-indefinite due to
the term involving the frequency. To cope with it, we establish some sort of uniform compactness
result.

Key words. Homogenization, Maxwell’s equations, metamaterials, sign-changing coefficients,
Neumann-Poincaré operator.

1 Introduction

Negative index materials (also called left-handed materials) are artificially structured composite
materials whose dielectric permittivity € and magnetic permeability p are simultaneously nega-
tive in some frequency ranges [41]. In the last two decades, these metamaterials have been the
subject of a large number of studies in physics and engineering due to their potential use for
several existing applications [24] such as sub-wavelength imaging and focusing, cloaking, sensing
or data storage.

Besides their practical applications, negative index materials are also interesting from a math-
ematical point of view. The reason is that they are usually used in applications jointly with
classical (positive) materials so that their mathematical modelling leads to consider operators
with coefficients whose sign changes in the domain of interest. Establishing well-posedness results
for such problems requires to develop a specific theory and this has been investigated by several



authors. In particular, it has been shown in [8] (see also the recent work [34]) that Maxwell’s
equations with sign-changing electromagnetic coefficients ¢, p are uniquely solvable — except for
a discrete set of frequencies — when two associated scalar problems, one involving € with Dirich-
let boundary conditions, another involving 4 with Neumann boundary conditions, are well-posed.

The goal of this article is to study the homogenization process for time harmonic Maxwell’s
equations in the presence of d—periodically distributed inclusions of negative material embedded
into a dielectric material (see Figure 1 for a typical configuration). The main objective is to
clarify if the homogenization process is doable in this context and if so, to determine whether
the corresponding homogenized material behaves like a positive or negative material as § tends
to zero. For scalar problems, the first homogenization results have been obtained in [18] using
the T-coercivity approach of [12]. More precisely, it is proved therein that for negative contrasts
close to 0 (the contrast being defined here as the ratio between the interior and exterior values,
see (1)), the scalar problem with Dirichlet boundary conditions can be homogenized. In other
words, it is proved that under this assumption on the contrast, the solution of the problem in
the composite material is well-defined for ¢ small enough (this is not obvious due to the loss of
coercivity due to the sign-changing coefficient) and that it two-scale converges (see Definition 5.1
below) to the solution of a well-posed problem set in a homogeneous material. These results have
been extended in [14], through the analysis of the spectrum of the Neumann-Poincaré operator.
In particular, the authors show that the homogenization process is possible provided the contrast
between the two media (defined using the same convention as above) belongs to (—oo; —1/a) or
(—a;0), a > 0 (see Remark 3.1 below). The proof of this result is based on an elegant continuity
argument (see [14, Corollary 5.1]). However, it does not provide a precise value for «.

The paper is organized as follows. Section 2 provides the mathematical setting of the prob-
lem and necessary notation. Before studying Maxwell’s system, we collect in Section 3 some
useful results concerning two associated scalar problems, a Dirichlet and a Neumann one. In
particular, we prove the uniform invertibility of these operators as § tends to zero, for small or
large values of the contrast, i.e. for contrasts in (—oo; —1/m)U (—1/M;0), with 0 < m < M (see
subsections 3.1 to 3.3). A variational characterization of the bounds m and M is also obtained
(see (45)). Next, inspired by [14], we discuss in §3.4 the connection with the Neumann-Poincaré
operator and the optimality of the obtained conditions. In Section 4, we study the cell problems
appearing in the homogenization of Maxwell’s equations. We prove that they are well-posed under
the same assumptions as the scalar problems investigated in Section 3. This allows us to define
homogenized tensors and we show that they are positive definite under the same assumption on
the contrasts, that is for contrasts in (—oo; —1/m) U (—1/M;0). This is also an improvement of
the results obtained in [18] and [14]. In Section 5, we finally tackle the homogenization process
for Maxwell’s equations with sign-changing coefficients. Combining results from [44] and [22] ob-
tained for classical (positive) electromagnetic materials, we first derive in §5.1 a homogenization
result under a uniform energy estimate condition. At this stage, the sign-changing of the physical
parameters does not play any role. Related to this part of the work, let us mention the seminal
book [6] as well as [47, 5] for the study of the time-dependent Maxwell equations. For the time
harmonic case, we refer to [6, 49, 40, 25, 19, 17, 48, 3, 44, 29]. Then, in §5.2, we establish the
needed uniform energy estimates for Maxwell’s equations. This is done by using the results ob-
tained for the scalar problems as well as the T-coercivity approach presented in [8] and a uniform
compactness property. The final homogenization result for Maxwell’s system with sign-changing
coefficients is stated in Theorem 5.6. For the reader’s convenience, the list of functional spaces
used throughout the paper is collected in the Appendix.
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Figure 1: Example of a periodic material and the corresponding reference cell Y.

2 Setting of the problem

Let © be an open, connected and bounded subset of R? with a Lipschitz-continuous boundary
09. Once and for all, we make the following assumption:

Assumption. The domain ) is simply connected and OS2 is connected.

When this assumption is not satisfied, the analysis below must be adapted (see some preliminary
ideas in [8, §8.2]). We consider a situation where Q is filled with a composite electromagnetic
material constituted of periodically distributed inhomogeneous cells of small size § > 0. More
precisely, let Y = (0;1)3 denote the reference cell and assume that Y contains two materials:

e a metamaterial with negative dielectric permittivity ¢; < 0 and magnetic permeability
;i < 0 located inside a connected domain Y; C Y with Lipschitz boundary 9Y; such that
Y;CY;

e a dielectric material with positive dielectric permittivity €, > 0 and magnetic permeability
e > 0 filling the region Y, :=Y \ V;.

We emphasize that the assumption Y; C Y is important. When the inclusion Y; meets the
boundary of the cell Y, phenomena different from the ones described below can appear. We
refer the reader to [14, Appendix A] for more details concerning the scalar problem in this case.
To simplify the presentation, we assume that €;, €., p; and p. are constant. However, we could
also consider physical parameters which are elements of L>°(£2, R?’X?’), the variational techniques
we use below would work in a similar way. In our analysis, the following dielectric and magnetic
contrasts - '
Ke 1= = < 0, Ky =2 <0 (1)
€e He
will play a key role. Let us stress that the four constants e, €;, e, p; are fixed once for all in
the article. And when we make assumptions on the contrasts in the statements below (see in
particular the final Theorem 5.6), they must be understood as “Assume that e, €;, fe, p; are
such that k., £,..”. We define on the reference cell the two real-valued functions e, € L>(Y)
such that

e(y) =ecly.(y) +eily,(y),  w(y) = pe Ly, (y) + pi Ly, (y), (2)



where for a set S, 1g(-) stands for the indicator function of S. For any § > 0 and any integer
vector k € Z3, we define the shifted and scaled sets Yi‘,i, Ye‘i, Y,f such that

Y = {zeR3¥|(z-k)/5€Y;}
VS = {zeR|(x—-k)/seYe} (3)
Y = {zeR3|(x—Fk)/S€Y}.

We denote by K the set of k € Z3 such that Y,f C Q. We assume that the metamaterial fills the

region
U zk?
keK?
while the complementary set in {2 o
=0\

is occupied by the dielectric. We denote by Q° the interior of Ujc ks YT? and we set U := Q\ QF.
We define the macroscopic dielectric permittivity €’ and the magnetic permeability 1° on € such
that

(a) = e lgg(e) +eiTgs (), (&) = e Ty (&) + s g (). ()
For a given frequency w # 0 (w € R), we study time harmonic Maxwell’s equations
curl E° —iw i’ H? = 0 and curl H® 4+ iwe®E? = J in Q. (5)

Above E° and H? are respectively the electric and magnetic components of the electromagnetic
field. The source term J is the current density. We suppose that the medium (2 is surrounded
by a perfect conductor and we impose the boundary conditions

ESxn=0 and pCH® -0 =0 on 09, (6)

where n denotes the unit outward normal vector field to 9€2. For an introduction to the mathemat-
ical setting of Maxwell’s equations, we refer the reader to the classical monographs by Monk [31]
or Nédélec [32]). We introduce some functional spaces classically used in the study of Maxwell’s
equations, namely

L*(Q) (L*()°
H(curl) {H € L*(Q) | curl H € L?(Q)}
HN(curl) .= {E € H(curl) | E xn=0on 0N}
V() = {H e€H(curl) |div(EH)=0, {H -n=0o0n 00}, for&eL>Q)
Vn(€) = {FE €H(curl) |div((E) =0, Exn=0o0n0d0}, for&eL*Q).

For an open set @ C R3, the inner products in L?(0) and L?(O) are denoted indistinctly by
(-,-)o and the corresponding norm by || - ||o. To simplify, in L2(Q2) and L?(2), we just denote
(+,-) and || - ||. The space H(curl) and its subspaces Hy (curl), Vn(£), V(&) are endowed with
the inner product

(y)eur1 = (+,-) + (curl-, curl ),

and the corresponding norm is denoted || - ||cur1- We have the classical Green’s formula for the
curl operator (see for instance [31, Theorem 3.1]):

(u,curlv) — (curlu,v) =0, Vu € Hy(curl), v € H(curl).
Let us recall a well-known property for the particular spaces V(1) and V(1) (cf. [45, 4]).

Proposition 2.1. The embeddings of V(1) in L2(Q) and of V(1) in L%(Q) are compact.
Moreover, there is a constant C' > 0 such that

|ul| < Cllcurlull,  Yu e V(1)U V(1)

Therefore, in V(1) and in VN (1), ||curl -||q is a norm which is equivalent to || - ||curl -



Classically, one proves that if (E°, H?) satisfies (5)-(6), then E° and H? are respectively solutions
of the problems
Find E° € H(curl) such that:
curl (1) tcurl E°) — w?E° = iwJ inQ (7)
E’xn = 0 on 0,

Find H° € H(curl) such that:

curl (%)~ leurl H%) — W2’ H® = curl((¢®)"1J) inQ

WOH?® - n =0 on 02 (8)

() (curl H — J) x n =0 on 99).
We emphasize that in (7), (8), the boundary conditions are the usual ones one should impose to
be able to prove well-posedness of the systems. In the following, we will focus our attention on
the problem (7) for the electric field. The analysis for the magnetic field is quite similar. The
variational formulation of (7) writes

Find E° € Hy/(curl) such that for all E' € Hy(curl):

95
() (1) 'curl E°, curl E') — w?(°E°, E') = iw (J, E').

(9)

Before studying the behaviour of some solutions of (%) as § tends to zero, we must clarify the
properties of this problem for a fixed § > 0. With the Riesz representation theorem, define the
linear and continuous operator .73 (w) : Hy(curl) — Hy(curl) such that for all w € C,

(A W) E, Eeur1 = (1) ‘curl E, curl E') — W*(°E, E'), VE,E' € Hy(curl). (10)

The features of @7 (w) are strongly related to the ones of two scalar operators that we define
now. Set

H{(Q) = {peHYQ)|p=0o0n 00}

HL(Q) = {peH Q)| [oedz=0}.
In H}(2) and in H;é () (since € is connected), ||V - || is a norm which is equivalent to the usual
norm of H'(Q). We define the two linear and continuous operators A2 : H}(Q) — H}(Q) and

Bg : H (Q) — H () such that
(V(A%p), V¢') = (£2Vp, V), Vi, ¢' € Hy(Q)
(V(Bp), V') = (uVep, V), Voo, ¢’ € Hy(9).

With these notations, Theorem 6.1 of [8] writes as follows.

Theorem 2.2. Assume that the scalar operators A® : HY(Q) — HY(Q) and Bz : H#(Q) — H#(Q)

are isomorphisms. Then o/ (w) : Hy(curl) — Hy/(curl) is an isomorphism for all w € C\ .7
where .# is a discrete set with no accumulation point.

Note that in this statement, the set % depends on the contrasts «., x, but also on the geometry
and hence on §. In the next section, we give conditions ensuring that Ag and Bi are isomorphisms.

3 Uniform invertibility of the two scalar problems

We shall say that the operators A2 : H{(Q) — H{(Q) and BZ : H;ﬁ Q) — H# (©) are uniformly
invertible as § tends to zero if there is dg > 0 such that A, Bg are invertible for all § € (0; dp]

together with the estimate
1A+ B < ¢,

where C' > 0 is a constant which is independent of § € (0;0p]. In this section, our goal is to find
criteria on ke, kK, guaranteeing the uniform invertibility of Ag, Bg. The uniform invertibility of

5



Ag has been considered in the articles [18, 14]. Below we combine the approaches presented in
these two articles and we adapt the analysis in order to obtain a criterion ensuring the uniform
invertibility of BZ.

Remark 3.1. The result of uniform invertibility of [14, Theorem 5.2] is based on the result of
Theorem 4.3 of the same article. However, its domain of validity is not completely satisfactory
because the constant m defined in Theorem 4.3 is in fact equal to zero. This has been corrected
by the authors and a new proof can be found in the erratum [13].

3.1 First o-dependent criteria

In a pedagogical aim, we first derive some criteria ensuring the invertibility of Ag, Bg that are
valid only for fixed , and hence which are not uniform.

3.1.1 Criterion of invertibility for the operator Ag

In order to get a criterion on the contrast . ensuring that A% : H} () — H}(Q) is an isomorphism,
we start by presenting a well-chosen decomposition of the space H%(Q) which has been introduced
n [14]. We recall that H}(Q) is endowed with the inner product (V-, V-).

1
Lemma 3.2. We have the decomposition H§(Q) = HS, @ HE(Q2 U Q) where H, = {¢ €
HA(Q) | Ap =0 in Q3 UQJ}.

Remark 3.3. The index p in the notation 7—[% stands for Dirichlet and refers to the homogeneous
Dirichlet boundary condition imposed on O0S) to the elements of ’H%. We emphasize that the
functions of HY(QS U Q2) wvanish on 9.

Proof. Let ¢ be a given element of H}(2). Introduce ¢ € H} (22 U Q?) the function such that
Ap = Ap in QUQ?Y. Then we have ¢ = (¢ — P) + @ and clearly ¢ — @ € HY,. Now if ¢ and oy
are elements of H$, and H{(Q0 U Q9), a direct integration by parts gives

D1 / dpie
d
on; 7 o 008 One v

Here and below, n, = —n; stands for the unit normal vector to 9Q¢ pointing to 2. Moreover for
x € 00, Onpi(z) = lim,_,o+ Vio(z — tn;) - n(x) and dppe(x) = limy_,o+ V(x — tn.) - n(z). This
gives the desired result. O

(V1,Vis) = / Aprpzdr + / odo = 0.
QSUN? 009

In what follows, some particular elements of ’H% will play a key role. For k € K9, define the
function ¥ € HJ, such that

D=0 in Y3, for K # k.

Then set
A = {p e M) | (Ve Vih) =0, VEke K°} (12)

so that we have, as in [14, Proposition 3.2],

~ 1 1L
Hy(2) = H) @ spangegs{eh} ©Hp(22 U Q). (13)
Finally, we define the constants

IVelSs s IVeliSs
. Mp = sup :

it % e (14)
(,DE’I‘:léD\{O} ||VSOH?ZQ 9067‘2%\{0} ||V<,0H?22



Before proceeding, let us discuss a few features of the constants méD, Mg. First, observe that the
functions % satisfy
k 112 k12
IVebllgs =0 and IVebllgs # 0

As a consequence, the infimum of (14) considered over H%, \ {0} is zero. On the other hand, the
next lemma guarantees that the supremum of (14) considered over H%, \ {0} coincides with MY,.

Lemma 3.4. The constant M defined in (14) satisfies

5 IVel2,
cpE’H‘SD\{O} H SOHQQ
Proof. Since 7—2% C H%, clearly we have
5 IVl
Mp < sup d (16)

perongoy I Vellgs

Now we establish the other inequality. If ¢ € H$, \ {0}, we have the decomposition ¢ = ¢ + ®
with ¢ € HY, and ® € spanygs{p%}. Since ® is constant in each of the Y2, k € K?°, there
holds

19612 = 19613 a7
As a consequence, if ¢ = 0, then 0 = HV(pHég/HVgoHég < MY, If ¢ # 0, from (17) and the
identity |[Vel|3 = [[VQ[3 + [|[V®|3 (see (12)), we deduce that

IVeligs = IV@l5s + IVIIEs > VRlIs-

This implies
19012 _ I3
D Z Volz. = (IVol2,
Vel — IVellgs

(18)

Taking the supremum over all ¢ € H$, \ {0} in (18), we deduce that (16) is also true with “<”
replaced by “>". This shows (15). O

Finally, we prove the following additional result.
Lemma 3.5. The constants m‘sD, M?) satisfy 0 < m‘SD < Ml‘s) < +00.

Proof. By definition of m5D, M]‘:S), clearly we have m‘jj < Mg. On the other hand, working by
contradiction, thanks to the orthogonality conditions imposed to the elements of ’H‘SD, one can
show the Poincaré-Wirtinger inequality

3C° >0 such that [j¢llgs < COVellgs, Vo€ H. (19)
For ¢ € #14,, since there holds Ap =0in O, from (19), we obtain the estimate
§
IVellgr < Collellmzan)-

Here the constant C° may change from one line to another. Then the continuity of the trace from
H'(Q?) into H'/2(9Q?) yields the existence of a constant C{ > 0 such that

IVellgs < C2lIVellas, Vo€ Hp. (20)

Similarly, using the continuity of the trace from H'(Q) into H/2(99), we obtain that there is
Cg > 0 such that
IVellos < ClIVellas, Vo € H. (21)

Estimates (20) and (21) allow one to conclude to the result of the lemma. O



After these considerations, we can now establish the following criterion concerning the invertibility
of A2. To proceed, we work with the T-coercivity approach introduced in [12] (see also [20]). We
emphasize however that we work with a different operator T allowing us to obtain a sharper result.

Proposition 3.6. Assume that k. € (—oo; —1/m%)U(—1/M;0) where m$, and MY, are defined
in (14). Then A2 : HY(Q) — H(Q) is an isomorphism.
Proof. Define the operator Tf : H§(Q2) — H{(€2) such that for ¢ = @y, + @), + @ with ¢, € 7:[5D,
®y, € spange s {ph} and ¢ € HY(Q2 U Q?), there holds

Tro_| PntPut@  in

D¥ = (ﬁh—l-q)h—(ﬁ 1HQ;s (22)

Note that since ¢ = 0 on 999, the operator T}, is indeed valued in H{(2). Moreover we have
T}, o T}, = Id which shows that T}, is an isomorphism of H}(€2). For all ¢ € H}(Q), we find

(V(AUTH)), V)

. < . - N - N N 23

= €e(V(¢n+ P+ @), V(en + P+ @))as +i(V(Pn — ), V(Pn + ) gs- )
Integrating by parts and using that ¢ = 0 on 9Q% U 9Q¢, we get

(V¢h7 v@)ﬂg = (V@h, v@)ﬁg = (v¢h7 v@)ﬂf =0. (24)

Besides, using again that ®; is constant in each of the Y;(,i, from the orthogonal decomposition
(13), we infer that
(VQZ}L, V(I)h)Qg = (VQ@h, V(I)h) = 0. (25)

Inserting (24), (25) in (23), we obtain
(V(A2TH)), Vo) = (eV@n, Vin) + (£cVh, V8A)gs + ([£] VR, V). (26)
For the first term of the right hand side of (26), we can write
(eVPn, Von) = eellVenllgs — leil IVonll,s
= led M) |V enll3, Z (27)
(ee = les| Mp)(IVnllgs + (MD) M Vnlgs)-

WV

(e
1
2 —
2
Using this estimate in (26), we deduce that when e, > |g;|M < ke = &;/ec > —1/M?, the bilin-
ear form (V(A(TS")), V) is coercive in H}(Q2) (note that Lemma 3.5 guarantees that M$ < +00).

With the Lax-Milgram theorem, we infer that when k. > —1/M 0 the operator Ag o TE is an
isomorphism of H{ () and so is A2.

To address the case k. < —1/mJ,, let us work with the operator Tp, : H}(Q2) — H§(Q) such
that
_| -t ®hte in @

Trop=| " . 28
DY —pn+ P — @ me. (28)

We also have Tp, o T, = Id which guarantees that T, is an isomorphism of H{(Q2). For all
¢ € H}(Q), we find

(V(AUTp9)), Vo) = —(eVn, Vi) + (eeVPh, VO,)gs + (€] VE, V). (29)
This time, we can write

—(eVPn, Von) = —ee| Vonlg + leil Hv@hnég

1 (30)
> (—ec+ el mp)IVonlg; > 5 (=g + el mp)(IV@nlg, + (Mg)_lnvSDhH?);s)-



As a consequence, we see from (29) that when |e;|m, > ¢ < ke = £;/ee < —1/m3,, the bilinear
form (V(A2(T,)), V-) is coercive in H}(2) (here we also use the result of Lemma 3.5 ensuring
that 0 < m$, < M9 < 4+00). We can conclude as above that when x. < —1/m9,, the operator
A% is an isomorphism of H}(€2). O

3.1.2 Criterion of invertibility for the operator Bl‘i

Now we show similar results for the operator BZ : H#(Q) — H#(Q) First, define the space
H(Q) := {gp cHY(Q)| / pdo = o} :
002

L
Lemma 3.7. We have the decomposition H}(Q) = H, @ Htl) e (§2) where HY = {p € HL(Q) | Ap

0 in QUQ?, Oup =0 on 0N} and Htl),an(Q) ={p e H(Q)| ¢ =0 on 092} C HL(Q).

Remark 3.8. This time, the index n in the notation 7-[?\, stands for Neumann and refers to the

homogeneous Neumann boundary condition imposed on OS) to the elements of H?V

Proof. For ¢ given in H}(Q), introduce ¢ € H(l) e (§2) the function such that

(V@, V') = (Vo V'), V' € Hy pos(2).

Note that since the Poincaré inequality holds in the space H é 508 (Q), the Lax-Milgram theorem

indeed guarantees that this variational problem admits a unique solution. Then we have ¢ =
(¢ — @) + ¢ and one can check that ¢ — @ belongs to H?V. Finally if ¢1 and @9 are elements of

H and H(l] aqe (2), a direct integration by parts gives (Vir1, Vipg) = 0. O

In what follows, some particular elements of ’H?V will play a key role. Let kg be an arbitrary given
element of K% and for k € K°\ {ko}, define the function ¢k, € H%, such that

1 inY]
goﬁ”v =| -1 in Y;io
0 inYy fork € K°\ {ko,k}.
Then set
HYy ={p € Hx | (Vo, Vi) =0, Vk e K\ {ko}}
so that we have
1 TS k&gl
Ho() =Hy & SpankeK5\{ko}{90N} ©® H(), aQ?(Q)'

We emphasize that the choice of kg above does not affect this decomposition. We simply consider
one particular basis for the space spangs\ {ko}{@lfv}- Finally, we define the constants

HV%’H?)@ 5 HVSDH?y_S
: My == sup :

inf oo R (31)
(,067:[?\]\{0} ||V¢H?‘2g 4,067:[}5\,\{0} ”V@Hég

Working as in the proof of Lemma 3.5, in particular establishing by contradiction the Poincaré-
Wirtinger inequality
3C% >0 suchthat |lo|lgs < COVellgs, Ve € Hy,
one can show that there holds 0 < m% < M$ < +oo. As in (14), the functions ¢k, satisfy
IVenlge =0 and  [[Veillgs #0

so that the infimum of (31) considered over HJ; \ {0} is zero. Working exactly as in the proof of
Lemma 3.4, we get the following result.



Lemma 3.9. The constant M3 defined in (31) satisfies

" IVell3s
N= Sup =
PEMI\{0} HVWH?)Q

Now, we give our criterion of invertibility for the operator Bg.

Proposition 3.10. Assume that k, € (—oo;—1/m%) U (=1/M%;0) where m% and MY, are
defined in (31). Then Bi : H#(Q) — H#(Q) is an isomorphism.

Proof. Introduce the mappings £, : H%(Q) — HL(Q) and ¢4 : HY(Q) — H%(Q) such that

1

1
pdo,  ly(p)=¢— ‘Q’/Qsodx-

Here and in what follows, for an open set O C R3, we denote by |O| = [, 1dz and |00]| = [;, 1do.
Then define the operators Tﬁ : HL(Q) — HL(Q) such that for ¢ = @p, + &y, + @ with @y, € HY,
o) € spankeKs\{ko}{wﬁv} and ¢ € H(l] oo (§2), there holds

:Egbh+q)h+<ﬁ in Qg

+op+ P — @ in Qf (33)

~E
Thy =
Finally, we define the operators
T% =Ly oTﬁ o/l,.
For ¢ € H#(Q), we set ¢ = l,(¢)) € HY(Q) and we use the notation ¢ = @, + @), + ¢ with
on € HY, @y € spank€K5\{k0}{g0]fV} and ¢ € Hé o0e (§2). Observing that Vo = Vi) (¢ and
differ from each other by an additive constant) and working as in (26), we find

(V(BL(TH)), V) = £(uV @, Vén) + (1 Ve, VO,)os + (InIVE, V). (34)

For the first term of the right hand side of (34), we can write

~~

(VPn, Von) = pellVenligs — 1l 1Vnllgs = (e = |l M)V &nllgs

> 5 (ne = [l MR (V@G + MR)THIVERlGs)

N

and

—(uVoR, Voy) = —MeHV@hHéQ + | Hvsﬁhﬂég

1 A (35)
> (e + [l M) IV@nllgs = 5 (—pe + sl mA)(IV@allgs + (MR) T IVEnl).

Using again that Vo = Vi), we deduce from the first estimate of (34) that when pe > ],ui]M]‘i, &
Ky = pi/pe > —1/M%,;, the bilinear form (V(Bi(TfV-)), V) is coercive in H# (©). With the Lax-
Milgram theorem, we infer that when s, > —1 /M]‘i,, the operator Bl‘i o T} is an isomorphism of
H%E(Q) Since Bi is selfadjoint (because it is bounded and symmetric), this implies that Bz is an
isomorphism. Working similarly with Ty, from (35) one finds that when [u;|[m% > pe & K, =
pifte < =1/ m‘]sv, the operator B/‘i is an isomorphism. Note that with additional few lines, one
can check that we have Tﬁ o Tﬁ = 1d. O
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3.2 Comparison between the criteria of invertibility

In this section, we compare the constants involved in the criteria ensuring the invertibility of the
operators A% (Dirichlet) and Bg (Neumann).

Proposition 3.11. For all 6 > 0, the constants m5D, Mg defined in (14) and the constants m‘;\,,
MY, defined in (31) satisfy

m9, < my and MY < MY, (36)

Proof. We start by proving the second inequality of (36). Let ¢ be an element of 7:[‘5D \{0}. Define
the function ¢ € H% such that ¢ = ¢ — ¢ on 999 where ¢ = 9|71 [;s ¢ do. In other words, ¢

is the function such that A¢ = 0 in QJ U Qf, (=¢p—con 89? and 9, = 0 on 0f). Note that
necessarily, there holds ¢ # 0. Then we have ( = ¢ — ¢ in Qf and so

19¢lgs = 19¢lqe- (37)
On the other hand, integrating by parts, we find
(VG VI(C—¢))as

= VGV (- = [

o oOn

(¢ — (so—c))da+/ ((—(p—c))do=0.

098 One
We deduce that

19¢12s < 9l (39)

Gathering (37), (38) and using Lemma 3.9, we infer that

IVeligs _ IVEligs u

IVolZ, < ez, =N

Taking the supremum over all ¢ € #4, \ {0} in (39), we obtain that MY < M.

Now we show the first inequality of (36). Let ¢ be an element of H9, \ {0}. Define the function
¢ e 7-[ such that ¢ = ¢ on 895 In partlcular we have AC = 0 in Q3 U 95 and ¢ = 0 on Of).
Then decompose ¢ as ¢ = ¢ + Z with { € 7—[ and Z € 5pankeK5{g0D} Since Z is constant in
each of the Yli, k € K9, we have

19€lgs = IV¢llgs. (40)
On the other hand, integrating by parts, we find

(Ve V-l = [ SEC-prao+ [ - gydo=— [ SPzas )

o0 on 8Qf 8”6

Since the function ¢ is in H;, for all k € K%\ {ko}, we have (Vi, Vok) = 0. Integrating by

parts, this implies
0 0
/ Pe do = Pe do.
ovy, one aygco One

But we also have [y5 On. e do = 0. As a consequence, we must have, for all k € K 5

/ Ope do =0.
ovs, One

Since Z is constant on each of the 9Y;3, we deduce that the terms of the equalities of (41) are
equal to zero. Hence, there holds

IVel2s < [VE]2 (42)

11



Gathering (40) and (42) leads to

IV 190l

6
V€3~ Vel
Taking the infimum over all ¢ € H% \ {0} in (43), we obtain that m§, < mS. O

3.3 Uniform criterion of invertibility

The bounds on the contrasts ke, x, that we obtained in Propositions 3.6, 3.10 which ensure the
invertibility of the scalar operators Ag and Bg, depend on §. In this paragraph, we wish to get
bounds which are uniform with respect to 4.

Introduce the Hilbert spaces of functions defined in the reference cell Y
Ho = {peH)Y)|Ap=0inY. UY;}
Ho = {peHy(Y)|Ap=0inY. UY;}

where H(Y) := {p € H}(Y) | Jay, pdo = 0}. Define the function ¢p € Ho such that ¢p =1 in
Y, and set

Ho = {peHMol(Veo, Vep) =0} (44)
He = {p € Ho|Onp=0o0ndY}.
Then we introduce the constants
Vol Vol
SN\ 7111 M wp 177 )
peto\(0} [IVelly, ©eM\{0} IVelly,
We emphasize that m and M are independent of §.
Lemma 3.12. The constant M defined in (45) satisfies
Voll3,
M = sup H CPH;/Z (46)
ver\{0} I Velly,
(here the sup is considered over H, \ {0} and not H, \ {0}).
Proof. Since there holds H, C Ho, it suffices to show that
Vol
| SDHYZ (47)

sup <
petro\ (o} IVll3,

Let ¢ be a non zero element of H,. We have the decomposition ¢ = @ + (¢ — @) where ¢ € H, is
the function such that ¢ = in Y;, A¢p =01in Y, ¢ = ¢ on 9Y; and 9, = 0 on 9Y. Observing
that |]Vg0||§/b = ||V¢>H%/Z and that

IVelF, = IVelR, + V(e —@)IF, = VIR,

we can write

IVells, = IVely, < MV, < M|[Vell,.
Taking the supremum over all ¢ € H, \ {0} leads to (47). O
Lemma 3.13. For all § > 0, we have the relations

m < m <mdy and M%< MYy < M, (48)

where m%,, M9, are defined in (14), m%;, MY, are defined in (31) and m, M are defined in (45).

12



Proof. From Proposition 3.11, we know that we have m‘SD < m‘zsv and M5D < M]‘i[. Now we show

that we have M% < M. Let ¢ be a non zero element of Hy,. For all k € K%, we define the
function ¢} € H1(Y) such that ¢ (y) = ¢(5(k +y)) for y € Y and we set ¢ == [0Y |7 [5, ¢ do.
Since cpg — ¢ € Ho, using Lemma 3.12, we can write

IVel3s =dlIVaRlly, = dlvVier —anli;

< SM|V(el - el <OMIVRLIR, < MVl

Summing these estimates over all k € K%, we get (recall that U’ = Q \ ﬁ)

I96l125 < M 90l 75 < M V3. (49)

Taking the supremum in (49) over all ¢ € H;, we deduce that M$ < M.

To establish (48), it remains to show that m < m‘sD. For ¢ given in 7—2%, introduce the func-
tion v € HY(2) such that for all k € K?,

v = ¢ in Yzi

_ : §

Av = 0 inYj
v = 0 on 8)/;3(1:

We also impose v = 0 in U® = Q\ Q3. For all k € K?, define the function ¢% € H)(Q) such that
B =1 myg
A¢ky = 0 inY)
o = 0 InQ\YS.

Then set

=v— Y apdh with ay, :== (Vv, Véh) /| Véh .
keK?d

S

Integrating by parts, we find

(Ve —Mas = [ SEle-vdo+ [ Flp-tjar= ¥ a [ oo (0)

o On 0f One

Since the function ¢ is in 7:[5D, for all k € K9, we have (Ve, ch%) = 0. Integrating by parts, this

implies
/ % do =0
ov5, One '

Using that ¢%, is constant on the 9Y},, we deduce from (50) that (V, V(p — ¥))gs = 0. Hence,
we have

||V80H?zg < HVﬁHég =y ||V77H§/6k- (51)
kKO ‘

For k € K?°, define the function #) € H(Y) such that ©)(y) = 9(6(k + y)) for y € Y. Observe
that we have ﬁ,‘z € Hop so that we can write

Va2, = aIVell, < sm L IVafliE < om IVl < mIVelZ, (52
As a consequence, inserting (52) in (51), we obtain
IVellay <m™ [Vl (53)

Taking the infimum in (53) over all ¢ € HS,, we deduce that m < m9,. O
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Finally, we deduce a criterion of uniform invertibility for the operators A‘g and Bz.

Theorem 3.14. Let m, M be the constants defined in (45).
When ke € (—o0; —1/m) U (=1/M;0), AS: H§(Q) — H(Q) is uniformly invertible as § — 0.
When K, € (—o0;—1/m) U (—=1/M;0), Bi : H#(Q) — H;E(Q) is uniformly invertible as § — 0.

Proof. Let us show the result for A%, the proof is completely similar for Bg. From the decom-
position of the space H§(Q) in (13), one observes that the operators T5 = (T5)~! defined in
(22) and (28) are uniformly continuous. From the estimate (27) (resp. (30)) together with the
result of Lemma 3.13, one infers that as § — 0, (V(A2(T}")), V-) (resp. (V(A(Tp)), V+)) is uni-
formly coercive in H}(2) when k. > —1/M (resp. when s, < —1/m). Since A? is also uniformly
continuous, this is enough to guarantee that Ag is uniformly invertible as § tends to zero. O

3.4 Optimality of the criterion and connection to the Neumann-Poincaré op-
erator

Let us discuss the criterion we have obtained above. We focus our attention on the analysis
for the operator A‘g, similar comments can be made for the operator BZ. We assume in this
paragraph that 9Y;, and so 89?, is of class C2. Note that this assumption is important to
ensure that the spectrum of Problem (55) below is discrete. It has been proved in [7] that in
this case, Ag is Fredholm of index zero when x. # —1. Therefore when k. # —1, the operator
A? is an isomorphism if and only if it is injective. As it has been observed in different works
(see in particular [14]), and as we recall below, the question of the injectivity of A9 is directly
linked to the spectrum of the so-called Neumann-Poincaré operator. The latter has been widely
studied when Q is the whole space R%. For this problem, among the references, let us cite
[37, 1, 38, 39, 30, 28, 27, 36, 15, 16, 26]. Below, we use a symmetrization argument similar to the
one used in [30]. We work with Dirichlet-to-Neumann maps following the approach of [26].

3.4.1 Spectrum of the Neumann-Poincaré operator

Set ¥° := 902 and introduce the two Dirichlet-to-Neumann operators A, : H/2(2%) — H~1/2(%9),
A; HI/Z(E‘S) — H_I/Q(Eé) such that for all ¢ € H1/2(25), we have Acp = Op Ue, Aip = O,y
where u., u; solve respectively the problems

Aue, = 0 inQ° Au; = 0 inQf
ue = 0 on df uj = ¢ onX° (54)
ue = ¢ onXd

Define also the lifting operator R : HY/2(X%) — H}(Q) such that Re = u. in Q, Ry = u; in Q2
where ue, u; are the solutions to (54).

If u belongs to ker A% \ {0}, then ¢ := u|gs € HY2(X9) \ {0} satisfies Acp = —r.Ajp. By a
straightforward computation, we find that the pair («, ¢), with a:= (ke +1)/(ke — 1) € (—1;1),
is a solution to the generalized eigenvalue problem

Find (o, p) € R x (HY/2(2%)\ {0}) such that:

(55)
A_p=alAip

with Ay := A. £ A;. Reciprocally, assume that («,¢) is a solution to (55) with o € (—1;1).

Then, Ry € H}(Q) is an element of ker A%\ {0} for k. = (a+1)/(a — 1) € (—00;0). This shows

that it is sufficient to determine the eigenvalues of problem (55) to study the injectivity of A9.

Note that the spectrum of (55) coincides with the spectrum of the so called Neumann-Poincaré

operator studied for example in [30].
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Theorem 3.15. The spectrum of the generalized eigenvalue problem (55) is discrete and coincides
with two sequences of real numbers

—1<a] €a; <---<0 and l=af == > 20

+ +
Oécard(K‘s) > Oécard(K‘s)—i-l
such that lim,_, o a;f = 0. Here card(K?) is the cardinal of the set K° defined after (3).

Proof. First, we show that A, : HY/?(X%) — H~Y/2(%%) is an isomorphism. Consider some
Y € H-/2(X9). If € HY2(29) verifies A ¢ = 1), then Ry is a solution to

Find u € H}(Q) such that

(Vu, Vo) = (i, v)gs, Vo € HY(Q). (56)

Reciprocally, assume that u is a solution to (56). Then the function ¢ := u|ys satisfies Ay = 1.
According to the Lax-Milgram theorem, Problem (56) admits a unique solution for all ¢ €
H-Y/2(29). We infer that Ay : HY/2(X9) — H~Y/2(29) is indeed an isomorphism.

Now, remarking that A., A; have the same principal symbol and using standard arguments
of pseudo-differential operators theory (work as in the proof of [27, Theorem 1]), we can show
that A_ = A, — A; : H/2(2%) — H~Y/2(%9) is compact. We emphasize that the assumption of
smoothness of X9 here is important.

Using the Riesz representation theorem, define the operator K : HY/2(%%) — HY2(X?) such
that
(Ko, @)ss = (Mg, )5 forall p,¢" € HY/2(X?). (57)

Here, we use the notation (-,-)ys := (A4, -)ss. Note that according to the features of A, the
latter form is an inner product in H'/2(X?) equivalent to the usual one. Remark that (a,¢) is
an eigenpair for (55) if and only if we have K¢ = ap. But due to the properties of A_, K is a
selfadjoint and compact operator. Therefore, the spectrum of (55) coincides with a sequence of
eigenvalues which accumulate at zero. We can use the min-maz principle (see [46, Chapter 3])
to characterize these eigenvalues. We have

A
af — sup w (58)

peH/2(29)\{0} (Ao, @)ss

By the min-maz principle, we know that this sup is attained for some gpf. By induction, for
k > 2, we define
A
of = sup A p)ss (59)
o € H/2(39)\ {0}, (A, p)ss
o L{ef, .. b 1}

Here, if ¢, ¢ are two elements of H'/2(X?), we write ¢ L ¢’ when (p,¢')ss = (Ar@, ¢ Vs =
(V(Rp), V(R¢')) = 0. Similarly, we define

(A, p)ss

a; = inf , 60
perl/2(So)\{0} (Ayep, ©)5s (60)
and, by induction, for k > 2,
A_
ap = inf A 0)s (61)
peH2(20)\ {0}, (Ayp,@)ws
o L{pl e}

Observing that for all ¢ € H/2(2?) \ {0} we have

(A, o)y _1—a
(Arp,p)ss 14a’

with a = (Aip, )5 /(Aep, )55 > 0,
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we deduce that there holds a,j: € [-1;1] for all k € N* := {1,2,...}. Taking ¢ = ©% |55 with ¢F
defined in (11), we find @ = 0 and so <A 0, ¢)s5/(Ayp, p)ss = 1. This allows one to prove that
af = = ;rd(K(g) = 1. Now, if a ard(K) 41 = b then there is ¢ € H/2(X2%) \ {0} such that
(Ao, )5 = 0 and Ry € HY,\ {0}. This is impossible and therefore there holds acard(m)“ < 1.

Similarly, if a; = —1, then there exists ¢ € H/2(2%)\ {0} such that (A.@, @)ss = 0. This can
not happen, which implies that o > —1. O

3.4.2 Optimality of the invertibility conditions

From the discussion preceding the statement of Theorem 3.15, we deduce the following result.

Theorem 3.16. For k. € (—00;0)\ {1}, the operator A% : H}(Q) — HL(Q) is an isomorphism

if and only if
+1 F+1
/4;56;‘{0% - k}l}u{ail,k2card(K‘s)+1},

ak—

Qg
where the oif are defined in (59)-(61).

Observing that the map o — (a+1)/(a — 1) is decreasing on (—1;1), we deduce in particular
from Theorem 3.16 that A? is an isomorphism for

+ _
ke € (— 00; frd(K )+l 1) U ( L 1;0). (62)
acard(K5)+1 o a4 —

But one can verify that we have

+ _
Card(k)+1 T 1 s a +1 5
card(K?%)+1

where m$,, M? are the constants defined in (14). As a consequence, the invertibility condition
for A obtained in Proposition 3.6 is the same as (62). This shows that the result of Proposition
3.6 is optimal in a certain sense. This is the first remark of this section.

3.4.3 Comparison with existing literature

In previous articles (see in particular [12] and [18]), authors have worked with the operator
T: HY(Q2) — HY(Q) such that

(63)

Tcp:(p in Q2

—p+2Pp in Q)

where, setting Hg 50, (9 0) = {¢las, v € Hy(Q)}, P : Hy, 50 (%) — HY(Q?) denotes the harmonic
extension operator i.e. the operator such that Py solves the problem

A(Pp) = 0 in€Q? (64)

Pp = ¢ on 0.

We have T o T = Id which shows that T is an isomorphism of H}(2). On the other hand, for all
¢ € H}(Q), we find

(V(AL(TY)), Vi) = ee|| Vollgs + il Velles +22(V(Pep), Vp)gs. (65)

et IV(Py)2
_ V(Pp)|5s
MY = sup &

— e (66)
pEH] o (2)\{0} IVl
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Using Young’s inequality, from (65) we infer that for all 7 > 0, there holds
(V(A2(T9)), Vo)l > (e — 77l MP)IVolls + [esl (1 — IVellgs- (67)

As a consequence, we deduce that when e, > |5i|M5D S Ke = €i/€e > —1/M5, the operator
A? is an isomorphism of H}(€2). Let us compare this operator T introduced in (63) with the T'g
defined in (22). Clearly in Q%, we have To = Thp. In Qf, for ¢ = @p, + & + @ with ¢, € HY,

®y, € spangcgs{ph} and ¢ € HY(Q2 U Q?), we have
The = én+ @ — @
But one observes that
Po=P(@n+ Pn+ @) = P(@n + Ppn) = On + P

Therefore, we have —p 4+ 2Py = ¢ + &, — @ = Tjggp in Qf which shows that the operator T
defined in (63) coincides with TB Moreover, using Lemma 3.4, it is an exercise to prove that Mg
is equal to the constant M9 defined in (14). Therefore, the simple operator T in (63) is already
very efficient. This is the second remark of this section.

3.4.4 T-coercivity operator in the general case

Finally, we explain how to construct an operator of T-coercivity for contrasts k. as in the statement
of Theorem 3.16, in particular for contrasts in (—1/m%,; —1/M%) \ {—1}, this case being not
covered by Proposition 3.6. First, we reindex the eigenvalues {a; }n>1, {0 }nscard(xe)11 and
denote them {a,}n>1. Let (¢y) be a family of eigenfunctions of the operator K introduced in
(57) associated with the eigenvalues a,,. We choose them so that the functions R, n > 1, form
an orthonormal basis of #,. Now we define the operator Tp : H}(Q) — H}(Q) such that for
P = Gn+ Pn + ¢ with @ = X ene 1 Repn € H), @ € spanyegs{h} and ¢ € HJ(Q) U D),
there holds

Sonens i Ren + @+ ¢ in QF
Yonen tnmReon + @ — @ in €.

Here we take ¢, = 1 for n such that k. > ky, := (@, + 1)/(ap, — 1) and ¢, = —1 otherwise.
The operator Tp is valued in H(l)(Q) and we have Tp o Tp = Id which guarantees that Tp is an
isomorphism of H}(€2).

Tpy = (68)

Proposition 3.17. Assume that k. # —1 is such that for all n € N*, we have k. # K, with
on + 1

o — 1

Let Tp : H§(Q) — HA(Q) denote the isomorphism defined in (68). Then (V(AS(Tp-)),V-) is
coercive in H§(Q). As a consequence, A% : H§(Q) — HY(Q) is an isomorphism.

Proof. For all ¢ € H(€2), we find

Ve, V(Tpe)) = D ta [1al*(eV(Ren), V(IRen)) + (€Y i, VOL)os + (I6]VR, VR).  (70)
neN*

(69)

Rp =

But by the definition of the x,, we have, for all n € N*,

(V(Ren), V(Ren))as = —kn(V(Ren), V(Ren))s-
This allows us to write

Z tn ‘7n|2(5v(7€90n)7v(7€90n)) = &e Z tn h’n|2("58 — ) (V(Ren), V(Ren)) s

i
neN* neN*

= Ee Z ‘771’2"%5 _’%n‘(v(R@n)’V(an))Qf
neN*

(71)
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Observing that we have HV(RQpn)H?}& > inf,ens |/€m|*1||V(Rg0n)||?zg (note that the sequence
(|£m|) is bounded), from (71) we obtain

Yt (eV(Ren), V(Ren)) = C nf [e — fin| Y alPIVRe)?. (72)
neN* neN*

Using (72) into (70), we get (eVp, V(Tpy)) = C infuens [ke — kn] ||[Ve||? for all p € H{(Q). O

Remark 3.18. In the following, we will not work with the operator Tp defined in (68) to investi-
gate what happens for contrasts in (—1/m;—1/M)\ {—1}. The reason is that the value of the ky,
defined in (69) depends on § and the operator Tp is useful to prove a result of uniform invertibility
of AS only if we know that there is a segment of (—1/m;—1/M)\ {1} of non empty interior
which is uniformly free of the Kk, as § tends to zero. It is an open question to find conditions on
the geometry such that this occurs.

4 Analysis of the cell problem and properties of the homogenized
tensors

In this section, we study a scalar problem set in the reference cell (supplemented with periodic
boundary conditions) and the associated homogenized tensor. These quantities, which appear in
the homogenization of Maxwell’s equations considered in Section 5, are the same as the ones in
[18] and [14], so that the results below complement and improve those obtained therein.

4.1 Cell problem
Denote by €°5.(Y) the subset of functions of €*°(Y) satisfying periodic boundary conditions on

per

Y. Let HL, . (Y) be the closure of €5.(Y) for the norm of H!(Y). Then set

per per
(V) 1= o € B, [ pdr=0)

We endow this space with the inner product (V-,V-)y. For n equal to € or p as defined in (2),
the problem we are interested in writes

Find ¢ € H._, .(Y) such that:

per,o

73
Ve, Ve y =LU(¢), Vo eHL, (Y), 73)

where £ is a continuous linear functional on Hll)er,o(Y). In order to study this problem, we introduce
the closed subspace of Hl,. (V)

per,o

Hper,0,0v;(Y) = {9 € Hpor o (Y) [ = 0 on 9Y;}.

per,o
Then we define the space 7:l|, such that

Hhoro(Y) = Hy & Hher g0, (¥): (74)
We will not look for an exact characterization of 7—%. Let us simply remark that if ¢ € #,, then

for all ( € 65°(Y. UY;) C Hlljen 0.0y;(Y), we have 0 = (Vi, V()y. This implies that the elements

of 7:lb are harmonic in Y, UY;. Then we introduce the constants

Vo3,
my 1= inf H (PHYZ Mb =

_ Vel
eer,\{0} [ VollT.’

ser oy IVelT,

(75)
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Theorem 4.1. Assume that k. (resp. k) € (—oo; —1/m) U (—1/M;0) where m, M are defined
in (45). Then the problem (73) with n = ¢ (resp. n = p) admits a unique solution which depends
continuously on £.

Proof. To set ideas, we take n = ¢, the proof is the same for n = . With the Riesz representation

theorem, define the operator D, : H}., ,(Y) = Hj, ,(Y) such that
(V(D:9), Ve )y = eV, Ve )y, VY, ¢ € Hye oY) (76)
Let us show that D, is an isomorphism when k. = ¢;/e, € (—o0;—1/m) U (—=1/M;0). For

p€eH
With this decomposition, we define the operators T;E such that

Lero(Y), consider the decomposition ¢ = @5, + @ with ¢}, € Hb and ¢ € Hper 0.0y, ()

TE, | TPt e i Ye

S E R
Working as in the proof of Proposition 3.6 with the operators T replaced by T+, one establishes
that D, is an isomorphism when k. € (—oo; —1/my;,) U (—1/M,;0). To obtain the desired result, it
remains to show that m < mj, and M, < M Since ”Hb C Ho, from Lemma 3.12; we clearly have
M, < M. Now let ¢ be an element of Hb \ {0}. Denote ¢ € Ho the function such that ¢ = ¢ on
dY;. The function ¢ decomposes as ¢ = C + app with (eHoand acR (¢pp is defined before
(44)). Note that ¢ # 0 otherwise we would have a = 0 (because ¢p = 1 on dY; and Joy, ¢do =0)

and so ¢ = 0. Observing that ¢ —  — a is in Héer’ 0.0y;(Y), due to the decomposition (74), we
can write

(Ve, V(e =)y = (Vo, V(e — { —a))y =0. (77)
But on the other hand, since we have V¢ = Vf = V( in Y}, so that in particular there holds
IVels, = IV, (78)
we infer from (77) that .
(Ve, V(e = ¢))y. = 0. (79)
This implies
IVelly, < IVCI..- (80)

Gathering (78) and (80), we deduce that

(qF - IVoll3,
TV, T IVels,

Taking the infimum over all ¢ € 7, \ {0} in (81), we obtain that m < my. O

4.2 Homogenized tensors

Assume that the contrasts s, and k, are located in (—oo;—1/m) U (—1/M;0). For n =€ or p
and j = 1,2,3, we define the function X] € H!,. .(Y) such that

per,o

(VX VE)y = Vy;, VEy, V&€ Hp (V). (82)

Note that the right hand side of (82) simply writes

(1Vy;, VE) —/ % 4
nvyj, Yy = Yﬁayjy
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and that Theorem 4.1 ensures that the functions X? are well-defined. It is also worth noticing
that by setting x7 := (x7, X3, x3)T, we have for all XA € R3:

V(A X", VE)y = (IV(A - ), VE)y = /Y DA-Vedy,  VEEHL (V).  (83)

Denoting by Vx" the jacobian matrix of x":

n
VX" = <8Xj> :
Yk ) 1 <jpes

the homogenized tensor associated with 7 is classically defined as the 3 x 3 symmetric matrix
() = (61(n))1<j,k<3 given by (see, for instance, identity (6.35) in [23])

A0 = [ 0o [l ()] (51

or equivalently (see (6.37) in [23]):

Hk(n) = |}1,|/Y nV(y; —x7) - Ve — x3) dy- (85)

Proposition 4.2. Assume that k. (resp. k,) € (—oo;—1/m) U (—1/M;0) where m, M are
defined in (45). Then the matriz 7€ () (resp. H(u)) is positive definite.

Proof. The proofs for 7 (¢) and J¢(p) are the same and to set ideas, we choose to work with e.
According to formula (6.44) in [23], for all £ = (£1,&2,£3)" € R3, we have

A€ = [ elTeel dy

where the function ¢ is defined by

3
we(y) =D &y — X5 ().

Note that if ¢ is constant in Y, then evaluating ¢¢ on Y and using the fact that the functions
X satisfy periodic boundary conditions, we find that £ = 0 and so ¢¢ = 0. Now, we assume that
& # 0. Subtracting the mean value of the test functions on 0Y;, we see from (82) that X; satisfy
the slightly more general variational equality (the variational space is not the same as in (82))

(VX5 Ve)y = (eVy;, Ve )y, V¢’ € Hyu(Y).
Taking ¢’ € 65°(Y), this implies that we have
div(eVyg) =0 in Y. (86)
i) Introduce the function ¢ such that

1

De = g — —— do € HY(Y).
Pe= e T gy Joy, PEO oY)

From (86), we deduce that ¢¢ is harmonic in Y. U Y;. Therefore, we have ¢¢ € H, and from
Lemma 3.12, we can write

IVeelly, = IVeells, < MIIVEelly, = M Vel
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This allows us to write
H(e) €& =ce|Veelly, — leil [Veelly, = (ce — lesl M) Veell3, -

Hence, for e, > |&;| M < k. = g;/ec > —1/M, the matrix J#(¢) is definite-positive. Note that
we have Vg # 0 in Y, otherwise we would have Vg = 0 in Y (because ¢ € H!(Y) is harmonic
in Y.) which is impossible when £ # 0 (see the discussion above).

i1) Now, we consider the case k. € (—oo;—1/m). The proof is a bit less straightforward and
we divide it into two steps. Define the quadratic form ¢.(-) : R® — R such that

(&) = H(e) € - €.
Step 1. First, we prove the following result.

Lemma 4.3. Assume that k. € (—oo; —1/m). Then the form q. is definite ( g-(§) =0= & =0).

Proof. A bit more generally (this will serve in the proof of Lemma 4.4 below), assume that
¢ € R3\ {0} is such that

q=(§) <0 A /}/€‘V<,0§’2dy < 0.

Then from identity (86), we infer that we must have

/BY ee%:fg%da < 0. (87)
Now, introduce ¢ € Hp the function such that ( = ¢¢ on 9Y;. The function ¢ decomposes
as ¢ = C + awp with ¢ € Hy and a € R (¢p is defined before (44)). Observe that we have
f # 0. Indeed, otherwise ¢¢ would be constant in ¥;. And then (86) together with the unique
continuation principle would imply that ¢¢ be constant in Y, (because we would have that Ag¢ = 0
in Y, p¢ = cste on 9Y; and 0y, p¢. = 0 on 9Y;) and so in Y. According to the discussion above,
this is impossible when § # 0. Observing that ¢, — (f + «) = 0 on 9Y;, integrating by parts, we
can write

_ )y = (¢ _ Ipe [ 9
(Vee, V(e — Oy, = (Ve, Vige — (C+0))y. = /(W % 0cdo /W Zado -

8(,05

= —psdo < 0.
/ay an(pg g

The last equality above has been obtained using (87) and identity (86) multiplied by «. From
(88) and the Cauchy-Schwarz inequality, we infer that

IVeell3, <IIVCI,-

Since on the other hand there holds Vg = V( in Y; so that IVeely, = ||VCA||%/Z, we deduce that

IV, IVells,
mS —x ot S 7
IVCI2 — IVeells,

(89)

But then, when k. = g;/e. < —m ™! & e, < |g;/m, we can write

(&) = H(e)§- &= /YEV\soslzdy = eel Veells, = leil 1Vl < (ee = lealm)[[Vell3, < 0.

In particular we obtain a contradiction if £ # 0 is such that ¢.(§) = 0. This proves that ¢. is
definite. O
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From classical results concerning quadratic forms, we deduce from Lemma 4.3 that for each
ke € (—00;—1/m), g-(+) is either positive definite or negative definite.

Step 2. Now consider some ¢ € R3\ {0}. Corollary 5.6 of [14] or Lemma 4.4 below guarantee
that g-(&) is positive for k. tending to —oo. Using the fact that k. — ¢-(§) is continuous and
that ¢.(-) is always definite for k. € (—oo; —1/m), we infer that ¢.(-) is positive definite for all
Ke € (—o00;—1/m). This achieves the proof of Proposition 4.2. O

Below, for the sake of completeness, we present an alternative proof to Corollary 5.6 of [14] which
is a bit more direct.

Lemma 4.4. For any given & € R?\ {0}, we have q-(¢) > 0 for k¢ tending to —oo.

Proof. Tmpose that x. € (—oo0;—1/m) and for ¢ € R3\ {0}, assume that we have g.(¢) < 0.
Define the function

1
De = Pp — —— do.
Pe = ¢ ‘ay|/8ys0§ o

From (86), we can write

8¢5
IVl = |l IVRel2 = va—/ “oed
leil [Veelly, = lel IV@elly, eellVelly, ¢ o Pedo (90)
< Cec||Velly, = Cee |Vl

The last inequality in (90) is a consequence of the continuity of the mappings ¢ — ¢|sy and
© = Opploy from {p € HY(Y,)|Ap = 0in Y.} to HY/2(9Y) and H~/2(dY) respectively. Note
that since the mean of ¢¢ over Y is null, a classical Poincaré type inequality allows one to prove
that the H! norm of ¢ in Y, is controlled by ||[V¢¢|y,. From (90), we get

IVeell?, _ ©

TIPS (91)
IVeelly, ~ |kl

where C' > 0 is independent of k.. Taking the limit k. — —oo in (91), we obtain a contradiction
with (89) (here we use that ¢-(£) < 0) because m > 0 is independent of k.. Therefore we must
have ¢.(§) > 0 for contrasts tending to —oo. O

4.3 Numerical illustrations

Proposition 4.2 guarantees that if x., k, € (—oo; —1/m) U (—1/M;0), the matrices S (e), J€ ()
are positive definite. This may seem a bit surprising and when one looks at the definition in (85),
this is far from being obvious. The goal of this paragraph is to present some numerics to illustrate
this property. To set ideas we compute J#(¢) and to simplify we work in 2D. In this case, 7 (¢)
is a 2 x 2 symmetric matrix. We do not expect particular differences between 2D and 3D settings.
Numerically, we approximate the solutions of the problems (82) using a P2 finite element method.
To proceed, we use the library FreeFem++' to compute the matrix J#(¢) using formula (85).
The mesh size is chosen equal to 0.02. Admittedly the numerical analysis of problems (82) is not
standard because of the sign-changing . However in general, at least for contrasts k. “not too
close” to —1 when 0Y; is smooth, we obtain a reasonable numerical solution. We refer the reader
to [35, 21, 10] for more details concerning these aspects. In Figures 2 and 3 below, we display
the two real eigenvalues of .7 (¢) with respect to the contrast k. € (—10;0) (we take ; = —1 and
g varies) for two different geometries of Y;. For the numerics of Figure 2, the inclusion Y; is an
ellipse while for Figure 3, it is a rectangle. We emphasize that in the latter case, problem (82)
is not well-posed in the Fredholm sense for k. € (—3,—1/3) (see [11, 9]). As a consequence, for

! FreeFem++, http://wuw.freefem.org/ff++/.
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this range of contrasts, our numerical solutions have no sense. But for both settings, we observe
that for contrasts large enough or small enough, the matrix J# () is positive definite as expected.
Interestingly, at least in the case of the ellipse where we know that the numerical solution is
meaningful except for k. # —1, we also note that .#(¢) is not positive definite for all contrasts.

We emphasize however that we do not investigate these regimes in our analysis below.
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Figure 2: Representation of the two eigenvalues of 7 (¢) with respect to k. varying in (—10; —1)

(left) and (—1;0) (right). Here the inclusion Y; coincides with the interior of the ellipse {(x =

0.5+ 0.4cos6,y = 0.5+ 0.2cosb), 6 € [0;27)}.
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Figure 3: Representation of the two eigenvalues of .7 (¢) with respect to k. varying in (—10; —1)

(left) and (—1;0) (right). Here the inclusion Y; coincides with the rectangle (0.1;0.9) x (0.3;0.7).
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5 Homogenization of Maxwell’s equations

We come back to Maxwell’s problem (£2%) for the electric field (see (9)). We define the bilinear
form a? (-, ) associated with (9) such that

a’(E,E) = ((1°) ‘curl E,curl E') — w*(°E, E'), VE,E' € Hy(curl).

Let m, M be the constants defined in (45). When k¢, k,, € (—o0; —1/m)U(—1/M;0), the matrices
H (e) and () are well-defined according to Theorem 4.1. Moreover, according to Proposition
4.2, these matrices are positive definite. Hence, we can introduce the homogenized problem

(e Find E°" € Hy(curl) such that (92)
curl (A () Leurl E°T) — W22 (e) BT = iwJ
whose variational formulation writes
Find E°T € Hy(curl) such that for all E’ € Hy/(curl) (93)
MBS B =iw(J,E).

eff

Here ad)

(+,-) is the bilinear form defined on the space Hy(curl) such that
"B, E') = (A (n) ‘curl E,curl E') — w?(#(e)E, E').

It is worth noticing that the above homogenized problem (which has exactly the same form as
the one obtained for classical (positive) Maxwell’s equations) involves the homogenized tensors
of the scalar problems studied in the previous sections. This fact will be used in a crucial way in
the sequel to prove our homogenization result for Maxwell’s system. Classically, one can easily
prove that (%) admits a unique solution for all

w? € C\ A (94)

where A°f is a discrete subset of [0; +00).

The proof of a homogenization result for Maxwell’s equations without sign-changing coefficients is
by now quite classical (see for instance [6, 49, 44, 22]). It may be achieved by using, for instance, a
notion of convergence specific to the periodic homogenization, namely the two-scale convergence,
which was introduced by G. Nguetseng in [33] and further developed by G. Allaire [2]. Using this
notion, a typical proof for such a homogenization result relies on three main ingredients. First, a
uniform energy estimate is obtained for the sequence of solutions of (2?). Next, one shows that
this uniformly bounded sequence has a (two-scale) limit that solves a two-scale limit problem.
Finally, this limit problem is decoupled, yielding the homogenized problem which is proved to be
well-posed. Due to the sign-changing coefficients and the presence of the non sign-definite L? term
involving w?, proving the first ingredient is far from being obvious. In particular, the strategy
proposed for instance in [22] does not apply anymore (as the spectral decomposition available in
the strongly elliptic case fails). Instead, we proceed as follows. First, we prove a homogenization
result for solutions of (£°) under a uniform energy estimate condition. Using this result, we
prove by contradiction the needed uniform energy estimate for the solutions (95). This leads to
the main result of the paper (Theorem 5.6), namely the homogenization result for sign-changing
Maxwell’s equations.

5.1 Homogenization result under uniform energy estimate condition

Let J be a given field of L2(Q2). The aim of this section is to obtain a homogenization result for
a sequence of functions (E‘S) solving (£?) and satisfying the uniform energy estimate

3C >0, V6 € (0;1),  ||E°|? + |curl E°|I2 < C || T2 (95)
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As it was already observed in [18] in the analysis of the homogenization process for the Dirichlet
scalar operator A‘g, the presence of sign-changing coefficients does not affect the two-scale conver-
gence result. However, for the sake of completeness, we give here a proof of this convergence result
following [6, 49, 44] and in particular [22]. We start by recalling the definition of the two-scale
convergence (see [2]). Here we set €5, (V) 1= (€5(Y))3.

per per

Definition 5.1. A sequence (E°) in L2(Q) two-scale converges to E° € L2(Q x Y) if we have
i (B o(-,+/6)) = [ (E°@. ), vz, )y do

for all v € €°(1€2,.(Y)). Then we denote E° 25 EO.

per

The notion of two-scale convergence is interesting due to the following compactness result (see
for instance [44, Proposition 2.5]). It was first obtained by N. Wellander in [47] and then by V.

Tiep Chu and V.H. Hoang in [44]. Here, Hpe(curl;Y) denotes the closure of €, (Y) for the

norm (|| - [[§ + [Jeurl - [[5)"/2.

Proposition 5.2. Let (E°) be a bounded sequence in H(curl). Then, there exist a sub-sequence,
still denoted (E°), and functions E°T € H(curl), © € L*(Q;H..(Y)), E' € L?(Q; Hper(curl, Y))

per
such that the following two-scale convergence results hold as § — 0:

E° 2 g 4 V,0, curl B 2 curl E°T + curl, E'.
Moreover, we also have the following weak convergence results in L?(€2):
E° —~ E*T in L2(Q), curl E° — curl E°T  in L2(Q).

We are now in position to prove the main result of this section, namely the convergence of a
sequence of solutions of problem (£2°) satisfying the energy estimate (95) to a solution of (£2¢)
when § — 0.

Proposition 5.3. Assume that ke, Kk, € (—oo; —1/m) U (—=1/M;0) where m, M are defined in
(45). Let (E°) be a sequence of solutions of (P°) satisfying the uniform estimate (95). Then as
6 — 0, we have

E° —~ E°f and curl E° — curl E°f in L?(Q)
where B solves the homogenized problem (27°F).

Proof. We take in (22°) (see (9)) a test function of the form

E'(z) = p(z) + 6" <:c, f;) +0V <w (ac, ;)) ,

with ¢ € €L(Q), ! € FF(; %gzr( ), € 65°(2;655.(Y)). By taking the limit as § — 0

per
thanks to Proposition 5.2, we get as in [44, Proposition 2.5] the following two-scale limit problem:

/ ((y)) (curl E°"(z) + curl, E'(z, y)) . (curlgo(a:) + curl, ¢ (z, y)) dzdy
QxYy

0t [ ely) (BT(@) + V,0(0,9)) - (p(@) + V(o) dady
QXY

zw/J pdr +iw / J(z) - Vy(z,y)drdy. (96)
QxY
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Since 9 (x, -) is Y —periodic, the second integral of the right hand side vanishes and hence, setting
R(z,y) := (u(y)) ™ (curl E°t(z) + curl, E'(x, y)) (97)

and

S(w,y) =e(y) (BT +,0), (98)

relation (96) reads

/ R(z,y) - (curlcp(:p) + curl, ¢*(z, y)) dz dy
QxYy

— w? / S(z,y) - (e(x) + Vyp(z,y)) dedy = iw/J ~pdx. (99)
Qxy Q

In order to prove that E°% solves the homogenized problem (2°f1) | it suffices to show that the
two terms of the left hand side in the above equation can also be written as follows:

R(z,y) - (curlcp(a;) + curl, cpl(x,y)> dedy = / (A (1) teurl E°T . curlpdz  (100)
QxY Q

[ 8w (p(w) + V(o) dady = [ BT pda. (101)
QXY Q

Indeed, once these two last relations proved, the conclusion follows immediately since problem
(99) writes then

/(%(u))_lcurl E*f . curl pdz — wQ/e%”(fs)Eeﬂr cpdr = iw/ J - pde,

Q Q .

which is exactly the weak formulation of the homogenized problem (Z7¢%).

Step 1: proof of relation (100). Taking in (99) test functions ¢ = 0 and 1) = 0, we obtain that
[ Bey)-curl, @}y dedy =0, Vel e ERUFRY)), (102)

QxY

The above relation implies the existence of a function p € L2(;HL,. (Y)) such that (see for

per,o
instance the proof of Proposition 1.14 of [2], and more precisely the discussion following relation

(1.19) therein)
R(a.y) = Vypla,y) + | R(@.5)d5. (103

Now, we follow the ideas of [6] and [22]. From the definition (97) of R and direct calculation, one
has for ¢ € HY . (Y):

per

/Y py)R(z,y) - VE(y) dy = /Y (curl B () + curl, E'(z,y)) - V&(y) dy = 0. (104)
Combining (103) and (104) we get that
| #)upta,) - Ve dy = [ nly)A- Vew) dy.
where we have set A = — [, R(z,y)dy € R?® (here, x is fixed and can be considered as a
parameter). Comparing with (83), we immediately obtain that p = XA - x* = 2?21 Aj X? ,

where x* = (X}, x5, x4)"T solve the cell problems (82) with = u. Consequently, we have
Vyp = Z?:l e ny = (Vx*)TA, and hence

R(a.y) = V,pla.y) + [ Rle,5)d5 = [1d - (Vx)"] [ R(.5)d5

26



Using the above formula and expression (84) of 7 (u), we get that
/M(y)R(w y)d / R(z,y)d
Y

But on the other hand, we also have from definition (97) of R(z,y) that
/ wy)R(x,y)dy = / (curl E*(z) + curl, E'(z,y)) dy = curl E°(z).
Y

Since () is positive definite for k, € (—o0; —1/m) U (=1/M;0), we obtain by combining the
last two relations, that

| By dy = () eurl B (),

which also reads (due to the definition of R)

/(u(y))*l(curl ET () + curl, E'(z,y))dy = (5 (1)) 'curl ET ().
Y
The claimed relation (100) simply follows by multiplying the above equation by curl ¢, integrating

over 2 and adding (102).
Step 2: proof of relation (101). Taking ¢ = ¢! = 0 in (99), we obtain that (since w # 0):

S(z,y) - Vy(z,y) dedy = 0. (105)
QxYy

Since v is arbitrary in 65°(92; €5o.(Y)), this implies in particular that for almost every x € §

per

and for all § € 6355, (Y):
| Sy Vew dy = [ e@)(V,00.y) + (@) Ve dudy =0 (106)
Hence
| 2@V,0G.y) - Vew dy = [ WX - Ve(w)dy.
where we have set X' = —E*f () € R? (for a fixed value of x). Comparing the above relation with

(83) for n = ¢, we get that ©(x,y) = X - x° and hence V,0 = (Vx°)"™N = —(Vx*)TE T (2).
Using expression (84) of the homogenized matrix, we obtain that for every ¢ € €5°(2):

| S@w-e@dedy= | =) (B @)+7,0(.p) - pla) ddy

= / H(e)ET - pduz. (107)
Q
Relation (101) follows immediately by adding (105) and (107). O

5.2 Proof of the uniform energy estimate

This section is devoted to the proof of the uniform estimate (95) for solutions of (£2%). More
precisely, we have the following proposition.

Proposition 5.4. Assume that ke, K, € (—o0;—1/m) U (=1/M;0) where m, M are defined in
(45). Assume that w? € C\ AT where AT appears in (94). Then, there exists 6o > 0 such that
for all § € (0; 6], problem (2°) admits a unique solution E’. Moreover we have the estimate

IE°| + [leurl E°|| < C ||| (108)

where C' > 0 is independent of § € (0; dp].
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Proof. When k., K, € (—o0;—1/m) U (—=1/M;0), according to Theorem 3.14, we know that
A HY(Q) — H(Q) and Bi : H%(Q) — H#(Q) are isomorphisms. From the Theorem 6.1 of [8],
we infer that </ (w) : Hy(curl) — Hy(curl) is an isomorphism if it is injective. Therefore, we
have to prove that @4{5, (w) is injective for 0 small enough. To proceed we work by contradiction.
Slightly more generally, for a given J € L2(Q), assume that there is a sequence of values of §
denoted (0x)ren, with 6, — 0, such that if we set e, := %, . := p', Ej := E% € Hy(curl),
we have

a"(Ey, E') := ((uy) ‘curl Ey, curl E') — w? (¢4 Ey, E') = iw (J, E'), VE' € Hy(curl),

as well as
HEk”2 + chrlEkH2 > k.

Then set Ey := Ey/(|Ex|]? + ||curl E¢||?) and Jy := J /(| Ex||> + ||curl E¢|?). We have

a*(Ey, E') = iw(Jy, E'),  VE' € Hy(curl) (109)
and ~ ~ ~
|Ex|” + llcurl E4|* = 1, lim || Jgl| = 0.
k—+00

Since (E}) is bounded in Hy(curl), we can extract a subsequence, still denoted (E}), such that
(E)) converges weakly in Hy (curl) to some Ey € Hy(curl). Thanks to Proposition 5.3, we can
pass to the limit in (109) to get

ot (Ey, E') =0, VE' € Hy(curl). (110)

Since w? € C\ A°f this implies that Ey = 0. In order to obtain a contradiction, it remains
to show that (E}) strongly converges to zero in Hy(curl). To proceed, we have to establish
some sort of compactness result using the fact that when w # 0, we have div (ekEk) =0in Q
which implies that Ej € Vy(ex). For each k > 1, from Theorem 5.1 of [8], we know that when
ke € (—o0; —1/m)U(—1/M;0), Vn(ex) is compactly embedded in L2(Q2). But here we need some
uniform result with respect to k. To proceed, we will take in (109) a well-chosen test function. Let
us mention that a similar difficulty appears in the justification of the approximation of Maxwell’s
equations with finite elements methods, the mesh size h replacing the parameter § (see [31, §7.3.2]
and the references therein). First, introduce the unique function 1y, € H;E(Q) such that

(1 Vibg, V') = (uy curl Ey,, Vo'), vy € Hy(Q).

When k, € (—oo;—1/m) U (—=1/M;0), from Theorem 3.14, we know that vy, is well-defined.
Moreover, we have ||V | < C |lcurl E;|| < C where C' > 0 is independent of ¢ (note that (u) is
a bounded sequence of functions of L>°(£2) and we have ||ux||1, o) = max(pe, |pi|) for all k& € N).
Then iy, (curl Ej, — Vi) is divergence free in Q and satisfies ju,(curl Ej, — Vi) - n = 0 on 0Q.
From [4, Theorem 3.17], we know that there exists a unique Py Ej € V(1) such that

curl (PLE}) = up(curl E, — Viy). (111)

Since in V (1), ||curl - ||q is a norm which is equivalent to || ||cur1 (Proposition 2.1), we infer that
(Py) is a sequence of operators which are uniformly bounded from Hy (curl) to V(1). Testing
in (109) with E’ = Py Ey, using (111) and integrating by parts, we get

iw(jk,]P)kEk)—l—wQ(EkEk,PkEk) = ((uk)_lcurlEk,curl(PkEk))

- ~ - 112
= (curl Eg,curl E — Vi) = |curl E;|?. (112)

Using that Py : Hy(curl) — V(1) are uniformly bounded, (E}) converges weakly to zero in
Hy(curl) and V(1) is compactly embedded in L2(f2) (Proposition 2.1), we deduce that we
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can extract a subsequence, still denoted (E}), such that (P,E}) converges strongly to zero in
L?(Q). Then from (112), we deduce that the sequence (curl E}) converges strongly to zero in
L2(Q). Using the result of Proposition 5.5 below which guarantees that |Ej| < C|curl Ey||
with some C' > 0 which is independent of k, we deduce that (E},) converges to zero in Hy (curl).
This contradicts the initial assumption. As a consequence, taking first J = 0 above, we deduce
that (£29) is injective and so uniquely solvable for § small enough. Then for a given non zero
J € L2(9), the above lines imply the uniform estimate (108). O

Proposition 5.5. Assume that k. € (—oo;—1/m) U (—1/M;0) where m, M are defined in (}5).
Then there is a constant C > 0 independent of § such that

|E|| < C|lcurlE|,  VE € Vy(¢%). (113)

Proof. If E € Vy(£°), according to [4, Theorem 3.12], we know that there is a unique u € V(1)
such that E = (¢%)"'curlu. Then integrating by parts, we find

() 'eurlu, curlv') = (curl E, o), Vu' € Vp(1). (114)
Introduce the function ¢ € H}(£2) such that
(e9V, V') = (curlu, V'), Vo' € HY(Q).

Since ke € (—o0;—1/m) U (—1/M;0), from Theorem 3.14, we know that ¢ is well-defined. More-
over, we have [|[Vy| < C'|curlu| where C' > 0 is independent of ¢ (note that ||55HL<X>(Q) =
max(e, |¢;|) for all § > 0). Then £ (curlu — V) is divergence free in Q and again from [4, The-
orem 3.12], we know that there is a unique Tu € V(1) such that curl (Tu) = £’ (curlu — V).
Since in Vi (1), ||curl - ||q is a norm which is equivalent to || - ||cur1 (Proposition 2.1), we infer that
T: Vp(l) = Vp(1) is a uniformly bounded operator. Choosing v’ = Tu in (114) and integrating
by parts, we obtain

(curl E, Tu) = ((¢°) Lcurlu, curl (Tu)) = ||curl u||? — (curlu, V) = ||curl u?.

Using the Cauchy-Schwarz inequality, this gives ||curlu|| < C ||curl E|| where C' > 0 is indepen-
dent of §. This yields the desired estimate (113). O

5.3 Final result
Gathering Propositions 5.3 and 5.4, we can state the final result of this article.

Theorem 5.6. Assume that k., K, € (—o0; —1/m)U(—1/M;0) where m, M are defined in (45).
Assume that w € C\ AT where A® appears in (94). Then, there exists 69 > 0 such that for
0 € (0,60], the solution E? of problem (229), which is well-defined according to Proposition 5./,
satisfies

E° — E°f and curl E° — curl E°f weakly in L?(Q)

where EY is the unique solution of problem (%) given by (92).

Let us conclude this paper with two comments. Firstly, in this work, we only prove weak conver-
gence results. Strong convergence results (using correctors) for Maxwell’s equations with positive
materials have been obtained in [42, 43]. It would be interesting to understand if we can adapt
the approach proposed in these two articles to our setting. Secondly, the obtained bounds for the
contrasts (involving m and M) to ensure the homogenization process are probably not optimal.
Improving them would require a sharp analysis of the asymptotic behavior of the critical contrasts
given by (69) as d tends to zero (see Remark 3.18). Is it possible that the two scalar problems
with Dirichlet and Neumann boundary conditions be uniformly well-posed as § tends to zero,
even when some cell problems have a non zero kernel or when the homogenized tensors are not
positive definite? This has still to be clarified.
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Appendix. Table of notation for the functional spaces

For the reader’s convenience, we list below the main functional spaces used throughout the paper:

Cr Q) = (65°()°
Coar(Y) = (655(Y))°
Hj(Q) == {p € H(Q)]¢ = 0 on 00}
HL(Q) = {p e H(Q)| [ pdz =0}
HY, = {p e HA(Q)|Ap =0in QL UQI}
HY = {p e HY | (Vp,Veh) =0, Vke K%
HY(Q) = {p € H(Q)] fygs o do =0}

Q)| Ap =0in QUQ?, 9, = 0 on 9N}
iy —{soeH |(Vo, Vi) =0, Vke KO\ {ko}}
6,000() = {p € HI(Q) | =0 on 007}

089(96) = {plas, v € Hy(Q)}

H

H{(Y) == {p e H(Y)] Joy, pdo =0}
Ho == {p e H}(Y)|Ap=0in Y, UY;}
Ho = {p € Ho(Y) | Ap =0 in Yo Ui}
Ho = {¢ € Ho|(Ve,Vep) =0}
Ho == {p € Ho|Dnp =0 on IV}

per(Y) Closure of %geor( ) for the norm of H!(Y)

per J(Y) = {pe Hper( )| faYi ¢do = 0}
Hper 0,8Y; (Y) = {pe€ Hll)er,o(Y) | =0 on 0Y;}
4, := Orthogonal complement of Héer, 0,0y;(Y) in Hi. .(Y)
H(curl) := {H € L*(Q) | curl H € L*(Q)}
Hy(curl) := {E € H(curl) | E x n =0 on 09}
Hpcr(curl Y) := Closure of €52,(Y) for the norm (|| - || + |lcurl - 13:)1/2

L2(0) = (13(2))°

Vo(€) == {H € H(curl) | div(6H) = 0, ¢H -n = 0 on 90}

Vin(§) := {E € H(curl) | div((E) =0, E x n =0 on 0Q}.
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