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Robust stability analysis and implementation of Persidskii
systems

D. Efimov, A. Yu. Aleksandrov

Abstract—A class of generalized nonlinear Persidskii systems is
considered in the paper. The conditions of input-to-state and integral
input-to-state stability are established, which can be checked using
linear matrix inequalities. The issues of discretization of this class of
dynamics are analyzed using the Euler methods. The proposed theory
is applied to a Lotka—Volterra model.

Analysis of stability of nonlinear dynamical systems is a complex
problem, that is why there are various notions and concepts used
in the theory of control and systems [1]. The main approach for
verification of stability in the nonlinear framework is based on the
Lyapunov function method [2]-[4] and its extensions [5]-[8]. The
drawback of this approach is that there is no technique assigning
a corresponding Lyapunov function to a generic nonlinear system.
There are solutions for different canonical forms of nonlinear dy-
namics: Lurie systems, Lipschitz dynamics, homogeneous systems,
Persidskii systems, etc.

In this note the attention is focused on a class of Persidskii
systems, which have been first studied in [9] with the Lyapunov
functions being a linear combination of the integrals of the non-
linearities, and next by Persidskii in [10], where he extended the
previous work by introducing in Lyapunov function a combination
of the absolute values of the states. This class of systems has been
widely investigated in the context of diagonal stability [11], neural
networks [12]-[14] and in other applications [15]. In this paper we
are going to further extend these results.

The stability properties, which are studied in this work, are
formulated in the framework of input-to-state stable systems [16].
These concepts allow the robust stability of nonlinear systems to
be assessed with respect to external inputs, which is important and
appreciated in the applications, where presence of different sources
of uncertainty is inevitable.

The principal goal in this work is to introduce a class of
generalized Persidskii systems and to analyze their robust stability.
To this end a special structure of Lyapunov function is proposed,
and it is shown that its properties, as well as for its derivative,
can be investigated by solving linear matrix inequalities (LMIs).
Next, it is demonstrated that for discretization of this class of
nonlinear dynamical systems, the Euler method has an advantage
to preserve the stability of trajectories under mild restrictions (for
nonlinear systems it is not always the case [17], [18]). Finally, a
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Lotka—Volterra system is considered as an example of application
of the proposed theory demonstrating its efficiency.

The outline of this paper is as follows. Preliminary results
are introduced in Section I. The problem statement is given in
Section II. Stability conditions are established in Section III. The
implementation issues are studied in Section IV. Simple illustrating
application is considered in Section V.

Notation

e Ry ={z € R:x >0}, where R is the set of real number.

e || denotes the absolute value in R, || -|| denotes the Euclidean
norm on R".

o For a (Lebesgue) measurable function d : Ry — R" define
the norm ||d|[(y,¢,) = €8S SUP,c(y ¢,y [ld(t)]], then [|d]|oc =
[|d||{0,400) and the set of d(t) with the property ||d||cc <
400 we further denote as L7, (the set of essentially bounded
measurable functions).

o A continuous function o : Ry — R4 belongs to the class K if
a(0) = 0 and the function is strictly increasing. The function
a : Ry — Ry belongs to the class Koo if @ € K and it is
increasing to infinity. A continuous function 5 : Ry x Ry —
Ry belongs to the class ICL if (-, t) € K for each fixed
t € Ry and lim¢— 4o B(s,t) = 0 for each fixed s € Ry.

o The notation DV () f(z) stands for the directional derivative
of a continuously differentiable function V' with respect to the
vector field f evaluated at point x.

o Denote the identity matrix of dimension n Xn by I, the vector
of dimension n with all elements equal 1 by 1,, and diag{g}
represents a diagonal matrix of dimension n X n with a vector
g € R™ on the main diagonal.

o A series of integers 1,2, ...,n is denoted by 1, n.

1. PRELIMINARIES

Consider a nonlinear system:
o(t) = f(x(t),d(t), t =0, M

where z(t) € R" is the state, d(¢t) € R™ is the external input,
de L2, and f: R"™ — R" is a locally Lipschitz (or Holder)
continuous function, f(0,0) = 0. In some cases the system (1) is
equipped with an output y € RP:

y = h(z), (@)

where h : R"™ — RP is a continuous function. For an initial
condition g € R™ and input d € L, define the corresponding
solutions by z(t, zo, d) for any ¢ > 0 for which the solution exists.

In this work we will be interested in the following stability
properties [19]:

Definition 1. The system (1) is called input-to-state practically
stable (ISpS), if for any input d € L3 and any zo € R" there
are some functions 8 € KL, v € K and a constant ¢ > 0 such that

(¢, zo, d)|| < B(llzoll, ) +v(lldllfo.0) + ¢ Yt =0.



The function + is called nonlinear asymptotic gain. The system is
called input-to-state stable (ISS) if ¢ = 0.

Definition 2. The system (1) is called iISS, if there are some
functions a € Ko, v € K and 8 € KL such that for any zo € R"
and d € L7} the estimate holds:

t

a([lz(t, zo, d)|]) < B(llzoll ) + /W(IId(S)H)dS vt > 0.
0
Definition 3. The system (1), (2) with d = 0 is called Output-to-
State Stable (OSS), if there are functions S8 € KL and v € K such
that for all zop € R™

[z, o, 0)[| < B(llzoll, 1) +(Ilyllfo.6)

In this definition ¢max(z0) < +oo determines the interval of
solutions existence for the system (1), (2); y(t) = h[z(t, zo,0)] is
the output solution.

YVt € [07 tmax(mo))'

Definition 4. The system (1), (2) is called input-output-to-state
stable (I0SS) if there are functions 8 € KL and ~;,v2 € K such
that for all zg € R", d € LT and all ¢ € [0, tmax (20, d)),

[z(t, 2o, d)|| < B(llzoll,t) + 71 (lldll0.1)) + 2 (lyll0.6))-
Where again tmax (20, d) < +oo defines the interval of existence
of the system (1), (2) solutions, y(t) = h[z(t, xo,d)] is the
corresponding output trajectory.
These properties have the following Lyapunov function charac-
terizations:

Definition 5. A smooth function V' : R™ — Ry is called ISpS
Lyapunov function for the system (1) if for all z € R", d € R™
and some r > 0, a1, a2,a3 € Ko and 0 € K:
ar([lz]) < V(z) < aa(fl=])),
DV (@) f(x,d) < v +0(|dll) - as(z])-
Such a function V' is called ISS Lyapunov function if r = 0, and it

is iISS Lyapunov function if instead asz : Ry — Ry is a positive
definite function.

Note that an ISS Lyapunov function can also satisfy the following
equivalent condition for some x € K:

lzll > x(lldll) = DV (2) f(z,d) < —as(]j])-

Definition 6. A smooth function V' : R" — Ry is called OSS
Lyapunov function for the system (1), (2) with d = 0 if for all
x € R™ there are functions a1, a2, as € Koo, 0 € K such that:

on([lzf]) < V() < a(]]]),
DV (z)f(x,0) < —as([|z]]) + o ([[yl])-

Definition 7. A smooth function V is called 0SS Lyapunov
function for the system (1), (2) if for all z € R", d € R™ and some
functions a1, a2, az € Koo, 01,02 € K the inequalities hold:

an ([Jzf]) < V() < a(]]]),

DV (z) f(z,d) < —as(|[=]]) + o1 (ld]]) + a2 (llyl)-

Theorem 1. The system (1) is ISS (ISpS, ilSS) iff it admits an ISS
(I1SpS, iISS) Lyapunov function.

Theorem 2. The system (1), (2) is 10SS (OSS for d = 0) iff it
admits an 10SS (OSS) Lyapunov function.

Note that, if the system (1) is ISS, then it is also iISS.

II. PROBLEM STATEMENT

Consider the following class of extended Persidskii systems:

i(t) = on(t)+ZAjfj(m(t))+d(t),tzo, 3)
Cox(t)
C1f'(z(t))
y(t) = ha(t) = : ,
Cu fM(z(t))

where x(t) = [1(t)...2n(t)] € R™ is the state vector, x(0) €
R™; y(t) € R? is the output signal, p = 31" px and C, € RPEX"
for k = 0, M (some pj, can be zero that implies independence of the
output on f*(x)); and d(t) € R™ is the external perturbation, d €
L () = [fi(z1) ... fi(za)]", j = 1, M are the functions
ensuring existence of solutions of the system (3) in the forward
time at least locally, the matrices Ax € R™*™ for k = 0, M.

Assumption 1. Forany i=1,n, j=1,M:

sfl(s)>0 VseR\{0};

3

there exists m € {0,..., M} such that for all i = 1,n, z =1,

lim f7(s) = do0;

s—+oo

there exists u € {m, ..., M} such that for all i = 1,n, z =1, u:

S

lim / fi(o)do = +oo.
s—xoo [o

In the assumption above, first, it is stated that all nonlinearities
belong to a sector and may take zero values at zero only. Second, it
is supposed that some of the nonlinearities are radially unbounded,
and m = 0 corresponds to the case when all nonlinearities are
bounded (at least for negative or positive argument). Finally, it is
stated that some of these nonlinearities have unbounded integral,
and clearly if m > 0, then all radially unbounded nonlinearities also
have unbounded integrals, thus ¢ > m due to the introduced sector
condition. Such an ordering of f7 can be obtained after a proper
re-indexing and decomposition of a nonlinear system dynamics, and
the principal restriction is the sector condition.

If A, =0forallr =0,M-—1and o = m = M, then
we recover the system studied by Persidskii in the conventional
framework [10].

Our goal is to propose constructive conditions to check for (3)
on possessiveness of ISS, iISS, OSS and IOSS properties.

III. STABILITY CONDITIONS

In this section, for two diagonal matrices AL A2 € RV
their maximum max.—1,2 A* is understood element-wise. The main
result of this paper is as follows:

Theorem 3. Let Assumption 1 be satisfied and there exist P =
PT € R™"; B% = diag{€"} with € = [¢F...€E]T € R™ for
0,M; N = diag{N'} with X = [N ...\M]" € R" for
1,M; Y., = diag{v®’} with v>7 = [v$7 .. 0377 € R"

k=
j=



for s =0,M and j =s+1,M, T =T" > 0 and x > 0 such
that

N >0,j=1,M; =F>0, k=0,M;
P>0o0rP >0, max A* > 0;

z=1,n
T57j2078207M7j:S+17M; (4)
M M M
dEF+2Y > ;>0 Q<0,
k=0 s=0 j=s+1
where

Q1,1 Q1,2 Q1,3 Q1,Mm+1 P

Q;Z Q2,2 Q2,3 Q2,M+1 Al

Q13 Qa5 Q3,3 Q3,M+1 A?

Q= . . .

T T T ) M
Qi mr41 Qom+1 Qs vt Qmii,m+1 A
P Al A? AM -

Q1,1 = Ag P+ PAg +2° — xCy Co;
Qi+rg+1 = A N + N A; + 5 —xC[ Cy, j =T, M;
Q141 =PA; + Ag N + Yo, j=1,M;
Qot1g+1 = AJN +A°A; + Y5, s =T, M, j =5+ 1, M.

Then the system (3) is

- 1SS for x = 0;

- ISS provided that m > 1, x = 0 and the last condition in (4)
is strengthened to

i5k+2i i Yoy > 0;
k=0 s=0j=s5+1

- 10SS if the conditions of ISS are verified with some x > 0.

All proofs are skipped due to space limitations. The proof of this
theorem is based on analysis of Lyapunov function

M n z;
Vi) = Pr+23 SN / £ (s)ds,
0

j=1i=1

whose desired properties follow the introduced hypotheses and (4).

In this result, the matrices P and A’ for j = 1, M serve as
solutions of the Lyapunov equation for the matrices Ao and A;
for j = 1, M, respectively. The matrices ZF for k = 0, M are
used in @ in order to relax the stability requirements for each
matrix Ay for k = 0, M by looking for their total influence on the
system performance (i.e. the condition Zfio =k > 0). The matrices
Y, for s = 0,M and j = s+ 1, M are introduced in order to
reduce the conservatism of the condition ) < 0, since all cross-
terms of the form x; f (x;) or f7(x;)f; (z:) with i = 1, n, which
appear in the off-diagonal blocks of @, should not be considered
as “perturbations” in verification of the restriction ¢Q < 0 provided
that they have a non-positive multiplier due to the sector properties
of the functions f7.

Remark 1. We can also relax the conditions on positiveness of the
matrices A® for z = 1, p if we assume, for example, that there exist
Kz > 0 such that

1£* @)% 2 k= llz]*

for all z € R™ and all z = 1, i, then the corresponding LMIs in
(4) can be replaced with the following ones:

N >0, j=p+1,M; =*>0, k=0,M;

m
P—I—an min \; I, > 0;

1 i=1,n
Y,; >0, s=0,M, j=s+1,M,
R<0;020,
M M M
O+ > 42> N 1 >0,
k=p+1 s=0 j=s+1
where © = =0 4+ > K- min,_1 & [,. Of course, similar

relaxations can also be imposed if one nonlinearity has a higher
amplitude than another, e.g.

177 @)1 2 hozy 2o 172 (@) I

for some z; # z2 € {1,..., M} and some k., ., > 0 (the same
for the cross terms 2 ' Yo ; f?(x) with j = 1, M).

Remark 2. In the ISS case, for j = p + 1, M the sector requirement
on f7 introduced in Assumption 1 can be relaxed as follows:

sfi(s)>0 VseR

with ¢ = 1,n. We can also extend such a consideration for all
j =1, M, but then we have to carefully analyze the issues with the
absence of additional equilibria, or consider the multistability case
(bi-stability, presence of limit cycles or other oscillating modes).

Remark 3. 1t is straightforward to conclude that in order to satisfy
the condition () < 0 the matrices AjTAj + A7 A;, which appear on
the main diagonal of @ for j = 1, M, have to be nonnegative
definite also. Recall that A’ are diagonal matrices, then for a
stable Metzler matrix A; (a matrix with all nonnegative elements
outside of the main diagonal) existence of such a diagonal matrix
A7 is necessary and sufficient for the stability. Note also that if
in the system (3) the matrices A; for k = 0, M, are Metzler,
then the corresponding terms y ., N _ o f7(s)ds in the Lyapunov
function can be replaced by >, A!|z;| [10], and the Lyapunov
function can be simplified to the form:

Vi) = \ilail
=1

with P = 0, whose derivative can be rewritten as follows (denote
sign(z) = [sign(zy)...sign(z,)]" and A = diag{\} with A\ =
Ao An]T €R™:
vV o= j:TAsign(x)
M
= (Aoz+ Z A f7 (z) + d) " Asign(z).
j=1

Thus, if the following linear programming problem with respect to
Xand €% = [¢F ... €F]T € R™, k =0, M is satisfied:

M
Y. >0,
k=0

Aph=—€"<0, k=0,M;

then

n

n M n
V< —Z}&?h’ﬂ = > I @)l + Z;Mdih

j=1i=1 i=



and the same conclusions can be deduced. The shortage of this
approach is that in such a case all matrices A for k = 0, M have
to possess a common Lyapunov function.

The statement of Theorem 3 and the remarks above describe the
basic ideas of the approach and various relaxations or auxiliary
results that can be obtained around (these developments are left for
future research). Let us also formulate the OSS case, which can also
be useful for stability analysis:

Corollary 1. Let all conditions of Theorem 3 be satisfied for I' = 0
and
Q1,1 Q1,M+1
QI]M+1
where the elements of the matrix Q) are given in Theorem 3. Then
the system (3) with d(t) = 0 for all t > 0 is
- globally asymptotically stable with x = 0;

- OSS provided that m > 1, x > 0 and the last condition in (4)
is strengthened to

QMiy1,M41

iz’“+2i i T,,; > 0.
k=0 s=0 j=s+1

IV. IMPLEMENTATION WITH THE USE OF EULER METHOD

For the conventional Persidskii system, the issues of application
for discretization of solutions of the explicit Euler method have been
analyzed in [20], [21], and these results have been developed to the
Persidskii systems with delays in [22]. Application of the explicit
and the implicit Euler methods to the extended class of Persidskii
systems (3) with d(t) = 0 for all ¢ > 0 is considered in this section.

Denote by

M
F(z) = Aoz + > A;f ()

j=1
the right-hand side of the system (3) in this case, and assume that
the system (3) admits the zero solution to be asymptotically stable.
We will look for conditions of the preservation of the asymptotic
stability after discretization of (3) using the Lyapunov function V' (z)
constructed in the proof of Theorem 3.

First, consider an application of the explicit Euler method:

z(k+1) = z(k) + hF(2(k)), 2(0) = 9 € R™, )

where z(k) € R™ is an estimate of the solution z(hk, o, 0) of the
system (3), h is a digitization step and £ = 0, 1, ... is the iteration
number.

Theorem 4. Let the functions fI(x), j = 1, M be locally Lipschitz
continuous. If the conditions of Corollary 1 are fulfilled with x = 0
and Z° > 0, then for any H > 0 there exists a constant hg > 0
such that the zero solution of (5) is asymptotically stable for all
h € (0,ho) and all initial conditions xo € Qu = {x € R" :
V(z) < H}.

Next, consider an application of the implicit Euler method:
2(k4+1) = 2(k) + hF(2(k+ 1)), 2(0) =20 € R".  (6)

Theorem 5. Let the functions fi (z) be continuously differentiable
and % > 0 for all x € R", j = 1, M. If the conditions of
Corollary 1 are fulfilled with x = 0, then for any H > 0 there

exists a constant hg > 0 such that for all h € (0, ho) and all initial
conditions xo € Qg

(i) the solution z(k) of (6) is defined for all k = 0,1,...;

(ii) the zero solution of (6) is asymptotically stable.

Comparing the results of theorems 4 and 5 it is worth to stress
that the limit ho on the admissible discretization step h for the
implicit method comes form the conditions of existence of z(k+1)
in (6) (this scheme is always stable under the hypotheses of Theorem
5), while for the explicit method (5) the discretization may loose
its stability if the step A is not sufficiently small. Theorem 5 also
imposes additional conditions on monotonicity of the nonlinearities
(i.e. % > 0 for all x € R™), but under less restrictive stability
conditions (the requirement =0 > 0 is not introduced).

V. ANALYSIS OF A MODIFIED GENERALIZED LOTKA—VOLTERRA
DYNAMICS

The generalized Lotka—Volterra equations are frequently utilized
to investigate competition and trophic relationships between an
arbitrary number of species [23] (in biology or finance, for ex-
ample). However, this model does not possess some important
biological features (e.g. predator preference and nonlinear functional
responses), that is why several its modifications have been proposed,
and among them the following one with a support of mutualistic
interactions [24], [25]:

(1) = diag{z(t)} (b + Az(t) + Asp(z(t))), t >0,

where z(t) € R} is the vector of the populations of n biological
species, (0) € R’; b € R™ corresponds to the intrinsic birth or
death rates of the species, A € R™*™ is the community matrix,
and A2 € R™*™ is the mutualistic interaction strength between the

. -~ Tt = 2n 1T
species; @(@(1)) = [p1(21). . on(@n)] T = [ ... 1]
is the vector of Michaelis-Menten functions with r = [r1...7,] €
R™ being the half-saturation constants.

Assume that there exists a unique equilibrium point z°? € R,

with z;? > 0 for all ¢ = 1,n, that is the solution of the equation

b+ Azt + Asp(z®?) = 0,
and consider a change of coordinates:
e = In(z) — In(z?), = = diag{z“?}e,
where the operations In(-) and its inverse et are understood
element-wise. The variable €(¢) measures a nonlinear deviation of

x(t) with respect to the steady state °? and whose dynamics take
the form:

Adiag{z“}[e“? — 1,,]
+As[ip(diag{z“"}e ) — (2]
AufH(e(®)) + A2 f? (e(1)),

é(t)

where

Ay = Adiag{z°?}, f'(e) = e — 1,
F?(€) = p(diag{z"}e") — p(a*7).



0.01
0

Figure 1. The results of simulation for Lotka-Volterra model

Assumption 1 is satisfied with m = 0 and p = 2, then the results
of Theorem 3 or Corollary 1 can be applied, and the system admits

a Lyapunov function:
~ ZX; Z;
Ve = 2N (S -mE 1)
i=1 Ti Ti
n € 1 (24,)
D4z Z; e
A2 (In(— Ty :
+; i (H(Ti+qu) n_'_qu >7

where A! and A\? are solutions of (4) with the matrix Q given in
Corollary 1.

Example 1. Let

—-0.7 0.5 -1 -0.2 3
A‘[—OQ —1.5]"42_[ 0 05 ]’b_{l]’
then the conditions of Corollary 1 for asymptotic stability are
verified, and the system trajectories for three different initial con-

ditions are shown in Fig. 1 (the method (5) has been applied with
h = 0.001).

Other possible applications in the domain of population dynamics
and systems biology can be related with different dynamical systems
based on mass-balance equations, e.g. circadian oscillations in [26]
or chemostat [27]. An application of the proposed approach for
analysis of stability of an interval predictor is given in [28].

VI. CONCLUSIONS

The framework of Persidskii systems is revisited and new con-
ditions of ISS, iISS, IOSS and OSS are proposed, which are
formulated in terms of LMIs. The proposed theory is applied
for stability analysis of Euler discretization and of a population
dynamics. Several directions of future research are indicated, design
of a finite-time or a fixed-time stabilizing forwarding control is one
of them.
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