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Abstract. In this work, we are interested in the homogenization of time-harmonic Maxwell’s
equations in a composite medium with periodically distributed small inclusions of a negative
material. Here a negative material is a material modelled by negative permittivity and perme-
ability. Due to the sign-changing coefficients in the equations, it is not straightforward to obtain
uniform energy estimates to apply the usual homogenization techniques. The goal of this article
is to explain how to proceed in this context. The analysis of Maxwell’s equations is based on
a precise study of two associated scalar problems: one involving the sign-changing permittivity
with Dirichlet boundary conditions, another involving the sign-changing permeability with Neu-
mann boundary conditions. For both problems, we obtain a criterion on the physical parameters
ensuring uniform invertibility of the corresponding operators as the size of the inclusions tends
to zero. In the process, we explain the link existing with the so-called Neumann-Poincaré oper-
ator, complementing the existing literature on this topic. Then we use the results obtained for
the scalar problems to derive uniform energy estimates for Maxwell’s system. At this stage, an
additional difficulty comes from the fact that Maxwell’s equations are also sign-indefinite due to
the term involving the frequency. To cope with it, we establish some sort of uniform compactness
result.

Key words. Homogenization, Maxwell’s equations, metamaterials, sign-changing coefficients,
Neumann-Poincaré operator.

1 Introduction

Negative index materials (also called left-handed materials) are artificially structured composite
materials whose dielectric permittivity € and magnetic permeability p are simultaneously nega-
tive in some frequency ranges [40]. In the last two decades, these metamaterials have been the
subject of a large number of studies in physics and engineering due to their potential use for
several existing applications [23] such as sub-wavelength imaging and focusing, cloaking, sensing
or data storage.

Besides their practical applications, negative index materials are also interesting from a math-
ematical point of view. The reason is that they are usually used in applications jointly with
classical (positive) materials so that their mathematical modelling leads to consider operators
with coefficients whose sign changes in the domain of interest. Establishing well-posedness results
for such problems requires to develop a specific theory and this has been investigated by several



authors. In particular, it has been shown in [8] (see also the recent work [33]) that Maxwell’s
equations with sign-changing electromagnetic coefficients ¢, p are uniquely solvable — except for
a discrete set of frequencies — when two associated scalar problems, one involving € with Dirich-
let boundary conditions, another involving 4 with Neumann boundary conditions, are well-posed.

The goal of this article is to study the homogenization process for time harmonic Maxwell’s
equations in presence of d—periodically distributed inclusions of negative material embedded into
a dielectric material (see Figure 1 for a typical configuration). The main objective is to clar-
ify if the homogenization process is doable in this context and if so, to determine whether the
corresponding homogenized material behaves like a positive or negative material as J tends to
zero. For scalar problems, the first homogenization results have been obtained in [18] using the
T-coercivity approach of [12]. More precisely, it is proved therein that for negative contrasts
close to 0 (the contrast being defined here as the ratio between the interior and exterior values,
see (1)), the scalar problem with Dirichlet boundary conditions can be homogenized. In other
words, it is proved that under this assumption on the contrast, the solution of the problem in
the composite material is well-defined for ¢ small enough (this is not obvious due to the loss of
coercivity due to the sign-changing coefficient) and that it two-scale converges (see Definition 5.1
below) to the solution of a well-posed problem set in a homogeneous material. These results have
been extended in [14], through the analysis of the spectrum of the Neumann-Poincaré operator.
In particular, the authors show that the homogenization process is possible provided the contrast
between the two media (defined using the same convention as above) belongs to (—oo; —1/a) or
(—a;0), a > 0 (see Remark 3.1 below). The proof of this result is based on an elegant continuity
argument (see [14, Corollary 5.1]). However, it does not provide a precise value for «.

The paper is organized as follows. Section 2 provides the mathematical setting of the prob-
lem and necessary notation. Before studying Maxwell’s system, we collect in Section 3 some
useful results concerning two associated scalar problems, a Dirichlet and a Neumann one. In
particular, we prove the uniform invertibility of these operators as § tends to zero, for small or
large values of the contrast, i.e. for contrasts in (—oo; —1/m)U (—1/M;0), with 0 < m < M (see
subsections 3.1 to 3.3). A variational characterization of the bounds m and M is also obtained
(see (39)). Next, inspired by [14], we discuss in §3.4 the connection with the Neumann-Poincaré
operator and the optimality of the obtained conditions. In Section 4, we study the cell problems
appearing in the homogenization of Maxwell’s equations. We prove that they are well-posed under
the same assumptions as the scalar problems investigated in Section 3. This allows us to define
homogenized tensors and we show that they are positive definite under the same assumption on
the contrasts, that is for contrasts in (—oo; —1/m) U (—1/M;0). This is also an improvement of
the results obtained in [18] and [14]. In Section 5, we finally tackle the homogenization process
for Maxwell’s equations with sign-changing coefficients. Combining results from [43] and [21]
obtained for classical (positive) electromagnetic materials, we first derive in §.5.1 a homogeniza-
tion result under a uniform energy estimate condition. At this stage, the sign-changing of the
physical parameters does not play any role. Related to this part of the work, let us mention
the seminal book of [6] as well as [46, 5] for the study of the time-dependent Maxwell equations.
For the time harmonic case, we refer to [6, 48, 39, 24, 19, 17, 47, 3, 43, 29]. Then, in §5.2, we
establish the needed uniform energy estimates for Maxwell’s equations. This is done by using
the results obtained for the scalar problems as well as the T-coercivity approach presented in [§]
and a uniform compactness property. The final homogenization result for Maxwell’s system with
sign-changing coeflicients is stated in Theorem 5.1.

2 Setting of the problem

Let © be an open, connected and bounded subset of R? with a Lipschitz-continuous boundary
0f). Once for all, we make the following assumption:
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Figure 1: Example of a periodic material and the corresponding reference cell Y.

Assumption. The domain € is simply connected and 92 is connected.

When this assumption is not satisfied, the analysis below must be adapted (see some preliminary
ideas in [8, §8.2]). We consider a situation where Q is filled with a composite electromagnetic
material constituted of periodically distributed inhomogeneous cells of small size § > 0. More
precisely, let Y = (0;1)? denote the reference cell and assume that Y contains two materials:

e a metamaterial with negative dielectric permittivity ¢; < 0 and magnetic permeability
;i < 0 located inside a connected domain Y; C Y with Lipschitz boundary 9Y; such that
Y, CY;

e a dielectric material with positive dielectric permittivity €, > 0 and magnetic permeability
e > 0 filling the region Y, :=Y \ Vi.

We emphasize that the assumption Y; C Y is important. When the inclusion Y; meets the
boundary of the cell Y, phenomena different from the ones described below can appear. We
refer the reader to [14, Appendix A] for more details concerning the scalar problem in this case.
To simplify the presentation, we assume that €;, €., u; and u. are constant. However, we could
also consider physical parameters which are elements of L>°(€2, R3*3), the variational techniques
we use below would work in a similar way. In our analysis, the following dielectric and magnetic
contrasts ; 0

Ke : Ee<0, Ky Me<0 (1)
will play a key role. We define on the reference cell the two real-valued functions ¢, € L*(Y)
such that

e(y) =cely, (y) +eily,(y),  w(y) = pe Iy, (y) + i 1y; (v), (2)

where for a set S, 1g(-) stands for the indicator function of S. For any § > 0 and any integer
vector k € Z3, we define the shifted and scaled sets ka, ng, Qi such that

Q0 = {zeR3|(z—-k)/0 €Y}
V), = {zeR¥|(z—k)/deY} (3)
Q) = {zeR3|(x—k)/6€Y}.



We denote by K° the set of k € Z3 such that Qi C ). We assume that the metamaterial fills the

region
Qf = U kaa
keK?
while the complementary set in 2 o
QA =0\

is occupied by the dielectric. We denote by Q° the interior of

U

kEKS

And we set U := Q) \@. We define the macroscopic dielectric permittivity £’ and the magnetic
permeability 1% on Q such that

) = e lgs (@) +eilgs(e),  A(2) = e Dog(e) + i D (). (4)
For a given frequency w # 0 (w € R), we study time harmonic Maxwell’s equations
curl E° —iw i’ H? = 0 and curl H® 4+ iwe®E? = J in Q. (5)

Above E? and H? are respectively the electric and magnetic components of the electromagnetic
field. The source term J is the current density. We suppose that the medium 2 is surrounded
by a perfect conductor and we impose the boundary conditions

ESxn=0 and W H® -0 =0 on 09, (6)

where n denotes the unit outward normal vector field to 9€). Let us introduce some usual spaces
in the study of Maxwell’s equations, namely

L*(Q) = (LX)’
H(curl) := {H cL*Q)|curl H € L*(Q)}
Hy(curl) := {FE € H(curl) | E xn =0 on 00}
Vr() = {H e€H(curl) |div(EH) =0, {H -n=0o0n 00}, for&eL>®(Q)
Vn(€) = {FE €H(curl)|div((E)=0, Exn=0o0n0d0}, for&eL*Q).

For an open set @ C R3] the inner products in L?(0) and L?*(O) are denoted indistinctly by
(-,-)o and the corresponding norm by | - [|o. To simplify, in L%(Q) and L?(£2), we just denote
(-,-) and || - ||. The space H(curl) and its subspaces Hy(curl), Vn (&), V() are endowed with
the inner product

(-, )eurt == (-, ) + (curl-, curl-).
The corresponding norm is denoted || -||cur1 - Let us recall a well-known property for the particular

spaces V(1) and V(1) (cf. [44, 4]).

Proposition 2.1. The embeddings of V(1) in L2(Q) and of V(1) in L%(Q) are compact.
Moreover, there is a constant C > 0 such that

|u|| < C|lcurlul|, Yu € V(1) U V(D).
Therefore, in V(1) and in Vn(1), [lcurl - [|q is a norm which is equivalent to || - [|cur1 -

Classically, one proves that if (E°, H%) satisfies (5)-(6), then E° and H? are respectively solutions
of the problems
Find E° € H(curl) such that:
curl (0) teurl E°) — w?E° = iwJ inQ (7)
E%xn =0 on 01,



Find H° € H(curl) such that:

curl (%)~ teurl H%) — W2’ H® = curl((¢®)~'J) inQ

pOH? - n =0 on Of) (8)
(e Heurl H — J) x n =0 on 0N).

In the following, we will focus our attention on the problem (7) for the electric field. The analysis
for the magnetic field is quite similar. The variational formulation of (7) writes

Find E° € Hy/(curl) such that for all E' € Hy(curl):

(2°) 5 5
(1®) " teurl B, curl E') — w*(°E°, E') = iw (J, E').

(9)
Before studying the behaviour of some solutions of (£2?) as § tends to zero, we must clarify the

properties of this problem for a fixed § > 0. With the Riesz representation theorem, define the
linear and continuous operator &7 (w) : Hy(curl) — Hy (curl) such that for all w € C,

(A (W)E, E ) eur1 = (1°) tcurl E,curl E') — W*(°E,E'),  VE,E' € Hy(curl). (10)

The features of sz%]@(w) are strongly related to the ones of two scalar operators that we define
now. Set

HY(Q) = {pcHYQ)|p=0on 00}

HL(Q) = {peHY(Q)]| [oedz=0}.
In H}(2) and in H%é (Q) (since € is connected), ||V - || is a norm which is equivalent to the usual

norm of H'(Q). We define the two linear and continuous operators A2 : H}(Q) — H}(Q) and
B), : HY(9) — HL(Q) such that

(V(A2),V¢') = (£'Vp, V), Vo, ' € Hy()
(V(Ble).Ve) = W'V, V), Yoo € Hy(Q).

Theorem 6.1 of [8] guarantees that when A% and Bi are isomorphisms, then 7} (w) : Hy (curl) —
Hx (curl) is an isomorphism for all w € C\ . where .¥ is a discrete set with no accumulation
point. In the next section, we give conditions on the contrasts k., k, ensuring that Ag and B/‘i
are isomorphisms.

3 Uniform invertibility of the two scalar problems

We shall say that the operators A2 : H{(Q) — H{(Q) and Bi : H;é Q) — H;l‘# (©) are uniformly
invertible as § tends to zero if there is dg > 0 such that A, Bg are invertible for all § € (0; o]

together with the estimate
1A+ 1B < €,

where C' > 0 is a constant which is independent of & € (0;dg]. The uniform invertibility of A% has
been considered in the articles [18, 14]. Below we combine the approaches presented in these two
articles and we adapt the analysis in order to obtain a criterion ensuring the uniform invertibility
of BY.

o

Remark 3.1. The result of uniform invertibility of [14, Theorem 5.2] is based on the result of
Theorem 4.3 of the same article. However, its domain of validity is not completely satisfactory
because the constant m defined in [14, Theorem 4.3] is in fact equal to zero. This has been
corrected by the authors and a new proof can be found in the erratum [13].

3.1 First )-dependent criteria

In a pedagogical aim, we first present some d-dependent criteria.



3.1.1 Criterion of invertibility for the operator A‘g

In order to get a criterion on the contrast . ensuring that A% : H} () — H{(Q) is an isomorphism,
we first introduce a well-chosen decomposition of the space H}(Q2).

L
Lemma 3.1. We have the decomposition H§(Q) = HS © H{(Q U QF) where HY, = {¢ €
HA(Q) | Ap =0 in Q3 UQJ}.

Remark 3.2. The index p in the notation ”H‘ls) stands for Dirichlet and refers to the homogeneous
Dirichlet boundary condition imposed on 02 to the elements of ’HéD. We emphasize that the
functions of HY(QS U Q2) wvanish on 9.

Proof. Let ¢ be a given element of H}(2). Introduce ¢ € H} (22 U Q?) the function such that
Ag = Ap in QUQ?. Then we have ¢ = (¢ — @) + @ and clearly ¢ — ¢ € HS,. Now if ;1 and o
are elements of H‘SD and H}, (Qg U Q?), a direct integration by parts gives

D1 0p1
_ A d d do = 0.
(VSDM VQPQ) /QgUQf Prp2dr + /8Qf 87% p2ao /89? 8”6 et

Here and below, n, = —n; stands for the unit normal vector to 89? pointing to Qf. This gives
the desired result. O

In what follows, some particular elements of H‘SD will play a key role. For k € K?, define the
function @]B € ’H‘SD such that

r |1 in Q% an
P00l for K £k
Then set
Hp = {p € Hp | (Ve, Vb)) =0, Vk € K} (12)
so that we have
1oy _ 00 & kv A 1li00 0o
Hy(Q) = Hp @ spangegs{ppt & Hy(Qe U ). (13)
Finally, we define the constants
IVellgs IVel2s
5 . QO 5 (95
mp = inf ——* Mp = sup ——5-. (14)
P e oy IVl P et (o IV ellds

Before proceeding, let us discuss a few features of the constants m‘SD, M g. First, observe that the
functions ¢ satisfy
k2 k2
||V90DHQ;S =0 and IVebllgs # 0.

As a consequence, the infimum of (14) considered over H%, \ {0} is zero. On the other hand, the
next lemma guarantees that the supremum of (14) considered over HéD \ {0} coincides with Mj:;,.

Lemma 3.2. The constant M defined in (14) satisfies

5 IVl
peri\ (0} IVPll5s
Proof. Since 7:[5[) C H9,, clearly we have
5 IVl
Mp < sup : (16)

perongoy I Vellgs



Now we establish the other inequality. If ¢ € H$, \ {0}, we have the decomposition ¢ = ¢ + ®
with ¢ € HY, and ® € spangcgs{¢h}. Since ® is constant in each of the Q2 , k € K?°, there
holds

Il2; = 1921 (1)
As a consequence, if ¢ = 0, then 0 = HVng?ﬁ/HVgoHég < M. If ¢ # 0, from (17) and the
identity |[Vel|3 = [[VQ[3 + [|[V®[3 (see (12)), we deduce that
IVeligs = IValIEs + IVRIZs = VRl

This implies
IVelgs Vel
D 2 - 22 > 27,'
IVellgs — Vel

(18)
Taking the supremum over all ¢ € H, \ {0} in (18), we deduce that (16) is also true with “<”
replaced by “>”. This shows (15). O

Finally, thanks to the orthogonality conditions imposed to the elements of 7_15D’ one can prove that
the constants m%,, M2, satisfy 0 < m$, < M%) < +oc. To proceed, one can work by contradiction
to show the Poincaré-Wirtinger inequality

3C° >0 suchthat lollgs < C°lIVellgs, Vi€ H)

and use also the continuity of the traces from H'(Q?) and H'(Q2) to HY/2(990). After these
considerations, we can now establish the following criterion concerning the invertibility of A‘g.

Proposition 3.1. Assume that k. € (—o0; —1/m%)U(—=1/M;0) where m$, and MY, are defined
in (14). Then A2 : HY(Q) — H(Q) is an isomorphism.

Proof. Define the operator T} : H}(Q2) — H{(€2) such that for ¢ = @), + @), + @ with @), € 7:[‘5D,
@y, € spanyc s {ph} and ¢ € HY(QS U Q?), there holds

| on+Oh+@ i QO

Tho=|7 o
DY =l g+ @, —¢ in Q.

(19)
Note that since ¢ = 0 on 99, the operator T}, is indeed valued in H{(2). Moreover we have
T}, o T}, = Id which shows that T}, is an isomorphism of H}(£2). For all ¢ € H}(Q2), we find

(V(A2TH9)), V) = (€Y@, Vn) + (eVPh, V1)o3 + (I VR, V). (20)
For the first term of the right hand side of (20), we can write

(eVPn, Vén) = el Venligs — leil Vonllgs
(ee = lesl MP)IV Rl (21)

(ee = lesl Mp)(IVnllgs + (Mp) "M IVEnlGs)-

WV

1
2 —
2
Using this estimate in (20), we deduce that when e, > |&;| M} & ke = ¢;/e. > —1/M9, the
sesquilinear form (V(AZ(T})), V-) is coercive in H§(Q). Using Lax-Milgram theorem, we infer
that when k. > —1/M%, the operator A2 o T}, is an isomorphism of H}(2) and so is AZ.

To address the case k. < —1/mJ,, let us work with the operator Ty, : H}(Q) — H§(Q) such
that
~Pn+ &+ @ in Q)

R S 22
—pn+ P — @ ng. (22)

The =

7



We also have Tp, o Tj, = Id which guarantees that T, is an isomorphism of H{(£2). And for all
¢ € H§(Q), we find

(V(AUTp)), V) = —(eVn, Vén) + (£eVOh, VOL)gs + (€] VE, V). (23)
This time, we can write

—(eVPn, Vén) = —ee|Vonlgs + leil Vonllfs
1 Z (24)
> (—ee + el mp)IVEnlgs > 5 (=ee + leal mb)(IVEnligs + (MD) " VnlEs)-
As a consequence, we see from (23) that when |g;|m%, > e & Ke = &;/ee < —1/m3), the
sesquilinear form (V(AY(T5)), V+) is coercive in H}(£2). We can conclude as above that when
ke < —1/ m‘;D, the operator A is an isomorphism of H{(Q). O

3.1.2 Criterion of invertibility for the operator Bi

Now we show similar results for the operator BZ : H#(Q) — H#(Q) First, define the space
H(Q) := {gp cHY(Q)| / pdo = O} .
o0

1
Lemma 3.3. We have the decomposition HL(Q) = H, © H(l) s (§2) where HY = {p € HLY(Q) | Ap =

0in QUQ?, Bup =0 on ON} and H(l) 0 () = {p € HY(Q) | =0 on 990} C HL(Q).
Remark 3.3. This time, the index n in the notation ’H?V stands for Neumann and refers to the
homogeneous Neumann boundary condition imposed on OS) to the elements of ’H?V

Proof. For ¢ given in H.(€), introduce @ € H(l) 0 () the function such that

(V& Ve) = (Ve, V'), ¥y’ € Hy 50s().

1
0,999

admits a unique solution. Then we have ¢ = (¢ — @)+ @ and one can check that ¢ — ¢ belongs to

’H?V Finally if ¢; and @9 are elements of ’H?V and HCl), o0 (Q), a direct integration by parts gives

(V1,Vipa) = 0. O

Note that since the functions of H (Q) vanish on 992, one can verify that this problem

In what follows, some particular elements of ’H?V will play a key role. Let ky be a given element
of K° and for k € K°\ {ko}, define the function ¢k, € H%, such that

1 in QY
o=l -1 in Q?ko
0 inQY fork € K\ {ko,k}.
Then set
Hy ={p € Hx | (Vo, Vo) =0, ke K°\ {ko}}
so that we have
1 s £ kLol
Ho(Q) =My @ spangepen (1o {en} © Hy pqs ().

Finally, we define the constants

Vel s IVeell3s
t My = sup t

inf RSl (25)
eeH\{0} HVSOH?zg P3N\ {0} HV()OHSZ‘Zg

my ‘=



Using the orthogonality conditions satisfied by the elements of 7-2?\,, working by contradiction,
one can prove the Poincaré-Wirtinger inequality

3C% >0 suchthat |lo|lgs < COVellgs, Ve € Hy.

Using also the continuity of the traces from H'(Q¢) and H'(022) to H'/2(9Q?), one can check that
there holds 0 < m% < M% < +oc. As in (14), the functions %, satisfy

IVeilgs =0 and  [[Veillgs #0
so that the infimum of (25) considered over H% \ {0} is zero. And working exactly as in the proof
of Lemma 3.2, we get the following result.

Lemma 3.4. The constant M3 defined in (25) satisfies

5 IVel2,

My = sup ——=——0>5" (26)
peri {0y IV Pll5s
Now, we give our criterion of invertibility for the operator Bi.
Proposition 3.2. Assume that k, € (—00; —1/my)U(—1/MZ;0) where m% and MY are defined
in (25). Then B,‘i : H:}%(Q) — H%E(Q) is an isomorphism.
Proof. Introduce the mappings £, : H#(Q) — HL(Q) and ¢4 : HL(Q) — H%(Q) such that
1
0Q9] Joas

Here and in what follows, for an open set O C R?, we denote |O| = [, 1dz and |00| = [;, 1do.
Then define the operators T]j\:] : HL(Q) — HL(Q) such that for ¢ = @y, + &) 4+ ¢ with ¢y, € HY,
o), € spankeKa\{ko}{go’fV} and ¢ € H(lJ a0 (§2), there holds

1
lo(p) = @do, f#(sO)zso—‘m/Qsodm.

~t +on + @, + ¢ in QO
Tt = p
NP =l L 4@y — ¢ in QO (27)

Finally, we define the operators

Tﬁ =Ly o'fﬁ o/ls.
For ¢ € H:}#(Q), we set o := l,(v)) € HL(Q) and we use the notation ¢ = @, + @5, + ¢ with
on € Hyy, @y, € spankeKa\{kO}{goﬂc\,} and @ € H(1)7 50 (§2). We find

(V(BUTNY)), V) = £(1VPn, Vén) + (1eVPh, Vi) gz + ([4IVE, V). (28)
For the first term of the right hand side of (28), we can write

—

e = |l M)V @nllgs

(e = |l MR)(IVnligs + (MR)7HIVEnllgs)

UV @n, Von) = el Venllgs — il [Venlgs >

>

N

and
—(uVén, Vop) = _NeHv‘ﬁhH?}g + [l [V nll2s

1 (29)
> (—pe + 1l mAIVERlIGs > 5 (—te + |l M) (IV@RlE; + (M) THIVEAlE).
Observing that Vi = Vi (¢ and v differ from each other by an additive constant), we deduce
from the first estimate of (28) that when pe > |pi|M$ < K, = pi/pe > —1/MY;, the sesquilinear
form (V(Bz(TJJ(,-)), V) is coercive in H# (©2). With the Lax-Milgram theorem, we infer that when
Ky > —1/MY;, the operator B/‘i oT}; is an isomorphism of H;é (€2). Since Bi is selfadjoint (because
it is bounded and symmetric), this implies that Bz is an isomorphism. Working similarly with
Ty, from (29) one finds that when |p;|mQ > e < K, = p1i/pe < —1/mQ;, the operator Bi is an
isomorphism. Note that with additional few lines, one can check that we have Tﬁ o Tf/ =1Id. O



3.2 Comparison between the criteria of invertibility

In this section, we compare the constants involved in the criteria ensuring the invertibility of the
operators A% (Dirichlet) and Bg (Neumann).

Proposition 3.3. For all § > 0, the constants m‘SD, Mg defined in (1/) and the constants m?v,
MY, defined in (25) satisfy

m9, < my and M$ < My (30)

Proof. We start by proving the second inequality of (30). Let ¢ be an element of 7:l5D \{0}. Define
the function ¢ € H%, such that ¢ = ¢ — ¢ on 99 where ¢ = [092|~! [,s ¢ do. In particular, we

have A¢ =0 in Q% U Qf and 0, = 0 on 0f). Note that necessarily, there holds ( #Z 0. Then we
have ¢ = ¢ — ¢ in Q¢ and so
19¢lgs = 19 lqs- (31)

On the other hand, integrating by parts, we find
(V¢ V(C = 0))as

= (VGVE- (- e = [ 5

Q on

(C—(SO—C))dU—F/am ;i((—(cp—c))dazo.

We deduce that
IV¢IIBs < Vell8s- (32)
Gathering (31), (32) and using Lemma 3.4, we infer that

IVelzs  1VCI3s
S L MY (33)
IVelgs ~ IVCIGs N

Taking the supremum over all ¢ € %, \ {0} in (33), we obtain that M < MY,

Now we show the first inequality of (30). Let ¢ be an element of H% \ {0}. Define the func-
tion ¢ € 7—[ such that ( = ¢ on 895 Then decompose Cas ( = ( + Z with C € 7—[ and
RS SpankeKs{goD} Since Z is constant in each of the Q9,, k € K?, we have

1¥¢llas = 1V ellgy- (34)

On the other hand, integrating by parts, we find

(V. V= Das = [ SEG-prao+ [ SEC-pao==[ Z€zas  (3)

o On o) One o) One

Since the function ¢ is in H;, for all k € K%\ {ko}, we have (Vi, Vh) = 0. Integrating by

parts, this implies
0 0
/ 14 do = / 14 do.
oqs, One 003, One

But we also have [50s 9. do = 0. As a consequence, we must have, for all k € K?,

dp
d —
/8(2‘5 8”6 o=0.

Since Z is constant on each of the 999, we deduce that the terms of the equalities of (35) are
equal to zero. Hence, there holds

190l2s < IVE]2 (36)

10



Gathering (34) and (36) leads to

193 190l

§
my < - < . (37)
PICs T IVl
Taking the infimum over all ¢ € H4 \ {0} in (37), we obtain that m$, < m%. O

3.3 Uniform criterion of invertibility

The bounds on the contrasts k., x, that we obtained in Propositions 3.1, 3.2 which ensure the
invertibility of the scalar operators Ag and Bi, depend on J. In this paragraph, we wish to get
bounds which are uniform with respect to 4.

Introduce the Hilbert spaces of functions defined in the reference cell Y

Ho = {peH)Y)|Ap=0inY. UY;}
Ho = {p € H(Y)[Ap=0inY,UY;}

where HL(Y) := {¢p € HY(Y) | Joy, pdo = 0}. Define the function ¢p € Ho such that ¢p =1 in
Y, and set

Ho = {p€Ho|(Ve,Vep) =0} (38)
Then we introduce the constants
Voll2 Vol2.
o Vel o IVl .
peH\{0} ”VSDHYE weH\{0} HVQOHYE

We emphasize that m and M are independent of §. Adapting the proof of Lemma 3.2, we establish
the following result.

Lemma 3.5. The constant M defined in (39) satisfies

M= sup HWJH?- (40)
eer\{0} I Velly,
(here the sup is considered over Ho \ {0} and not H, \ {0}).
Lemma 3.6. For all § > 0, we have the relations
m < ml <mdy and MY < M < M, (41)

where m%,, M, are defined in (14), m9;, MY, are defined in (25) and m, M are defined in (39).

Proof. From Proposition 3.3, we know that we have m5D < m‘?\, and Mg < M]‘i,. Now we show

that we have sz, < M. Let ¢ be a non zero element of 7:[%, For all k € K?, we define the function
@y € HY(Y) such that ¢ (y) = ¢(6(k + y)) for y € Y. And we set ¢t := [0Y| 7! [5, ¢4 do. Since
gog — ¢ € Ho, using Lemma 3.5, we can write

Vel =51Vl = a1V - el
< IM|V( - ), <IMIVEIR, < MVel -
Summing these estimates over all k € K9, we get (recall that 4% = Q\ QF)

IVelgs < M V|2, 5 < M [Vl (42)
i QF\L{ e

11



Taking the supremum in (42) over all p € 7:[%,, we deduce that M§ < M.

To establish (41), it remains to show that m < m$,. For ¢ given in H$,, introduce the func-

tion v € H}(2) such that for all k € K?,
v = @ in ka
Av = 0 inQJ
v = 0 ondQ.

We also impose v = 0 in 4% = Q\ Q9. For all k € K?, define the function ¢% € H}(Q) such that
o = 1 inQY
Agky, = 0 in QS
o = 0 inQ\Q.

Then set
V=0 — Z ard with ay := (Vv,Vd)’B)/HV(Z)]BHQ.
keK?
Integrating by parts, we find
(Ve Vo~ = [ Flo-vdot [ o ndo= 3 a [  SPohde 43
¢ Joa On 203 One s o9 One

Since the function ¢ is in 7—15[), for all k € K, we have (V¢, Vk) = 0. Integrating by parts, this

implies
/ 9% 45 =0
8ka ane )

Using that ¢%, is constant on the 992, we deduce from (43) that (V, V(¢ — 0))qs = 0. Hence,
we have

IVl < IVl = > 190ls - (44)
keK?S

For k € K?, define the function @) € H'(Y) such that o (y) = 9(6(k + y)) for y € Y. Observe
that we have ﬁ,‘i € Hy so that we can write

IValz, =oIvodls, < omt VoL, < 5m IV, <m Vel . (a5)
As a consequence, inserting (45) in (44), we obtain

IVellgs <m™ 1 Vellgs. (46)

Taking the infimum in (46) over all ¢ € H3,, we deduce that m < m9,. O]

Finally, we deduce a criterion of uniform invertibility for the operators A2 and Bz.

Theorem 3.1. Let m, M be the constants defined in (39).
When k. € (—o0; —1/m) U (=1/M;0), AS : H§(Q) — H(Q) is uniformly invertible as 6 — 0.
When K, € (—o0;—1/m) U (—=1/M;0), Bi : H#(Q) — H;E(Q) is uniformly invertible as § — 0.

Proof. Let us show the result for Ag, the proof is completely similar for Bg. From the decom-
position of the space H§(Q) in (13), one observes that the operators T = (T5)~! defined in
(19) and (22) are uniformly continuous. And from the estimate (21) (resp. (24)) together with
the result of Lemma 3.6, one infers that as 6 — 0, (V(A%(Th)), V+) (resp. (V(AY(Tp")), V)
is uniformly coercive in H{(Q) when s, > —1/M (resp. when k. < —1/m). Since A? is also
uniformly continuous, this is enough to guarantee that Ag is uniformly invertible as § tends to
ZE€ro. O

12



3.4 Optimality of the criterion and connection to the Neumann-Poincaré op-
erator

Let us discuss the criterion we have obtained above. We focus our attention on the analysis for the
operator Ag, similar comments can be made for the operator Bg. We assume in this section that
0Y;, and so 8(2?, is of class C2. Note that this assumption is important to ensure that the spec-
trum of Problem (48) below is discrete. It has been proved in [7] that in this case, A? is Fredholm
of index zero when k. # —1. Therefore when . # —1, the operator A is an isomorphism if and
only if it is injective. As it has been observed in different works (see in particular [14]), and as we
recall below, the question of the injectivity of Ag is directly linked to the spectrum of the so-called
Neumann-Poincaré operator. The latter has been widely studied when € is the whole space R

For this problem, among the references, let us cite [36, 1, 37, 38, 30, 28, 27, 35, 15, 16, 26].

Set ¥° := 902 and introduce the two Dirichlet-to-Neumann operators A, : HY/2(2%) — H~/2(%9),
A; - HY2(X%) — H-Y2(%%) such that for all ¢ € H/2(X?%), we have Acp = Oy e, Aip = Op,u;
where u., u; solve respectively the problems

Au, = 0 inQS Au; = 0 inQf
U = 0 on N ui = ¢ onX?. (47)
ue = ¢ onXd

Define also the lifting operator R : H/2(2%) — H}(Q) such that Ry = u, in Q, Ry = u; in QF,
where u., u; are the solutions to (47).

If u belongs to ker A2 \ {0}, then ¢ := u|ss € HY/2(X9) \ {0} satisfies Acw = —k.A;p. And by a
straightforward computation, we find that the pair («, ¢), with a:= (ke +1)/(ke — 1) € (—1;1),
is a solution to the problem

Find (o, ) € R x (H/2(2%)\ {0}) such that:

(48)
Ap=alip

with Ay := A. £ A;. Reciprocally, assume that («,¢) is a solution to (48) with a € (—1;1).
Then, Ry € HY(R) is an element of ker A2\ {0} for k. = (o —1)/(a + 1) € (—o0;0). This shows
that it is sufficient to work on Problem (48) to study the injectivity of A?.

Theorem 3.2. The spectrum of Problem (/8) is discrete and coincides with two sequences of real
numbers

—l1<ay <a; <---<0 and  l=aof =--- = >0

+ +
acard(K5) > acard(K5)+1 Z
such that lim, o a;f = 0. Here card(K?) is the cardinal of the set K° defined after (3).

Proof. First, we show that A, : HY/2(2%) — H~'/2(%f%) is an isomorphism. Consider some
Y € H-Y2(29). If p € HY2(X9) verifies Ay = 1), then Ry is a solution to

Find u € H{(Q) such that

(Vu, Vo) = (h,v)gs, Yo € HY(Q). (49)

Reciprocally, assume that u is a solution to (49). Then the function ¢ := u|ys satisfies A = 1.
According to the Lax-Milgram theorem, Problem (49) admits a unique solution for all ¢ €
H~1/2(%%). We infer that A, : HY/2(2%) — H-Y/2(X29) is indeed an isomorphism.

Now, remarking that A., A; have the same principal symbol and using standard arguments
of pseudo-differential operators theory (work as in the proof of [27, Theorem 1]), we can show
that A_ = A, — A; : HY/2(29) — H-Y/2(29) is compact. We emphasize that the assumption of
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smoothness of X9 here is important.

Using the Riesz representation theorem, define the operator K : HY/2(%%) — HY2(%?) such
that
(Ko, ¢ )ss = (A_p, ¢')ss for all o, ¢’ € H/2(X9). (50)

Here, we use the notation (-,-)ss := (A4-,-)ys. Note that according to the features of Ay, the
latter form is an inner product in H'/2(X%) equivalent to the usual one. Remark that (a,¢) is
an eigenpair for (48) if and only if we have K¢ = ap. But due to the properties of A_, K is a
selfadjoint and compact operator. Therefore, the spectrum of (48) coincides with a sequence of
eigenvalues which accumulate at zero. We can use the min-maz principle (see [45, chapter 3]) to
characterize these eigenvalues. We have

A
ai" — sup w‘ (51)

peH/2(Z)\{0} (A, o)xs

By the min-maz principle, we know that this sup is attained for some gpf. By induction, for
k > 2, we define
A
of = sup A, ) (52)
¢ € HY/2(29)\ {0}, (A, p)ss
o L{ef, .. 0f 1}

Here, if ¢, ¢’ are two elements of HY/2(X?), we write ¢ L ¢’ when (¢, ¢')ss = (Ayop, )55 =
(V(Ry), V(R¢')) = 0. Similarly, we define
A_
or= i D@y (53)

peH!2(20)\{0} (A4ep; P)xo

and, by induction, for k > 2,

o, =

inf M (54)
p e HV2(50)\ {0}, (At 9)5s
e L{pT, - en_1t

Observing that for all ¢ € H/2(£?) \ {0} we have

(A-p,p)ys _ 1—a
(Arp,)zs  1+a’

with a = (Aip, ©)ss/ (A, ©)ss > 0,

we deduce that there holds aff € [~1;1] for all k € N* := {1,2,...}. Taking ¢ = % |ss with ©¥
defined in (11), we find @ = 0 and so (A_yp, ¥)ss/(Ayp, p)ss = 1. This allows one to prove that

af == a;rd(K(;) = 1. Now, if a(—;rd(Ké)—i-l = 1, then there is ¢ € HY/2(2%) \ {0} such that

(Aip, )56 =0 and Ry € 7:[5D \ {0}. This is impossible and therefore there holds a;rd(K(;)H < 1

Similarly, if a; = —1, then there exists ¢ € HY/2(%9) \ {0} such that (Acp, p)ss = 0. This can
not happen, which implies that o > —1. O

From the discussion preceding the statement of Theorem 3.2, we deduce the following result.
Theorem 3.3. For k. € (—o0;0) \ {—1}, the operator A : HA(Q)) — H{(Q) is an isomorphism

if and only if
ap +1 S+
m€¢{ b ,k>1}u{ai ,k>card(K5)+1},
ap —1 ap —1

where the of are defined in (52)-(54).
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Observing that the map «a — (o + 1)/(a — 1) is decreasing on (—1;1), we deduce in particular
from Theorem 3.3 that A% is an isomorphism for

_ +
/4;56(—00; L )U(W;O). (55)
o —1 Oécard(K‘s)—f—l -1

But one can verify that we have

_ +
o] +1 o syp1 T 1

L = —1/M% and %: —1/m,
ap —1 acard(K5)+1 —1

where m%, Ml‘s) are the constants defined in (14). As a consequence, the invertibility condition
for A obtained in Proposition 3.1 is the same as (55). This shows that the result of Proposition
3.1 is optimal in a certain sense. This is the first remark of this section.

In previous articles (see in particular [12] and [18]), authors have worked with the operator
T : Hy(Q2) — H{(Q) such that
® in Q¢

—@+2Pp in Q (56)

Ty =
where, setting H&aQ(Qg) = {plas, v € H{(Q)}, P : H&aQ(Qg) — HY(92?) denotes the harmonic
extension operator, i.e. the operator such that Py solves the problem

A(Pp) = 0 in Q9 (57)

Po = ¢ on 0.

We have T o T = Id which shows that T is an isomorphism of Hj(€2). On the other hand, for all
¢ € H}(Q), we find

(V(A2(Tp)), Vo) = el Vollgs + leill Vellgs + 26i(V (Pp), Vip)gs. (58)
Set )
g IV (Po)I2,
Mp = sup —=—5 (59)

pettl pooi\(oy [Velds

Using Young’s inequality, from (58) we infer that for all 7 > 0, there holds
(V(A2(T9)), V)l > (e — 77 el MP) IV olls + [esl (1 — DIVellgs- (60)

As a consequence, we deduce that when ¢, > |5i|]\~4j:5, S Ke = €i/ge > —1/M5, the operator
A? is an isomorphism of H{(Q). Let us compare this operator T introduced in (56) with the TB
defined in (19). Clearly in 9, we have Ty = Thp. In Q2, for ¢ = @ + ), + @ with ¢y, € 7:[‘5D,

@y, € spanyc s {ph} and ¢ € HY(Q2 U QY), we have
The = ¢n + Ph — &.
But one observes that
Py = P(¢n+ ®p+ @) = P(n + Pn) = ¢n + Op.

Therefore, we have —p + 2Py = ¢p, + &, — p = ThHy in Q? which shows that the operator T
defined in (56) coincides with T,. Moreover, using Lemma 3.2, it is an exercise to prove that Mg
is equal to the constant M9 defined in (14). Therefore, the simple operator T in (56) is already
very efficient. This is the second remark of this section.
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Finally, we explain how to construct an operator of T-coercivity for contrasts k. as in the state-
ment of Theorem 3.3, in particular for contrasts in (—1/m%; —1/M%)\ {—1}, this case being not
covered by Proposition 3.1. First, we reindex the eigenvalues {a;, }n>1, {4 boscara(isy+1 and
denote them {a,}n>1. Let (¢,) be a family of eigenfunctions of the operator K introduced in
(50) associated with the eigenvalues a,,. We choose them so that the functions Re,, n > 1, form
an orthonormal basis of #{,. Now we define the operator Tp : H)(Q) — H}(Q) such that for
0 = ¢n+ O+ @ with @ = oy MRpn € Y, )y € spanges {9} and ¢ € H{(QS U QY),
there holds

Yonen tnnReon + @+ @ in Q2

Snens tnnRpn + @ — @ in .

Here we take t, = 1 for n such that k. > kK, := (an + 1)/(a, — 1) and ¢, = —1 otherwise.
The operator Tp is valued in H}(Q2) and we have Tp o Tp = Id which guarantees that Tp is an
isomorphism of H}(€2).

Tpy = (61)

Proposition 3.4. Assume that k. # —1 is such that for all n € N*, we have ke # Ky, with

a, +1
= . 62
fon o, — 1 ( )

Let Tp : HY(Q) — HA(Q) denote the isomorphism defined in (61). Then (V(AS(Tp-)),V-) is
coercive in H§(Q). As a consequence, A% : H§(Q) — HY(Q) is an isomorphism.

Proof. For all ¢ € H}(Q2), we find

Ve, V(Tpp)) = D ta 1> (eV(Ren), VIRen)) + (€Y i, VOL)gs + (I6]VR, VR).  (63)
neN*

But by the definition of the x,,, we have, for all n € N*,

(V(Ren), V(Ren))as = —kn(V(Ren), V(Ren))os-
This allows us to write

Z tn "ynfz(EV(Rgon),V(R(pn)) = Ee Z tn ’7n‘2<’€6 — £in) (V(Ren), V(R‘Pn))ﬁf
neN* neN*

= & Z |’7n|2|"<vs _“n‘(v(RWn)7V(RSOn))Qf'
neN*

(64)

Observing that we have HV(Rgon)\|?25 > inf,en- ]/im]_1||V(Rg0n)H?2g (note that the sequence
(|fm|) is bounded), from (64) we obtain

> ta w2 (eV(Ren), V(Ren)) = C Jnf [ke — fin| > halPIV(Ren)|?. (65)
neN* neN*

Using (65) into (63), we get (eV, V(Tpy)) = C infuens [ke — fin] ||[Ve||? for all p € H{(Q). O

Remark 3.4. In the following, we will not work with the operator Tp defined in (61) to investigate
what happens for contrasts in (—1/m; —1/M)\{—1}. The reason is that the value of the k,, defined
in (62) depends on § and the operator Tp is useful to prove a result of uniform invertibility of Ag
only if we know that there is a segment of (—1/m;—1/M)\ {—1} of non empty interior which is
uniformly free of the k, as § tends to zero. And it is an open question to find conditions on the
geometry such that this occurs.
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4 Analysis of the cell problem and properties of the homogenized
tensors

In this section, we study a scalar problem set in the reference cell (supplemented with periodic
boundary conditions) and the associated homogenized tensor. These quantities, which appear in
the homogenization of Maxwell’s equations considered in Section 5, are the same as the ones in
[18] and [14], so that the results below complement and improve those obtained therein.

4.1 Cell problem
Denote €°5.(Y) the subset of functions of €°°(Y) satisfying periodic boundary conditions on Y.

per

Let H}. (Y) be the closure of €35.(Y) for the norm of H'(Y'). Then set

Hiero(V) 1= { € By (V)| [ o =0},

We endow this space with the inner product (V-,V-)y. For n equal to € or p as defined in (2),
the problem we are interested in writes

Find ¢ € H! , .(Y) such that:

per,o

66
(Ve Ve )y = (), Vg € HL, (Y), (66)

where £ is a continuous linear functional on H! . (Y"). In order to study this problem, we introduce

per,o
the closed subspace of H_ . (Y)

per,o

Hper,0,0v;(Y) = {9 € Hpor o (Y) [ = 0 on Y}

per,o

Then we define the space 7:[|, such that

~ L
Héer,o(y) =H, @ H%)er, 0,90Y; (Y) (67)

We will not look for an exact characterization of H,. Let us simply remark that if ¢ € 7, then

for all ¢ € €5° (Y. UY;) C HIl)em 0.0y;(Y), we have 0 = (Vi, V()y. This implies that the elements

of H,, are harmonic in Y, UY;. Then we introduce the constants
IVell,

my = iAIlf T o Mb =
et \{0y [Voll3.

IVell3,
e, \ {0} ||V90||%/e

(68)

Theorem 4.1. Assume that k. (resp. k) € (—oo; —1/m) U (=1/M;0) where m, M are defined
in (39). Then the problem (66) with n = ¢ (resp. n = ) admits a unique solution which depends
continuously on £.

Proof. To set ideas, we take n = ¢, the proof is the same for = . With the Riesz representation
theorem, define the operator D, : H.. . (Y) — H.. .(Y) such that

per,o per,o

(V(D=p), V¢ )y = (eVp, V¢ )y,  Vo,¢ € Hi (V). (69)

Let us show that D. is an isomorphism when k. = ¢;/e. € (—o0;—1/m) U (—=1/M;0). For
¢ e HL . (Y), consider the decomposition ¢ = ¢y 4 @ with @), € H, and @ € Héer, 0.0v;(Y). And
define the operators T;E such that

_|Tpent+@ inYe

+
He= o —p v
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Working as in the proof of Proposition 3.1 with the operators T replaced by Tsc, one establishes
that D is an isomorphism when k. € (—o00; —1/my) U (=1/M,;0). To obtain the desired result,
it remains to show that m < m,, and M, < M Since Hb C Ho, from Lemma 3.5, we clearly have
M, < M. Now let ¢ be an element of Hb \ {0}. Denote Ce 7-[0 the function such that { = ¢ on
dY;. The function ¢ decomposes as ¢ = ¢ + o pp with (eHoand a R (¢pp is defined before
(38)). Note that ¢ # 0 otherwise we would have a = 0 (because pp = 1 on dY; and Jay, ¢do =0)

and so ¢ = 0. Observing that ¢ —  — a is in Héer’ 0.0y;(Y), due to the decomposition (67), we
can write

(Ve, V(e = Oy = (Vo, V(g = (= a)y = 0. (70)
But on the other hand, since we have V¢ = Vf = V( in Y}, so that in particular there holds
IVl = IIV<I3,, (71)
we infer from (70) that
(Ve, V(e = Q))y. = 0. (72)
This implies
IVely, < IVCIE.. (73)

Gathering (71) and (73), we deduce that

IVCIE, _ IVl
SVEE T IV,

Taking the infimum over all ¢ € #, \ {0} in (74), we obtain that m < m,. O

4.2 Homogenized tensors

Assume that the contrasts x. and &, are located in (—oo;—1/m) U (—1/M;0). For n =€ or p

and j = 1,2,3, we define the function X € Hper o(Y) such that

(nVX], VE)y = (\Vy;, VE)y, V€€ Hp oY), (75)
Note that the right hand side of (75) simply writes

(7Vy;, VE) —/ o 4
nvyj, Y = Ynayjy

and that Theorem 4.1 ensures that the functions X? are well-defined. It is also worth noticing
that by setting x7 := (x7, x5, x3)T, we have for all XA € R3:

(VA= X"). VE)y = (1V(A - y), VE)y = /Y DA-VeEdy,  VEeHL (V).  (76)

Denoting by V" the jacobian matrix of x":

n
Ty — <3><> |
i 1<5,k<3

the homogenized tensor associated with 7 is classically defined as the 3 x 3 symmetric matrix
() = (H1(n))1<j,k<3 given by (see, for instance, identity (6.35) in [22])

A0) = 137 o [1a = (9] (7

or equivalently (see (6.37) in [22]):
Hje(n) |Y|/ nV(y )+ Viyk — x3) dy. (78)
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Proposition 4.1. Assume that k. (resp. k,) € (—oo;—1/m) U (—1/M;0) where m, M are
defined in (39). Then the matriz 7€ () (resp. H(u)) is definite positive.

Proof. The proofs for ¢ (¢) and 7 (u) are the same and to set ideas, we choose to work with .
According to formula (6.44) in [22], for all £ = (£1,&2,£3)T € R3, we have

%”(s)ffz/decpdzdy

where the function ¢¢ is defined by

Note that if ¢ is constant in Y, then evaluating ¢¢ on Y and using the fact that the functions
X satisfy periodic boundary conditions, we find that £ = 0 and so ¢ = 0. Now, we assume that
& # 0. Subtracting the mean value of the test functions on 0Y;, we see from (75) that X; satisfy
the slightly more general variational equality (the variational space is not the same as in (75))

(€VX§7 VSD/)Y = (gvij VQOI)Y’ VSOI S Hrl)er(y)'
Taking ¢’ € 65°(Y), this implies that we have
div (eVye) =0 in Y. (79)

i) Introduce the function ¢¢ such that

1
De = g — —— do € H(Y).
Pe = ¢ |8Yi|/8YiSO£ o oY)

From (79), we deduce that ¢¢ is harmonic in Y. U Y;. Therefore, we have ¢¢ € H, and from
Lemma 3.5, we can write

IVels. = IV@elly, < MIIV@elly, = M [|[Veell3,.
This allows us to write
H(€) €& =cc||Veelly, — leil IVeelly, = (e — leil M) Vell3,. .

And when e, > |g;| M < k. = /e > —1/M, we deduce that the matrix #(¢) is definite-
positive. Note that we have V¢ # 0 in Y, otherwise we would have V¢ = 0 in Y (because
¢e € H(Y) is harmonic in Y,) which is impossible when & # 0 (see the discussion above).

i1) Now, we consider the case k. € (—oo;—1/m). The proof is a bit less straightforward and
we divide it in two steps. Define the quadratic form ¢(-) : R® — R such that

(&) = A (e)€ - €.
Step 1. First, assume that ¢ € R?\ {0} is such that

g <0 o /€|V<p§\2dy<0.
Y

Then from identity (79), we infer that we must have

Ope
e =—pedo < 0. 80
/We % pcdo (80)
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Now, introduce ¢ € Hg the function such that {( = ¢¢ on 9Y;. The function ¢ decomposes as
¢ =C+app with { € Hy and o € R (¢p is defined before (38)). Observe that we have ¢ # 0
otherwise ¢¢ would be constant in Y, and so in Y by (79). According to the discussion above,
this is impossible when £ # 0. Observing that ¢ — (f + a) = 0 on 9Y}, integrating by parts, we
can write

. ) 5 )
(Ve Vige = O)v. = (Ve Vipe — ((+ @)y, = / ﬁ%d(H/ %ado_

Y on oy on (81)
oy On

The last equality above has been obtained using (80) and identity (79) multiplied by «. From
(81) and the Cauchy-Schwarz inequality, we infer that

IVeelly, < IVE,.

Since on the other hand there holds V¢ = V¢ in ¥; so that IVeelly, = HV@H%, we deduce that

< V¢S, - Vel
M

(82)

But then, when k. = &;/ec < —m ™! & €. < |g;/m, we can write

a€) = H ()€€ = [ eVgel dy = ecl| Tell, — lail Vel < (e = leilm) Vel < 0.

This shows in particular that if ¢(§) = 0, then necessarily £ = 0. In other words, the quadratic
form q(-) is definite in R3. From classical results concerning quadratic forms, therefore we know
that for each k. € (—oo; —1/m), ¢(-) is either positive definite or negative definite.

Step 2. Now consider some & € R?\ {0}. Corollary 5.6 of [14] guarantees that ¢(¢) is positive
definite for k. small enough. Using the fact that k. — ¢(£) is continuous and that ¢(-) is always
definite for k. € (—oo;—1/m), we infer that ¢(-) is positive definite for all k. € (—o0; —1/m).
Let us present an alternative proof which is a bit more direct than the Corollary 5.6 of [14]. For
¢ € R?\ {0}, assume that we have ¢(¢) < 0. Then estimate (82) is valid for all k. € (—o0; —1/m).
Define the function

1
De = g — —— do.
Pe = ¢ ‘aY‘/Wsos o

From (79), we can write

dpe
1 IVeell2 = leil IV@el2 = VVQ—/ 92 50 d
il Vel = i 1V0cl, = <l Vgell, — [ = rtpedo .

N

CecllVeely, = Cee Vel -

The last inequality in (83) is a consequence of the continuity of the mappings ¢ — ¢|gy and
© = Opploy from {@ € HY(Y,)|Ap = 0in Y.} to HY/2(9Y) and H-/2(dY) respectively. Note
that since the mean of ¢, over JY is null, a classical Poincaré type inequality allows one to prove
that the H' norm of ¢¢ in Y is controlled by ||V¢||y,. From (83), we get

IVeell?, _ ©

IVelly, o € (4)
IVeelR, Tl

where C' > 0 is independent of k.. Taking the limit k. — —o0o in (84), we obtain a contradiction
with (82) because m > 0 is independent of k.. Therefore we must have ¢(£§) > 0 for contrasts small
enough. Then arguing as above, we infer that ¢(-) is positive definite for all k. € (—o0; —1/m). O
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4.3 Numerical illustrations

Proposition 4.1 guarantees that if x., x, € (—oo0; —1/m) U (—1/M;0), the matrices J(c), S (1)
are definite positive. This may seem a bit surprising and when one looks at the definition in (78),
this is far from being obvious. The goal of this paragraph is to present some numerics to illustrate
this property. To set ideas we compute .7 (¢) and to simplify we work in 2D. In this case, 7 (¢)
is a 2 x 2 symmetric matrix. We do not expect particular differences between 2D and 3D settings.
Numerically, we approximate the solutions of the problems (75) using a P2 finite element method.
To proceed, we use the library FreeFem++'. And then we compute the matrix #(g) using the
formula (78). Admittedly the numerical analysis of problems (75) is not standard because of the
sign-changing €. However in general, at least for contrasts k. “not too close” to —1 when 9Y is
smooth, we obtain a reasonable numerical solution. We refer the reader to [34, 20, 10] for more
details concerning these aspects. In Figures 2 and 3 below, we display the two real eigenvalues of
¢ (e) with respect to the contrast k. € (—10;0) (we take ¢; = —1 and e, varies) for two different
geometries of Y;. For the numerics of Figure 2, the inclusion Y; is an ellipse while for Figure 3,
it is a rectangle. We emphasize that in the latter case, problem (75) is not well-posed in the
Fredholm sense for k. € (—3,—1/3) (see [11, 9]). As a consequence, for this range of contrasts,
our numerical solutions have no sense. But for both settings, we observe that for contrasts large
enough or small enough, the matrix J#(¢) is definite positive as expected. Interestingly, at least
in the case of the ellipse where we know that the numerical solution is meaningful except for
ke # —1, we also note that J#(¢) is not positive definite for all contrasts. We emphasize however
that we do not investigate these regimes in our analysis below.

15 N 10 &
b3
10+ & - F
> 5 L
ST—— #
T -~
O : 0
St £
£
* 5
-10f *
*
-15 ‘ ‘ & ‘ -10 ‘ ‘ ‘ ‘
-10 -8 -6 -4 -2 -1 08 06  -04 02 0

Figure 2: Representation of the two eigenvalues of 7 (¢) with respect to k. varying in (—10; —1)
(left) and (—1;0) (right). Here the inclusion Y; coincides with the interior of the ellipse {(z =
0.5+ 0.4cosf,y = 0.5+ 0.2cosf), 6 € [0;27)}.

5 Homogenization of Maxwell’s equations

We come back to Maxwell’s problem (£2%) for the electric field (see (9)). We define the bilinear
form a? (-, ) associated with (9) such that

w
@ (E,E') = ((1°) 'curl E,curl E') — W*(°E, E'), VE,E' € Hy(curl).
Let m, M be the constants defined in (39). When k., k,, € (—o0; =1/m)U(—1/M;0), the matrices

H (e) and () are well-defined according to Theorem 4.1. Moreover, according to Proposition
4.1, these matrices are positive definite. Hence, we can introduce the homogenized problem

Find E®T € Hy(curl) such that

(@eﬁ) -1 eff 2 eff ;
curl (7 (pn) " "curl E*) — w5 (e) E®" = iwJ

(85)

! FreeFem++, http://wuw.freefem.org/ff++/.
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Figure 3: Representation of the two eigenvalues of () with respect to k. varying in (—10; —1)
(left) and (—1;0) (right). Here the inclusion Y; coincides with the rectangle (0.1;0.9) x (0.3;0.7).

whose variational formulation writes

Find E*T € Hy(curl) such that for all E € Hy(curl)

86
o (BT E =iw(J, E). (86)

eff
Here a)

(+,-) is the bilinear form defined in the space Hy (curl) such that
" (E,E') = (s (p) ‘curl E, curl E') — w?(#(e)E, E).

It is worth noticing that the above homogenized problem (which has exactly the same form as
the one obtained for classical (positive) Maxwell’s equations) involves the homogenized tensors
of the scalar problems studied in the previous sections. This fact will be used in a crucial way in
the sequel to prove our homogenization result for Maxwell’s system. Classically, one can easily
prove that (22°%) admits a unique solution for all

w? € C\ A (87)
where A% is a discrete subset of [0; 4+00).

The proof of a homogenization result for Maxwell’s equations without sign-changing coefficients is
by now quite classical (see for instance [6, 48, 43, 21]). It may be achieved by using, for instance,
a notion of convergence specific to periodic homogenization, namely the two-scale convergence,
which was introduced by G. Nguetseng in [32] and further developed by G. Allaire [2]. Using this
notion, a typical proof for such a homogenization result relies on three main ingredients. First, a
uniform energy estimate is obtained for the sequence of solutions of (7). Next, one shows that
this uniformly bounded sequence has a (two-scale) limit that solves a two-scale limit problem.
Finally, this limit problem is decoupled, yielding the homogenized problem which is proved to
be well-posed. Due to the sign-changing coefficients and the presence of the non sign-definite L2
term involving w?, achieving the first step is far from being obvious. In particular, the strategy
proposed for instance in [21] does not apply anymore (as the spectral decomposition available in
the strongly elliptic case fails). Instead, we proceed as follows. First, we prove a homogenization
result for solutions of (£°) under a uniform energy estimate condition. Using this result, we
prove by contradiction the needed uniform energy estimate for the solutions of (42%). This leads
to the main result of the paper (Theorem 5.1), namely the homogenization result for Maxwell’s
equations with sign-changing coefficients.
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5.1 Homogenization result under uniform energy estimate condition

Let J be a given field of L2(Q2). The aim of this section is to obtain a homogenization result for
a sequence of functions (E5) solving (£?) and satisfying the uniform energy estimate

30 >0, V6 € (0;1],  ||E°|? + ||lcurl E° |2 < C || T (88)

As it was already observed in [18] for the Dirichlet scalar problem, the presence of sign-changing
coeflicients does not affect the two-scale convergence result. However, for the sake of completeness,
we give here a proof of this convergence result following [6, 48, 43] and in particular [21]. We
start by recalling the definition of the two-scale convergence (see [2]). Here we set €52, (Y) :=
(Cra(¥)).

per

Definition 5.1. A sequence (E°) in L2(Q) two-scale converges to E° € L2(Q x Y) if we have
i (B%,v(+/6)) = [ (B%@.).v(a, )y do
Q

for all v € €5°(%; ‘5;’)&(7)). Then we denote E® 25 EO.

The notion of two-scale convergence is interesting due to the following compactness result (see
for instance [43, Proposition 2.5]). It was first obtained by N. Wellander in [46] and then by V.

Tiep Chu and V.H. Hoang in [43]. Here, Hpe(curl;Y’) denotes the closure of €5, (Y) for the

norm (|| - |3 + [|eurl - [[5)/2.
Proposition 5.1. Let (E5) be a bounded sequence in H(curl). Then, there exist a sub-sequence,
still denoted (E°), and functions E°T € H(curl), © € L2(Q;H..(Y)), E' € L?(Q; Hper(curl, Y))

per
such that the following two-scale convergence results hold as § — 0:

E° 25 peff 4 V,0, curl E° 2% curl BT + curl, E'.
Moreover, we also have the following weak convergence results in L2(Q):
E° —~ ET in L2(Q), curl E° — curl BT in L2(Q).

We are now in position to prove the main result of this section, namely the convergence of a
sequence of solutions of problem (42°) satisfying the energy estimate (88) to a solution of (£2¢)
when § — 0.

Proposition 5.2. Assume that k., Kk, € (—oo; —1/m) U (—1/M;0) where m, M are defined in
(39). Let (E°) be a sequence of solutions of (P°) satisfying the uniform estimate (88). Then as
6 — 0, we have

E° — Ef and curl E° — curl E*f in L2(Q)
where E°T solves the homogenized problem (27°T).
Proof. We take in (2°) (see (9)) a test function of the form

B'(@) = (o) + 36" (.5 ) +6v0 (2.5)
with ¢ € €L (Q), ! € EL(LERN,(Y)), v € €5°(Q;€5.(Y)). By taking the limit as § — 0

per per
thanks to Proposition 5.1, we get as in [43, Proposition 2.5] the following two-scale limit problem:

/ ((y)) ™ (curl E*"(z) + curl, E'(z, y)) . (curl(p(ac) + curly, p'(z, y)) dzdy
Qxy

—w? [ ely) (@) + V,0(0,9)) - (ple) + V,(a. ) dady
QxYy

’Lw/J pdr +iw / J(z) - Vy(z,y) dedy. (89)
QxYy
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Since 9 (x, -) is Y —periodic, the second integral of the right hand side vanishes and hence, setting
R(z,y) := (u(y)) ™ (curl E°(z) + curl, E'(x, y)) (90)

and
S(a,y) = e(y) (B +V,0), (91)

relation (89) reads

/ R(z,y) - (curlcp(a:) + curl, ' (z, y)) dzdy
Qxy

—w? /Sazy () + Vy(z,y)) dxdy—zw/J pdz. (92)

In order to prove that E°T solves the homogenized problem (2°1) | it suffices to show that the
two terms of the left hand side in the above equation can also be written as follows:

/ R(z,y) - (curlgo(x) + curl, cpl(:c,y)) dedy = / (A () teurl E°T . curl o dz  (93)
Qxy )

[ 8w (plw) + Vybiay) dady = [ BT pda. (94)
QXY Q

Indeed, once these two last relations proved, the conclusion follows immediately since problem
(92) writes then

/(%”(u))_lcurl E*T . curl pdz — wQ/%(e)EeH cpdr = iw/ J - pd,
)
Q Q

which is exactly the weak formulation of the homogenized problem (£7¢f).
Step 1: proof of relation (93). Taking in (92) test functions ¢ = 0 and 1) = 0, we obtain
/ R(z,y) - curl, o' (z,y) dz dy = 0. (95)
QxY

Choosing in (95) test functions with separate variables, we easily obtain that for almost every
z € Q and for all ¢! € €5, (Y), one has

/R(ZE, y) - curl ! (y) dy = 0.

For the rest of the proof, we follow the ideas of [6] and [21]. Considering x as a parameter and
applying [25, Theorem 2.9], there exists a function p € L2(; Hlljer( )) and ¢ € L?(f2) such that

R(:v,y) = Vyp(x,y) + C(ZE)

Integrating the above relation on Y shows that ¢ / R(z,y)dy and hence
R(w,y) = V,p(a,y) + /Y R(2,5) dj. (96)
From the definition (90) of R and direct calculation, one has for £ € Hl . (Y):
| ) RG.) - Vel) dy = [ (ourl B (2) + curl, B (w.y) - V() dy = 0. (97)
Y
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Combining (96) and (97) we get that
| 8 upta) - Ve dy = [ nly)A- Vew) dy.
Y Y

where we have set A = — [, R(z,y)dy € R?® (here, z is fixed and can be considered as a
parameter). Comparing with (76), we immediately obtain that p = XA - x* = Z?Zl Aj - X? ,
where x* = (X}, x5, x4)"T solve the cell problems (75) with = u. Consequently, we have
Vyp = Z?:l Aj- VXY = (Vx*)T X, and hence

R(a.y) = Vyploy) + | Rix.5)d5 = [1a- (Vx")"] [ R@.5)a5,

Using the above formula and expression (77) of (1), we get that

/u(y)R(x,y) dy = %”(u)/YR(w,y) dy.
Y

But on the other hand, we also have from definition (90) of R(z,y) that

/ w(y)R(x,y)dy = / (curl E°T(z) + curl, E'(z,y)) dy = curl E*T(z).
Y Y

Since (1) is definite positive for £, € (—oo; —1/m) U (—1/M;0), we obtain by combining the
last two relations, that

| By dy = () eurl B (@),

which also reads (due to the definition of R)

[ ly) ™ (eurl BT (@) + curl, B! (s, )) dy = (/1)) " curl B (z).
Y
The claimed relation (93) simply follows by multiplying the above equation by curl ¢, integrating

over 2 and adding (95).
Step 2: proof of relation (94). Taking ¢ = ¢! = 0 in (92), we obtain that (since w # 0):

S(z,y) - Vy(z,y)dedy = 0. (98)
Qxy

Since 1 is arbitrary in €5°(€2; €55 (Y)), this implies in particular that for almost every z €
and for all § € 6355, (Y):

/Y S(z,y) - VE(y) dy = /Y e(y)(VyO(z,y) + E*(2)) - VE(y) dz dy = 0. (99)
Hence
| 209,000 Vel dy = [ )N - Velw) dy.
where we have set X' = —E°¥(z) € R3 (for a fixed value of ). Comparing the above relation with

(76) for 7 = ¢, we get that ©(x,y) = X - x° and hence V,0 = (Vx°)"™N = —(Vx*)TE I (2).
Using expression (77) of the homogenized matrix, we obtain that for every ¢ € €5°(2):

/ S(x,y) - ¢ (z) dwdy:/ e(y) (B (@) + V,0(2,9)) - p(a) de dy
Qxy Qxy

= / H(e)ET . pdu. (100)
Q

Relation (94) follows immediately by adding (98) and (100). O
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5.2 Proof of the uniform energy estimate

This section is devoted to the proof of the uniform estimate (88) for solutions of (£°). More
precisely, we have the following proposition.

Proposition 5.3. Assume that k. € (—oo; —1/m) U (—1/M;0) where m, M are defined in (39).
Assume that w® € C\ AT where A°T appears in (87). Then, there exists &g > 0 such that for all
§ € (0;68¢], problem (22%) admits a unique solution E’. Moreover we have the estimate

|E°|| + [lcurl E°|| < C ||| (101)
where C' > 0 is independent of § € (0; dp].

Proof. When ke, , € (—o0; —1/m) U (—=1/M;0), according to Theorem 3.1, we know that A? :
H{(Q) — H{(Q) and Bz : H;#(Q) — H%(Q) are isomorphisms. From the Theorem 6.1 of [8], we
infer that o7 (w) : Hy(curl) — Hy(curl) is an isomorphism if it is injective. Therefore, we
have to prove that ;ijé, (w) is injective for § small enough. To proceed we work by contradiction.
Slightly more generally, for a given J € L?(Q), assume that there is a sequence of values of §
denoted (0x)pen, with 8, — 0, such that if we set e, := %, . := p', Ej := E°* € Hy(curl),
we have

a*(Ey, E') := ((uy) ‘curl Ey, curl E') — w? (e, Ey, E') = iw (J, E'), VE' € Hy(curl),

as well as
| Ex|? + [lcurl E4||* > k.

Then set Ej := Ey/(|Ex|]? + ||curl E¢|?) and Jy := Ji /(| Ex||? + |[curl E¢|?). We have

a*(Ey, E') = iw(Jy, E'), VE' € Hy(curl) (102)
and ~ _ ~
IE&[” + [lcurl Ey|* =1, lim || Jg[| = 0.
k——+o0

Since (E‘k) is bounded in Hy(curl), we can extract a subsequence, still denoted (E‘k), such that
(E)) converges weakly in Hy(curl) to some Eg € Hy(curl). Thanks to Proposition 5.2, we can
pass to the limit in (102) to get

of(Ey,E'Y=0, VE' € Hy(curl). (103)

Since w € C\ AT this implies that Ey = 0. In order to obtain a contradiction, it remains
to show that (E}) strongly converges to zero in Hy(curl). To proceed, we have to establish
some sort of compactness result using the fact that when w # 0, we have div (ekEk) =0in Q
which implies that Ej € Vy(e;). For each k > 1, from Theorem 5.1 of [8], we know that when
ke € (—00; —1/m)U(—=1/M;0), V(ep) is compactly embedded in L2(Q2). But here we need some
uniform result with respect to k. To proceed, we will take in (102) a well-chosen test function. Let
us mention that a similar difficulty appears in the justification of the approximation of Maxwell’s
equations with finite elements methods, the mesh size h replacing the parameter § (see [31, §7.3.2]
and the references therein). First, introduce the unique function 1y, € H#(Q) such that

(1 Vi, V') = (uy curl By, V'), W' € Hy(Q).

When x, € (—o0;—1/m) U (=1/M;0), from Theorem 3.1, we know that 1)} is well-defined.
Moreover, we have ||[Vi| < C|curl E;|| < C where C > 0 is independent of 6. Then
g (curl E; — Vi) is divergence free in 2 and satisfies py(curl E, — Vi) - n on 0. From
[4, Theorem 3.17], we know that there exists a unique P, E}, € V(1) such that

curl (PkEk) = uk(curl Ek — v¢k) (104)
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Since in V (1), ||curl - ||o is a norm which is equivalent to ||||cur1 (Proposition 2.1), we infer that
(Pg) is a sequence of operators which are uniformly bounded from Hy(curl) to V(1). Testing
in (102) with E’ = Py Ey, using (104) and integrating by parts, we get

(J: PeEy) + w0 (ex By, PeEy) = ((ux) " 'curl By, curl (P Ey))

- Z - 105
= (curl Ey,curl E; — Vi) = ||curl E;|J?. (105)

Using that P, : Hy(curl) — V(1) are uniformly bounded, (E}) converges weakly to zero in
Hy(curl) and V(1) is compactly embedded in L2(f2) (Proposition 2.1), we deduce that we
can extract a subsequence, still denoted (E}), such that (P,E}) converges strongly to zero in
L2(Q). Then from (105), we deduce that the sequence (curl E}) converges strongly to zero in
L%(Q). Using the result of Proposition 5.4 below which guarantees that |[E| < C||curl Ey||
with some C > 0 which is independent of k, we deduce that (Ek) converges to zero in Hy (curl).
This contradicts the initial assumption. As a consequence, taking first J = 0 above, we deduce
that (£2?) is injective and so uniquely solvable for § small enough. Then for a given non zero
J € L2(Q), the above lines imply the uniform estimate (101). O

Proposition 5.4. Assume that k. € (—oo;—1/m) U (—1/M;0) where m, M are defined in (39).
Then there is a constant C > 0 independent of § such that

|E| < C|curl E||, VE € V(). (106)

Proof. If E € Vy(£°), according to [4, Theorem 3.12], we know that there is a unique u € V(1)
such that E = (¢°)~'curlu. Then integrating by parts, we find

((¢°)"tcurlu, curlu') = (curl E, u/), Vu' € Vp(1). (107)
Introduce the function ¢ € H{(92) such that
(e°Vp,V¢') = (Pcurlu, Vy'), Vo' € HY(Q).

Since ke € (—o0; —1/m)U(—1/M;0), from Theorem 3.1, we know that ¢ is well-defined. Moreover,
we have || V| < C |lcurl u|| where C' > 0 is independent of §. Then € (curl u— V) is divergence
free in © and again from [4, Theorem 3.12], we know that there is a unique Tu € V(1) such that
curl (Tu) = & (curlu — V). Since in Vp(1), ||curl -||q is a norm which is equivalent to | - [|cur1
(Proposition 2.1), we infer that T : V(1) — V(1) is a uniformly bounded operator. Choosing
v’ = Tu in (107) and integrating by parts, we obtain

(curl E,Tu) = ((¢°) " Lcurlu, curl (Tu)) = ||curl u||? — (curlu, Vo) = ||curl u|?.
Using the Cauchy-Schwarz inequality, this gives ||curlu|| < C ||curl E|| where C' > 0 is indepen-
dent of §. This yields the desired estimate (106). O

5.3 Final result

Gathering Propositions 5.2 and 5.3, we can state the final result of this article.

Theorem 5.1. Assume that k. € (—oo;—1/m) U (=1/M;0) where m, M are defined in (39).
Assume that w € C\ AT where A® appears in (87). Then, there exists 6o > 0 such that for
6 € (0,0], the solution E° of problem (2°), which is well-defined according to Proposition 5.3,
satisfies

E° —~ gt and curl E° — curl Ef weakly in L?(Q)

where EY is the unique solution of problem (%) given by (85).
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Let us conclude this paper with two comments. Firstly, in this work, we only prove weak conver-
gence results. Strong convergence results (using correctors) for Maxwell’s equations with positive
materials have been obtained in [41, 42]. It would be interesting to understand if we can adapt
the approach proposed in these two articles to our setting. Secondly, the obtained bounds for the
contrasts (involving m and M) to ensure the homogenization process are probably not optimal.
Improving them would require a sharp analysis of the asymptotic behavior of the critical contrasts
given by (62) as § tends to zero (see Remark 3.4). Is it possible that the two scalar problems
with Dirichlet and Neumann boundary conditions be uniformly well-posed as § tends to zero,
even when some cell problems have a non zero kernel or when the homogenized tensors are not
positive definite? This has still to be clarified.
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