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Abstract: The problem of existence of a Lyapunov-Krasovskii functional (LKF) for nonlinear
neutral type time-delay systems is revisited considering the uniform stability analysis and the
LKF in a Sobolev space of absolutely continuous functions with bounded derivatives.
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1. INTRODUCTION

Analysis of stability of dynamical systems is a key point
in different domains of science and technology, and espe-
cially in the control systems area Khalil (2015). The main
method for analysis of stability is based on application
of Lyapunov functions or Lyapunov-Krasovskii functio-
nals Khalil (2015); Hale (1977); Kolmanovsky and Nosov
(1986); Kolmanovskii and Myshkis (1999). Despite that for
ordinary differential equations a significant progress has
been obtained, and the first necessary and sufficient results
for asymptotic stability have been proposed in 1950th and
for (integral) input-to-state stability in 1990th, for time-
delay systems these results started to appear only recently
Pepe and Karafyllis (2013); Lin and Wang (2018a,b). In
particular, considering the nonlinear neutral type time-
delay systems in the Hale’s form, the papers Pepe and
Karafyllis (2013); Pepe et al. (2017) present the equivalent
conditions of asymptotic and exponential stability in terms
of existence of LKF. The goal of this note is to develop
this result for a more generic class of neutral time-delay
systems (skipping the restriction on the Hale’s form).
Differently from Pepe and Karafyllis (2013); Pepe et al.
(2017), where the stability notions have been analyzed
in the space Wl +°3] (the Sobolev space of continuous
functions with essentially bounded derivatives), while also
frequently the space W[ +0) 18 used Fridman (2014) (the
derivative is square integrable), in this work we will carry
out the mathematical treatment in W[l 17 0] (the Sobolev
space of continuous functions with integrable derivatives)
and the LKF will be also defined in this space. The techni-
cal advantages of such a change consists in the established
Lipschitz continuity of the solutions of the systems with

locally Lipschitz continuous right-hand side in W[lfﬂo] (in
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W[l;tooﬁ such a property has been proven for the systems
in the Hale’s form only). We will also consider the case
of uniform stability and convergence in the presence of an

exogenous input taking the values in a compact set.

The outline of this note is as follows. Some preliminary
results are introduced in section 2. The problem statement
is given in Section 3. The main result is established in
Section 4.

2. PRELIMINARIES

Denote by R and N the sets of real and natural numbers,
respectively, and Ry = {s € R: s > 0}.

Some conventional results used in this paper are as follows:

Lemma 1. Khalil (2015) Jensen’s inequality. Let f
[a,b] — R4 be an integrable function for [a,b] C R and
p: Ry — R, be a concave function. Then

( [ e ) L[ et

Lemma 2. Khalil (2015) Gronwall’s Lemma. For 7' > 0
assume that ¢ : [0,7] — Ry is a bounded measurable
function, C : [0, 7] — R is an integrable function, B > 0,
and

t)< B+ /t C(s)p(s)ds ¥t e [0,T].
0

Then .
o(t) < Bexp </0 C(s)ds) vt € [0, T].

2.1 Definitions of norms and spaces

For a Lebesgue measurable function of time d : [a,b] —
R™, [a,b] C R define the norm [|d||(q,5) = ess sup;e(q p[d(t)],
where | - | is the standard Euclidean norm in R™, then
||d]|oo = ess sup,~o|d(t)| and the space of d with ||d||{q,5) <
+00 (|]d]|oo < +00) we further denote as Ly (L£m).



Denote by Cf;, [a,b] C R the Banach space of continuous
functions ¢ : [a,b] = R™ with the uniform norm ||(;5||[a b =
SUP,<s<p |p(s)]; and by W[ ) P € N and W[a b the

Sobolev spaces of absolutely continuous functions ¢ :

[a,b] — R™ with bounded derivatives having the respective
1

b, P
norms (|61 = [9llws) + (7 8(s)ds)” < oo and
|\¢||w[1£;f;] = [6llia.0) + ||@l]ja) < +00, Where (s) = 28

(it is a Lebesgue measurable essentially bounded function
for ¢ € W[’Olfl, i.e. ¢ € Eﬁl’b]) !

Lemma 3. For any ¢ € W[léii and p € NU {400} the
following inequalities are satisfied:

min{1, (b — a)%71}||¢>||w1*1 < ||¢HW[14pb]

a)? }||¢|le e

< max{1, (b— too

Proof. By the norm definition we deduce:

b . P
19l = 19lasy + ( / |¢<s>|ﬂds>
<|¢||[ab]+</ 1611, s )

< max{1, (b — @)} ]2

and using Lemma 1:

b :
€1t = ol + ( / |¢<s>|pds>

1 b
> [ 6llasg + (b — a)5? / 16(s)lds

> min{1, (b — a)”l}llqﬁllw; o

that was necessary to prove.
2.2 Comparison functions and their properties

A continuous function o : Ry — Ry belongs to class K if
it is strictly increasing and o(0) = 0; it belongs to class
Koo if it is also radially unbounded.

Lemma 4. For any a € K there exists a continuous
function v : Ry — R, admitting the following properties:
~v(0) =0, v(s) > 0 for all s > 0, and

v(s) < als), [v(s) = () < [s — 5]
In addition,

Vs, s’ € Ry.

sl}gloo 7(8) = oo

provided that o € K
Proof. As in Pepe and Karafyllis (2013), consider
v(s) = min {aly) +5 -y},

then v(0) = 0, and for any s > 0 the sum a(y) +
s — y is always positive for any y € [0,s], therefore
v(s) > 0 for all s > 0. If @ € K, then lims 4 7(s) =

! In Kolmanovsky and Nosov (1986); Fridman et al. (2008) the norm
with p = 2 has been only used for the state space of time-delay
systems.

limg_, 4 oo ming<y<s{a(y) + s — y} = +o0. The property
~v(s) < a(s) for all s € Ry follows from the definition of
~ for y = s. Finally, take any s,s’ € Ry such that they
possess a relation s < s, then

v(s) = () =1 min {a(y) +s -y}

/
oin {a(y) + " —y}

<01<12a<xs [(a(y) + s —y) — (aly) + 5" —y)|

=|s— 4|,
that was necessary to prove.

A continuous function g : Ry x Ry — R belongs to class
KL if B(-,r) € K and B(r,-) is a strictly decreasing to zero
for any fixed r € R,..
Lemma 5. Sontag (1998) For any S € KL there exist
01,05 € Ko such that

B(s,t) < b1 (62(s)e”)

2.8 Neutral time-delay systems

Vs >0, t>0.

Consider a nonlinear functional differential equation of
neutral type Kolmanovsky and Nosov (1986):

&(t) = f(zg, &, d(t)) 20 (1)
where z(t) € R" and z; € C_ ) is the state function,
xe(s) = z(t +s), -7 < s < 0, with @; € L o
deD={de L7 :]||d]l <1} is the external input; f :
(CF_T,O] X EE’_T o % R™ — R™ is a continuous function, that
is Lipschitz in the second variable with a constant smaller
than 1, ensuring forward uniqueness and existence of the
system solutions at least locally in time Kolmanovsky and
Nosov (1986). We assume f(0,0,d) =0 for any d € D =
{d € R™ : |d| < 1}. For the initial function o € Clr o
and an input d € D denote a unique solution of the
system (1) by z(t, zo, d), which is an absolutely continuous
function defined on some time interval [—7,T) for T > 0,
then x¢(xo,d) € (C[TLT o] Tepresents the corresponding state
function, and z:(s, xo,d) = x(t + s, z¢,d) for all —7 < 5 <
0.

Given a continuous functional V' : R x CF_T o X CF_T o
R define:

; 1
DYV (t, ¢,6,d) = limsup — [V (t + h, 21,($, d), o1 (9, d))
hsot N
_V(tv ¢7 ¢)]7
where zp(4,d) is a solution of the system (1) for ¢ €
W[lffol and d € D is a constant.

2.4 Stability definitions

In the following we summarize the well-known results
from Kolmanovskii and Myshkis (1999); Fridman (2014)
on stability of (1).

Definition 6. Pepe and Jiang (2006); Fridman et al.
(2008); Lin and Wang (2018b) The system (1) is called
uniformly globally asymptotically stable (uGAS), if for all
zo € Wh' and d € D there exists B € KL such that

[77—30]
||l‘t($0,d)||WE;17 0 S B(HxOHW[lfT 0],t) Vt Z 0.



Instead of W[lfT o] ANy other space W[lipT o) can be used in

this definition for an integer p € NU {+o0}.

Obviously, in this case
I < Blzoll o0

as it is usually assumed Pepe and Jiang (2006); Fridman
et al. (2008). Recall that in El’'sgol’ts and Norkin (1973),
under the assumption that f is Lipschitz in the second
variable ¢ with a constant smaller than 1, it is established
that the latter estimate is equivalent to the stability in
1,00

W[_T70].

Definition 7. A continuous functional V' : Ry x (CF_T o X
E?fr,o] — R, is called simple if DTV (¢, ¢, b, d) is indepen-

dent on ¢.

|z (t, zo,d vt > 0,

For instance, a locally Lipschitz functional V' : (CF_T’O] —
R is simple.

Definition 8. Pepe and Jiang (2006); Fridman et al.
(2008); Lin and Wang (2018b) A continuous functional
V iRy x Cf_ﬂo} X ﬁF—T,O] — R, is called LKF for the
system (1) if it is simple, there exist p € N U {400},
ay,00 € Ko and a € € such that V is Lipschitz continu-
ous on bounded sets in W P 0l \ {0}, and for all t € Ry,

deDand ¢ €W

(R V(t,$,0) < (s ),
DV (t,¢,¢,d) < —a(V(t,$,)).

Note that existence of such a LKF implies that for all
teR,,deDand ¢ € WP

[~7.0]°
ar(|6(0)]) < V(t, 6, ) < (|l ),

D+V(ta ¢a Qb, d) S 7&(‘¢(0)|)3
where &(s) = a(ai(s)) is a function from class IC, which
is the standard LKF formulation used to establish asymp-
totic stability Fridman (2014).
Theorem 9. Fridman et al. (2008); Fridman (2014) If there
exists a LKF for the system (1), then it is uGAS.

There exist also some converse results to Theorem 9, see
e.g. Pepe and Karafyllis (2013), which are obtained for
V. Cp )~ R4 and a special class of f in the Hale’s

form.

[—7,0

3. PROBLEM STATEMENT

The goal of this work is to propose a converse of Theorem
9 for x; € W[lfTO and for a more general class of f

than in Pepe and Karafyllis (2013); Pepe et al. (2017).
In particular the following hypothesis are accepted in the
sequel.

Assumption 1. The system (1) is uGAS in the sense of
Definition 9 with p =1 and f : (C ro) X E ro) X R™ —

R™ is uniformly Lipschitz continuous on bounded sets in
W[lfT K for any closed and bounded subset T C W[lfT 0]
there exists Ly > 0 such that

|f(¢7 ¢a d) - f(‘pa (p,d>| < LTH¢ - (pHWI’l

[=7,0]
for all p,p € YT and d € D.

An example of such a system is given by dynamics with
distributed delays:

0
f(¢,0,d) = F(¢, : (s)ds, d)

with a locally Lipschitz continuous function F' : CF—nO] X

R2" — R™. From the relations between the norms glven
in Lemma 3 we observe that boundedness of z; in W[ J:'o(;j]
implies immediately a similar property for all other norms.
Therefore, a stability analysis performed in the space
W[ o1 +,0] Seems to be less restrictive, which is the motivation
for selection of that space in this problem formulation.
However, as we will see later, in our case the stability and

convergence in W[lilT 0] also imply the same properties in

W[ILPT’O] for all p € NU {+4o0}.
4. MAIN RESULTS

In this section, first, some preliminary results are esta-
blished, which clarify the features and significance of the
imposed assumptions, and second, a converse result is
presented.

4.1 Auziliary properties

Under the introduced restrictions we have the following
useful property for the system (1):

Proposition 10. Let Assumption 1 be satisfied. Then in
(1) for any T > 0 and a closed and bounded subset

T C W[lfT 0l there exists My y > 0 such that
||th(¢, d)_xt(<p7 d)HW[lfT ol S MT,TH(b_SO”W[lfT‘O]
for all p,p € T and d € D.

vt € [0,77,

Proof. According to Assumption 1 there is § € KL such
that

||It(x07d)‘|w[lfﬂ_ ol Vit > 0

< Blllzollss 1

for all zg € W[l’_lT 0l and d € D. For any T as above there

exists p > 0 such that [[¢|y10 < pand |@|ga < p,
[—7,0] [—7,0]
hence, we have
maX{th(d)? d) ||W[1;17- ol ) ||‘Tt(807 d) ||W[1;17_ O]} S 5(% 0)

and

[f(@i(), (), d(t)) — f(we(p), E:(p), d(t))]

< Lg(p0)llze(d,d) — (e, d)”W[li )

for all ¢ > 0, where Lg(,0) > 0 represents the Lipschitz
constant of f on the set {¢ € Wl 17 0] H(j)”wn <

U
B(p,0)}. For any ¢ € WL

t
2(t,6,d) = 2(0, 6,d) + / F(@e(8), 4(6), d(s))ds
for all t >0, and for ¢, € T:

we have:

2(t,6,d) — 2(t, 0, d)| < [2(0, 6,d) — 2(0, p,d)|
/ (), 54(0),d(5)) — £(5(9), 3+(¢), d(s))Ids
g|x<, 6,d) — 2(0, 5, d)
oy [ a(0.0) = nu(o )l ds



Therefore,
lze(6,d) = z(p, ) lyrr =

—7<5<0

0
+/ ‘$t(8,¢7d) _j;t(&@ad)lds

S |x(0a¢)a d) - $(07§05d)|

t+s
+ sup / @0, 6, d) — (0, 9, d)|do
—7<5<0J0
0
—|—/ \xt(s,¢7d) _¢t<s>@7d)|d8
S |.13(0, Qb, d) - $(O7 2 d)|

4—]€ (@0 (6), 50(6),d(0)) — F (2o (9), G0 (). d(0))|do
+/L F(@0(0),0(8), d(0)) — F(2o(0), Eo(i), d(o))]ds
S |£L’(O,(b, d) - 33(07<p,d)|

t
+2L[3(p70) / Hma (¢a d) - ZL’U(QP’ d) HW[I;IT ol do.

Next, using Lemma 2 we obtain:

26, d) =10, Dl < o=l exp(2L(50(t+7))

for all ¢ > 0. Consequently, take any 7" > 0 then
th(¢7 d)_mt (QO? d) ||\\)V[lfT ol < MT,T ||¢_<P||W[1;17 o
for Mrxy = exp(2Lg(p,0)(T + 7)).

Thus, under Assumption 1 for the solutions of the system
(1), for any bounded set of initial conditions and a compact
interval of time, there is a kind of local Lipschitz property
with respect to the initial conditions uniformly in d. It

is worth to highlight that the result is substantiated in
the space W[lfT L and a similar conclusion in W[l_of o) Was

obtained for the system (1) in the Hale’s form (Pepe and
Karafyllis (2013); Pepe et al. (2017)).

Corollary 11. Let Assumption 1 be satisfied. Then for any
p € NU{+oo}, z¢(x0,d) € W[ILT o and for all zy € W[ILIT o
d €D and all t > 0, there exists 3, € KL such that

oo, )l | < Bplllollas 1) V> 0.

Proof. Under Assumption 1 there is 8 € KL such that
oo s | < Allollps 1) VE2 0

for all zy € W[Ii 0] and all d € D, which by the norm

definition implies that
a0, Dl vy < Blllzally 6 Ve 20

and

|[&(t, o, d)| = | f(we(x0), Ze(20), d(t))]

S LB(HZOHW[L] ],0) th(xOu d)HW[lfT ol
—7,0 J

= Loteolys ],o>5(|\onw;g, ,f V=0
—7,0 ’

It is possible to show that Lg(jz, ,0) can be se-
0

llyr.n

lected as a non-decreasing function of ||zo|ly11  (e.g., see
(=70

vt € [0,T]

Lemma A.4 in Pepe and Karafyllis (2013)). According to

sup |ze(s, b, d) — 24(s, @, d)| Lemma 5, there exist 6,605 € K4, such that

B(s,t) < by (02(s)e") Vs>0,t>0.
Since |:'c(t,x0,d)\ < LIB(HQJOHWLI 70)5(”$0”W[1;1T 0],0) <

—7,0
+oo for all ¢ > 0, then z¢(xo,d) € W[litogj] for all t > 0,
and
& (20, d)||(—r0) = sup [&(t+ s, 20, d)|
se[—T,0)
< Lg(aol,in 0 Sup Bllzollyrs t+s)
[-7,0]  s€[-T,0 [=7.0]
< Lo(laoll, e 001(02([[zollyrr Je™"eT)
[=7,0] [=7,0]
< Blllwollynr 1) V=0,
—7,0
where f(s,t) = Lg(s,0)01(02(s)e"e™) is a new function

from the class L. Recall the result of Lemma 3 for any
integer p € NU {4o00}:

. 1_
min{1, 77 1}||370||w[1;1ﬂ0] < HxOHW[lf’TYO]

1
< maX{l,Tp}HxOHW[lfoo],

then

2o, Dllgpe, < Blllzollyrs 8+ Blllzollyps )

] 0]
< 5oo(||500||w[1f:0],t) V¢ >0,

where B (s,t) = B(max{l,T}s,t)—l—B(max{l, T}s,t) € KL
as needed. Finally, for any integer p € N U {400} using
Jensen’s inequality from Lemma 1 we obtain

\|It($0,d)||w[1’_:o] = th(and)H[—T,O]

0 %
+ (/ it + s,xo,d)|”ds>

0
< lz¢(zo, d)|| (=70 + (/ ||it($0;d)|;f_7_70]d$>

-7

1
P

= [lze(20, d)ll—r,0 + /P llde(z0, ) (10

< max{1, 7—1/10}||17t(x0, d)“w[l;ooo]

< max{l,TI/P}[5(||=’U0||W[1,_1T U B(||xo|\wlli )
< By(llzollyyrr . 8) VE=0,

where B,(s,t) = max{1,7"/P}(3(max{l, ' ¥ }s t) +
B(max{l,rlf%}s,t)) is from class KL. This also implies
that z¢(zo,d) € W[l;pnO] for all t > 0 and any p € NU
{+o0}.

Thus, we have demonstrated that under introduced hypot-
hesis, the stability can be equivalently concluded in any
space W[l’pT o for an integer p € NU {400}, and similarly

1,1

for any closed and bounded subset T C W[_T E

|f(¢), 92.57 d) - f(‘)ov Qba d)| S LT,p”¢ - QPHW[ILPT,O

for all ¢, € WP

]
and d € D such that ||¢[|yrr <
[~7.0]

min{l,T%_l}p and ||§D||W[1;p‘r0] < Inirl{l,T%_l}p7 where

Ly, = max{l,Tlf%}LT with Ly given in Assumption



1 and p > 0 is the corresponding norm bound on Y, i.e.
the Lipschitz continuity of f in W[lipT o) also follows.

4.2 Converse design of LKF

For brevity of exposition the analysis is presented in
the space W[lfT 0l (we need the result of Proposition 10
formulated in this space).

Theorem 12. Let Assumption 1 be satisfied, then there
exists a LKF for the system (1).

Proof. Under the introduced hypothesis and Lemma 5
there are 01,05 € K4 such that

lae(zo, dllyns <61 (Ballzollyps Je™) ve=0

for all zg € W[ 0] and d € D, then by recalling Lemma

4, there exists a continuous, positive definite and radially
unbounded function v : Ry — R admitting the following
properties:

¥(s) <077 (s), () = (s < |s = 5]

Now, for any xg € W[

Vs,s' € Ry.

0] select

K1+t
su (o, d ,
t> O,dpeD{rY(” t( 0 )Hw[lfno])ngrt

< K1 < kg < +0o0. Then

V(zo,®0) = }

with

1+f-c

V(xo, 1‘0) S
t

}

_4+R1 —|—t
su O (|| , et
> dPeD{ 2(l OHW[TT,OJ) Ko +1

= 7K1
< =
- K2 92(||x0||wﬁil'r,0])

and
)Ly

V(]Jo, 3;‘0) Z
7,0l Ko

sup {7([z¢(zo, )le 1
t>0,deD
K1
> T , —_
> (ol )2
since under introduced restrictions on x; and ko the functi-

ons :;ﬁ and e*t:;—ﬁ are strictly increasing and decre-
asing, respectively. Note that from this analysis v(s) <
02(s) for all s € R. Define y(s) = inf,>sv(0), which

is a function from class K, then

/fl . K1
) < V(xo,20) < —02([|xollyyrr )
Ko [=7,0]

+

Lol

for all To € W[1 1T op and the LKF V(zg, ) is coercive

admitting a lower and an upper bounds in terms of
functions from the class Ko, with respect to ||x0||W1,1

7,0]

—t Vv1+t
Ko+

as desired. From the decreasing of e it also follows

that there exists T%° > 0 such that

. K1+t
V(wo, &0) = Ogtgsjgf()”dep{V(Hl"t(xOvd)||w[1fm])ﬁ2 il
and since
K1 .
7(||1?0||W[1fr’0]);2 < V(wo, &)
< sup {92(||$0||w[1;1770])€_t}7

0<t<T=0,deD
then by the definition of T%° it has an upper estimate:

s 020l )

T%° <In | = —/—— "~
&1 (ol )

For any 0 < r < R < 400 define a set

QT‘,R = {ZO € W[lil,r 0] . r S ||:L'0HW[1*_1TO S R}a

consequently, there exists a finite 7% = SUPyoeq, n L0
j.e. T = In [m2 200 ],

k1 y(r)

Let us check the Lipschitz continuity of V on any boun-
ded and closed subset in W[ 0] \ {0} (here by {0} we

understand x € W[;

T, T1 € Wl ! -0 \ {0} denote 70"t = max{T, 7"} and
consider:

o) With ||mHW1,1 = 0). For any

[V(z1,21) = V(zo, 20)| = | sup

0<t<T*1 ,deD

- sup {v(lzt(zo, Dl 1,1 )
0<t<T®0,deD Wiliio w2ttt

K1+t
,d
{7(lz¢ (w1 )H“’[l’,lﬂo])ﬁz-ﬁ-t

K1+t

H

) = (et (o, )l )2

< sup
[0 "2 Tt

0<t<T*0:*1 deD

e, dll a0
[=7,0]

)*v(llzt(ﬂm d)lly, )
[ 70]

< sup
0<t<T*0:*1 ,deD

y(llee (@, d)ll 1,1
[-7,0

llet (@, Dl = llze(@o, 1,1

Y or0) [=7,0]

llze(z1,d) = ze(zo, d)ll 11
[=7,0]

< sup
0<t<T*0*1,deD

where on the last step and the step before the Lipschitz
properties of the norm | - ||W1 «~ and the function v have
7,0]

been utilized, respectively. For any xg, T € W[ 0] \ {0}
there exist 0 < r < R < 400 such that zp,z; € Q. R,
then T%0®1 < T7! and using Proposition 10 there exists
Mrzr.r g, , > 0 such that

||xt($la d) - xt(m(h d)HV\V[li1 ol

for all t € [0,7™%] and all d € D, hence,
|V(£C1,.’t1) - V(.’Eo,i'()” < MTr,RygT’R”xl — xO”W[lfT o

for all xzg,z; € Q, r and any 0 < r < R < 4o00,which

implies the required Lipschitz continuity of V' on bounded
sets in W[lfT 0 \ {0}. The continuity at the origin follows

from the upper estimate:

N
V(zo, 20) < = ba(llzollwr )

< MTT‘R,QT,RHxl - IOHW[ILI 0]

that is satisfied for all 2y € W[l lT 0"

Finally, let us check the decreasing of the LKF V on the
trajectories of the system (1) for ¢ > 0 (recall that :;ii is

a strictly increasing function of time):

k1 + o

V(z¢(zo,d), 2¢(x0,d)) = sup
0>0,6€D

{v(llzs (zt (zo, d), 8l )
v t(zo, [111—0] P

K1 + o0

{v(leito (w0, )l )
Wilro w2to
K1 +o0o—1

= sw {(vee(z0, Ol 11 )}
o>t,6€D [—r,0] "2 +o—t

Wllza(@o. )10 2T

= sup
0>0,6€D

< sup

o>t,6€D Wl 0 w2to
K1+ 0o .
< sup {v(llze (2o, 9l ) } = V(zo, £0),
c>0,6€D [-7,0] k2T O

thus, V' is strictly decreasing along the trajectories of (1).

The proposed expression for a LKF,

. I<61+t
V(xg,zg) = su xi(xo,d , —}
(20, 20) N PD{’Y(H t(o )||W[1—lr,m)n2+t}

Y,



has an explicit form and it is more simple than in Pepe
and Karafyllis (2013); Pepe et al. (2017), where a two step
procedure for construction has been proposed, and also a
more restrictive class of f has been considered.

5. CONCLUSIONS

The problem of existence of a LKF for nonlinear neutral
type time-delay systems is solved considering the uGAS

stability property in W[lfT o) Space. It is shown that a

uniform stability in this space also implies stability in

W[liyo] for any p € N U {400}, and that a Lipschitz

property of f defined in such a space can be transformed in
the same property of the solutions of (1). Finally, a simple

expression of LKF defined in W[lfT 0]

these results to input-to-state stability property and non-
autonomous systems are directions of future research.

is given. Extension of
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