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An asymptotic preserving scheme on staggered grids for the barotropic Euler system in low Mach regimes

We present a new scheme for the simulation of the barotropic Euler equation in low Mach regimes. The method uses two main ingredients. First, the system is treated with a suitable time splitting strategy, directly inspired from [J. Haack, S. Jin, J.-G. Liu, Comm. Comput. Phys., 12 (2012) 955-980], that separates low and fast waves. Second, we adapt a numerical scheme where the discrete densities and velocities are stored on staggered grids, in the spirit of MAC methods, and with numerical fluxes derived form the kinetic approach. We bring out the main properties of the scheme in terms of consistency, stability, and asymptotic behaviour, and we present a series of numerical experiments to validate the method.
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Introduction

Euler equations and low Mach regimes

This work is concerned with the numerical resolution of the barotropic Euler system, which describes the evolution of a compressible fluid, in low Mach regimes. The unknowns ρ and u stand respectively for the local density and velocity of the fluid. They both depend on the time and space variables, t 0 and x ∈ Ω ⊂ R N , where Ω is a bounded domain. Working with dimensionless quantities, the evolution of the fluid is governed by the PDE system

     ∂ t ρ + ∇ • ρu = 0, ∂ t ρu + ∇ • ρu ⊗ u + 1 2 ∇ p(ρ) = 0.
(1

)
The system has obviously to be completed with initial and boundary conditions (periodic or vanishing flux for instance). Here and below, we suppose that the pressure law ρ → p(ρ) is the classical power-law p(ρ) = ρ γ with γ > 1. In [START_REF] Alazard | A minicourse on the low Mach number limit[END_REF], stands for the Mach number, that is the ratio of the typical velocity of the fluid to the typical sound speed

( 2 = |u ref | 2 c 2 ref = ρ ref |u ref | 2 γp ref )
. We are interested in the numerical approximations of the solution of system (1) for 0 < 1 varying from very small values to unity.

Low Mach regimes

In order to understand the behaviour for small 's, let us expand the solution as a power series Q = Q (0) + Q (1) + 2 Q (2) +..., with Q = (ρ, p, u), and identify the terms that arise with the same order of magnitude with respect to in [START_REF] Alazard | A minicourse on the low Mach number limit[END_REF]. At the leading order O 1/ 2 in the momentum equation, we obtain ∇p (0) = 0 from what we deduce p (0) (x, t) = p (0) (t) and consequently ρ (0) (x, t) = ρ (0) (t). Similarly, at order O (1/ ) we get ∇p (1) = 0, thus ρ (1) (x, t) = ρ (1) (t) depends only on the time variable too. Given this information, system (1) at order O (1) becomes ∂ t ρ (0) + ρ (0) ∇ • u (0) = 0, ∂ t (ρ (0) u (0) ) + ρ (0) ∇ • (u (0) ⊗ u (0) ) + ∇p (2) = 0.

(

) 2 
Integrating the mass equation in [START_REF] Barsukow | A numerical scheme for the compressible low-Mach number regime of ideal fluid dynamics[END_REF] over the domain Ω, yields

Ω ∂ t ρ (0) + ρ (0) ∇ • u (0) dx = |Ω|∂ t ρ (0) + ρ (0) Ω ∇ • u (0) dx = 0.
Applying the Green theorem leads to

∂ t ρ (0) = - 1 |Ω| ρ (0) ∂Ω u (0) • n dσ(x)
where n is the outward-pointing normal vector on ∂Ω and dσ(x) is the Lebesgue measure. Let us restrict to the case of zero-flux boundary conditions, u • n ∂Ω = 0, or the case of periodic boundary conditions, so that in both cases we have ∂Ω u (0) • n dσ(x) = 0. It follows that ∂ t ρ (0) = 0. Going back to the mass conservation equation in [START_REF] Barsukow | A numerical scheme for the compressible low-Mach number regime of ideal fluid dynamics[END_REF] we arrive at ∇ • u (0) (x, t) = 0 and ρ (0) (x, t) = ρ (0) on Ω × [0, ∞).

The momentum equation in [START_REF] Barsukow | A numerical scheme for the compressible low-Mach number regime of ideal fluid dynamics[END_REF] can now be cast as ∂ t u (0) + ∇ • (u (0) ⊗ u (0) ) + 1 ρ (0) ∇p (2) = 0.

In this relation the pressure term p (2) can be seen as the Lagrange multiplier associated to the incompressibility constraint ∇ • u (0) = 0. Applying the divergence operator we are led to ∆p (2) = -ρ (0) ∇ • ∇ • (u (0) ⊗ u (0) ) .

Finally, the mass equation in [START_REF] Alazard | A minicourse on the low Mach number limit[END_REF] at order O ( ) reads ∂ t ρ (1) + ρ (0) ∇ • u (1) = 0.

With a similar reasoning, we deduce that ρ (1) (x, t) = ρ (1) is constant in time and space and that ∇ • u (1) = 0. Definition 1.1. The initial data (ρ, u)(x, t = 0) for ( 1) is said to be well-prepared when ρ(x, t = 0) = ρ (0) + ρ (1) + O 2 (x) with ρ (0) , ρ (1) real constants, u(x, t = 0) = u (0) (x, t = 0) + O ( ) (x) with ∇ • u (0) (x, t = 0) = 0. Therefore, as goes to 0, we expect that solutions (ρ, u) of (1) behave like ρ(x, t) = ρ (0) + ρ (1) + O 2 (x, t), u(x, t) = u (0) (x, t) + O ( ) (x, t) with u (0) solution of the Incompressible Euler system

∂ t u (0) + ∇ • (u (0) ⊗ u (0) ) + 1 ρ (0) ∇p (2) = 0, ∇ • u (0) = 0. (3) 
Further details on the low Mach asymptotics can be found in A. Majda's book [START_REF] Majda | Compressible fluid flow and systems of conservation laws in several space variables[END_REF]. Rigorous justification dates back to [START_REF] Klainerman | Singular limits of quasilinear hyperbolic systems with large parameters and the incompressible limit of compressible fluids[END_REF][START_REF] Klainerman | Compressible and incompressible fluids[END_REF]. When the initial data are not well-prepared, initial layer might occur [START_REF] Ukai | The incompressible limit and the initial layer of the compressible Euler equation[END_REF]. We refer the interested reader to [START_REF] Alazard | A minicourse on the low Mach number limit[END_REF] for an up-to-date review detailing further results and indicating further relevant references on the analysis of the low Mach regimes.

Numerical issues of the low Mach regimes

There are several numerical issues that make the simulation of (1) challenging as becomes small:

• The stiffness of the pressure term induces severe stability conditions for standard timeexplicit schemes. Indeed, the characteristic speeds of the system behave like |u| ± 1 p (ρ) and thus become very large as → 0. It imposes to constrain the time step δt to be proportional to δx with δx the mesh size, which leads to non affordable computational costs.

• Moreover, the usual conservative finite-volume type schemes are also subject to a dramatic loss of accuracy when becomes small, so that it can be very difficult to capture the correct solution. This phenomena has been brought out in the seminal papers [START_REF] Guillard | On the behavior of upwind schemes in the low Mach number limit. II: Godunov type schemes[END_REF][START_REF] Guillard | On the behavior of upwind schemes in the low Mach number limit[END_REF] which explain how Godunov type schemes create spurious pressure waves that prevent the discrete solutions to be close to a discrete incompressible flow. This has been further analyzed in [START_REF] Barsukow | A numerical scheme for the compressible low-Mach number regime of ideal fluid dynamics[END_REF][START_REF] Dellacherie | Analysis of Godunov type schemes applied to the compressible Euler system at low Mach number[END_REF][START_REF] Dellacherie | Etude et discrétisation de modèles cinétiques et de modèles fluides à bas nombre de Mach[END_REF][START_REF] Dellacherie | Construction of modified Godunovtype schemes accurate at any Mach number for the compressible Euler system[END_REF][START_REF] Dellacherie | The influence of cell geometry on the Godunov scheme applied to the linear wave equation[END_REF]. It turns out that the loss of accuracy in fact highly depends on the geometry of the mesh [START_REF] Guillard | On the behaviour of upwind schemes in the low Mach number limit: a review[END_REF]. In particular UpWind schemes on Cartesian meshes (that we shall consider here) are inaccurate at low Mach numbers. These analysis have led to design suitable preconditioning techniques [START_REF] Guillard | On the behavior of upwind schemes in the low Mach number limit. II: Godunov type schemes[END_REF][START_REF] Guillard | On the behavior of upwind schemes in the low Mach number limit[END_REF][START_REF] Turkel | Preconditioned methods for solving the incompressible and low speed compressible equations[END_REF].

We are thus faced with the difficulty of designing numerical methods that preserve the asymptotic limit, without inducing too high computational costs. A possible avenue to cope with these difficulties is to try to develop "Asymptotic Preserving" methods, a term coined by S. Jin [START_REF] Jin | Efficient asymptotic-preserving (AP) schemes for some multiscale kinetic equations[END_REF][START_REF] Jin | Asymptotic preserving (AP) schemes for multiscale kinetic and hyperbolic equations: a review[END_REF].

Definition 1.2. Asymptotic Preserving (AP) Method.

A method is said to be AP when it preserves at the discrete level the asymptotic passage from a model to another. To be more specific, if the space and time steps δx and δt are kept fixed, the method automatically transforms to a stable discretization of the limit model when the small scale parameter tends to zero. Such methods are intended to be robust in the sense that the asymptotic regimes can be captured without resolving the small time and spatial scales. The efficiency of an AP scheme relies on careful time and space discretizations. Since we expect to make use of time steps much larger than the one imposed by the standard CFL conditions, it is clear that a part of the system should be treated implicitly to overcome the stiffness. However, the numerical cost of the implicit solver should remain as reduced as possible. We can mention [START_REF] Degond | All speed scheme for the low Mach number limit of the isentropic Euler equations[END_REF][START_REF] Dimarco | Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit[END_REF][START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF][START_REF] Klein | Semi-implicit extension of a Godunov-type scheme based on low Mach number asymptotics. I. One-dimensional flow[END_REF][START_REF] Noelle | A weakly asymptotic preserving low Mach number scheme for the Euler equations of gas dynamics[END_REF] for attempts in that direction.

A new numerical strategy

In this work, we wish to develop an AP procedure by following the ideas introduced by J. Haack, S. Jin and J.-G. Liu in [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF]. The stiff Euler system is split into two parts: a nonlinear and hyperbolic system of conservation laws that involves only waves propagating with O(1) speeds, and a linear system that contains the fast acoustic dynamics. The former equations are treated explicitly, the latter are treated implicitly. Next, in this framework, we propose a space discretization that relies on strategies introduced in [START_REF] Berthelin | Kinetic schemes on staggered grids for barotropic Euler models: entropy-stability analysis[END_REF] and that presents the following originalities:

• we work on staggered grids, with densities (and thus pressures) and velocities stored on dual locations. This is not usual for hyperbolic conservation laws. However, this approach is well suited to avoid spurious oscillations in regimes close to incompressible: on Cartesian grids, we can expect to recover a final scheme based on the principles of MAC schemes [START_REF] Harlow | Numerical calculation of time-dependent viscous incompressible flow of fluid with free surface[END_REF]. This approach is also developed, possibly with a different definition of numerical fluxes though, in e. g. [START_REF] Berthelin | Multifluid flows: a kinetic approach[END_REF][START_REF] Gastaldo | Staggered discretizations, pressure correction schemes and all speed barotropic flows[END_REF][START_REF] Herbin | Staggered schemes for all speed flows[END_REF][START_REF] Herbin | Explicit staggered schemes for the compressible Euler equations[END_REF][START_REF] Zaza | Contribution à la résolution numérique d'écoulements à tout nombre de Mach et au couplage fluide-poreux en vue de la simulation d'écoulements diphasiques homogénéisés dans les composants nucléaires[END_REF].

• the numerical fluxes are defined with an inspiration from kinetic schemes, see [START_REF] Coron | Numerical passage from kinetic to fluid equations[END_REF][START_REF] Deshpande | Kinetic theory based new upwind methods for inviscid compressible flows[END_REF] and the references therein. It provides simple formulae, which permit us to justify the positivity of the density and the entropy-stability [START_REF] Berthelin | Kinetic schemes on staggered grids for barotropic Euler models: entropy-stability analysis[END_REF]. We also refer the reader to [START_REF] Llobell | Staggered discretization for conservation laws of gas dynamics[END_REF] for further developments of the method, in particular its extension to second order (using muscl-like techniques and a RK2 scheme) and to the full Euler system.

Remark 1.3. We point out that the inspiration from the kinetic viewpoint has been recently used to develop new methods for solving the Incompressible Navier-Stokes system [START_REF] Bouchut | Second-order entropy satisfying BGK-FVS schemes for incompressible Navier-Stokes equations[END_REF], with interesting theoretical properties, in particular with respect to energy/entropy dissipation. Note however that, despite the derivation of this method relies on asymptotic analysis and the introduction of vanishing Mach numbers, it is not designed for performing well in low Mach regimes.

The paper is organized as follows. In Section 2.1 we describe the time splitting strategy of [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF]. In Section 2.2 and 2.3 we detail the construction of our scheme. Section 2.4 investigates the properties of the method: we show how the scheme becomes a (simple) incompressible solver as → 0 and we check that well-prepared data do not produce spurious oscillations, according to the analysis of [START_REF] Dellacherie | Analysis of Godunov type schemes applied to the compressible Euler system at low Mach number[END_REF][START_REF] Dellacherie | Etude et discrétisation de modèles cinétiques et de modèles fluides à bas nombre de Mach[END_REF][START_REF] Dellacherie | The influence of cell geometry on the Godunov scheme applied to the linear wave equation[END_REF]. Finally, we discuss a set of numerical experiments in Section 3.

Numerical resolution

Splitting of the compressible Euler system

The compressible system (1) is split with two scales: the fast acoustics wave scale and the slow convection scale that contains the underlying incompressible dynamics. Following [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF], we rewrite the system in the following way

   ∂ t ρ + α∇ • (ρu) + (1 -α)∇ • (ρu) = 0, ∂ t (ρu) + ∇ • (ρu ⊗ u) + ∇ p(ρ)-a(t)ρ 2 + a(t) 2 ∇ρ = 0. (4) 
The parameter 0 α < 1 is used in order to keep some momentum in the system for the fast dynamics, see (FD) below, which is necessary to enforce incompressibility. The splitting of the stiff pressure term also involves a new parameter a(t) > 0.

For the numerical resolution of (4) we adopt the following time-splitting strategy that makes the two distinct scales appear. We start with the Slow Dynamics system, the hyperbolic system of conservation laws that reads

   ∂ t ρ + α∇ • (ρu) = 0, ∂ t (ρu) + ∇ • (ρu ⊗ u) + ∇ p(ρ) -a(t)ρ 2 = 0. (SD)
Then, we consider the following Fast Dynamics system

   ∂ t ρ + (1 -α)∇ • (ρu) = 0, ∂ t (ρu) + a(t) 2 ∇ρ = 0. (FD)
Let us focus on the two-dimensional framework. Denoting u and v the components of the velocity field u = (u, v), the wave speeds of the (SD) in the horizontal (resp. vertical) direction are given by u (resp. v) and λ± (ρ, u) (resp. λ± (ρ, v)) where

λ± (ρ, ν) = ν ± c(ρ, ν) with c(ρ, ν) = (1 -α)ν 2 + α p (ρ) -a(t) 2 . ( 5 
)
The wave speeds λ± (ρ, ν) are real for all ν ∈ R and ρ > 0 as soon as

a(t) min x∈Ω p ρ(x, t) .
The system is thus hyperbolic under this condition. It may seem natural to simply set

a(t) = min x∈Ω p ρ(x, t) . ( 6 
)
But, with this choice, spurious oscillations are observed in some test cases for large values of . They appear in regions where the density is nearly uniform and the material velocity vanishes. Indeed, in these regions, the corresponding sound speed vanishes and the spurious oscillations are probably due to a lack of numerical diffusion in the Slow Dynamic part of the splitting. To overcome this difficulty, in these test cases (see Section 3.2), we set

a(t) = min x∈Ω p ρ(x, t) -ι(t) 2 > 0, (7) 
where ι(t) is a constant smaller than the minimum of p (so that a(t) ι(t)(1 -2 ) > 0 for < 1). In the numerical tests of Section 3.2, we simply choose ι(t) = 0 or ι(t) = 1 when additional numerical diffusion is needed for large .

The choice of the splitting parameter α might impact the stability of the scheme: [START_REF] Zakerzadeh | A note on the stability of implicit-explicit flux-splittings for stiff systems of hyperbolic conservation laws[END_REF] prove that, for a linearized version of the system when 0 < 1, choosing α ∈ (0, 1 2 ) ensures the stability (in a sense defined in [START_REF] Majda | Stable viscosity matrices for systems of conservation laws[END_REF], see also [START_REF] Schütz | Flux splitting for stiff equations: A notion on stability[END_REF][START_REF] Zakerzadeh | A note on the stability of implicit-explicit flux-splittings for stiff systems of hyperbolic conservation laws[END_REF]) of the above splitting when it is combined with Rusanov-type numerical fluxes. In [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF], the numerical experiments are performed with α = 2 . As detailed below, we also find advantages in adopting this choice. It leads to

λ± (ρ, ν) = ν ± (1 -2 )ν 2 + p (ρ) -a(t).
and consequently since a(t) > 0, we have λ± (ρ, ν)

± 2ν ± + p (ρ), (8) 
where the notation • ± is defined by x ± = |x| ± x /2, ∀x ∈ R. Whereas the wave speeds of the original system (1) behave like ν ± p (ρ)/ (as recalled in the introduction), we observe that the wave speeds of the system (SD) remain bounded when goes to 0 and thus ensures unconstrained CFL conditions with respect to (see Proposition 2.4).

Remark 2.1. As emphasized in [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF], the choice (6) ensures also that wave speeds of the system (SD) remain bounded when goes to 0 whatever the value of α. Indeed, if the initial conditions are well-prepared, we have

α 2 p (ρ) -min x∈Ω p ρ(x, t) = α ρ (2) (t, x) -min x∈Ω ρ (2) (t, x) p ρ (0) + O ( ) .
We now turn to the numerical resolution of those two systems. The characteristic speeds of the system (SD) are no longer stiff -in contrast to the wave speed of (1) -and it does not induce severe stability conditions. We shall make use of the space discretization set up in [START_REF] Berthelin | Kinetic schemes on staggered grids for barotropic Euler models: entropy-stability analysis[END_REF] for this system. The system (FD) is a simple linear hyperbolic system for the variable (ρ, q = ρu). However, it is not clear whether a direct resolution of the system can preserve the positivity of the density, a property which is absolutely crucial for the stability of the whole procedure, and for physical purposes. For this reason, we shall treat (FD) as a non linear system (for variables ρ and u) to be solved implicitly.

Time discretization and stability

From now on we use the following notation: given a quantity Q at the current time t we denote by Q its update at the next time t + δt. Let us detail the scheme by using the explicit Euler scheme for (SD) and the implicit Euler scheme for (FD), which can be summarized in the semi-discrete form:

       ρ * -ρ δt + α∇ • (ρu) = 0, ρ * u * -ρu δt + ∇ • (ρu ⊗ u) + ∇ p(ρ) -a(t)ρ 2 = 0,
and

     ρ -ρ * δt + (1 -α)∇ • (ρ u) = 0, ρ u -ρ * u * δt + a(t) 2 ∇ρ = 0.
Remark 2.2. In [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF], see also [START_REF] Noelle | A weakly asymptotic preserving low Mach number scheme for the Euler equations of gas dynamics[END_REF], the time discretization is constructed to reach second order accuracy: the two-level Adams-Bashforth scheme is used for the explicit slow system and the Crank-Nicolson scheme is used for the fast implicit system. Of course, it is straightforward to adapt such a time-discretization, but the analysis would be much more involved.

The construction proposed in [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF] relies on the following stability statement for split systems, see [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF]Lemma 3.1].

Lemma 2.3. If both methods

U n+1 -U n δt + AU n = 0 and U n+1 -U n δt + BU n+1 = 0,
are L 2 -stable, then the following method is also L 2 -stable

U n+1 -U n δt + AU n + BU n+1 = 0 in the sense that U n L 2 ≤ e Cnδt U 0 L 2
holds for a certain positive constant C.

Note however that this is a rough notion of stability. It gives an intuition on the relevance of the splitting. However, as said in introduction, it turns out that certain fast-slow splittings, that might look physically relevant at first sight with formal stability conditions independent of , give rise in practice to numerical instabilities. This is where the interplay between time and space discretizations arises: the origin of these instabilities is due to the checkerboard pressure profiles, a well-known difficulty in incompressible computational fluid mechanics. Since introducing stabilization terms in the scheme impacts the stability conditions and often leads to restriction depending on again, see in particular [34, sp. Section 3.5, Theorem 4.1 and Remark 4.2], we take advantages, in this article, of the use of staggered grids and its wellknown stability properties in the incompressible regime. The stability properties of the full discrete scheme are further analysed in Section 2.4.

Space discretization

We detail the scheme in 2D for a Cartesian grid. The computational domain is the square

Ω = [a x , b x ] × [a y , b y ] ⊂ R 2 .
The discretization strategy adopts the principles of the MAC schemes [START_REF] Harlow | Numerical calculation of time-dependent viscous incompressible flow of fluid with free surface[END_REF], which are precisely suited to avoid the spurious modes in incompressible regimes. We proceed as follows:

• the primal mesh is given by subdividing each direction

a x = x 1 < x 2 < ... < x i-1 < x i < x i+1 < ... < x N < x N +1 = b x , a y = y 1 < y 2 < ... < y j-1 < y j < y j+1 < ... < y M < y M +1 = b y .
• Then, we define the midpoints

x i+1/2 = x i + x i+1 2
, ∀i ∈ {1, ..., N }, and y j+1/2 = y j + y j+1 2 , ∀j ∈ {1, ..., M }.

• We denote by δx i+1/2 , δy j+1/2 ,δx i and δy j the length of

[x i , x i+1 ], [y j , y j+1 ], [x i-1/2 , x i+1/2 ]
and [y j-1/2 , y j+1/2 ] respectively. We also denote by h = max(max i δx i+1/2 , max j δy j+1/2 ) the size of the mesh.

The discrete densities, the horizontal and the vertical velocities are stored at different locations, see Fig. 1:

• the density ρ is evaluated at the centers (x i+1/2 , y j+1/2 ) of the primal cells: the corresponding numerical unknowns are denoted by ρ i+1/2,j+1/2 ,

• the horizontal velocity u is evaluated on the vertical edges of the primal cells, at point (x i , y j+1/2 ): the numerical unknowns thus read u i,j+1/2

• the vertical velocity v is evaluated on the horizontal edges of the primal cells, at point (x i+1/2 , y j ): the numerical unknowns thus read v i+1/2,j .

ρ i+1/2,j+1/2 u i+1,j+1/2 × u i,j+1/2 × v i+1/2,j+1 × v i+1/2,j × i i + 1/2 i + 1 j j + 1/2 j + 1
Figure 1: Position of the unknowns on a MAC grid

The density can be naturally defined at the edges of the primal mesh by averaging as follows

ρ i,j+ 1 2 = δx i+ 1 2 ρ i+ 1 2 ,j+ 1 2 + δx i-1 2 ρ i-1 2 ,j+ 1 2 2δx i , ρ i+ 1 2 ,j = δy j+ 1 2 ρ i+ 1 2 ,j+ 1 2 + δy j-1 2 ρ i+ 1 2 ,j-1 2 2δy j .
Indeed, the different sets of unknows can be thought of as piecewise constant functions on different meshes: the primal unknowns

ρ i+ 1 2 ,j+ 1 2 can be considered as constant on primal cells [x i , x i+1 ] × [y j , y j+1 ] whereas the dual unknowns ρ i,j+ 1 2 , resp. ρ i+ 1 2 ,j , can considered as constant on dual cells [x i-1 2 , x i+ 1 2 ] × [y j , y j+1 ], resp. [x i , x i+1 ] × [y j-1 2 , y j+ 1 2 ]. The above definitions of ρ i,j+ 1 2 , resp. ρ i+ 1 2
,j , ensure that the integral of the discrete densities over the dual cell

[x i-1 2 , x i+ 1 2 ] × [y j , y j+1 ], resp. [x i , x i+1 ] × [y j-1 2 , y j+ 1 2
], is the same whatever the considered set of unknowns (that is the primal unknowns ρ i+ 1 2 ,j+ 1 2 or the dual unknowns ρ i,j+ 1 2 , resp. ρ i+ 1 2 ,j ). These expressions are different from linear interpolation but bearing in mind that

x i+ 1 2 is the midpoint of [x i , x i+1 ], we have δx i-1 2 + δx i+ 1 2 = 2δx i (and similarly δy j-1 2 + δy j+ 1 2 = 2δy j ) so that ρ i,j+ 1 2
and ρ i+ 1 2 ,j are convex combinations of the densities stored at the centers of the primal cells.

We solve (SD) in order to produce an intermediate solution (

ρ * i+1/2,j+1/2 , u * i,j+1/2 , v * i+1/2,j )
with the following scheme

                                                         ρ * i+ 1 2 ,j+ 1 2 -ρ i+ 1 2 ,j+ 1 2 δt + α   F x i+1,j+ 1 2 -F x i,j+ 1 2 δx i+ 1 2 + F y i+ 1 2 ,j+1 -F y i+ 1 2 ,j δy j+ 1 2   = 0, ρ * i,j+ 1 2 u * i,j+ 1 2 -ρ i,j+ 1 2 u i,j+ 1 2 δt + G u,x i+ 1 2 ,j+ 1 2 -G u,x i-1 2 ,j+ 1 2 δx i + G u,y i,j+1 -G u,y i,j δy j+ 1 2 + Π i+ 1 2 ,j+ 1 2 -Π i-1 2 ,j+ 1 2 δx i = 0, ρ * i+ 1 2 ,j v * i+ 1 2 ,j -ρ i+ 1 2 ,j v i+ 1 2 ,j δt + G v,x i+1,j -G v,x i,j δx i+ 1 2 + G v,y i+ 1 2 ,j+ 1 2 -G v,y i+ 1 2 ,j-1 2 δy j + Π i+ 1 2 ,j+ 1 2 -Π i+ 1 2 ,j-1 2 δy j = 0, (SDd) 
where we are going to define the numerical fluxes in these formulae. The system (SD) differs from the usual Euler system. Nevertheless, we can readily adapt the scheme proposed in [START_REF] Berthelin | Kinetic schemes on staggered grids for barotropic Euler models: entropy-stability analysis[END_REF][START_REF] Llobell | Staggered discretization for conservation laws of gas dynamics[END_REF].

Bearing in mind that the sound speed c(ρ, ν) defined in ( 5) now depends on ρ and ν a velocity component u or v, we get the following definition for the fluxes. We introduce

F + (ρ, ν) =        0 if ν -c(ρ, ν), ρ 4 c(ρ, ν) ν + c(ρ, ν) 2 if |ν| c(ρ, ν), ρν if ν c(ρ, ν),
and

F -(ρ, ν) =        ρν if ν -c(ρ, ν), - ρ 4 c(ρ, ν) (ν -c(ρ, ν)) 2 if |ν| c(ρ, ν), 0 if ν c(ρ, ν).
Note that, with this convention, we have ±F ± (ρ, ν) 0. Then we set

F x i,j+ 1 2 = F x,+ i,j+ 1 2 + F x,- i,j+ 1 2 and F y i+ 1 2 ,j = F y,+ i+ 1 2 ,j + F y,- i+ 1 2 ,j , with F x,+ i,j+ 1 2 = F + (ρ i-1 2 ,j+ 1 2 , u i,j+ 1 2 ) and F x,- i,j+ 1 2 = F -(ρ i+ 1 2 ,j+ 1 2 , u i,j+ 1 2
),

F y,+ i+ 1 2 ,j = F + (ρ i+ 1 2 ,j-1 2 , v i+ 1 2 ,j ) and F y,- i+ 1 2 ,j = F -(ρ i+ 1 2 ,j+ 1 2 , v i+ 1 2 ,j ).
The definition of the convection fluxes in the momentum equation is given by

G u,x i+ 1 2 ,j+ 1 2 = u i,j+ 1 2 F x,+ i+ 1 2 ,j+ 1 2 + u i+1,j+ 1 2 F x,- i+ 1 2 ,j+ 1 2 and G u,y i,j = u i,j-1 2 F y,+ i,j + u i,j+ 1 2 F y,- i,j
and a similar definition for G v,x i,j and G u,y i+ 1 2 ,j+ 1

2

. It uses the averaged mass fluxes

F x,± i+ 1 2 ,j+ 1 2 = 1 2 F x,± i,j+ 1 2 + F x,± i+1,j+ 1 2 and F y,± i,j = δx i+ 1 2 F y,± i+ 1 2 ,j + δx i-1 2 F y,± i-1 2 ,j 2δx i .
The discrete analog of the parameter a in ( 7) is the discrete quantity

a d = min i,j p (ρ i+ 1 2 ,j+ 1 2 ) -ι 2 , ( 9 
)
and thus the pressure term Π i+ 1 2 ,j+ 1 2 -which differs from the usual Euler case dealt with in [3] -is defined by

Π i+ 1 2 ,j+ 1 2 = p(ρ i+ 1 2 ,j+ 1 2 ) -a d ρ i+ 1 2 ,j+ 1 2 2
.

We now turn to the resolution of the system (FD) to find (ρ

i+ 1 2 ,j+ 1 2 , u i,j+ 1 2
, v i+ 1 2 ,j ), using the solution of (SDd) we have just obtained as initial data. Working on staggered grids offers us the possibility to use a centered scheme for the gradient of the pressure term, which is the key to overcome the difficulties recorded with methods on colocalized meshes, see [START_REF] Dellacherie | Etude et discrétisation de modèles cinétiques et de modèles fluides à bas nombre de Mach[END_REF][START_REF] Noelle | A weakly asymptotic preserving low Mach number scheme for the Euler equations of gas dynamics[END_REF]. We set

                         ρ i+ 1 2 ,j+ 1 2 -ρ * i+ 1 2 ,j+ 1 2 δt + (1 -α)    F U p,x i+1,j+ 1 2 -F U p,x i,j+ 1 2 δx i+ 1 2 + F U p,y i+ 1 2 ,j+1 -F U p,y i+ 1 2 ,j δy j+ 1 2    = 0, ρ i,j+ 1 2 u i,j+ 1 2 -ρ * i,j+ 1 2 u * i,j+ 1 2 δt + a d 2 ρ i+ 1 2 ,j+ 1 2 -ρ i-1 2 ,j+ 1 2 δx i = 0, ρ i+ 1 2 ,j v i+ 1 2 ,j -ρ * i+ 1 2 ,j v * i+ 1 2 ,j δt + a d 2 ρ i+ 1 2 ,j+ 1 2 -ρ i+ 1 2 ,j-1 2 δy j = 0. (FDd)
The upwind fluxes F U p,x and F U p,y are obtained by applying the upwinding principle based on the sign of the velocity. Precisely, we use in (FDd) the following implicit fluxes

F U p,x i,j+ 1 2 = ρ i-1 2 ,j+ 1 2 [u i,j+ 1 2 ] + -ρ i+ 1 2 ,j+ 1 2 [u i,j+ 1 2 ] - and F U p,y i+ 1 2 ,j = ρ i+ 1 2 ,j-1 2 [v i+ 1 2 ,j ] + -ρ i+ 1 2 ,j+ 1 2 [v i+ 1 2 ,j ] -.
Here, we are still using the definition x ± = |x| ± x /2, ∀x ∈ R. In contrast to [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF], we are working here on staggered grids and the resolution does not involve the momentum as a numerical unknown but instead the velocity. Despite the fact that (FD) is a linear system for the conservative quantities (ρ, q = ρu), the corresponding discrete equation (FDd) becomes a nonlinear problem for the non-conservative variables. Accordingly, the update does not come from the resolution of a linear system, and, instead, we have to use a root-finding algorithm as the Newton-Raphson method. This is absolutely crucial in order to preserve the positivity of the density (stated below, see Proposition 2.4). Nevertheless, it is important to note that, even if the system looks fully implicit, the expressions for u i,j+1/2 and v i+1/2,j as a function of ρ i+1/2,j+1/2 can be readily obtained from the last two equations of (FDd) so that the system can be solved as a non linear system of scalar equations involving only the unknowns (ρ i+1/2,j+1/2 ) with i ∈ {1, ..., N }, j ∈ {1, ..., M }. This is of great importance to save computational cost.

In terms of stability let us give the following statement, which justifies that the scheme produces physically relevant quantities with a stability condition that does not degenerate when becomes small. Proposition 2.4. We set α = 2 . Suppose that the data (ρ, u) is well-prepared, in the sense of Definition 2.6 and such that ρ j+ 1 2 0 for all j. We assume the following CFL-like condition

δt δx i+ 1 2 u i,j+ 1 2 - + u i+1,j+ 1 2 + + p (ρ i+ 1 2 ,j+ 1 2 ) + δt δy j+ 1 2 v i+ 1 2 ,j - + v i+ 1 2 ,j+1 + + p (ρ i+ 1 2 ,j+ 1 2 ) 1 2 , ( 10 
)
then the scheme preserves the non-negativity of the density: ρ j+ 1 2 0 for all j.

Proof. We adapt readily the arguments in [START_REF] Llobell | Staggered discretization for conservation laws of gas dynamics[END_REF] to justify that (SDd) preserves positive densities, under the following CFL-like condition

δt δx i+ 1 2 λ-(ρ i+ 1 2 ,j+ 1 2 , u i,j+ 1 2 ) - + λ+ (ρ i+ 1 2 ,j+ 1 2 , u i+1,j+ 1 2 ) + + δt δy j+ 1 2 λ-(ρ i+ 1 2 ,j+ 1 2 , v i+ 1 2 ,j ) - + λ+ (ρ i+ 1 2 ,j+ 1 2 , v i+ 1 2 ,j+1 ) + 1.
Owing to (8) which holds since α = 2 , this condition is ensured when ( 10) is satisfied. Thus, it proves that ρ *

i+ 1 2 ,j+ 1 2
> 0 for all i, j. We now turn to the resolution of the Fast Dynamics (FDd). The monotonicity of the implicit Upwind scheme [START_REF] Boyer | Analysis of the upwind finite volume method for general initial-and boundaryvalue transport problems[END_REF] ensures that

ρ i+ 1 2 ,j+ 1 2 > 0 as soon as ρ * i+ 1 2 ,j+ 1 2 > 0. We conclude that ρ i+ 1 2 ,j+ 1 2
> 0 at every time step under the CFL-like condition [START_REF] Dellacherie | Etude et discrétisation de modèles cinétiques et de modèles fluides à bas nombre de Mach[END_REF].

Low Mach regimes and AP-scheme

We wish now to show that the scheme performs well in low Mach regimes and exhibits the AP features. Let us suppose that the initial data of the system are well prepared in the sense of Definition 1.1. As said above, the solutions of the compressible Euler system (1) converge to a constant density and a velocity field solution of the Incompressible Euler system (3). Our purpose is two-fold:

1) to show that our solver automatically becomes an incompressible solver for (3) in the low Mach number regime 0 < 1. It makes the AP character of the scheme precise.

2) to justify that the scheme preserves well prepared data, in the discrete sense given in Definition 2.6 below. This crucial property justifies that the proposed discretization does not produce spurious oscillations that can prevent to capture the correct solution in low Mach regimes, see [START_REF] Dellacherie | Analysis of Godunov type schemes applied to the compressible Euler system at low Mach number[END_REF][START_REF] Dellacherie | Etude et discrétisation de modèles cinétiques et de modèles fluides à bas nombre de Mach[END_REF][START_REF] Dellacherie | The influence of cell geometry on the Godunov scheme applied to the linear wave equation[END_REF][START_REF] Guillard | On the behavior of upwind schemes in the low Mach number limit[END_REF][START_REF] Guillard | On the behavior of upwind schemes in the low Mach number limit. II: Godunov type schemes[END_REF][START_REF] Noelle | A weakly asymptotic preserving low Mach number scheme for the Euler equations of gas dynamics[END_REF].

In order to bring out that the behaviour of the continuous case is well reproduced, we introduce an ansatz of the discrete solution:

• ρ i+ 1 2 ,j+ 1 2 = ρ (0) i+ 1 2 ,j+ 1 2 + ρ (1) i+ 1 2 ,j+ 1 2 + 2 ρ (2) i+ 1 2 ,j+ 1 2 + ... • u i,j+ 1 2 = u (0) i,j+ 1 2 + u (1) i,j+ 1 2 + 2 u (2) i,j+ 1 2 + ... and v i+ 1 2 ,j = v (0) i+ 1 2 ,j + v (1) i+ 1 2 ,j + 2 v (2) i+ 1 2 ,j + ... • p i+ 1 2 ,j+ 1 2 = p (0) i+ 1 2 ,j+ 1 2 + p (1) i+ 1 2 ,j+ 1 2 + 2 p (2) i+ 1 2 ,j+ 1 2 + ...
The investigation of the asymptotic regime → 0 will make the following discrete operators appear.

Definition 2.5. We define the discrete divergence operator ∇ d • of a vector u = (u, v) as

∇ d • u i+ 1 2 ,j+ 1 2 = u i+1,j+ 1 2 -u i,j+ 1 2 δx i+ 1 2 + v i+ 1 2 ,j+1 -v i+ 1 2 ,j δy j+ 1 2 ,
and the discrete Laplacian operator ∆ d of a scalar quantity p as

∆ d p i+ 1 2 ,j+ 1 2 = 1 δx i+ 1 2 p i+ 3 2 ,j+ 1 2 -p i+ 1 2 ,j+ 1 2 δx i+1 - p i+ 1 2 ,j+ 1 2 -p i-1 2 ,j+ 1 2 δx i + 1 δy j+ 1 2 p i+ 1 2 ,j+ 3 2 -p i+ 1 2 ,j+ 1 2 δy j+1 - p i+ 1 2 ,j+ 1 2 -p i+ 1 2 ,j-1 2 δy j .
Since the preparation of data is an important assumption for the analysis of the asymptotic behaviour, it is convenient to introduce an equivalent definition at the discrete level. Definition 2.6. Discrete data (ρ, u = (u, v)) are said to be well-prepared if they satisfy, for all i, j, (1) + O( 2 ) with ρ (0) , ρ (1) real constants,

• ρ i+ 1 2 ,j+ 1 2 = ρ (0) + ρ
• ∇ d • u (0) i+1/2,j+1/2 = 0, and thus ∇ d • u i+1/2,j+1/2 = O ( ) .
This definition appeared in [START_REF] Dellacherie | Analysis of Godunov type schemes applied to the compressible Euler system at low Mach number[END_REF][START_REF] Dellacherie | Etude et discrétisation de modèles cinétiques et de modèles fluides à bas nombre de Mach[END_REF][START_REF] Dellacherie | The influence of cell geometry on the Godunov scheme applied to the linear wave equation[END_REF]; it plays a crucial role in the analysis of the sensitivity of numerical solvers to the grid geometry. It is the discrete counterpart of Definition 1.1.

Let us suppose that the discrete solution is well-prepared in the sense of Definition 2.6 from time t = 0 up to time t > 0. We wish to show that the updated physical quantities still satisfy the conditions of Definition 2.6.

The first thing to notice is that the explicit pressure term drops out, as the modified explicit pressure has a simple expansion for small 's.

Lemma 2.7. Let (ρ, u) be well-prepared. The modified pressure p(ρ) -a d ρ in (SDd) admits the expansion

Π i+ 1 2 ,j+ 1 2 := p ρ i+ 1 2 ,j+ 1 2 -a d ρ i+ 1 2 ,j+ 1 2 2 = C -2 2 + C -1 + C 0 + O ( )
where the coefficients C -2 , C -1 , C 0 do not depend on the considered cell.

Proof. Since the data are well-prepared, the pressure

p i+ 1 2 ,j+ 1 2 = p(ρ i+ 1 2 ,j+ 1 2
) expands as

p i+ 1 2 ,j+ 1 2 = p ρ (0) + ρ (1) p ρ (0) + 2 ρ (2) i+ 1 2 ,j+ 1 2 p ρ (0) + ρ (1) 2 2 p ρ (0) + O 3 . ( 11 
)
Hence we obtain

p i+ 1 2 ,j+ 1 2 -a d ρ i+ 1 2 ,j+ 1 2 2 = p ρ (0) -a (0) d ρ (0) 2 + ρ (1) p ρ (0) -a (0) d ρ (1) -a (1) d ρ (0) + ρ (2) i+ 1 2 ,j+ 1 2 p ρ (0) + ρ (1) 2 2 p ρ (0) -a (0) d ρ (2) i+ 1 2 ,j+ 1 2 -a (1)
d ρ (1) -a

(2)

d ρ (0) + O ( ) .

An expansion of the coefficient a

d = min i,j p (ρ i+ 1 2 ,j+ 1 2 ) -ι 2 : a (0) d = p ρ (0) , a (1) 
d = ρ (1) p ρ (0) , a

(2)

d = min i,j ρ (2) i+ 1 2 ,j+ 1 2 p ρ (0) + ρ (1) 2 2 p ρ (0) -ι, (12) 
leads to the conclusion with the following expressions of the constants

C -2 , C -1 , C 0 C 0 = - ρ (1) 2 2 p ρ (0) + ρ (0) p ρ (0) -min i,j ρ (2) i+ 1 2 ,j+ 1 2 ρ (0) p ρ (0) + ιρ (0) , C -1 = -ρ (0) ρ (1) p ρ (0) , C -2 = p ρ (0) -ρ (0) p ρ (0) .
As we did for the continuous system, we now insert the expansion in the scheme obtained by taking the sum of (SDd) and (FDd)

ρ i+ 1 2 ,j+ 1 2 -ρ i+ 1 2 ,j+ 1 2 δt + α   F x i+1,j+ 1 2 -F x i,j+ 1 2 δx i+ 1 2 + F y i+ 1 2 ,j+1 -F y i+ 1 2 ,j δy j+ 1 2   +(1 -α)    F U p,x i+1,j+ 1 2 -F U p,x i,j+ 1 2 δx i+ 1 2 + F U p,y i+ 1 2 ,j+1 -F U p,y i+ 1 2 ,j δy j+ 1 2    = 0, ( 13 
)
ρ i,j+ 1 2 u i,j+ 1 2 -ρ i,j+ 1 2 u i,j+ 1 2 δt + G u,x i+ 1 2 ,j+ 1 2 -G u,x i-1 2 ,j+ 1 2 δx i + G u,y i,j+1 -G u,y i,j δy j+ 1 2 + Π i+ 1 2 ,j+ 1 2 -Π i-1 2 ,j+ 1 2 δx i + a d 2 ρ i+ 1 2 ,j+ 1 2 -ρ i- ,j+ 1 2 δx i = 0, (14) 
ρ i+ 1 2 ,j v i+ 1 2 ,j -ρ i+ 1 2 ,j v i+ 1 2 ,j δt + G v,x i+1,j -G v,x i,j δx i+ 1 2 + G v,y i+ 1 2 ,j+ 1 2 -G v,y i+ 1 2 ,j-1 2 δy j + Π i+ 1 2 ,j+ 1 2 -Π i+ 1 2 ,j-1 2 δy j + a d 2 ρ i+ 1 2 ,j+ 1 2 -ρ i+ ,j-1 2 δy j = 0, (15) 
and we identify terms arising with the same power of .

1) The leading order term in the momentum equations ( 14) and ( 15) scales as O 1 2 . It comes from the pressure gradient. However, owing to Lemma 2.7, the explicit pressure gradient defined from Π i+ 1 2 ,j+ 1 2 contains only O( ) terms. It leads to

ρ (0) i+ 1 2 ,j+ 1 2 -ρ (0) i-1 2 ,j+ 1 2 δx i = 0 and ρ (0) i+ 1 2 ,j+ 1 2 -ρ (0) i+ 1 2 ,j-1 2 δy j = 0.
From this, we deduce that, for all (i, j), ρ

(0) i-1 2 ,j+ 1 2 = ρ (0) i+ 1 2 ,j+ 1 2 = ρ (0) i+ 1 2 ,j-1 2
. In other words, at the discrete level the leading term in the updated density ρ (0) is constant in space.

2) Then, at order O 1 , we similarly get

ρ (1) i+ 1 2 ,j+ 1 2 -ρ (1) i-1 2 ,j+ 1 2 δx i = 0 and ρ (1) i+ 1 2 ,j+ 1 2 -ρ (1) i+ 1 2 ,j-1 2 δy j = 0.
We deduce that, for all (i, j), ρ

(1) i-1 2 ,j+ 1 2 = ρ (1) i+ 1 2 ,j+ 1 2 = ρ (1) i+ 1 2 ,j-1 2
: at the discrete level ρ (1) is constant in space, too.

3) Let us now consider terms of order O (1). Since the data (ρ, u) is assumed to be wellprepared, by multiplying the mass equation ( 13) by δx i+ 1 2 δy j+ 1 2 and summing over i and j (with periodic or wall boundary conditions and denoting by N, M the number of grid points in the horizontal and vertical direction, respectively), we get

M j=1 N i=1 δx i+ 1 2 δy j+ 1 2 ρ (0) -ρ (0) δt = 0.
We remind the reader that

M j=1 N i=1 δx i+ 1 2 δy j+ 1 2 = |Ω|. Therefore ρ (0) = ρ (0)
: the discrete density at leading order is constant in space and time.

At the order O (1), since the density ρ (0) and the updated density ρ (0) at leading order are constant in space and equal, the mass fluxes become

F x,(0) i,j+ 1 2 = F + (ρ (0) , u (0) i,j+ 1 2 ) + F -(ρ (0) , u (0) i,j+ 1 2 ) = ρ (0) u (0) i,j+ 1 2 , similarly F y,(0) i+ 1 2 ,j = ρ (0) v (0) i+ 1 2 ,j , F U p,x i,j+ 1 2 = ρ (0) u (0) i,j+ 1 2 and F U p,y i+ 1 2 ,j = ρ (0) v (0) i+ 1
2 ,j . Going back to the discrete mass balance equation ( 13) it becomes at the order O (1)

αρ (0) ∇ d • u (0) i+ 1 2 ,j+ 1 2 + (1 -α)ρ (0) ∇ d • u (0) i+ 1 2 ,j+ 1 2 = 0. Since ∇ d • u (0) i+ 1 2 ,j+ 1 2
vanishes for all (i, j), the update also satisfies ∇ d • u (0) = 0 and the second property in Definition 2.6 is preserved in the low Mach regime.

Remark 2.8. When the initial data u(x, 0) = u init (x) satisfies ∇ • u init,(0) (x) = 0 at the continuous level, the simple evaluation on the grid

∇ d • u init,(0) i+ 1 2 ,j+ 1 2 = u init,(0) (x i+1 , y j+ 1 2 ) -u init,(0) (x i , y j+ 1 2 ) δx i+ 1 2 + v init,(0) (x i+ 1 2 , y j+1 ) -v init,(0) (x i+ 1 2 , y j ) δy j+ 1 2
is of order O(h). This consistency error can propagate, and the obtained discrete velocity field is not discrete-divergence-free. In particular, if the mesh does not resolve the small scale (δx ), the discrete initial data does not fulfill the criterion in Definition 2.6. Obviously, it is possible to adopt more involved definitions of u init i+ 1 2 ,j+ 1 2 , for instance based on a discrete Helmholtz decomposition to get rid of this issue but we can also take advantages to set α = 2 .

This choice, which already appears in [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF], modifies the expansion above and the identification of the O(1) and O( 2 ) terms in the discrete mass balance equation. In particular, with this choice, the method automatically projects the velocity onto the space of discretedivergence-free fields when → 0: indeed, in this case, at the order O (1), the discrete mass balance equation becomes

∇ d • u (0) i+ 1 2 ,j+ 1 2 = 0.
4) At the order O ( ), we multiply the mass equation ( 13) by δx i+ 1 2 δy j+ 1 2 and sum for i, j and, since ρ (1) is a constant in space, we obtain that ρ (1) = ρ (1) . The first property in Definition 2.6 is satisfied in the low Mach regime.

Remark 2.9. Using that ρ (k) = ρ (k) are constant for k ∈ {0, 1}, we can expand the mass flux F x i,j+ 1 2 as

F x i,j+ 1 2 = F + ρ (0) + ρ (1) , u (0) i,j+ 1 2 + u (1) i,j+ 1 2 + F -ρ (0) + ρ (1) , u (0) i,j+ 1 2 + u (1) i,j+ 1 2 + O( 2 ) = ρ (0) + ρ (1) u (0) i,j+ 1 2 + ρ (0) u (1) i,j+ 1 2 + O( 2 )
, so that we obtain the following expression

F x,(1) i,j+ 1 2 = ρ (1) u (0) i,j+ 1 2 + ρ (0) u (1) i,j+ 1 2 .
Similarly, we have

F y,(1) i+ 1 2 ,j = ρ (1) v (0) i+ 1 2 ,j + ρ (0) v (1) i+ 1 2 ,j , F U p,x,(1) i,j+ 1 2 = ρ (1) u (0) i,j+ 1 2 + ρ (0) u (1) i,j+ 1 2 , F U p,y,(1) i+ 1 2 ,j = ρ (1) v (0) i+ 1 2 ,j + ρ (0) v (1) i+ 1
2 ,j . Thus, when α = 2 , the first order term O ( ) in the mass equation ( 13) reads:

ρ (1) ∇ d • u (0) i+1/2,j+1/2 + ρ (0) ∇ d • u (1)
i+1/2,j+1/2 = 0.

Since, as said above in Remark 2.8, in this case we have ∇ d • u (0) = 0, we conclude that ∇ d • u (1) = 0, in analogy to the continuous case. 5) At the order O (1), using that ρ (0) and ρ (1) are constant, the momentum equation [START_REF] Dimarco | Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit[END_REF] gives us:

ρ (0) u (0) i,j+ 1 2 -u (0) i,j+ 1 2 δt + G u,x,(0) i+ 1 2 ,j+ 1 2 -G u,x,(0) i-1 2 ,j+ 1 2 δx i + G u,y,(0) i,j+1 -G u,y,(0) i,j δy j+ 1 2 + p (2) i+ 1 2 ,j+ 1 2 -p (2) i-1 2 ,j+ 1 2 δx i = 0,
where p

(2)

i+ 1 2 ,j+ 1 2 is the O( 2 ) term in the expansion of p(ρ i+ 1 2 ,j+ 1 2
) (which is similar to [START_REF] Dellacherie | Construction of modified Godunovtype schemes accurate at any Mach number for the compressible Euler system[END_REF]). Indeed, bearing in mind the expansion (12) of a d , we have p

(2) i+ 1 2 ,j+ 1 2 -p (2) i-1 2 ,j+ 1 2 = a (0) d ρ (2) i+ 1 2 ,j+ 1 2 -ρ (2) i-1 2 ,j+ 1 2 .
We now turn to give a simple expression of the fluxes G Going back to the definition of F ± we thus observe that

F +,(0) (ρ, ν) = ρ (0) [ν (0) ] + and F -,(0) (ρ, ν) = -ρ (0) [ν (0) ] -.
Hence we get G u,x,(0) = ρ (0) G u,x and G u,y,(0) = ρ (0) G u,y with

G u,x i+ 1 2 ,j+ 1 2 = {u (0) } x i+ 1 2 ,j+ 1 2 • {u (0) } x i+ 1 2 ,j+ 1 2 -{|u (0) |} x i+ 1 2 ,j+ 1 2 • u (0) x i+ 1 2 ,j+ 1 2 (16) 
and

G u,y i,j = {δxv (0) } x i,j δx i • {u (0) } y i,j - {|δxv (0) |} x i,j δx i • u (0) y i,j , (17) 
where we have introduced the following notations for the average and the jump of a quantity Q, for k and l in N or N + 1 2 N,

{Q} x k,l = Q k-1 2 ,l + Q k+ 1 2 ,l 2 and {Q} y k,l = Q k,l-1 2 + Q k,l+ 1 2 2 , Q x k,l = Q k+ 1 2 ,l -Q k-1 2 ,l 2 and Q y k,l = Q k,l+ 1 2 -Q k,l-1 2 2 .
The fluxes G u,x i+ 1 2 ,j+ 1 2 (resp. G u,y i,j ) can be interpreted as fluxes in the horizontal (resp. vertical) direction of the advected quantity u (0) at velocity u (0) (resp. v (0) ). We obtain a similar expression of the fluxes for the second component of the velocity v:

G v,y i+ 1 2 ,j+ 1 2 = {v (0) } y i+ 1 2 ,j+ 1 2 • {v (0) } y i+ 1 2 ,j+ 1 2 -{|v (0) |} y i+ 1 2 ,j+ 1 2 • v (0) y i+ 1 2 ,j+ 1 2 (18) 
and

G v,x i,j = {δyu (0) } y i,j δy j • {v (0) } x i,j - {|δyu (0) |} y i,j δy j • v (0) x i,j . ( 19 
)
Thus, with similar calculation for the vertical component, we arrive at the following result Proposition 2.10. When setting α = 2 , formally, as tends to zero, the compressible Euler solver (SDd)-(FDd) behaves like the following scheme for solving the Incompressible Euler system (3)

                                                   u (0) i,j+ 1 2 -u (0) i,j+ 1 2 δt + G u,x i+ 1 2 ,j+ 1 2 -G u,x i-1 2 ,j+ 1 2 δx i + G u,y i,j+1 -G ,u,y i,j δy j+ 1 2 + 1 ρ (0) p (2) i+ 1 2 ,j+ 1 2 -p (2) i-1 2 ,j+ 1 2 δx i = 0, v (0) i+ 1 2 ,j -v (0) i+ 1 2 ,j δt + G v,y i+ 1 2 ,j+ 1 2 -G v,y i+ 1 2 ,j-1 2 δy j + G v,x i+1,j -G ,v,x i,j δx i+ 1 2 + 1 ρ (0) p (2) i+ 1 2 ,j+ 1 2 -p (2) i+ 1 2 ,j-1 2 δy j = 0, ∇ d • u (0) i+ 1 2 ,j+ 1 2 = 0, ( 20 
)
with the definitions ( 16), ( 17), ( 18), ( 19) for fluxes G.

Remark 2.11. The 1D version of the fluxes G for the linear transport equation with constant velocity is exactly the upwind fluxes. In the case of the 1D Burgers equation

∂ t u + ∂ x u 2 2
= 0, the analogue of the fluxes G would be the following fluxes:

G i+ 1 2 = 1 4          (u i + u i+1 )u i if u i > 0 and u i+1 > 0, (u i + u i+1 )u i+1 if u i < 0 and u i+1 < 0, 2u i u i+1 if u i < 0 < u i+1 , u 2 i+1 + u 2 i if u i > 0 > u i+1 .
Numerical experiments show that these fluxes do not produce non entropic shocks, in contrast to the upwind scheme which is known to be non entropic since it captures wrong stationary shock solutions [START_REF] Leveque | Numerical Methods for Conservation Laws[END_REF]Sections 13 & 14].

In the limit scheme [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF], the divergence free constraint on the velocity can also be written as an elliptic problem for the pressure which reads as follows:

∆ d p (2) i+ 1 2 ,j+ 1 2 = -ρ (0)   U i+1,j+ 1 2 -U i,j+ 1 2 δx i+ 1 2 + V i+ 1 2 ,j+1 -V i+ 1 2 ,j δy j+ 1 2   , ( 21 
)
where U i,j+ 1 2 and V i+ 1 2 ,j are defined by

U i,j+ 1 2 = G u,x i+ 1 2 ,j+ 1 2 -G u,x i-1 2 ,j+ 1 2 δx i + G u,y i,j+1 -G u,y i,j δy j+ 1 2 , V i+ 1 2 ,j = G v,y i+ 1 2 ,j+ 1 2 -G v,y i+ 1 2 ,j-1 2 δy j + G v,x i+1,j -G v,x i,j δx i+ 1 2 .
Note that ∆ d is the standard 5-points discretization of the Laplace operator, in contrast to the operator that arises in the original scheme [20, eq. ( 28)] which decouples odd/even points of the discretization. This is a well-known drawback of colocalized methods which can lead to spurious oscillations due to the nontrivial checkerboard modes that belong to the kernel of the operator. Using staggered grids avoids this difficulty; it can be related to the MAC discretization, which gets rid of these spurious modes [START_REF] Dellacherie | The influence of cell geometry on the Godunov scheme applied to the linear wave equation[END_REF].

Note that, as mentioned in Remark 2.8, the limit scheme (written here only in the case α = 2 ) automatically projects the initial velocity to discrete-divergence-free velocity fields. Actually, for the first time step the elliptic problem ( 21) should be written

∆ d p (2) i+ 1 2 ,j+ 1 2 = -ρ (0)   U i+1,j+ 1 2 -U i,j+ 1 2 δx i+ 1 2 + V i+ 1 2 ,j+1 -V i+ 1 2 ,j δy j+ 1 2   + ∇ d • u (0) i+ 1 2 ,j+ 1 2 δt ,
which enforces ∇ d • u (0) = 0 as required in the limit scheme [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF] 

even if ∇ d • u (0) = 0.

Numerical simulations

In this section we present some numerical test cases, in 1D and 2D, to illustrate the performances of the proposed scheme. In particular, we point out in the numerical experiments the stability and consistency issues.

As suggested above, we use α = 2 for all numerical experiments and otherwise specified, we adopt in the numerical tests the definition [START_REF] Dellacherie | Analysis of Godunov type schemes applied to the compressible Euler system at low Mach number[END_REF] with ι = 0.

Simulation of 1D Riemann problems in low Mach regime

We start with a simple 1D Riemann problem, issued from [START_REF] Dimarco | Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit[END_REF]. The solution is made of two moving rarefaction waves, a left and a right one, separated by a constant state. The pressure law is given by p(ρ) = ρ 2 and the initial conditions are

ρ (0) (x) = 1 + 2 if x < 0.5, 1 if x > 0.5, and 
u (0) (x) = 1 - if x < 0.5, 1 + if x > 0.5.
We compute the solution on the interval (0, 1) for three different values of ( , T ) where T is the final time. For each case, the number of grid points is N = 200 and the time step is defined by δt = βδx with β = 0.2, 0.1 or 0.01. We compare the results produced by the AP scheme described in this paper with the results given by the first order explicit scheme of [START_REF] Berthelin | Kinetic schemes on staggered grids for barotropic Euler models: entropy-stability analysis[END_REF].

We first choose close to one ( = √ 0.99) and thus the Fast Dynamics part of the scheme does not play a significant role in the resolution. The results obtained with the two schemes are very close and all the values of β can be used. The results obtained with β = 0.2 at time T = 0.1 are reported in Figure 2.

We then choose smaller ( = √ 0.1) and for β = 0.2 the fully explicit scheme returns a negative density (which means that the CFL condition for this scheme is violated and the time step should be reduced) whereas the AP scheme still returns a relevant result. A time step divided by 2 (that is β = 0.1) ensures the positivity of the density for both schemes. The results obtained with β = 0.2 (for the AP scheme) and β = 0.1 at time T = 0.05 are reported in Figure 3.

Finally we choose close to zero ( = √ 0.001) and the explicit scheme returns a negative density for β = 0.2 and β = 0.1. We recover a relevant result with β = 0.01. The AP scheme provides a relevant results for all the values of β. The results obtained with β = 0.2, 0.1 (for the AP scheme) and β = 0.01 at time T = 0.007 are reported in Figure 4. This test confirms that the stability condition for the explicit method is sensitive to the value of the Mach number and it shows that the AP strategy allows us to keep significantly larger time steps. It leads to significant computational cost savings (especially when 1), but obviously at the price of a loss of accuracy. 

Low Mach regime simulations in 2D

We discuss several test cases in 2D, all with periodic boundary conditions. We adopt the following notation. For discrete quantities ρ, u or v, depending on their location, we introduce the L 1 and L ∞ discrete norms

ρ 1 = i,j δx i+1/2 δy j+1/2 |ρ i+1/2,j+1/2 |, ρ ∞ = max i,j |ρ i+1/2,j+1/2 |, u 1 = i,j δx i δy j+1/2 |u i,j+1/2 |, u ∞ = max i,j |u i,j+1/2 |, v 1 = i,j δx i+1/2 δy j |v i+1/2,j |, v ∞ = max i,j |v i+1/2,j |.
To evaluate the behaviour of the scheme when the mesh size goes to zero, associated to a quantity q (which can stand for ρ, u or v), we consider the following errors in

L 1 or L ∞ discrete norm e (N )
1,q = q (N ) -q exact 1 and e (N ) ∞,q = q (N ) -q exact ∞ ,

where q (N ) stands for the approximate solution obtained on a N × N grid, whereas q exact is the exact solution. Similarly, to evaluate the behaviour of the scheme when goes to zero, we introduce the following quantities e ( ) 1,q = q ( ) -q (0) 1 and e ( ) ∞,q = q ( ) -q (0) ∞ , where q ( ) stands for the approximate solution obtained for a fixed value of , whereas q (0) is the exact solution of the limit problem when → 0. In the computation of the norms, the expression of q exact and q (0) are simply evaluated at the corresponding grid points.

Test 1: traveling vortex

The traveling vortex test case is extracted from [START_REF] Kaiser | A new stable splitting for the isentropic Euler equations[END_REF]. The exact solution is known and a direct comparison is possible. We consider the domain [0, 1] × [0, 1]. The pressure law is given by p(ρ) = 1 2 ρ 2 and the initial density and velocity are given by

ρ(x, y, 0) = 110 + 2 (4π) 2 f (r c ), u(x, y, 0) = v 0 v 1 + g(r c ) 0.5 -y x -0.5 ,
where r c = 4π (x -0.5) 2 + (y -0.5) 2 1 2 and f , g are two functions such that f is continuous and piecewise C 1 , g is continuous and

f (r) = rg(r) 2 , for almost all r.
This problem reduces to a pure transport, the vortex is traveling at speed (v 0 , v 1 ): the exact solution is simply

ρ(x, y, t) = ρ(x -v 0 t, y -v 1 t, 0), u(x, y, t) = u(x -v 0 t, y -v 1 t, 0).
As in [START_REF] Kaiser | A new stable splitting for the isentropic Euler equations[END_REF], we first choose

f (r) = (1.5) 2 δ(r c )(k(r c ) -k(π)), g(r) = 1.5(1 + cos(r c ))δ(r c ), v 0 = 0.6, v 1 = 0,
where

k(r) = 2 cos(r) + 2r sin(r) + 1 8 cos(2r) + 1 4 r sin(2r) + 3 4 r 2 , δ(r) = 1 r<π .
We observe in numerical simulations for this test case some spurious oscillations for large values of (for instance = 0.8 and = 0.5) when we set ι = 0 in the definition (9) of the coefficient a d . We observe that setting ι = 1 is sufficient to eliminate these oscillations so that we adopt this definition for all the simulations performed for this test case. In Figures 5, 6 and7 we show the density, the horizontal and vertical velocity respectively at initial time (left) and final time T = 0.5 (right) for = 0.8, δx = δy = 1/32 and δt = 5 × 10 -4 . Cuts are available in Figure 8. Numerical solutions at time T = 0 (blue solid lines) and T = 0.5 (black dashed lines) are represented. The density (top) and the vertical velocity (bottom right) are plotted along the line y = 0.5 as a function of x -v 0 T . It allows us to compare the shape of the initial solution and the shape of the numerical solution at time T = 0.5. The horizontal velocity (bottom left) is plotted along the line x = 0.5 + v 0 T as a function of y. The results are oscillations-free but we observe an important numerical diffusion inherent to the use of a first order scheme. At T = 0.5, min i,j v i+ 1 2 ,j = -0.069, max i,j v i+ 1 2 ,j = 0.064. We then provide a convergence study in Fig 9 . For different Mach numbers ∈ {0.01, 0.1, 0.4, 0.8}, we perform computations with δt = 5 × 10 -4 on different grids (10 × 10, 14 × 14, 20 × 20, 28 × 28, 40 × 40 and 56 × 56). We plot in logarithmic scales the discrete L 1 error norm at time T = 0.01 between the exact solution and the discrete one (for the density on the left and for the first component of the velocity on the right) as a function of the mesh size. We clearly observe a first order convergence. Similar results are obtained for the second component of the velocity. Finally, to justify the AP character of the scheme, using a 32 × 32 grid and a time step δt = 5 × 10 -4 , we study for different values of the Mach number ∈ {0.0125, 0.025, 0.05, 0.1, 0.2, 0.4, 0.8}, the discrete L 1 and L ∞ -norm at time T = 0.01 of the difference between the discrete solution and ρ (0) = 110. The results are reported in Table 1. It confirms that the density tends to be constant, equal to ρ (0) when tends to zero and that the norm of the difference behaves like c 2 (with c a constant independent of ). 

∞,ρ = ρ ( ) -ρ (0)
∞ at T = 0.01 for different on a 32 × 32 grid and δt = 5 × 10 -4 .

Next, concerning the velocity, we provide in Table 2, for different values of ∈ {0.0125, 0.025, 0.05, 0.1, 0.2, 0.4, 0.8} and at T = 0.01, the L 1 norm of the discrete divergence and the L 1 norm of the difference between the approximate velocity u ( ) and the exact limit velocity u (0) obtained when → 0. Unfortunately, this test case does not illustrate the fact that the approximate velocity converges towards the correct solution when → 0. Indeed, in Table 2, the difference in L 1 norm seems to remain close to 2 × 10 -4 when goes to 0. This is probably due to the fact that, in this test case, contrarily to the density, the exact velocity does not depend on or, in other words, this is due to the fact that, even for = 0, the exact velocity is equal to the limit velocity. Therefore, the observed difference is certainly a truncation error due to the mesh rather than a difference due to a positive value of . Nevertheless, even if this difference does not vanish when → 0, we observe that the discrete divergence goes to 0, in accordance with Remark 2.8. For small values of , we recover that the norm of the discrete divergence behaves like c 2 as expected. 1,u = u ( ) -u (0) 1 at T = 0.01 for different on a 32 × 32 grid and δt = 5 × 10 -4 .

In Table 3, we present the results of the same study on a finer mesh (a 64 × 64 grid). The behaviour of the discrete divergence is similar and, as previously, we also observe that the difference in L 1 norm between the approximate velocity u ( ) and the exact limit velocity u (0) does not vanish. However it now remains close to 9.30 × 10 -5 . It confirms the hypothesis that this almost constant error could be due to the discretization error since it becomes (approximatively) twice smaller on a twice finer grid. To observe the behaviour of the discrete velocity when goes to zero, we propose to study a perturbed version of this test case, more relevant for our purpose, by setting

f (r) = (1.5 + ) 2 δ(r c )(k(r c ) -k(π)), g(r) = (1.5 + )(1 + cos(r c ))δ(r c ).
The results are reported in Table 4 (for the density) and in Table 5 (for the velocity and the divergence of the velocity). The behaviour of ρ ( ) and ∇ d • u ( ) remains unchanged. But we now clearly observe that the discrete velocity tends to the exact limit velocity when tends to zero and, as expected, that the norm of the difference behaves like c (with c a constant independent of ). 1,u = u ( ) -u (0) 1 at T = 0.01 for different on a 32 × 32 grid and δt = 5 × 10 -4 .

Test 2: cylindrical explosion problem

We consider a 2D isentropic cylindrical explosion problem extracted from [START_REF] Dimarco | Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit[END_REF]. The computational domain is Ω = [-1, 1] × [-1, 1], discretized with a 50 × 50 grid. The pressure is given by p(ρ) = ρ and the initial density and velocity are given by ρ(x, y, 0)

= 1 + 2 1 r(x,y) 1/4 , u(x, y, 0) = -xβ(x, y) r(x, y)ρ(x, y, 0) 1 r(x,y)>10 -15 , v(x, y, 0) = -yβ(x, y) r(x, y)ρ(x, y, 0) 1 r(x,y)>10 -15 ,
where r is the distance to the center of the domain, r(x, y) = x 2 + y 2 and β(x, y) = max{0, 1 -r(x, y)} × 1 -e -16r(x,y) 2 .

The initial density and velocity field are shown in Fig. 10. Like in [START_REF] Dimarco | Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit[END_REF] we display the numerical solution obtained at time t = 0.1, t = 0.25 and t = 0.5 for = 1 in Fig. 11 to Fig. 13. The simulation is performed on a 50 × 50 grid with a time step δt = 5 × 10 -4 .

The results obtained for = 1 at time t = 0.1 and t = 0.5 are very close to the results obtained with a different AP-scheme in [START_REF] Dimarco | Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit[END_REF]. Note that, as confirmed by its authors, the result reported in [START_REF] Dimarco | Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit[END_REF] for t = 0.25 does not correspond to this simulation time. We warmly thanks the authors for taking the time to re-consider this test case and for many useful hints. We present in Fig. 14 the results obtained at t = 0.05 using the AP-scheme with = 5×10 -3 . We use again a 50 × 50 grid and compare the velocity fields obtained with a small time step, δt = 10 -4 , at left and a large one, δt = 5 × 10 -3 , at right. As in [START_REF] Dimarco | Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit[END_REF], we observe that the AP scheme resolves the small waves dynamics when using a small time step but also that the AP-scheme can handle large time step and, in this case, it captures the limit solution. 

Test 3

The third test case is extracted from [START_REF] Degond | All speed scheme for the low Mach number limit of the isentropic Euler equations[END_REF]. The computational domain is Ω = [0, 1] × [0, 1]. The final time is T = 1 and the time step is given by δt = 2.5 × 10 -2 . The pressure law is given by p(ρ) = ρ 2 and the initial data reads ρ = 1 + 2 sin 2 (2π(x + y)), q u = sin(2π(x -y)) + 2 sin(2π(x + y)) and u = q u ρ , q v = sin(2π(x -y)) + 2 cos(2π(x + y)) and v = q v ρ .

As in [START_REF] Degond | All speed scheme for the low Mach number limit of the isentropic Euler equations[END_REF], we compute the solution for = 0.8 and = 0.05. For = 0.8, the result in [START_REF] Degond | All speed scheme for the low Mach number limit of the isentropic Euler equations[END_REF] is presented on a 20 × 20 grid; we obtain a similar figure with a 12 × 12 grid, but the results are different when the mesh is refined. With a 20 × 20 grid, the result given by the AP method is close to the one obtained with a 64 × 64 grid. Results for = 0.8 using a 64 × 64 grid are presented in Figure 15. The result obtained with = 0.05 using a 64 × 64 grid are presented in Figure 16 for the AP-Scheme and in Figure 17 with the limit scheme [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF]. The density obtained with the AP-scheme is almost equal to the constant state ρ (0) = 1: ρ -ρ (0) ∞ ∼ 10 -3 , the horizontal and vertical velocities have converged to the solution of the limit scheme. 

Incompressible Euler simulations using the limit scheme

We now turn to the resolution of the incompressible Euler system in order to check the validity of the limit scheme [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF]. We consider two test cases from [START_REF] Shu | A numerical resolution study of hight order eseentially non-oscillatory schemes applied to incompressible flow[END_REF]. The computational domain is Ω = [0, 2π] × [0, 2π] for both test cases. The density is assumed to be constant equal to 1.

Test A: analytical solution

We test the capability of the limit scheme [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF] to (approximately) preserve a stationary solution of the incompressible Euler system: u(x, y, t) = -sin(x) cos(y), v(x, y, t) = cos(x) sin(y) and p(x, y, t) = 1 2 (cos(x) 2 + cos(y) 2 ).

The exact vorticity equal to w(x, y, t) = -2 sin(x) sin(y).

The initial data is chosen as the evaluation on the grid of the stationary solution and using the limit scheme (20), we perform different numerical simulations up to time T = 2 on different meshes with a time step δt = 2 × 10 -4 . The result obtained using a 160 × 160 mesh is reported in Figure 18 (vorticity) and in Figure 19 (velocity and pressure), the discrete vorticity w being defined by

w i,j = v i+ 1 2 ,j -v i-1 2 ,j δx i - u i,j+ 1 2
-u i,j-1 2 δy j .

We next provide in Table 6 the L ∞ error norms e ∞,w , N ∈ {40, 60, 80, 100, 120, 140, 160}, for the horizontal velocity u (the results for the vertical velocity v are similar) and for the vorticity w. As expected, we observe a first order convergence. ∞,u and e (N ) ∞,w using the limit scheme [START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF] for different meshes at time T = 2 with δt = 2 × 10 -4

Test B: double shear layer

The initial data of the last test case are given by u(x, y, 0) = tanh y -π 2 π/15 1 y π + tanh The exact solution is not known but we can compare with the results given in [START_REF] Shu | A numerical resolution study of hight order eseentially non-oscillatory schemes applied to incompressible flow[END_REF], based on computations with the ENO scheme on 64 × 64 and 128 × 128 grids. We perform a simulation grid with δt = 10 -3 using the limit scheme (20).

using the limit scheme (20) on a 128 × 128 grids. We display the vorticity in Figure 20 with 60 equally spaced contours from -4.9 to 4.9 at t = 4 (left up), t = 6 (right up), t = 8 (left bottom) and t = 10 (right bottom). These results are qualitatively very close to the ones obtained with the ENO scheme on the 64 × 64 grid in [START_REF] Shu | A numerical resolution study of hight order eseentially non-oscillatory schemes applied to incompressible flow[END_REF]. The ENO scheme used in [START_REF] Shu | A numerical resolution study of hight order eseentially non-oscillatory schemes applied to incompressible flow[END_REF] is fourth-order accurate (in the L 1 sense), while our scheme is only first order accurate. Nevertheless, the vortices developed by the solution with smaller and smaller scales are well reproduced.

  where α = 2 . We first remark that in this case c(0) (ρ, ν) = |ν (0) |.
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 2 Figure 2: 1D Riemann problem, comparison between the AP scheme and an explicit scheme for ( , T ) = ( √ 0.99, 0.1) and δt = βδx.
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 3 Figure 3: 1D Riemann problem, comparison between the AP scheme and an explicit scheme for ( , T ) = ( √ 0.1, 0.05) and δt = βδx.
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 4 Figure 4: 1D Riemann problem, comparison between the AP scheme and an explicit scheme for ( , T ) = ( √ 0.001, 0.007) and δt = βδx.
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 51262027 Figure 5: Test 1 (traveling vortex), density at time T = 0 (left) and T = 0.5 (right). At T = 0.5, min i,j ρ i+ 1 2 ,j+ 1 2

Figure 8 :

 8 Figure 8: Test 1 (traveling vortex), translated cuts at time T = 0 (blue solid lines) and T = 0.5 (black dashed lines). Density along y = 0.5 as a fonction of x -v 0 T (top). Horizontal velocity along x = 0.5+v 0 T as a function of y (bottom left). Vertical velocity along y = 0.5 as a fonction of x -v 0 T (bottom right).
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 9 Figure 9: Test 1 (traveling vortex) L 1 error norm at T = 0.01 as a function of the mesh size for different values of and δt = 5 × 10 -4 .
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  = u ( ) -u (0) 1 at T = 0.01 for several on a 64 × 64 grid and δt = 5 × 10 -4 .
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 10 Figure 10: Test 2 (explosion problem), time t = 0 and = 1, velocity field (left) and density profile (middle and right).

Figure 11 :

 11 Figure 11: Test 2 (explosion problem), time t = 0.1 and = 1, velocity field (left) and density profile (middle and right).

Figure 12 :

 12 Figure 12: Test 2 (explosion problem), time t = 0.25 and = 1, velocity field (left) and density profile (middle and right).

Figure 13 :

 13 Figure 13: Test 2 (explosion problem), time t = 0.5 and = 1, velocity field (left) and density profile (middle and right).

  (a) δt = 10 -4 (b) δt = 5 × 10 -3

Figure 14 :

 14 Figure 14: Test 2 (explosion problem), velocity field at time t = 0.05, using the AP-scheme with = 5 × 10 -3 , comparison between the results obtained for δt = 10 -4 (left) and δt = 5 × 10 -3 (right).
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 15 Figure 15: Test 3, = 0.8, horizontal and vertical velocity (left and middle) and density (right).

Figure 16 :

 16 Figure 16: Test 3, = 0.05, horizontal (left) and vertical velocity (right).

Figure 17 :

 17 Figure 17: Test 3, horizontal (left) and vertical velocity (right) using the limit scheme (20).

Figure 18 :Figure 19 :

 1819 Figure 18: Test A, vorticity w using the limit scheme (20) at T = 2 on a 160 × 160 grid with δt = 2 × 10 -4 .

3π 2 -

 2 y π/15 1 y>π , v(x, y, 0) = 0.05 sin(x).

Figure 20 :

 20 Figure 20: Test B (double shear layer), contour of the vorticity w at different times on a 128×128grid with δt = 10 -3 using the limit scheme[START_REF] Haack | An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations[END_REF].

Table 1 :

 1 Test 1 (traveling vortex) Errors e

			( ) 1,ρ	log e log( +1 / ) ( +1 ) 1,ρ /e ( ) 1,ρ	( ) e ∞,ρ	log e log( +1 / ) ( +1 ) ∞ ( ) /e ∞
	1	0.8	1.06 × 10 -3	1.62	2.54 × 10 -2	1.84
	2	0.4	3.44 × 10 -4	2.24	7.11 × 10 -3	2.00
	3	0.2	7.30 × 10 -5	2.32	1.78 × 10 -3	2.00
	4	0.1	1.46 × 10 -5	2.00	4.46 × 10 -4	1.99
	5	0.05	3.64 × 10 -6	2.00	1.12 × 10 -4	2.01
	6 0.025 9.13 × 10 -7	2.00	2.79 × 10 -5	2.00
	7 0.0125 2.28 × 10 -7	--	6.97 × 10 -6	--
				( ) 1,ρ = ρ ( ) -ρ (0)	1 and e	( )

Table 2 :

 2 Test 1 (traveling vortex) Discrete L 1 norm of the discrete divergence e

	( ) 1,div =

Table 3 :

 3 Test 1 (traveling vortex) Discrete L 1 norm of the discrete divergence e

Table 4 :

 4 Test 1 (traveling vortex, perturbed version) Discrete L 1 norm of e

	( +1 ) 1,ρ	/e ( ) 1,ρ )
	log( +1 / )

( ) 1,ρ = ρ ( ) -ρ (0) 1 at T = 0.01 for different on a 32 × 32 grid and δt = 5 × 10 -4 .

Table 5 :

 5 Test 1 (traveling vortex, perturbed version) Discrete L 1 norm of the discrete divergence e

	( ) 1,div = ∇ d • u ( )	1 and e ( )

Table 6 :

 6 Test A, error norms e

	1,w )
	log(N /N +1 )