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Abstract: In this report, we construct analytical solutions and study numerically the well-
posedness of several problems concerning the isotropic poroelastic equation in axisymmetry. The
problems in consideration are cylindrical bounded domains, the scattering of plane wave in poroe-
lastic by penetrable/impenetrable circular obstacles and lastly fluid-solid interaction problem with
circular solid obstacles for closed, open and intermediate pore boundary type. Since we have an-
alytic expressions for the coefficients / transmission matrices, well-posedness is investigated by
probing for zeros of the determinant of these matrices. Our investigation includes the effect of
material parameters and different degrees of viscosity. The first novelty of the work is the proposal
of a definition of outgoing solutions for isotropic poroelasticity. The second novelty is the obser-
vation that there are modes in fluid-poroelastic interaction problems without viscosity which are
the equivalent of Jones’ modes for fluid-elastic problem, and that these modes cease to exist in the
presence of viscosity. We found out that the presence of viscosity removes the eigenvalues, which
exist without viscosity and whose existence is expected for bounded domains.
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Valeurs propres de solutions analytiques et de problemes de
transmission dans des milieux poroélastiques isotropes pour des
domaines bornés, pour la diffraction d’obstacles et pour des
intéractions fluide-solide en 2D.

Résumé : Dans ce rapport, nous étudions les équations poroélastiques isotropes axisymétriques dans
différentes configurations pour lesquelles nous avons construit des solutions analytiques et étudié numériquement
que le probleme est bien posé. Nous nous sommes intéréssés a des domaines cylindriques bornés, a la diffrac-
tion d’une onde plane dans un milieu poro-élastique par des obstacles circulaires pénétrables et impénétrables,
et enfin a l'interaction fluide-solide. Puisque nous avons obtenu les expressions analytiques des matrices de
coefficients, nous pouvons étudier le déterminant de ces matrices pour déterminer le caractere bien-posé du
probleme. Notre étude inclut I'effet des parametres du matériau et de la valeur de la viscosité. La premiere
nouveauté de ce travail est la proposition d’une définition de solutions sortantes pour des problémes poro-
élastiques isotropes. Deuxiemement, nous avons observé des modes pour des problemes d’interaction fluides-
poroélastiques, équivalents aux modes de Jones, qui ne sont pas présents quand le milieu est visqueux. De méme,
nous avons noté que la présence de viscosité élimine les valeurs propres, qui existent pourtant sans viscosité et
sont attendues pour des domaines bornés.

Mots-clés : solution sortante, poroélasticité isotrope, solution analytique, intéraction fluide-solide, atténuation,
mode de Jones, diffraction d’onde plane, valeurs propres.



Analytic solutions for 2D isotropic poroelasticity 3

1 Introduction

In this report, we consider the isotropic poroelastic equations in 2D. These are obtained from 3D problem
with axis-symmetry. The equations are given by the linear theory of deformation of a porous medium, called
the theory of consolidation, first created by Biot for the isotropic case in [4] [B]. This project initially grows
out of the need for analytical solutions in order to evaluate the accuracy of the discretization of poroelastic
equations by Hybridizable Discontinuous Galerkin method. However, the scope extends to cover not only
homogeneous poroelastic equation on bounded domains, but also the scattering of plane wave by impenetrable
and penetrable infinite cylindrical (thus with circular 2D cross-section) obstacles. The last group is also called
fluid-solid interaction and deals with infinite cylindrical obstacles. This is opposed to horizontally stratified fluid-
solid or solid-solid interaction problem, cf. e.g. [37, 25| 12} 13}, 4], or to problems dealing with impulse / point
sources. To obtain analytic solutions, we employ the potential method used by [27] in elasticity, which exploits
the very specific form of the poroelastic equation and provides a lighter exposition than the usual approach
with Helmholtz decomposition. In addition to the computation of analytic solution for each considered problem,
we go further and propose a definition of outgoing solutions cf. Definition [2] and investigate numerically the
well-posedness for interaction problems among others.

Current works in literature dealing with analytic solutions to the poroelastic equation construct fundamental
solutions either for infinite domain, cf. e.g. [6], [7] (and thus deal with point sources), or horizontally stratified
domain [I3] [T4]. For these reasons, they do not directly provide analytic solutions for plane wave scattering in
spherical and cylindrical geometries, as were done for the elastic equation, cf. e.g. [29]. While the form of generic
solutions to the homogeneous equation for infinite domain can be extracted from calculations of the fundamental
solution in [6], [7] or in [I3][14], this approach can quickly become complicated, due to the multitude of poroelastic
physical parameters whose notations and conventions vary with each work. Additionally, for scattering problem
with plane waves, with zero right-hand-side terms, the form of the solution should be much simpler, and an
adapted computation for this problem is not quite in the same vein as one employed to compute the fundamental
solutions. Lastly, we work with dynamic viscocity [3I] which depends on frequency, while [I3], T4] work with a
low-frequency approximation of the isotropic poroelastic equation and with vanishing viscosity. Our geophysical
parameters are based on those in [I8| 19, [TT], 20].

The topics of outgoing solution and transmission eigenvalues for poroelasticity are not yet covered in lit-
erature. While the notion of outgoing solution is well-established for elasticity with the Kudrapze radiation
condition [24], there does not seem to exist one for poroelasticity. Similarly, while the well-posedness of the inter-
action problem for acoustic fluid-elastic solid and the phenomenon of Jones’ modes are covered in e.g. [16], 2, 23],
this is not yet investigated for isotropic poroelasticity. From our numerical investigations, in this report, we
detect the equivalent of Jones’ modes for fluid-poroelasticity interaction problems with cylindrical obstacles in
the absence of viscosity, however they cease to exist when there are viscosity. As mentioned above, we work
with a frequency-dependent viscosity, and carry out various tests to study the effect of frequency, material
parameters and viscosity on the well-posedness of the problem. This study paves the way for theoretical future
investigations of questions, such as the well-posedness of the outgoing solutions and theoretical confirmation of
Jones’ modes for fluid-poroelasticity.

The organization of the report is as follows. We describe in Section [2] the physical parameters of the
isotropic poroelastic equations and their meaning. In Section [3] we introduce the poroelastic equations in time
and in frequency domain. Section 4| gives the explicit expression of a planewave sustained in an isotropic
poroelastic medium. This is also important in computing the wave speeds occurring in such a medium. In
Section [6] we use potential theory to reduce the poroelastic system to a set of Helmholtz equations, and the
original poroelastic unknowns are now expressed in terms of the potentials which solve Helmholtz equations.
Since these are constant coefficients Helmholtz equations, the potential, and thus the poroelastic unknowns,
can be expressed in terms of Bessel functions. We apply these results to obtain analytical solutions for the
following four settings: bounded domain in Section [7] impenetrable obstacles in Section [8] penetrable obstacles
in Section [9 and fluid-solid interaction in Section For each case, we first present detailed expressions of the
solutions, which are obtained by solving a linear system, and we then numerically study the invertibility of the
coefficient/ transmission matrices (of the aforementioned linear system). Finally, an overall comparison among
the interaction problems is given in Section [T1]

RR n°® 9312
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2 Physical Parameters

A porous medium is composed by a solid frame, and pores filled with a fluid. The Biot’s model can be used
when the following hypotheses are satisfied :

e The size of the pores is small in comparison with the wavelength.

e The displacements in the solid and fluid phases are small.

e The fluid phase is continuous.

e The solid frame is elastic.

e The thermo-mechanical effects are neglected.

We define the porosity as the ratio of the fluid volume and the total volume

"

=7, (2.1)

¢

The geometry of pores is described in terms of tortuosity c,. The fluid is defined by an uncompressibility
modulus ke, a fluid density pg, the wviscosity n and the permeability kg. The solid frame is defined by an
uncompressibility modulus ks, the solid density ps, an uncompressibility drained modulus ke, a shear modulus
ue and a consolidation parameter. The average density of a poroelastic medium is defined as

pa = (1—9¢)ps + ¢pr. (2.2)

The solid skeleton has compressibility and shearing rigidity, and the fluid can be compressible. To describe a
porous medium, we use an homogenisation on the fluid and solid phases, to obtain an equivalent medium. For
e =f fr and s, corresponding respectively to the fluid, the frame, and the solid, the relation between the bulk
modulus ke and the Lamé parameters Ao, [to iS

We can consider two different conditions for the medium, drained or undrained. For the current discussion,
we follow [9] and [I0]. In undrained conditions, the solid is wrapped in a membrane and the fluid cannot flow
out, or the fluid is viscous, and with a small amount of time, the fluid, does not flow out. In this case, there is
a difference of pressure during the experiment, but no relative variation of fluid content ( ¢ = 0). The moduli
associated to this state are called the undrained ones, denoted by ptundrained,; Aundrained ad Kundrained- They are
also called Gassmann modulus,

HG = Hundrained ; AG = Aundrained s and kg = Kundrained -

A material has a drained response when the solid surface is exposed to the atmosphere, the fluid in the pores
can flow out, but there is no variation of pressure inside the pores (Ap = 0). The moduli associated to this
state are denoted by g, A and kg, also called the bulk modulus of the dry matrix or dry frame. The relations
between the drained and undrained states are given by

ne = Wiy, and \g = Ay + oM. (23)
In the above expression, the effective-stress coefficient o is defined as

kfr

=1-— 2.4
« ks ? ( )
and the fluid-solid coupling modulus M as
1 a 1 1
— == —— ). 2.5
M ks +é (kf ks) (2:5)
With the physical assumption that
kS > kfr i kS > kfa (26)

Inria



Analytic solutions for 2D isotropic poroelasticity 5

we have

a>0, M >D0. (2.7)
Using expressions we obtain the relation between kg and k¢, ¢f. [8) (4)], where kg is noted ky,:

ko = Aa + 3pe = >\G+%Nfr@/\G_/\fr+kfr: ke + oM .

We list the physical parameters of the specific porous media in consideration in this report in Table [I] The
media are filled with brine, which is inviscid in the case of shale and sandstone materials.

| Physical parameters | Sandstone | Sand 1 | Shale | Sand 2 |
Porosity ¢ (%) 0.2 0.3 0.16 0.3
Fluid Density p¢ (kg.L™1) 1.04 1 1.04 1
Solid Density ps (kg.L™1) 2.5 2.6 2.21 2.7
Viscosity n (mPa.s) 0 1 0 1
Permeability rq (um?) 60 10 10 10
Tortuosity ae 2 3 2 3
Solid Bulk Modulus ks (GPa) 40 35 7.6 36
Fluid Bulk Modulus k¢ (GPa) 2.5 2.2 2.5 2.2
Frame Bulk Modulus k¢ (GPa) 20 0.4 6.6 7
Frame Shear Modulus ug (GPa) 12 0.5 3.96 5

Table 1: Summary of the physical parameters of media in consideration in this report. The parameters for sand
1 are obtained from [19][Table 1], those for sandstone and shale from [1I][Table 5], for sand 2 from [20][Table 1].
For the tests in sections [7] and after, we will use these materials. However, we will vary some of the parameters
to highlight their effect on the solution.

In (2.8), we compare our notations with the ones used by Pride in formula [33] (9.15),(9.19)].

‘ Pride’s notations Our notation
Undrained bulk modulus Ky kee +Q*M = Ay + Spre + 0°M = H — §pg,
Undrained shear modulus G Jirs (2.8)
Biot incompressibilites C aM
constants[33}, (9.18)] H=Ky+3G | Aa+ 2pn+®M+ 3pp = Mg + 2pp + o> M

3 Equations

In poroelastic equations, in addition to the nine unknowns already existing in elastic equation (with six for the
stress tensor and three for the displacement of the particle), there are new quantities due to the presence of
pore structure and fluid. These are the pore pressure p, and the three components of the displacement of fluid
relative to the solid displacement w, c¢f.[9]. In this report we will mainly work in frequency domain, with the
pulsation w, and with the following unknowns:

u frame displacement in frequency-domain formulation,

w relative fluid displacement in frequency-domain formulation,
p fluid pressure,

T stress tensor.

For the purpose of introducing the equation of motion in time, we introduce briefly the time-dependent quan-
tities,

u frame displacement in time-domain formulation,

RR n° 9312
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w relative fluid displacement in time-domain formulation.
There are also corresponding quantities for the fluid pressure and the stress tensor.
Remark 1 (Convention of d;). We introduce the notion of convention of the time derivative.

e Convention 1 This convention follows the one of Pride and uses 0; — —iw. This is also employed in Dupuy
[T5]. Here, the time-harmonic part is represented by e~'“!  which is equivalent to using the Fourier transform
convention

Fig = /6i”tg(t) dt = Fg=—iwFg. (3.1)

A plane wave is given by a multiple of
e Wt el g with d the polarization. (3.2)
iwt

e Convention 2 : In this convention, one takes d; — iw. The time-harmonic part is thus represented by e'“*,
and is equivalent to using the Fourier transform convention,

Fag = /efi‘”tg(t) dt = Fg=iwFg.
A plane wave is given by a multiple of o
ewtelk® g, (3.3)
This form of plane wave was used in [I7, Eqn 5.2.18].

3.1 Equations of motion
We describe the equations of motion both in time and frequency domain, using the definition of two conventions
for the time derivative in frequency domain. We next study two approximation models for low-frequency and
vanishing viscosity.
3.1.1 Equations of motion in time domain
The first equation of motion comes from balancing forces acting on each sample [33],

VT 4+ f, = pai + psii, (3.4)

while the second one is a generalized Darcy’s law that takes into account the dependence of the drag force (due
to the viscosity of the fluid) on the frequency,

—-Vp + f. = pri + V() xw. (3.5)
In the above equation, f, and f, are external volume forces, and drag operator V is defined such that,
— n
t = F' = F . 3.6
Vrg = (5 Fio) (3.5

In the definition of V, F; is the Fourier transform defined in (3.1 in convention 1 in ¢ (see remark|l]), and k(w)
is Pride’s dynamic permeability, cf. [32, Eqn. 236],

ﬁ:é(,h-i%%-ii). (3.7)

Here, the (dimensionless) number m and the transition frequency w; are defined as
¢ ¢ n
ko ko pr

The frequency w; separates the low-frequency viscous-flow behavior from the high-frequency inertial flow. The
constant m is usually determined by experimental means with

4<m<8.

m = M wy = (3.8)

We have also denoted by /e the square root branch that uses the Principal value, i.e. for z € C\ {0},
Vz=1/]z|€28@/2 - Arg e (—m, 7. (3.9)

Thus Re Vv > 0, while Im \/ can be positive or negative.

Inria



Analytic solutions for 2D isotropic poroelasticity 7

3.1.2 Equations of motion in frequency domain

As mentioned in the introduction, in the report, we work in the frequency domain, i.e. with responses due to
time-harmonic disturbances. The drag force described by operator V has simpler expression in this case. In

particular, since
n n 4w Lw
= —_— = = -_— 1 —_—— JE—
(FoV)(w) (FiV)(—w) i <\/ +1m% + 1wt) ,

the contribution of the drag force is now written as,

A (V0)xw) = FV@FEDE) = 5(-w) (7)),
Fo (V) xw) = (Fv)w) (Fai)w) = (L) (iw) (Faw).

Equations using convention 1 In this convention d; — —iw. The first equation of motion is formally
transformed to

V-r+f, = —w’pu — w?prw,
while the second one becomes
~Vp+fy = —w?pu—w? <iwk‘n(w)> W (3.10)

Here, f, and f,, are time-harmonic external volume forces. As in [34, Eqn. 77], define

plw) = iwk”(w) - iwi%(,/l—i%%—iw%) . (3.11)

The equations of motion in frequency domain with Convention 1 are given as (see also [33, Eqn 9.8, 9.29]),

V-r+f, = —w?p,u — ?prw,
Convention 1 (3.12)
~Vp+fy = —w?pru—w?pw)w

Equations using convention 2 In this convention d; — iw, thus the second equation of motion is given by

— o= 2 w1 2 -3 TR B P
Vp+fy w pfu—l—lwk(_w)w wpru w lwk(—w) w

Following [35, Eqn 9-10], define

) = i = (g he e
plw) = lwk;(—w) = lwk:o( 1+1mwt+lwt)' (3.13)

The equations of motion in frequency domain with Convention 2 are given as

V-r+f, = —wpu — w?prw,
Convention 2 . (3.14)
~Vp+fy = —w’pru — W p(w)w
We unify both conventions by writing
-1 convention 1
0 — siw with s = .
1, convention 2

We introduce the dynamic density as

plw) convention 1
pdyn(w) = ~ . . (315)
plw) convention 2
The equations of motion in the frequency domain for both convention are
V-r+f, = —wpu — w?pw,
(3.16)
~Vp+fy = —w?pu — w? Pdyn (W) W

RR n° 9312
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Property of pgyn  We have

As a result of this,
Rep>0 , Imp<O0. (3.17)

We also have

plw) = plw). (3.18)

In short,

>0 ?n Convent%on 1 (3.19)
< 0 in Convention 2

Re Pdyn >0 ) Im Pdyn {

3.1.3 Low-frequency approximation

The derivation of the limiting form of (3.16|) when taking w — 0 while other parameters (including 7) fixed is
given in Appendix Bl We replace the dynamic density payn (B-15]) by its limit p5¥ at w — 0,

dyn
. n .1 . P
p(I;Sn = pw + 51w—kO =i (—1w7‘]N + 5k0> . (3.20)
In tis case, the equation at low-frequency is given by
Vor+f, = —w?peu — w?prw,
Low-freq (3.21)
~Vp+fy = —w’pru—w?ply,w.

3.1.4 Formal zero-viscosity limiting for a fixed positive frequency

Below, we write out the form of equation (3.16)) when n — 0 at a fixed frequency w and with other parameters
fixed. Note that w; — 0 when n — 0, and w; is in the denominator of the definition of pqy,. However, this has
¢

finite limit as n — 0. It suffices to consider the calculation in Convention 1. Using the definition w; := o
Ao RO Pf

ot (e A ) = e o A, Qeokopr  asokopr
k‘(w)_k‘o( n lmwnwt IWtw) = ]{io n muﬂ] ¢ 1w ¢ .

For a fixed w > 0, compute the limit of% as 1 — 0 (under the assumption that the quantities ¢, ao, ko, I', m

are independent of 1), and replace the expression of the dynamis density in (3.11). We obtain similar results
for Convention 2. We note by p(\{}}; the vanishing viscosity limit of payn, i.e.

we write

VvV o _ ; _ P
Pdyn = 7715%; ﬂdyn(w) = E Qoo - (322)
fixed w>0

We will use this expression in the numerical tests. For material with zero viscosity, we apply the following

limiting form of (3.16]),

Vanishing Vort+f, = —?pau — &?prw,

Viscosity (3.23)

—Vp+f, = —wzpfu—WQpX;gw.

Remark 2. In Appendix [B.2] we also derive a set of equations for vanishing viscosity starting with the equation
in low-frequency ({3.21). The equations have the same form, however with different values of dynamic density.
The vanishing viscosity equation ([3.23)) uses pé{;fl (3.22)), while the vanishing viscosity at low-frequency (B.8)
uses p,, defined in (B.7)), with

.f . LF _ Pt z
pu = lim g (W) = 5 0o (m+1> :
fixed w>0

Inria



Analytic solutions for 2D isotropic poroelasticity 9

However, in both cases, we can say that

pX}Xl and p, are real, positive and Py is a multiple of a,.

¢

We also recall that there is a ‘formalism’ in considering the limit of pﬁgn in discussion of Appendix cf. (B.7).
For a rigorous limit, we should have

li = 0.
Jim w payn (w)
w<we
This means the quantity wk’éw) does not have uniform limit as 7 — 0, and the limiting values depend on the
ratio % A

3.2 Constitutive laws

The first constitutive law is generalized from that of linear elasticity, taking into consideration the additional
influence of fluid pressure,
T =Cq : € — ap. (3.24)

Here Cy; is the elastic stiff tensor of the drained frame, and €, is the strain tensor of the solid frame,

Vu+ (Vu)
—

€ — € =

Under assumption of isotropy in the material making up the solid frame, the fluid and the frame, (3.24)) reduces
to

T = )\frV'll + 2lfffr6 — ap

(3.25)
=2 pup €+ | —Zpn + ke + Ma? | Vould + aMV - wId
~~ ———
G kg in [32]
= 2upe + A\ + Ma*)V-uld + aMV - w Id.
The second constitutive law is
‘p = —M(V-w+f,) — MaV-u. (3.26)

Note that f}, is a time-harmonic external source term. For more geophysics meaning of the above equations, we
refer to the introduction of [33].

Remark 3. Here, the constitutive laws are expressed using the unknowns in the frequency domain. For those
in time domain, we only have to replace the unknowns by the corresponding one in time domain, including the

source in (|3.26)).

3.3 u— w formulation

From now on, we consider the 2D problem in R? in the (z,y)-plane. A time-harmonic planewave is diffracted
by an infinitely long cylinder which has principal axis parallel to z-direction. In the 2D problem, the cylinder is
approximated by its circular cross-section in (z, y)-plane. All the following vectors are in 2D, which means that
the z component is equal to zero. We recall the following definitions and properties for scalar f and vector V:

curl f = (_a(%ff) ;o oewlV = 0,V, — 0,V

div-Vv=A , V-(fId)=Vf ,V-VV =VV.V,

and
A = —curlcurl + VV - .

RR n° 9312
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Proposition 1 (u — w formulation). e If (u,w,T,p) solves the poroelastic system made up of (3.16]),

(13.25) and (3.26)), then (u,w) solves the following system

wap,,,u — pfw2W — HVV-u + pgcurlcurlu — aMVV-w=1{,,
(3.27)
—w?pru — w2pdyn(w)W—MVV-w — MaVV.-u=f£, + VMT{,.

e In reverse, if (u,w) solves (3.27), with T and p given in terms of u and w by constitutive laws (3.25)
and (3.26), then (u,w,T,p) solves the poroelastic system (3.16)).

Proof. We need to express V - 7 and Vp in terms of divergence and curl of u and w. For Vp, we have from
(13.26))
-Vp = MVV.-w + MVf, + MaVV -u,

and for V - 7, using (3.25)), we have
T = 2upe + (g + Mon)V~uId + aMV-wld;
= V-7 = V- (V+VHu + O+ Ma®>)VV-u + aMVV-w

e Au + (Mfr+>\fr+Ma2)VV'U. + aMVV - -w

= —pgcurlcurlu + 2up + Ay + MQQ)VV-u + aMVV - -w.

=H

Here we have used the Biot coefficient H defined in ([2.8)),
H = 2up + I + Ma?.

We next substitute these expressions into the equation of motions that are of the same form in both convention.
The first equation

V-t + f, = —wgpau — Wprw,
gives
—ugcurlcurlu + HVV-u + amVV-w+f, = —w? Pa U — w? PEW .
The second one
-Vp + fy = —wpru — Wpagu(w)w,
gives
MVV-w + MV, + MaVV-u + f, = —w?pou — wiprw.
The second direction is just obtained by rearrangement of the equations. O

3.4 First order formulation

In the first order formulation of the equations of motion, we work with the unknowns
u ) w 9 T ) P, (328)

where

Vu+ (Vu)!

—

u and w are interpreted as the time-harmonic solid velocity and the relative fluid velocity. They solve the
system

(3.29)

u=siwu , wW=siwu , €=

V- + 1, = siwp,u + siwprw,
—Vp+ 1, = siwpru + $iwW PpaynWw,
(3.30)
siwT = Cp:€ —siwap,
siw(p+ Mfy) = -MV-w — Ma:E€.

Inria



Analytic solutions for 2D isotropic poroelasticity 11

Proof. We have

siwu = u, andsiww = w.

We simply replace the relations above in the equations (3.16)):

V-r+f,=(siw)’u — (siw)’w = V.7 +f, = siwp,u + siwprw.

~Vp+fy = (siw)?pru + (5iw)2pdynw = —Vp+Dpw = siwpru + siwpayn w.

Vu + (Vu)?

T:Cfrt 9

—ap — siwT = Cp:€ —siwap.

t
p = —mV-W—pr—Ma:w = siwp = —-MV-w —siwM f, - Ma:é&

3.5 Boundary and interface conditions
We describe the conditions on the boundaries for three different configurations, first a bounded domain, then

two interaction problems, a fluid-solid and porous-porous interaction.

Bounded domain Working with the unknowns of the first-order formulation (3.28]), we can impose four types
of boundary conditions on the boundaries of a bounded domain:

T-n = ft )

Type 1 {W n o= fu, (3.31)
TN = ft ’

T 2 3.32

ype { b= f (3.32)
u = fuv

Type 3 3.33

yp { b = (3.33)

or

u = fu:

Type 4 {w n o= f. (3.34)

fus fw, fe, fp being exterior forces, and n the normal vector along I' pointing outward. Solution with these
conditions are obtained in Section [7]] These conditions are also used in the scattering of a plane wave by
impenetrable obstacle, ¢f. Section [§] The free boundary conditions are a special case of (3.32)),

{T pn i 8’ Free boundary conditions. (3.35)

Interaction problems In interaction problems we will consider the reflection of a solid obstacle immersed
in a solid or fluid infinite medium. Denote outer (infinite) medium by Q) and the solid obstacle by Q(;p).
Transmission conditions are imposed on the interface I" between these two domains, i.e. on the boundary of the
obstacle.

Porous-porous interaction problem When the outer medium is a poroelastic solid, the transmission con-
ditions are, cf.section [9]
) —ugpn =0,
pa) —pun =0,
(W) —w(rn) -n=0,
(t(ry = Tan) -m=0.

(3.36)
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Fluid-porous interaction problem When the outer medium is a fluid, fluid-poroelastic transmission con-
dition depends on the value of hydraulic permeability xr, cf. Section We denote respectively by pgy and
ug, the total pressure and velocity in the fluid. For a finite positive value of xkr, we impose:

(ugy —u) n =w-n,

1

PAlu—P=—W-T, (3.37)
RT

T-M= —PAu-N,

where kp denotes the hydraulic permeability on the interface. In the fluid,

1
Ufly = — . Vpﬂu . (338)
Pu S 1W

We distinct extreme cases for kp: When s — oo, the pores are open, and the second condition becomes

pPau — P = 0. (3.37)) becomes

(ugy —u) - n =w-n,
Pa —p =0, (3.39)
T Nn= —Dau-N.

These equations are the ones used in [I3]. On the other hand, when xr = 0, this is called sealed pores, and the
second interface conditions is modified as w - = 0. (3.37) becomes

(ugy —u) - n = w-n, (ugy —u)-n =0,
w-n =0, or equivalently w-n =0, (3.40)
T M= —Pau - N. T M= —Dpau M.

Note that the subscript ‘flu’ indicates the unkwnowns in a fluid, while the subscript f denotes the unknowns
and the parameters in the fluid contained in the pores of the poroelastic medium. The first and third equations
in the equivalent form represent the perfect transmission in fluid-elastic scatteringﬂ

4 Planewave Analysis

We are going to determine which forms of planewave are admissible solutions of with zero sources. The
analysis also gives the possible speeds of propagation sustained in a poroelastic medium. Here, we can observe
a fast compressional wave and a shear wave as in elastic medium, but also a second slow compressional wave,
associated physically to out-of-phase liquid and solid compressional particle motions.

With vectorial k and d, a vectorial time-harmonic plane wave has the form

eilwt eikx d.

We will focus on the plane wave that attenuates along its propagation direction in a medium with viscosity. In
particular, we consider slowness vector s = s(w) satisfying

(—s)Res >0 , Ims >0,
(this is later defined in Definition (5.33))), and define wave vector k as

k = ws(w)k ,with [k =1, (4.1)

! In [1] the transmission condition between fluid and solid is
T M = Pflu,
w2pﬂuu-n = Vpau- M.
Here, the condition is in terms of solid displacement u. Since we work with the formulation of velocity, using the following identities,
“-’2:*(510-’)2, u =siwu, Vpau = —pauSiwugy .
we can write the second condition as:

—(siw)pgyu-m = —paysSiwugy-n = UM = ugy - N.

Inria
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k denotes the direction of propagation. We consider the plane wave with polarization d with \a| =1,
elewteike g, (4.2)
We rewrite the plane wave as,
i (t - [Res(w) k@) o w Ims(w) ka
From this, we define the following physical quantities,
Phase velocit (w) !
se velocity viw) == ———,
[Re s(w)| (4.3)
Attenuation a(w) = wIms(w).
We also work with the complex velocity,
1
= —. 4.4
o) = o (14)
4.1 Preliminary calculation
We will make use of the following identities with curl and curl.
e For V = (V,,V,), we have the following product rules,
= —(curlf) -V + fewlV, .
and o)
arn) =0 () + o (82)
curl = v = 4 + Y = fcurlg + gcurlf.
(f9) (—%(fg) 9\_a0f f —d.g f g+ 9 f
o With W = (W,, W,), if we define
VW = VW, — WLV, = V-R_gW,
where
Wy (0 1
R_sW = (W) - (1 0) w,
we then have the equivalence
VI IW < VxW=0. (4.6)
Lemma 2. We have the following identities.
VV-ek®d = —(d-k)ke'k®,
. . (4.7)
curlcurl e¥®d = ¢*® (d X k) R_gk.
The right-hand-side of the second identity can also be written as,
dx kR =k = (d : Rik) R zk = [k?d — (k-d)k (4.8)
2 2 2

Proof.
V- (e*®d) = ¢**d-V(k-z) = " d-(ik) ,
Velk® — kT y(ik. x) = 5?(ik),

= VV-e*®d = —(d -k)ke'k®,
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4.

We next consider the curl operator. By (4.5)),

curl (e*®d) = —(curle™®).d = —ie'*®(d x k),
curl*® = ie*®curl(k - x) = ie *® R—%k’
= curlcurle’*®d = curl ( —iek®d x k) = —i (d X k) (ie_ik'”’ R_%k)

= ke (d x k) R_zk.

2 Admissible plane waves and slowness calculation

Proposition 3 (Plane wave solutions to (3.27)). The three slownesses sustained in a poroelastic medium
are

S-wave-slowness s3(w) = _det Aw) , (4.9a)

[itr Payn(w)
tr C(w) trC(w)\>  det Aw)

‘fast’ P-wave- 23 = — — ) -4 4.

‘fast’ P-wave-slowness sp(w) ot B \/( ot B B (4.9b)
tr C(w) trC(w)\>  det A(w)

‘sl ' p. _ 2 2 — — 4 4.

slow’ P-wave-slowness sg(w) ot B + \/< Il B ol (4.9¢)

where we have defined

[ Pa Pt o H aM cof __ M —aM . ncof
Alw) = (pf pdyn> , B:= (aM M ) , B = (—aM % , C(w):=B“Aw),

and
trC(w) = payn(W)H — 2aMpr + po M,

detB = MH — (aM)®> = M (\y + 2pug), (4.11)

det A(w) = pa payn(w) — pf -

For e € {S, P, B}, if (us, W) is of the form

Ue = eik.m a , We = B.eik.-m a
solving (3.27)), then the slowness se, the polarization d and the direction of propagation k have to satisfy

the following constraints.

1. The transverse plane wave (i.e. one with polarization direction perpendicular to the propagation direction)
is given by the pair (us, wg)

~

ks = wss(w)k N
ss(w) given by (4.94)) ,
o PN 4.12
kid, [k=ld=1, (4.12)
Pt
Bs = — of. (419) .
Pdyn(w)

2. There are two types of longitudinal waves (i.e. those with polarization direction parallel to the propagation
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Analytic solutions for 2D isotropic poroelasticity 15

direction) given by the pair (ue, we) with ¢ € {P B}, with
Ke = wse(w)d , [|d|=1,
se(w) given by or (94, . (4.13)
2
Be = om of. (A20) .

Remark 4. In (4.12)), we can choose unit vectors k and d as

N N 0 1 0 -1
d :Rigk ; R—Tr/Q = (_1 O) ’ RW/Q = (1 O) ’ A

Proof. Step 1 We write the plane wave solutions as follows:

and we replace the expressions of VV - u and curl curlu into (3.27)). We then obtain

—w?paupd — prwwed +Hu0(a~k)k+ ufruo(axk)Rigk + onwo(a-k)k:O,

(4.14)
—w2pfuoa — w2pdynwoa + Mwo(a-k)k + Moug (a-k)k:().
Rearranging the terms in (4.14) by coefficients of ug and wg, we have:
(Huo n aMwo)(a~k)k . w2<pauo " pfwo)?i + o (A x KRk = 0,
(4.15)
7&)2 (pfuo + pdynwo) d + M (’UJO + OéUo) (dk)k = 0.
Step 2 - Tranverse plane waves A S plane wave has the property
k-d=0. (4.16)
(4.8) means, for S planewave,
(dxk)R_=k = k*d.
2
Using the above identity and dividing both equalities in (4.15) by |k|, we obtain
—c? (Puuo + wao)a+ufruoa =0,
(4.17)

—c2(pr uo + pagnwo)d = 0

w

R defined in (4.4). The above system in matrix form is

2pa — pite c?ps (uo) _o
C2,Df Czpdyn Wo

This means, assuming that ug, wg do not vanish, that the above matrix is not invertible and has zero determinant

Recall the inverse slowness ¢ :=

C2pdyn (C2pa — i) — C4P% =0 & ¢ |:C2 (den Pa — sz) - Nfrpdyn} = 0.

cs(w) = (ufrpdyn(W))l/z'

pdyn(w) Pa — pr

We define the nonzero root to be

The associated slowness is then

1/2
pdyn(w) Pa — /J%) / ) (4.18)

Shear-wave slowness ss(w) = (
Hfr Pdyn (w)
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A corresponding eigenvector is

Pt
u =1, wy = — . 4.19
0 ) (419

The last equality comes from the definition of pgyy in (3.11) and (3.15)) . This agrees with [33, Eqn 9.16]

Step 3 - Longitudinal plane waves

e A P planewave has the property
k xd = 0. (4.20)

Since k is parallel to a, we can write

~

d=ak , d-k=dak]®?, a€R,
then equation (4.15)) becomes

~

(Huo +aMw0)(a-k)k—w2(pauo +pr/0> d =0,

R R (4.21)
—w?(prug + pdynwo)d+M<w0 + auo)(d~k)k = 0.

= (Huo + onw0>a|k|2k—w2(pauo + pfw())ak =0,
(4.22)

—w2(pf uy + pdynwo)ak+M(wo + au0> a|k|2k = 0.

Divide (4.22) by a and |k|?, gives
(Huo + CVMwo) *CQ(Paqurwao) = 0,

(4.23)

—c2(pfu0—|—pdynw0)—|—M(w0 +au0) = 0.

Written in matrix form, we obtain
H —?p, aM — 2p; u\ _
—c2ps +aM —payn + M ) \wo ) — 7

B <u0> —c?A (u0> =0 = C (u0> — (det A)c? (uo) =0,
wo wo wo Wo

where we have defined

H oM Pa Pt f (Pd n —Pf)
B := A= A = Y
(OéM M > ’ (pf pdyn) ’ —pPt Pa ’

O A — (pdyn —pf) ( H aM) _ payn H —aMpe  pagnoM — psM .
—pPt  Pa aM M —ptH + poaM —praM + po M

or

This means (det A) c? is an eigenvalue of C. Note that both A and B are symmetric, thus diagonalizable.

We next consider the eigenvalues ¢ of C, which satisfy the quadractic
& —étrC+detC =0,

and are thus given by

2¢:=trC F+/(trC)2 — 4detC'.

This means

2

2c trC F /(tr O)2 — 4deto) .

1
~det A (
Since

detC = (det A°f) det B = (det A) (det B)

trC trC \? det B
2¢? = — 44— 4.24
¢ det A T \/(detA) det A (424)

we have

Longitudinal slowness

Inria
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e Consider the slowness then (det B)s is an eigenvalue of C':= B°*A. We note that
5 M —aM Pa Pt ~ _ =
C .= (—aM I )(pf pdyn> , =trC = Mp, —2aMps + Hpgyn = trC,
det C' = (det B)(det A).
As a result,
e s trC trc det A
fast’ P-wave-slowness , 2sb := B \/(det B) — A B
(4.25)
trC trC det A
‘slow’ P-wave-slowness , 2s3 := deftB \/(d(;B) — dEtB .
The components of corresponding eigenvectors are read from (4.23)):
Hs?2—p
=1 = -7 o . 4.2
up ; Wo oM —p ° € {sp,sp} (4.26)
O

Equivalence with Pride notations [33]

for the matrices B and C.

Pride’s notations

We compare with the notations used in formula [33], (9.15),(9.19)]

Our notation

Undrained bulk modulus Ky kee + @2 M = Mgy + %Mfr +o?M=H— %/_,Lfr
Undrained shear modulus G Loy
Biot C aM
incompressibilites M M
constants[33] (9.18)] H=Ky+3G Ao+ 2pp 4+ 02 M+ Spe = Mg + 2p + o> M = H
HM — C? det B= MH — (aM)?> = M\, + 2us)

133, (9.20)]

paH + [)M - prC

_ paM+p(1ynH - QPfC
HM — C?

tr C = paynH — 20M ps + po M
tr C

det B
(4.27)

4.3 First order formulation of the plane wave

We describe the plane wave solution using by the first-order formulation of the equations, then we present the
expansion of the obtained plane wave using Bessel functions.

4.3.1 The corresponding plane wave solution

Using the slowness expresssions from ([4.9)), the plane wave writes:

1. For the transverse wave (polarization direction perpendicular to the propagation direction):

RR n° 9312

usg =

ks ® (5iw)d

Ty = iwsg(w)e*s® pp, (E@& + 3®E),

ps = 0.

ws = fBs elks® (siw) a, (4.28a)

(4.28b)
(4.28¢)
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] Physical parameters \ Sandstone \ Sand 1 \ Shale \ Sand 2 ‘
Porosity ¢ (%) 0.2 0.3 0.16 0.3
Fluid Density p¢ (103kg.m=2) 1.04 1 1.04 1
Solid Density ps (103kg.m=3) 2.5 2.6 2.21 2.7
Viscosity n (1073 Pa.s) 0 1 0 1
Permeability xo (10~%m?) 0.06 0.01 0.01 0.01
Tortuosity aso 2 3 2 3
Solid Bulk Modulus ks (10°Pa) 40 35 7.6 36
Fluid Bulk Modulus k¢ (10°Pa) 2.5 2.2 2.5 2.2
Frame Bulk Modulus kg (10°Pa) 20 0.4 6.6
Frame Shear Modulus pyg (10°Pa) 12 0.5 3.96 5
Velocity (m.s™ 1)
vp 4247 (1860, 4) 2481 (2866, 0.1)
vB 1021 (82,70) 1127 (190,163)
vg 2388 (486,1) 1429 (1512, 1)
Transition frequency — 1kHz — 1kHz
Pdyn 10.4 (12.5, -80) 13 (12.5, -80)
Pa + Pdyn 12.6 (14.6, -80) 15 (14.7, -80)
detA = po payn — P} 21.88 (25.5 -169) 25.2 (26.4, -174)
H+ M 50.28 13.74 28.8 24.6
detB = HM — o?>M? 411.43 6.83 197.14 90.8
trC = paynH — 2aMps + pa M 417.46 (92.54, -583) 187.2 | (228.6, -1432)

detA

IotB 0.212 (14.92, -99) 0.51 (1.16, -7.7)
( or¢ )2 1.03 (-7104, -2311) | 0.9 (-242, -7.9)

detB ’ ’

trC \” detA
(detB —4 1oiB 0.817 (-7119, -2212) 0.39 (-243,-72)

trC \*  detA

\/(detB) — s 0.904 (12.96 , -85) 0.624 (2.27, -15.8)
(e 1.015 (13.54,-85) | 0.95 | (2.51,-15.8)
detB ’ ’
sZ 554D-2 | (0.29,-1.2D-3) | 0.16 | (0.12, -8D-5)
sp (1073s.m™1) 0.235 (0.54, -1.1D-3) 0.4 (0.35, -1D-4)
2 0.96 (13.24, -85) 0.787 (2.39, -15.8)
sg (107 3s.m~1) 0.979 (7, -6) 0.89 (3, -2.6)
s3 0.175 (4.24, -2.5D-2) | 0.49 | (0.44, -2.4D-3)
ss (107 3s.m™1) 0.419 (2.06, -6D-3) 0.7 (0.66, -1.8D-3)

Table 2: Summary of the physical parameters of media in consideration in this report. The parameters for sand
1 are obtained from [19][Table 1], those for sandstone and shale from [I1I][Table 5], for sand 2 from [20][Table
1]. Materials velocities and dynamic parameters are calculated for a frequency f = 200 Hz, and s = —1. The
definition of slowness follows the equation .

with polarization given by

ks = wss(w)k

ss(w) given by (4.92)),
kld , |kl=|d=1,
Bs = — L o @19).

Pdyn (UJ)

(4.29)
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2. For the two types of longitudinal waves P and B ( polarization direction parallel to the propagation direction),
which are distinguished by subscript e € {P,B}:

u, = eike® (510.1)3 , We = Beelke® (siw)a, (4.30a)
Te = iwse(w)e®® | 2pupded + (—%uﬁ + ke +Ma? + B.aM) d| | (4.30b)
—_——
Afr
Pe = iwse(w) (—M By — Ma)elke®, (4.30c)

with polarization given by

~

Ke = wse(w)d , |d| =1,

S.((U) given by " or ‘ ) . (431)

HS%(W) — Pa

Tarsw - ED

Be =

Proof. The expression of the second order plane wave is of the form:
U, = e ?d | w, = B,e*®d, ec{S,P,B}.
The velocities are the time-derivative of the displacement. As a result, we obtain:
u, = e TGiv)d , w, = B.e®®(siw)d, ec{S,P,B}.

The expression of the pressure p is given by (3.26). By using the relation V - (el*d) = ie*®d -k and
replacing the value of the plane wave, we obtain for p:

Pe = —MV-w — MaV-u

= id-k(-MBes — Ma)e™®, (4.32)

The stress tensor 7 is expressed in . We replace the value of V-u, V-w and €, = ieik'm% dek+k®d),
to obtain:

Te = 2up€ + ()\fr+Moz2> V-uld + aMV -w Id

(4.33)

- ieik“”(ufr(kéad—i—d@k) + (e + Ma? + Boa M) d-k Id) .

To finish the proof, we only need to symplify the expression of 7 and p by using k -d = 0 for transverse
wave and k x d = 0 for longitudinal waves.

O
4.3.2 Expansion of the incident plane wave in Bessel functions

The incident plane wave is expanded to form a right-hand side vector.

For a longitudinal wave Recall the admissible longitudinal planewave allowed in an isotropic poroelastic
medium from (4.30), e € {P,B}.

1

U.EW _ eik. - (SiUJ) a _ ;v(eik. 93) , (434&)
WEW _ B. eik.'m (Si(JJ) a7 (434]3)
7_.pw _ iws.(o.)) eik.'ac 2Mfra®a + (_%Mfr + kg +Ma2 -+ [S.OéM) Id | , (434C)
A
fr
PRV = iwse(w) (—M Be — Ma)eke™, (4.34d)
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with polarization given by

ke = ws.(w)a , d= (cOS Qine, SIN Qine ),
se(w) given by [L.9D) or ([€.9d), (4.35)
HSQ(w) — Pa
« = —— - % . (4.26]) .

We have the Jacobi-Anger expansion, see for e.g [26] eqn (2.17)],

et eose = N kg (t) e (4.36)

k=—o0

The multipole expansion relative to the origin Og2 is given by

6i K@ -(COS Qine,Sin Atinc) — 6i k1 cos(0—ainc)
- . 4.37
S e b (30
k=—oc0
Thus,
N )
doed — 3 gy (ws fa]) O (4.39)
k=—oc0
We have
ulzw = S—V(eik. ‘z)7
Se

Se

=udVv = 5V< Z i* Jp(wse |2 eik(e_a‘“°)> .

k=—o0

1
Next we use V in polar coordinates V = d,e, + Wageg .
T

5 oo . 5 o .
pw _ -k J/ 1 k(0—ine) ck+1 k] ik(0—inc) ]
ub - E i"wse Ji(wse |x|) € e, + . E i k(wse|x|) € e (4.39)

k=—o00 ® | ‘ k=—o00

We obtain the same thing for w,

&V(eisk' w) ,

whY = B,k (5iw) d
Se

Se

=whV =35 B'V( Z ik Te(wse |z|) eik(@ainc)> .

k=—o0

In polar coordinates:

[ee] oo
whv = 5 Pe Z iFwse Iy (ws,e |x]) k0 e 4 g : B'w Z P T (wsa |z]) e FO07me) ey (4.40)

™ 2 ] &

For the stress tensor, equation (4.34)), gives:

2 . )
™V = ,ﬂv%lk-'m + <7%,Ufr + ke +Ma? + B.aM) iwse e®e®1d :
iws NI
) Afr
Inria



Analytic solutions for 2D isotropic poroelasticity 21

We detail the components 7. and T,¢:

2 pigy ) .
T, = g ke (‘%ufr + ki + Ma® + B.aM)lws. elke®
’ iwse N
Afr
_ 2pg = k22 3 i k(0—vine)
= Tos Z s2 T/ (wse |x|) €
k=—oc0
+ (—%,szr + ki + Mo + B.aM) iwse Z iF Ji(wse |x]) e kO me)
—_— he—oo
fr
—9 i k=17 ik(0—ctine) _ 2 pgy - k—1 1k(0—aine)
= 2 ptg i r+1(wse |x|) € s, Z "7 Jp(wse |x]) €
k=—o00 ® k=—co
%S 9 .
— 2 gy Z ik 1ws.Jk(ws. |.’13|) ik(0— amg)+ /:f Z llc leJk((JJS.|$|) k(60—ctinc)
k=—o00 We k=—o0
+ (_%,Ufr + ke + Mo? + [S.aM) iwse Y iF Jp(ws, [z]) e FOTme)
ﬁ,_/ oo
fr
.pW0 _ 2 Ly 897’ eik.m _ ﬁeik.m
g iwse \ |z |z|?

iwse || et

_ ( Z wSe Pk T (ws |2]) e FO—ome) — % > ik Ji(wse |2]) €0 amc>>

o0 . oo .
2 /Lfrl k ’ ik(0—au 2 ,U/frlk k 0—
= SR 2 Y (wse |]) e RO ine) ———— Ji(wse | k(0=avine)
k;w o ks e k;w s ap Je@selal) €
For the pressure, we obtain directly

oo

PV = iwse (-MBs — Ma) Y iFJp(ws.|m]) eF0mome)

k=—o0

For a transverse wave The admissible transverse planewave allowed in an isotropic poroelastic medium

from (4.30)) is expressed as:

ul" = elks @ (siw) d = — Sicurl (eiSkS m) ,
S
whY = Bgelks® (s5iw) d= —5 &curl (e'ks ™)
S ss ’ (4.41)
TV = iwss elks® (E@& + 8®E) )
pS = 07
with the polarization given by
ks = wss(w) k ,
k= (cOS Qinc, SIN Qinc) d= (— sin Qne, COS Wine ),
(4.42)
w) given by (4.9a)
&4
Bs = of. [@19) .
Pdyn(w)
Recall that the multipole expansion relative to the origin Og2 is given by
(oo}
el re -(coS Aine,Sin Ainc) — Z ik Jk‘(ﬁl 7,) el k(0—ctinc) ) (443)
k=—oc0
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We have

S .
w = — —curl(etksT),
SS
e o0
=>uf’ = — qurl( Z i* Jp (wss ||) elk(eo“"c)> .
Ss k=—o0
. . 1
Next we use curl in polar coordinates curl = —dpe, — —0,ey
r
5 o0
uf” - Z L T (wsg |a]) el F0—me) o,
Ss ‘SE‘ &
P o0
+— > iFwsg T (wss|a]) eFOmm) e
Ss
k=—oc0
Equivalently for w,
whY = Bgel*s?® (siw)d = —s E—Sscurl (etks®) |
B o0
= wg = —5Scurl< Z i® Jp(wsg |z|) et*O- ““‘C)> .
S8 k=—o0
B o
Wl = —s 2 N iR gy (wss fa]) et RO (4.44)
sg || et
For 7, we have from equation (4.41))
Té)w _ iUJSseikS'mer (E@a + a®§)
e —2 0S8 Qjpe SiN Qe COS a?nc — sin oz?nc
= iwsg e ST g )
cosal . —sina? . 2cos Qipesin Qe
The components 7., and 7,9 are:
pw 9 [ofr are(eiks.m)
TS,TT‘ - iws |
S x|
oo
= Z —2- Hitr (wss F LT (wss |x)) elk(‘g_“‘““)>
iwsg|x|
k=—
oo
— Z _9 Hofr lk kJ;(w sg |.’13|) elk(Ofa;r,c) ’
k=—oc0 ‘w|
FPw o M Dgo (e ®) T A Chled) — Opr(e'5®)
S.ré iwsg || || "

0 'kk2 ) -k
D R S CA L)

W wsg |z|? ||

+w? s2iF I (wss |z)) eikw-amc))

> L k=12 Nf
= r72 Ji (w Sg |:1:|) k(0—ctine) _ Z T J/ w s |:I:|) i k(0—tine)
W wss || S
3 k
+ Z pie 7 g (wss ) e MO e — Z Bt 2 g Ji(wss |@|) et (O ame)
k=—oc0 ke oo W Sg
= k2
Z [ W SS k=1 Jk(w sg |SC|) el F(0—ainc) + p’f; k=1 Jk(w sg |$|) k(0—atinc)
k=—o00 . w SS
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5 Properties of slowness

In this section, we describe the properties of the slowness in a poroelastic medium. These properties are
dependent on the convention we use for time-derivative in the frequency domain. Moreover, the value of the
viscosity in the domain has an influence on these properties. We distinct two cases for the viscosity: one with
vanishing viscosity, using the assumptions of section and one with a positive viscosity. In a first time, we
study the properties of s2, then we propose a definition of the slownesses.

5.1 Properties of slowness square

In section we presented the expressions of the slownesses for the three waves, which depend on matrices A,
B, C, that we defined. The values of thoses matrices hence give properties of the slowness. In the case with no
viscosity, the matrices are real. Here we present the properties of the slowness square from equation (4.9).

5.1.1 Zero viscosity

From the discussion in subsection and Remark 2] the dynamic density payn(w) at vanishing viscosity takes
the form

. VV Pt
T,h*{%’ Pdyn = Pdyn — E (67
fixed w>0
cf. (3.22) and for zero-viscosity at low-frequency, cf. (B.7)), it is replaced by
: LF LF pr
Hm o piye = Vv = pw = ano(lJr%) > 0.
fixed w>0
Denote by t the ‘formal’ tortuosity defined as
t= s for zero-viscosity,
(5.1)
or t=aw(l+ %) for formal zero-viscosity in low-frequency .
Using this notation, for both cases, the dynamic pgyn(w) for vanishing viscosity takes the form
Pt
pvVV = —t. (52)
¢
By its definition (2.1)), the porosity ¢ satisfies
0 <¢ < 1. (5.3)
As a physical quantity, we can also assume that
t>1 (5.4)

Note that the second inequality is automatic for the case of zero-viscosity at low-frequency (with the natural
assumption in both cases that a. > 0). We also assume that t and ¢ are not 1 at the same time, i.e.

1-0% + 1-9¢)? > 0. (5.5)

At zero viscosity (for either low or regular regime), we use p¥V introduced in (5.2) in the definition of
matrices A and C in (4.10) and (4.11). Theses matrices appear in the definition of the slowness square (4.9)).
In this case, all of the quantities are real.

Proposition 4. Under hypothesis (5.3))— (5.5)), we have

1. Matriz
40 . <pa Pt >
Pt PVV

is symmetric and positive definite.

2. The matric
C, = Bl A,
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1s diagonalizable with two positive eigenvalues.

Proof. For the following proof, we first recall from (4.10)),

cof __ M —OéM
B _<—aM H )

Statement 1 The proof follows [I7, Rmk 5.2.1]. We substitute in Ag the definition of p, given in (2.2) and
that of vanishing viscosity density pyv in (5.2),

det Ay = papvv — pi
— (1—¢)ps + aspf)%

= (t = 1)pf + (1¢¢)tpspf-

t — pf

Under hypothesis (5.3)— (5.5), we have
det Ag > 0.

At the same time we have
trdy > 0,

since Ag is symmetric, and thus diagonalizable. With its determinant and trace positive, its two eigenvalues
are positive.
Statement 2 The matrix B is always real, symmetric. Due to (2.7

M >0 , H = M+2us+0o’M > 0,
we have

det B = M()\fr+2ufr) > 0
trB =M+ H > 0.

Since B is symmetric, this means that B is diagonalizable with its eigenvalues positive (and thus positive
definite). We can define its square root denoted by B,

B? = B.

Note that B is also symmetric and positive definite (since B = QDQ! with an orthogonal matrix Q i.e.

Q' =@, then B =QvDQ" and B* = B), and so is its inverse (B~
We next show that B~! Ay is similar to the symmetric matrix B~'AgB~!. We first have

B(B™'4)B™' = B'A B,

The latter matrix satisfies,

(B 4oB™Y) = (B™Y) 44 (B™)",

and is thus symmetric since Ay is symmetric and B~! is symmetric. This means that B~'AqB~! is diag-
onalizable. Furthermore, its eigenvalues are positive. This is seen by showing that B~*AoB~! is positive
definite,

<B_1 Ay Bz, z) = (Ag Bz, (B_l)tm> = (AgB7 'z, (B™YHYz) > 0.

The last inequality is due to the definite positivity of Ay discussed in statement 1. By similarity, these properties
are transferred to matrix B~1 Ay, and thus Cp. O]

Remark 5. When 1 = 0, all of the concerned quantities are real. A and B are symmetric, hence diagonalizable.
The material in Table [2] with zero viscosity (Sandstone and Shale) satisfies the condition guaranteeing the
positive definiteness of matrices A and B. For A, this means

Pa + Pdyn >0 y PaPdyn — pg > 0.

For B, this means
H+M>0 , HM>do*M?.
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5.1.2 With viscosity

Proposition 5. 1. We assume

a) Pa Re payn — P% > 0, (5.7a)
b) Pa — 20p¢ > 0, (5.7b)
H det B
c) Pa — 20pr + i Re payn > QW Da - (5.7¢)
Under the above hypotheses, the following slownesses square, as defined in (4.9), satisfy
Res? >0 , —sImsi >0, (5.8)
while
Resy >0 , —slms >0, (5.9)
and that
Ish| > |s?] . (5.10)
2. To make further statement on the P-slowness, in addition to (5.7), we assume that
H 1 H
d) Pa — 2apr + i Re pgyn < 1 IIm payn| - Assumption 4, (5.11a)
H 4 detB
e) Pa — 20p5 + i Re payn < mhiiM Pa Assumption 5. (5.11b)
Then, we have
Resp >0 , —sIms:>0. (5.12)

Proof. We recall from (3.19)) that

> 0 in Convention 1

Repgyn >0 , 1 n . 5.13
Pdy  Pdy {< 0 in Convention 2 ( )

Properties of S slowness square We consider the expression

2 det A _ Pa |pdyn‘2 - ,0? Pdyn QReden . lepdyn
Mfr SS - - 2 = Pa — f 2 f 9
Payn |Pdyn| |Payn| |Pdyn|
Since )
(Re pdyn)2 < |pdyn|2 = Repayn < Ma
Re Pdyn
= 0 Rep _ p2 < P M — p2
a dyn £ aRe Payn £ -
Together with assumption (5.7a)) that gives
pa Re payn — P? >0,
we obtain
2
0 < pa Repagn — pf < pa [Pyl — p? and Resi >0 , (—s)Ims3 > 0.
Re payn

Properties of B slowness square We consider the quantities
trC = Mp, —2aMps + Hpayn = M(po —2apr) + H Repayn + 1H Impgyny -

Thus with assumption ((5.7b]) and (5.13)), we have
RetrC>0 , —sImtrC > 0. (5.14)
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Next we consider
(trC)? — 4(det A)(det B) = (Mp, — 2aMp; + H Re payn)? — 4(pa Re pagn — pi)det B — H? (Im payn)?
+ 21H (Mp, —2aMps + H Re payn) Im payn — 4i(det B) pg Im payn -

With assumption , (19
(Im payn) Im ((tr C)* — 4(det A)(det B)) > 0.
Using the square root given by /e, we then have
Re/(trC)2 — 4(det A)(det B) >0 , (Im payn) Im /(tr C)2 — 4(det A)(det B) > 0, (5.16)
which is equivalent to
Re/(tr C)2 — 4(det A)(det B) >0 , —s Im+/(trC)2 — 4(det A)(det B) > 0. (5.17)

We next compare the magnitude of square B-slowness and P-slowness. As a result of (5.14) and (5.17)), with
a,b,a,b> 0, we can write
trC = a — isb , (trC)%—4(det A)(det B) = a — isb. (5.18)
With a, b, 675 > (0, we consider

zy == a — isb £ (@ — isb) = a+a — is(b£b).

We have R
lz+|> = (a+a)® + (b£b)?.
Since ~ B
la—al < a+a , |b—b<b+b,
we obtain
2ol > e
For this reason, as defined in (4.9)), we have
spl < [sBl-
In addition,
Resi >0 , —sResjy > 0.

Properties of P slowness square Due to the assumption (5.7a), which gives p, Re payn — p7 > 0, we
have

(Mpoy —2aMps + H Repdyn)2 — 4(pa Re payn — p?) det B < (Mps —2aMps+ H Repdyn)2 .

By assumption (.11a)),
1
(Mpy — 2aMps + H Re payn)® < 1 H?(Im payn)?,

we thus have

1
(Mpy — 2aMps + H Re payn)® — 4(pa Re payn — p7) det B < (M p, — 2aM ps + H Re payn)® < — H*(Im pagn)? -

4
The quantity defined as
(Mpa — 2aMps + H Re payn)? — 4(pa Re payn — p?) det B
€ = , (5.19)
H2(Im payn)?
then satisfies 1
0 <e< 1 (5.20)

For this reason, from the full expression in (5.15)), we can write

Re ((trC)* — 4(det A)(det B)) = H?(Impgyn)® (e —1) < 0. (5.21)
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Similarly, we have
Mpq — 2aM ps + H Re payn < iH|Ideyn| ,
= 2H|Im payn| (Mps — 2aM ps + H Re payn) < %H2|Impdyn|2 .
As a result, using equation , we can write
2 HIm payn (Mpa —2aMps + H Repayn) — 4(det B) pg Im payn
< 2 HImpayn (Mpy — 2aMps + H Re payn) < % H? Im pagn|? .
Now, for the quantity

. 2 H(Mpg — 2aMp;s + H Re payn) — 4(det B) pq

€ = , 5.22
H7 [ paya] >:22)
then L
0 < €< 7 (5.23)
we can write
m((tr C)? — 4(det A)(det B)) = —s H? (Im payn)?€. (5.24)
Denote by :
€
€ = . 5.25
Since

E+e<l&se<]—e,
the first statement is true due to (5.20) and (5.23). We thus have

0 < é< 1. (5.26)
In fact, from ([5.20)),

S <l-e<l = &<

Putting together (5.21)) and (5.24)), we write

¢ (5.27)

ol i

V(trC)2 — 4(det A)(det B) = H (—s Impayn) V1 —€1/—1 — 15

femark —5 H (Im payn) V1 —€ (—s) ivV1 + isé
= H(Impayn) VI —ci (1 + gse + 0(62))
= $HImpay|&@/26? 4 iH (Impayn) VI — ¢ + O(&/2&/?).

In the first and last equality, we have used |[Im payn| = —5Im payn. Thus

(det B)sp = trC — 44/(tr C)2 — 4(det A)(det B)

= (Mpa — 2aMps + H Repayn) — LH|Im payn| /%€ + i H Im payn (1 — V1 —¢) + O(¥2&"/?)

(Mpa — 2aMps + H Re payn) — EH\Impdyn|el/2€1/2 + izeH Impayn + O(€3/2 &%) + 0(?).
(5.28)

while

(det B)sg = trC + 4./(trC)2 — 4(det A)(det B)

= (Mpa —2aMp; + H Re payn) + LH[Im paya| &/267% + i(1+ V1 —€) H Im payn + O(¥/&/?)

= (Mpa —2aMps + H Re payn) + H\Impdyn|el/2 el 4 i(2— %€) H Im pagn + 082 &%) + 0(e?).
(5.29)
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From (5.27)),

2
gr2el/2 o~ ¢,

thus Resp > 0 if

2
Mp, —2aMps + H Re pgyn > —3H|Impdyn\€.

\/>
This is true from Assumption ([5.11b]). This can be seen by rewriting ([5.11b]) in equivalent forms,

det B 23 H
a a_2 7R n
HMp > 1 (P a/’f‘f'M ede)
H 2 H det B
=3 pa—20¢pf—|—M Re payn > ﬁ (pa—2apf+M Re payn — QMpa>
2 det B
< Mp, —2aMpe + H Repayn > % Mp, —2aMp; + H Repayn — ZTpa
2 H(Mp, —2aMps + H Re payn) — 2(det B) p,
_ 2 H(Mp P i Pdyn) ( )P H [T paga
V3 H? [Im payn|
2
= — ¢H |Impgyn| -
\/g | de‘
L]

Remark 6. For a > 0, we have
Arg(—1—ia) = Arg(l+a)—7m , Arg(—1+a)=Arg(l—a)+r.

Thus
V=1 — isé = (—s)ivV1 + isé. (5.30)

As a result,

V-1—-ia = -ivl+a , V-1+ia = iVl — a.

5.2 Definition of slowness

We have tested with the materials listed in table [2[ for frequencies in the range [1Hz, IMHz] and viscosity
in [0,1072] Pa.s, and we have found that the slowness square defined in (4.9)) always observes the following
equations

Res?>0 , —sIms?>0 , fore=P,S, B, (5.31)

in the presence of viscosity and
Res? >0 , Ims?=0 fore=P,S B. (5.32)

for zero-viscosity.

Definition 1. Under the assumption that the slowness square defined in (4.9) satisfies (5.31]), we define the
slowness to be

Se = —54/S2. (5.33)

Here, the square root uses the principle argument range i.e. the interval (—m, .

Under assumption (5.31)), the slowness satisfies
Ims, > 0 , —sResy > 0. (5.34)

Remark 7. Note that this property is guaranteed under the assumption of Prop [] for zero-viscosity and Prop
[ with viscosity. A
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6 Potential method for isotropic poroelastic equations

In this section, we use the form of the poroelastic to find a decomposition of the displacements u and w as
functions of scalars unknowns called potentials. Classically, to obtain analytic solutions, fundamental solutions
or Green kernel for isotropic elastic or poroelastic equation, one uses the Helmholtz decomposition, the unknowns
in this approach are called the Helmholtz potentials. Here we use a slightly different method without imposing
the Helmholtz decomposition on the original unknowns. Further discussions on the differences between the two

methods are given in Appendix [C]

6.1 Derivation
Notations We recall the following definitions from (4.10).

aM M —aM H

A(w):(pa Pt ) ) B:<H aM> , BCOf(M —aM> , C:=B*A.

Pt Pdyn (W)

Recall that sp and sp defined in (4.9) are the eigenvalues of B~ A, cf. (4.10)), with corresponding eigenvector,

of. (L20)

1 1
Cdg-p | | HE-p
sSaM — pe sZaM — pr

Here, the change of basis matrix P is,

1 1 1 1
P(w) = - Hsifpa Hsr‘éfpa ) (61)
BP BB T s2aM-—pr  sZaM-—p;
with e defined in (4.13). Using P, we write
s (w 0
B 'A(w) = P(w) p() ) P w). (6.2)
0 sp(w)
We also recall the following identities in 2D for function f and vector, v
V-curl = 0 , curlV = 0,
curlcurl f = —Af |, curlcurlv = VV.v — Av.
Proposition 6. Consider (u,w) a pair of solutions to the poroelastic equation (3.27)),
—w?pau — pwiw — HVV -u+ pg curleurlu — aMVV - w = f (6.3a)
—w?pru — W pggn(w)w —mVV-w — MaVV-u=f. (6.3b)
Then they have to be of the form,
2 -2 —2 ) o (t
wu = —sp"Vxp — sg"VxB + sg-curlxys — 7 (A ; ,
(6.4)
2 Bp BB Pt [t L (f
= 0= - = — 1 — A - .
w W 8123 VXP S% VXB detAcur XS T2 ( (f))
Here for i = 1,2, m; is the projection onto the i-th component of a vector, and the potential xo with
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e = P S B satisfy the Helmholtz equation
(—A — Wsp)xp = m <P—1B—1 @D , (6.5a)
(-A — W’sp)xs = m (P131 @:?) (6.5b)
and
(-8 - ) =g (4 (S)) - (6.6)
Proof. As unknowns, we will work with,
p:=V-u , ¢ :=V-w,
Y = curlu , ¢ = curlw. 67

Step 1 We first obtain a system of equations in terms of ¢, ¢, ¥ and 1[1 The first two equations are obtained
by taking V- of the equations (6.3)). Using V- curl =0, and V-V = A, V- of equation (6.3a)) gives

V-(—wzpau - pfw2w—HVV-u+ufrcurlcurlu—aMVV~W) =V-f,
= —wlpep — pw?p— HAp —aMAp = V-f,
and V- of equation (6.3b]) leads to
V~(7w2pfu — prdyn(w)w—MVV'w — MaVV~u) = V~f',

=  —wprp — W pam(W)p— M AP — MaAy = v-f.

The third and fourth equations are obtained by taking curl of equations (6.3)). Using curlcurl = —A and
curlV = 0, (6.3a) gives

curl(—prau — pfw2w — HVV :.-u + pgcurlcurlu — aMVV~W) = curlf,

= —wipat — g — e AP = cwlf,
while the second equation (6.3b)) gives

curl(—prfu — w2pdyn(w)W—MVV~w — MaVV-u) = curlf,

= —wippy — w2pdyn(w)1/~) = curlf.

We rewrite these four equations in matrix form to obtain,

—w? A(w) (g) ~ BA (g) = (gi) 7 (6.8a)

2 1/3 _ (m O 1/3 _ curlf
and w’ A(w) (¢> ( 0 0) A (1/J> = (curlf . (6.8b)
Step 2a Multiply by A~! on both sides, we first rewrite (6.8b) as

v 1 (pewe O v\ . (curlf
o (w) _A1<0 O>A<d~)> _A1<cuﬂi§). (6.9)
Using the identity

_ 0 1 — 0 1 0
A 1 [ Mt _ pdyn 143 Mty _ pdyn Hfr 6.10
< 0 O det A\ —ps  pa 0 O det A \ —prppr 0)7 ( )
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the first component of gives,

det A det A 1f
—w2 & Y — A = ¢ T <A1 (cur ~)> .
Pdyn Hfr Pdyn Hfr curlf
Here ; for ¢ = 1,2 is the projection onto the i-th component of a vector. Rewriting this in terms of the shear
slowness sg (4.9a)), we obtain that the potential ) = xs solves the Helmholtz equation .

Step 2b  Apply to both sides of B!, we obtain

() - a(3) - (2

Next, using the diagonalizing form (6.2)) of B~ A, the above equation is rewritten as,

o3 5)r ) -0) -6,
P ICRES B
(g) = p! <g> . (6.11)

Then xp and xp satisfy the Helmholtz equations (6.5]).

Define

Step 3 We now rewrite u and w in terms of the potential y, which are solutions of the Helmholtz equation

(6.5) and . In particular, from (6.3]), we obtain

2 (U -1 V(p —1 (e O curlz/) _ 1 f
o () - wm(ZE) o ) ()

Using the diagonalizing form (6.2)) and (6.10)), this is further written as,

—2
5 (U Sp 0 1 VQO 1 Pdyn Mfr 0 CuI‘l’l/J -1 f
_ _ P P — Y = A = -
¢ <W> (0 sg2> <V¢) T A o 0) o0 £

Component wise, the above system gives

P, P, 1 f
wu = —#pr — %VXB + s curlxs — m <A_1 <~>> ,
Sp SR S5 f
P P f
2 21 22 Pf [bfr 1
= ——=Vyp — —2V — 1 - A ~ .
v % xr 2 XB det ASHTIXS T T2 ( (f))
This simplifies to give the final form (6.4) of the displacements.
O
Potential form for unknowns (3.28) in first order formulation (3.30)
siwu = sl§2VXp + s]gZVXB — ss_chrlXS + F,
: Br Pr P [uir (6.12)
siww = ¥VXP + %vXB + detAcurlXS + F
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To obtain the fluid pressure, we use (note that V-u = and V- w = @),

p=-Mp - Map — Mf,
= —M (Bpxp + PeXxB) — Ma(xp+x8) — M£,
—M (Bp + a)xp — M (Bs + a)xg — M{,.

Thus

p=-M(@PBp + a)xp — M(Ps + a)xg — Mf,. (6.13)

To find 7 we use
T = ug (Vu+(Vu)t) + (—%/Lfr + kg + Mozz) Vould + aMV-wid
= Wlr = Lty (Vw2u+(Vw2u)t) + (_%Mfr + kg + Mon) WV-uld + aMw?V -w Id.

After simplification, we obtain

2 2 Veurl yg + (Veurl yg)?
WT = g <SQ Vxp — S7V2XB + X3 Sz( xs) _ (VF+(VF)t)>
P B S

6.14
+ w? (—Zp + ke + Mo®) (xp + xs) 1d (6.14)

+ wraM Bpxp + Prys) Id.

6.2 Expansion of generic solutions to homogeneous equations in terms of Bessel
functions

Here, we obtain the form for a general solution in terms of Bessel functions to the homogeneous poroelastic
equation in three types of domains: on a disc, in an annulus and outside of a disc. When there are no source,
i.e. all sources are zero in and ([6.5)), then the y, satisfy the homogeneous Helmholtz equation:

(—A — w’s3)xs = 0,
(-A — w’sp)xp = 0, (6.15)
(fA — w2S]23)XB =0

On each considered domain, x can be given as an expansion in terms of Bessel functions.

a) On a disc B, centered at the origin and of radius a, a generic solution is given by:

Xeo(x) = Z ok Jn(wse |z|) €7 | ec{S,P,B.} (6.16)
keZ

b) An outgoing solution on R? \ B, is given by

Xo(@) = D aaiH (wsofz]) ¢¥9 | e {S,P,B.} (6.17)
kEZ

See also Remark [8 regarding the ‘outgoing’-ness of this solution.

¢) On an annulus between inner radius a and outer radius b, a generic solution is given by:

Xe(x) = Z Qo f; H,(cl)(ws. lz|) 70 + Z (oo ko H;f)(ws. lz|) %% | ec{S,P,B.} (6.18)
kez kEZ

To obtain the expansion of u, w, 7 and p, depending on the domain, it remains to substitute the expression
for xe (6.16)), (6.17)) or (6.18) into (6.12) - (6.14]). We write the expansion for the case a (on a disc) and case b
(outgoing). Denote by Zj a Bessel functiorf’|

2We recall the definitions of Bessel and Hankel functions.
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For case a, Zy, = Ji, and for case b, Zy, = H,(Cl). Calculations details are given in appendix
siwu = Zak splwZi(wsp |x])e*e, + Zak sp> 1—Zk(WSP |z|)e*eq
keZ kez ||
_ ; 5 ik .
+ Z b, sp* wZj(wsg |z|)e*e, + Z br. sg” mzk(w sg |z])e*eq (6.19)
kEZ kez
— ch sg” 1— Zi(wss |x))ee, + ch sg ' wZj(wss |z|)e*ey
kEZ ] keZ
. _ k0 Pp ik ko
siww = Zak —wZ (wsp |x|)e™ e, + Zak — ——Zr(wsp |x])e ey
keZ kez ~ °P ||
ik :
+ Zbk paet ;w7 (wsg |x|)ee, + Zbk — mzk(wsB |z|)e* ey (6.20)
kEZ kEZ B
Pt [ty ik kg Pt Pfr ik6
+ Z e o —Zk(wss z)e* e, — > ¢ o i@ Dk (wss ) ey
kez
In polar basis,
T=Tme XRe.+ Trpe,Reyg+ Toprep X e, +Topep X ey. (621)
Note that 7 is symmetric, 7.9 = 79, . Here we list only the two most important components,
2 pp w : 2 g k .
W, = — Z Hitr ap Zrs1(wsp |x]) eF? + ptr ar Zy(wsp |x]) e*?
kEZ SP |w| keZ P‘ ‘
. 2 k2 .
+Z 2 pige a w? Zy (wsp |x)) e F — sf‘fi;‘zakzk(wsﬂmb e h?
kez kez P
2 ppw : 2 Lg k .
= Y Ty (wss lz)) 0+ T b Zy(wss ) €+
sp || s, @ |
keZ keZ
, 2 s
+ 37 2p by w? Zy (wsp |al) 0 — “lf : by Zu(wsn al) ¢+ (6.22)
keZ kez °B
+ Z 2 it crwss ik Zy (w |x]) e *?
ss ||
keZ
+ Z w® (=2pe + ke + Mo® + a MBp) ap Z(wsp |x]) eh?
kez
+ Z w? (=2ps + ke + Ma? + aMBg) by Z(wsg |z]) €°
kez
Bessel functions are solutions of:  z d—w +z Cfl—w + (22 - 1v)w =0.
oo 122)k x®
First-order Bessel function: Z ——=2———  with v the mode and TI'(z) = /e_ttz_ldt.
— k'l“ v+k+1)
0

Second-order Bessel function:
Ju(z)cos(vm) — J—(2)

sin(vm)

Y, =

Two kind of Hankel functions are expressed: Y =, () + Y, (x), and HP = Ju(x) — Y, (x).
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and
2upwik 2ipg k ;
Wiy = — 27|$|Sp ar Zy(wsp |z|) e Z P2 ay Z(wsp |@|) e'**
keZ kEZ
2 ugwik o 21 g k ;
-3 fTbkz'(wsB@D 0y - r; by Z (w'ss |]) e*°
kez B kez
fr i fr W i
- Z |,u|2 5 i Zi(wss |z]) e*? +Z "l;'s cr Zh(wss |x|) et (6.23)
kEZ k€L S
i k i
Zuﬁ K Zis1(wss |z|) €0 + Zuﬁ e Zi(wss|z|) e*?
kEZ keZ
+ Zufrw Ck Zk(WSS |:13| Z,ufr 2 Ck Zk(WSS ‘CCD 9.
kEZ keZ
Finally,
> ar M (Bp + @) Zp(wsplz|) — > b M (B + o) Zi(wsp [x]) . (6.24)
kez kEZ

6.3 Notion of outgoing solution

As a corollary of the form of solution given in in terms of the potentials which are solutions of the
Helmholtz equation, we can formulate a definition of outgoing solution for poroelasticity. This generalizes the
Kupradze radiation condition for isotropic elasticity cf. [24], see also e.g.[, 2.1e] in 3D or e.g. 28, Eqn 4] in 2D.
We recall the form of the solutions given in , we can write

P —=

u Sp s2

=P— —_— 1 S 6.25

<W> siw Vxs + siw curtxs (ﬂfﬂﬁ) ’ ( )
52B detA

where P is the matrix defined in (6.1) and the potentials x,, ® = P, B, S satisfy the Helmholtz equations

(—A — w’s§)xs = 0,
(A - W?2)xp = 0, (6.26)
(-A — w’si)xs = 0.

The notions of outgoing solution u and w are based on that imposed on Y,, i.e.the Sommerfeld radiation
condition for Helmholtz equation. Using the slowness defined in Definition [1} we define the wavenumber

Ke = WSe - (6.27)
Under the assumption ([5.31)), from the property of slowness in ([5.34)), the wavenumber thus has the property
Imke > 0 , —sReky > 0. (6.28)

Remark 8. These properties guarantee that when we use H,(Cl) to describe the potentials in (6.17)), the resulting

solution given by Hél), is outgoing in the case without viscosity, and decreases and L? in the presence of viscosity

(in both convention). Here we follow the outgoing convention discussed in Appendix G in [3]. In particular,
Hl(€1)( ke |ZB|) ~ 6ik. [ — ei (Reke) || ef(Im ke) || )
A

For ¢ = P B, S, x, is called ke-outgoing if it satisfies the Sommerfeld radiation condition at wave number
ke uniformly,

lim 7 (8% ik <p.> = 0. (6.29)
r—s00 or

Using the identity, V - curl = 0 and curl V = 0 in equation (6.29)), we propose the following definition for
the outgoing solution for isotropic poroelastic equation. Note that the strain 7 and the pressure p are uniquely
determined by the displacements / velocity. It suffices to impose outgoing criteria for u and w (if using the
first order formulation) or u and w (if using the original equation).
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Definition 2 (Outgoing solutions). The fields u and w are called outgoing solutions of the poroelastic
equations (3.30) if they satisfy the following radiations conditions.

1. Their rotational curl u and curl w satisfy the outgoing Sommerfeld radiation condition with wavenum-
ber kg, i.e. for ¢ = curlu or curl w, ¢ satisfies

lim /r (gf — iks gp) =0, (6.30)

rT—00

uniformly in all directions.

%

satisfies the outgoing Sommerfeld radiation condition with wavenumber kp and kg respectively:

2. With matrix P defined in (6.1), and for pp, ¢p defined as (:‘;P> =p! (V :‘/), then pp and ¢p
B .

limﬁ(aw)—ikpgop) -0, and hm\/?(@%—ik,g%) ~0, (6.31)

r—»00 or r—00 or

uniformly in all directions.

Remark 9. A similar definition can be proposed to define an outgoing solution if we work with the displacement
(u, w), instead of the velocity u and w. A

7 Generic solution to homogeneous equation on bounded domain

We consider the homogeneous poroelastic equations (3.30)) on disc B(g, q). The solutions (u,w,T,p) are given
by equations (6.12)), (6.13]) and (6.14)), while the potentials are given by(6.15). Hence, in a bounded domain,
the potentials satisfy equation (6.16)):

xp(x) = Z ar Jr(wsp |x|) €79

keZ

xB(®) = > bJp(wss|a]) €7,
kEZ

xs(@) = Y e Jp(wss |z]) 0.
kEZ

The series coefficients ag, by, ci are then determined by the boundary conditions imposed on dBg q), which are
one of the four types listed in section Here we only detail the solutions for type 1 and 3 (equations (3.31])

and (3.33)).

7.1 Boundary conditions of type 1
We consider the poroelastic equations on the disc B g q), with boundary conditions:
w-n =g , ondBgyg), (7.1)
7-n =h , ondBg,- (7.2)
In polar coordinates, n = e,.. Hence, w-n = w,, 7-n = 7. €, + Tr9 €9. The boundary conditions are written

as:
siww, = siwg, w Ty = Wh,, wTe = W’ hy |, 0B(0,a) - (7.3)

Next we expand the coefficient of each component in Fourier series. For the right hand-side,
g = ngeik97 hT:ZhT,keik97 hQZZhg,keikg.
keZ kEZ keZ
For the unknowns:

iko ik6 iko
Wr:E wegpe", Trr:E Trrp e, m):E Trope "’ .

kEZ kEZ kEZ
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Using (6.20)), (6.22) and (6.23]), we have:

Slww,p =ag ETTWJ;“((USP |z|)e*? + by Po w i (wsp |x|)e* + ¢ g;éﬂf; |1w|Jk(wss |z|)elr? |
2 __ 2pnw iko | 2pek iko 2 iko
Wi Ty g = — ar Jpy1(wsp |z|) e + 55 ek Je(wse [2]) €77 + 2 pugp ap w” I (wsp [z]) e
sp |z| sp ||
2 juse k° iko _ 2/ w ire | 2pmk ik 0
— = ap Jg(wsp |x]) 77 — bi Jit1(wsp |x|) €'Y + b Ji(wsg |x|) €'
sp |z? sp || s |z
; 2 puge k2 ; 2 / .
+ 2 gy by w? Iy, (wsp |x]) e*? — ;Lfr 5 bk Jp(wss |z|) etk? 4 Qufr crwsg ik Jy(wss |z]) eF?
si |z s§ ||
+ w? (= 2pp + ke + Ma® + a MBp) ag Ji(wsp [z]) €*?
+w? (—2pe + ke + Ma? + a MBg) be Ji(wss @) €77,
2upwik ko . 2ippk ko 2Mawik k0
Wi ey = — |33r|75p ap Ji(wsp |x|) e * 2P ;123 ap Ji(wsp |z|) e*? — |:;|7SB b I (wsp |x|)e'
2' Tk i rk2 r
+ s b de(wsp faf) ¢ — T

J sq | ik6 J/ sq | ik 6
|2 s3 |z|? s? ok Jr(wss [a]) ¢ + || sg ok Jp(wss [z]) e

w . k .
_ J iko J iko
s | = ek Jpr1(wss |x|) e + g 753‘3:‘2% k(wss|z]) e

2

. k .
+ w?ep Jp(wss|z)) eF? — pgy ch Jp(wss |z|) .
S

(7.4)
Imposing ([7.3]), we obtain a linear system satisfied by a, bk, ¢ in each mode k.
a siw gy
AZ:”T b, | = w? hr,k: s (7.5)
Ck w2 h9,k
where the coefficient matrix is defined as:
Ay A Ass
AZ‘”"' — | Aar Az Az (7.6)
Azr Aszz Ass
with
L ik
A11 = %;WJ;C(WSPCL)7 Alg = [53]]33 sz(w Ssa), A13 = g;?z 1ka((AJSSCl),
2 g W 2 g k
Ay = — Ht Jeri(wspa) + é“ 5 Jr(wspa) + 2 pig w? I (wsp a)
Sp spa
2 s K 2 2 2
- o Je(wspa) +w (—g’ufr + ki + Ma* + a]\/[ﬁp) Ji(wspa),
P
2 T 2 T k i
Aoy = — ot Jikt1(wsga) + sgfaQ Jr(wspa) + 2ppw? T (wsga) el*?
B
—2”frk2J(ws a) 5+ w? (—2pp + ke + Ma® + aMPBg) Jp(wspa)
SQB CI2 k B S,Ufr fr B k B 5
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and
g o 2w piyik 2 rk
Agg = 211 wik J (wssa), Agy = — 2 pd 2R 3 (wspa) + Pl Ji(wspa),
Ssa asp azs P
2w Mfrlk Q/J/frlk
Aszy = J
32 asp k( ) + GQS% k(w SBCI) s
Qlu’fr W Uty / w k‘
Aszs ~ 2.3 ch(wSS Cl) J (OJSS ) — ;Jkﬂ(wssa) + WJk(wsS u)

S ass S S
2
+ W Jp(wssa) — -5 Je(wssa) .
séa

We define the eigenvalues as following:

Definition 3. The pulsation w is a Type 1 eigenvalue if the system of poroelastic equations (3.30]) associated

with the boundary conditions
w-n =0 , ondB ,
(0,(1) (7.7)
7-n =0 , ondBgyLa,
admits a solution (w, 7) such that w # 0, 7 # 0. This also means that det A}"" (w) = 0, where A7 is
the coefficients matrix defined in equation (7.6]).

7.2 Boundary conditions of type 3

We consider the poroelastic equation on the disc Byg,q), with boundary conditions:
u = h, P=g , OBga. (7.8)

We work in polar coordinates, h = h,e, + hyeg and u = u,e, + ugey. The boundary conditions are written
as:
siwu, = siwh,, siwuy = siwhyg, p =9 , OBg,- (7.9)

Next we expand the coefficient of each component in Fourier series. For the right hand-side,

hr _ Z hhkeike, h@ _ Z h97k6ik0, g= Z gkeiko

kEZ keZ keZ

For the unknowns:

iko iko ko
u7=E u.pet’, uezg U e, pZE Pre

kEZ kEZ keZ

Using ((6.19) and ( , we have:

slwuyy = Z ar sp’ w I (wsp |z|)e*? + Z b, sp' w I (wsp |z|)e*? Z e sg” —Jr(wss |z))e™?
||

kEZ kEZ kEZ
. ik ; 5 ik : _ .
siwug Z ar, sp” —Jp(wsp |x))e*? + Z b sg” —Jp(wsp |z|)e*? + Z e sg ' wl(wss |z])e*?
kez ] keZ ] keZ
Pk :—Z ax M (Bp + @) Jp(wsp |z|) e’ ZbkM (Bs + @) Jp(wss|z|)e*?.
kez keZ
(7.10)
Imposing ([7.9)), we obtain a linear system satisfied by ag, by, ¢ in each mode k:
[47% siw hr,k
Az’p b | = | siw h9,k s (711)
Ck 9k
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where the coefficients matrix A}"" is defined as:

ik
splw i (wspa) sglw i (wssa) —sg? %Jk(wss a)
wp ik ik
Ay sp” %J;f(wsln a) sg> 1;Jk(ws]g, a) sg'wd) (wss a) (7.12)
—-M (Bp + a)Jg(wspa) —M(BB + a)Jg(wspa) 0

Definition 4. The pulsation w is a Type 3 eigenvalue if the system of poroelastic equations ([3.30)) associated
with the boundary conditions
u=2~0 y on 8153(0,0) 5

7.13
p = 0 ) on 818(0,&)’ ( )

admits a solution (u, p) such that u # 0, p # 0. This also means that det A}’ (w) = 0, where A}"" is the
coefficients matrix defined in equation (7.11)).

7.3 Numerical tests on bounded domain

We will investigate the stability of the coefficient matrices for the first few modes k = 0,...,5, by looking at
the absolute value of the determinant of the coefficients matrix. The objective is to determine if we can find
generalized eigenvalues where the determinant vanishes. We test with sandstone, and vary the value of viscosity
of this material, c¢f. table

For all tests, the cross section radius is a = 1m. Recall that we can use four types of boundary conditions
(see equations (3.31)), (3.32), (3-33) and (3.34)). Here we only test the boundary conditions of type 1 and 3,
which means we only study the determinant of Ay "™ and A"Pk , as a function of the frequency
f. We consider a frequency range between 1Hz and 10MHz to compare with the results in [I] and [16]. Note
that the interval (wa < 1500m.s~!) in our plot is more relevant to geophysical experimentsﬂ To determine the
nature of the peaks, we refine around the peaks in a procedure described in algorithm (1} This will be used in
all the remaining tests of the report.

Start Suppose Zeenter iS the local minimum on the interval [a,b], with h the current stepsize of the
sequence. Say Teenter = N h, and @ = Teenter — MA, b = Teenter + M’ h, with m, m’ > 5, hence at
least 5 points before and after Zcenter in the sequence. The interval in consideration always has to
satisfy criteria (%), which requires that the function decreases for & < Zcenter and increases for © > Zcenter-

Update A new interval [a,b] is chosen, centered around the previous miminum, and thus satisfies the
criteria (x). We plot the value of the function on this new interval, with the new step on the frequency
equals to %. In this way, we are on a smaller interval with a finer grid.

Iteration A new center Tcepter 1S Nnow the new local minimum of the function on this interval. We go
back to the start.

Stop criteria The loop is stopped if the size of h is lower than the machine precision or if the minimum
value on the interval at the current iteration does not differ from that of the previous one by €.

Algorithm 1: Algorithm for detecting the modes of inversibility. There are two behaviours when
we refine around a peak: In the case where it is a true zero, the value of the function shown on log scale
will decrease until the machine precision on the h interval. If it is not a true zero, the values of the absolute
determinant will stabilize to a fixed lower bound. In fact, the € is implemented qualitatively, i.e. by the
observation of the curve. In particular, in the first iterations, we observe a curved down bump, but after
a few iterations, we only obtain an horizontal line, which means that the value on the zoommed interval
stopped descending.

The results are reported in the following figures:

3In [I5], and [22], frequencies up to 600Hz are used, on a domain of interest of 102m.
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e Sandstone with no viscosity figures [I] and
e Sandstone with viscosity figures [3] and

e Sand 1 with no viscosity, varying the value of ug in figure

Observations From these experiments, we obtain the following observations.
e In the geophysical range (wa < 1500m.s~!), generalized are present eigenvalues for non-viscous problems.

e On the initial interval [0,10%] m.s~!, the curves for material of sandstone with viscosity ressemble those of
with no viscosity. The curves represent isolated peaks, however, the case with viscosity presents less peaks
for the same range of frequency. After the zoom procedure, their behaviours are different. We applied the
zoom procedure to each of the peaks in the graph of absolute determinant of Aj"" and Ay’®. We note that
there are differences between those with and without viscosity. There exist generalized eigenvalues for the
first case manifested by the sharp peaks for both boundary conditions in figures |1| and

Before zooming, the value in the neighbourhood of a peak in consideration is around 10~2. However, after
several zooms, the value in this refined neighbourhood drastically drops to 10719 for A§"™ and 10716 for Ag™P.
We only show few examples of this refinement. With finer refinement, the value of the refined neighbourhood
will drop to the machine precision. On the other hand, with viscosity, we do not have this behaviour. Although
there are apparent peaks before zoom in figures|3|and |4, however, when zoomed around the sharpest peak, the
value of the determinant on the refined neighbourhoods stays bounded below, and the sharp peaks become
smooth concave up curves. Hence, there are no generalized eigenvalue in this case.

e In the case of sandstone, we have similar pattern of peaks for both boundary conditions, however, the
generalized eigenvalues are not the same.

e Note that the curves here present small peaks, compared to the absence of generalized eigenvalues in the case
in figure |8} in which the curves are completely free of peaks.

e The frame shear modulus has an influence on the peaks. We observe in figure [5| that when the value of the
shear frame modulus increases, the number of the peaks, hence of eigenvalues decreases.
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Figure 4: Determinant of the coefficients matrix (log scale) in a bounded domain for & in 3 : 5 for a sandstone
medium with viscosity n # 0. The matrices corresponding with types of boundary conditions 1 and 3 are
considered: A" (7.6}
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Figure 5: Comparison of the determinant of the coefficients matrix (log scale) in a bounded domain for & = 0
for different values of ug for a medium composed of sandl with no viscosity. The matrix corresponding with

types of boundary conditions 1 is considered: A}"". represents the case g = 0.5 GPa, |:| represents the

case ug = 1 GPa, ,LLfr =5 GPa and Eﬂfr =50 GPa, .
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8 Scattering of a plane wave by an impenetrable medium

Consider the scattering of a time-harmonic plane wave by an impenetrable infinite cylinder (see figure |§[) The
total wave is a superposition of the incident plane wave and the reflected wave with each quantity satisfying
poroelastic equations in R? \B(0,q), also listed below in an, according to the type of boundary
conditions. The solutions (u,w, T,p) are given by equations (6.12)), (6.13]) and (6.14), while the potentials are
given by . The unknown is the reflected wave which is outgoing, this means that it satisfies the Sommerfeld
radiation condition, and is in addition uniquely determined by how the obstacle scatters the plane wave.
Hence, the potentials corresponding to the reflected wave are given in equation :

xp(x) = > aH (wsp |z]) 7,

kEL

xe(@) = Y b H (wsn fz)) &7
keZ

xs(x) = Z ckH,(cl)(wss |z|) el*?
keZ

The series coefficients ay, bx, ¢ are then determined by the boundary conditions imposed on the interface I'.
We will consider the boundary conditions of type 1 in [8:I] and of type 3 in

Figure 6: Scattering of a plane wave by an impenetrable solid inclusion. The inclusion occupies the domain
denoted by 2. The cross section of the inclusion is a disc of radius denoted by a. How the obstacle scatters the
plane wave is mathematically described by boundary conditions, for example (3.31)) or (3.33).

8.1 Boundary conditions of type 1

For e = total, ref, pw, we denote by

g c

kol |

the total wave, the reflected wave and the incident plane wave correspondingly. The unknown reflected wave
solves the poroelastic problem:

U™ solves the poroelastic equations (3.30) in R\ Q;

U™ is outgoing by definition (6.29));

8.1
Boundary conditions on the interface I' (8.1)

RR n° 9312 wP.n+w.n=0 , on OB(0,a);

™ .on+7.n=0 , on OB 0,q) -
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In the current geometry, n = e,.. Hence,

W =Ww,,

wPYV . n = wh",

The boundary conditions are written as:

2

siww, = siwwlV,  wT.,

T N=Trne€ + Trg€y,

™. n=1"e, +7-9 e .

_ 2w 2 2 _pw
T, WiTy = wiTy

Next we expand the coefficients of each component in Fourier series. For the right hand-side,

pw __ pw _ik6
whW = E wope

kEZ

For the unknowns:

_ E Wik elk9

kEZ

Using (6.20)), (6.22) and (6.23]), we have:

pw __
Trr E : rrke ) ) 7’9

_E: Oke

k€EZ keZ

§ /‘ iko E iko
= Trrk e ,  Trog = Tro,k e

kEZ keZ

on GIB%(O,,I) .

(8.2)

. ik -
Slww, ), =ag EwH(l) (wsp |z]) € + by B H(l) (wsp |x|) e* + ¢ (pife,;u; QHS)(WSS z|) e,
2 T i 2 rk i i
Wik = — sltplf|:l¢| H’(C_,’)_l(WSp lz|) etk + Q/T E ag H,(Cl)(wsla lz]) e RO + 245 ag, w? H;l)(wslo ||) etk ?
2 Hfr kz 1 i 2 Mfr W i 2,LLfr 1 i
S HY (wsp [z]) 7 — b HYY (wsp |2]) R0 + > o HY (wsp [z) e F?
sp || sp || 5 ||
2 17(1) ko 24k (1) iko 2,Ufr iko
+2ps b w* Hy ' (wsg |x|) e -2 PE b H; ' (wss |x|) e + 2 CkWSSlk‘H (wss |z]) e
B sT
+w? (~2ps + ke + Mo® + a MPp) arpH (wsp [a]) e'*?
+w? (—2pn + ke + Mo? + a M) by H{Y (wsp |z]) €',
2 frwik‘ ’ i 2i frk i 2 frwik‘ ’ i
Wi rer =— @Tang) (wsplx|) et*? + @ r; 5 kH(l)(w splz|)etk? — l|;|7stkH’gl) (wsp|z|) e'k?

2iﬂfrk 1 i
+Taps O H (wsg||) e!*? —
B

w (1) iko
C H W Sg | e
her — K Hy ) (wss |z|)

+w?ey H,(Cl)(w sg |x|) el*?

|

k (1)
+upr 5———cp H) ' (wss |x|) e
sg |2 " F

kz (1)
— Ufr 57 5 H wsg |x]) €'
fr S% I ‘2 Ck k ( S | |)

frk i fr W ! i
g oM @ss ) 40 4 I e (wss fal) ¢
S
iko

ko

Imposing (8.2), we obtain a linear system satisfied by ag, bx, ¢ in each mode k.

w,T
Alc

where the coefficients matrix is defined as:

w,T
A&k

—siwwhY
ag
b _ _ 42 pW
Lk = W= Ty 5
Ck 2 PW
—w?rh
A A Ags
— | Aar Az Ass
Az Az Asz

ko

(8.5)
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with
, L ik
A11 BP H(l) (ws CI) A12 = %:WH'S) (w SSCl) A13 = ZZ{ZU:Z ! H( )((AJSSCI)7
_ 2ppw (1) ko 2ufrk (1) 2 17(1)
Ay = — H,/,(wspa)e + > Hj. (wspa) + 2ppw”H) '(wsp a)
spa s a ’
2 gy k2 e 2/ 2 Kk Ma? M g
T 22 Ok (wspa) +w (*g,ufrJr r+ Ma® + a Bp) p (wspa),
P
2 T W 2 rk
Aoy = _LHSL( wspa) + éqg H,(:)(wsB a) + 2ufrw2Hl(€1)(wsBa)
spa spa
2Nfr k2 H(l) 2 2 k M 2 M H(l)
- o (wspa) +w (—gufr + kg + Ma® + « BB) p (wspa),
B
and

2ug !
A23 = ﬁ(JJlng) ((USSCL),

Ssa
2w ik / 2 pgik
Agy = _%H}E}) (wspa) + 'uf - H(1 (wspa),
asp aZs
2 r.k 4 2 T ik
Agy = _%H}(j) (wspa) + i H(l)( spa),
asp aZs
Ay = — 0 (o a)+°"““H(” (wssa) — 1 (ssa) + 5 HY (wssa)
a?s3 " asg ssa T sga? " ’
k2
+ w? H,(Cl)(wss a) et? — o H,(Cl)(w ssa) .
S

8.2 Boundary conditions of type 3

In this case, the unknown reflected wave solves the following poroelastic problem:

U™! solves the poroelastic equations (3.30) in R? \ Qs

U™t is outgoing by definition (6.29) ;

Boundary conditions on the interface I'

vV vt =0 on T,

pPY +pf =0 onT.

We work in polar coordinates, u? = uPVe, + up" ey and u = u,e, + upeg. The boundary conditions are
written as:

siwu, = —siwul¥, siwuy = —siwuy", p = —-p™ | 9B, - (8.7)
We expand the coeflicient of each component in Fourier series. For the right hand-side,
pw __ pw _ik6 pw __ pw 1k0 pw __ pw ik6
udv = E u e, uy = E ug € pPV = p, e"".
kez kez kez

For the unknowns:

iko ik iko
:E u, e’ uezg up e, pk:E Pk €

keZ kEZ kEZ
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Using (6.19) and (6.24), we have:

’ . ’ . ik .
siwu,r = ag sgleg) (wsp |z))e* + by sgle,(Cl) (wsp |z|)e™* — ¢ sg? ﬁH,ﬁl)(wss |z|)elr? |
, , ik i , ik i B : i
siwugyr = ag sP2 EHS)(wsP |z|)e ko4 by, sB2 EHS)(w s |z|)e ko4 e ssleg) (wss |x|)e ko (8.8)
pr =—ar M (Bp + a)H Y (wsp [a@]) e — b M (Bs + a)HM (wsp [z]) e .

Imposing , we obtain the following linear system satisfied by ag, b, ¢ in each mode k:

ay —siw uE:Z
APP by | = | —siwugy |, (8.9)
Ck; —piw
where the coeflicients matrix is defined as:
s;leg)/(w sp a) sglefcl)l(w sg a) —sg? %chl)(w ssa)
AP = Sp’ %H;(cl)(w spa) S5 %Hl(cl)(w s @) ss'wH (wssa) | - (8.10)
-M (Bp + @) H](cl)(WSp a) —M(Bs + o) H,(cl)(wSP a) 0

8.3 Numerical tests

We show the imaginary part of the solid velocity u, in figure [7}

Figure 7: Scattering of a P plane wave on an impenetrable solid obstacle. Imaginary part of the solid velocity
u, of the reflected wave for boundary conditions of type 1 in a porous medium composed of inviscid sandstone
with f = 500 Hz.

We will investigate the stability of the coefficient matrices A" (8.5) and A} for the first modes
k. The tests are divided in two parts. First, we consider a medium composed of sandstone with no viscosity,
next we run the tests on a medium of sandstone with viscosity cf.[[] For both tests, the cross section radius is
a = 1m. The results are reported in the following figures:

e Sandstone with no viscosity figures [§ and [0
e Sandstone with viscosity figures [10] and

Due to the well-posedness of the problem, we expect no generalized eigenvalues in this case, which is clear for
the curves of both boundary conditions [11). Note that the curves here are completely free of peaks,
compared to the absence of generalized eigenvalues in the case in figure [3] in which the curves present small
peaks. This corresponds to the true situation free of generalized eigenvalues.
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Figure 8: Experiment of a porous infinite medium with an impenetrable solid obstacle. Determinant of the
coefficients matrix (log scale) for & in 0 : 2 sandstone with no viscosity. The matrices corresponding with types
of boundary conditions 1 and 3 are considered: A" (8.5] [
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Figure 9: Experiment of a porous infinite medium with an impenetrable solid obstacle. Determinant of the
coefficients matrix (log scale) for k in 3 : 5 for sandstone with no viscosity. The matrices corresponding with

types of boundary conditions 1 and 3 are considered: A}"" (8.5) in blue - and A}"P (8.10)) in red D
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Figure 10: Experiment of a porous infinite medium with an impenetrable solid obstacle. Determinant of the
coefficients matrix (log scale) for k in 0 : 2 for a sandstone medium with viscosity n # 0. The matrices
corresponding with types of boundary conditions 1 and 3 are considered: A}”" (8.5) in blue and A}"P

in redlZl
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Figure 11: Experiment of a porous infinite medium with an impenetrable solid obstacle. Determinant of the
coefficients matrix (log scale) for k in 3 : 5 for a sandstone medium with viscosity n # 0. The matrices
corresponding with types of boundary conditions 1 and 3 are considered: A}”" (8.5) in blue and A}"P

in red |:I

9 Scattering of a plane wave by a penetrable porous solid inclusion
immersed in a porous medium

Consider the scattering of a time-harmonic plane wave by a penetrable infinite cylinder immersed in another

poroelastic infinite medium (see figure [12)).

The total wave outside of the cylinder is a superposition of the

incident plane wave, and the reflected wave with each quantity satisfying poroelastic equations in R?\
B(0,q), while the transmitted wave is described by the displacement inside the cylinder. The unknown is now
the reflected wave which is outgoing, and the transmitted wave. They are uniquely determined by transmission
conditions imposed on the interface I'. For ¢ = pw, ref, trans, we denote:

‘e

U.

kol |
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The unknowns U™ and U™ solve the following problem:

U™ solves the poroelastic equations (3.30) in R? \ Q;
U™ golves the poroelastic equations (3.30) in ©;
U™! is outgoing;

Boundary conditions on the interface I : (9.1)
uPv + uref _ utrans

ppw + prcf _ ptrans ;

pr'n+wref.n:Wtrans'n’

pr.n+7_ref.n:7_trans.n.

Upv x } Uref

Figure 12: Scattering of a plane wave by a penetrable solid inclusion. The inclusion occupies the domain denoted
by €. The cross section of the inclusion is a disc of radius denoted by a.

9.1 Construction of the analytical solution

The medium outside is denoted by medium 1, while the medium inside of the cylinder is denoted by medium
2. The slowness in the medium 1 is denoted by s, (yy and in medium 2 by s, (r7)-

The solutions (u,w,T,p) are given in the two media by equations (6.12)), (6.13) and (6.14)), while the
potentials are given by . Hence, in medium 1, the potentials corresponding to the outgoing reflected wave

satisfy equation ([6.17)):

xem(@) = > ax H (wsp, zl) ¢*?,

kEZ

Xe.m(@) = Y b HY (wsp o lz)) e+,
kEZ

Xs.(@) = 3 e HY (wss mlel) .
kEZ

Similarly , the potentials corresponding to the transmitted wave (i.e. in medium 2) are given by (6.16)):

XP(II)(:B) = Z kok(WSP,(H)‘:BD eik97

keZ

XBan (@) = Y ex Ju(wsp,aplz|) €7,
kEZ

Xsan (@) = D fuJu(wss apla]) 7.
ke
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Next, we are going to determine the coefficients ay, bg, ¢k, di, ex, fr by imposing the boundary conditions
at the interface between the two materials. Hence, they will satisfy the system given in equation (9.7)). As
previously, using the considered geometry, we express the unknowns in the polar basis:

(] (] Ld
u =u,.e,. + uyey,
.

o —_—
w® n=w,,

T° ’I'L—T r€er+ T 980.

The boundary conditions are written as:

uref utrans _ 7uEW,

ugef ugrans _ _qu’

pre ptran:a — _ppw7
Wref Wtrans _ _WEW7 (92)
Trrff Ttrans _ _Trprw’

TIgl TS =

The expansion of the coefficient of each component in Fourier series are:

_E:oike o . §:olk0
= u’!‘,k e 5 UQ = u€7k. 6 P

keZ keZ keZ
_ . ik6 ° . iko ° _ . ik
- E Wr,lc € ’ Trp = E : Trr,k € y  Trog = E Tr@,k €
kEZ kEZ keZ

Using (6.19)),(6.24)), (6.20), (6.22) and (6.23)), we have for the reflected wave:

. r w 4 i w 4 i lk i
ﬁlwuf,g = ay HS) (wsp, ) |z))e*? + by —— H,(Cl) (wsp,m |2])e™ —cx WHS)(W s, |2))e™”
SP,(1) SB, (1) Z1Ss,m)
ref __ ik (1) ik0 ik (1) ik (1’ me
siwugy = ap ———H), (wsp,m|x])e™ + by ——=—H, " (ws,m|x|)e™ + cx —— H,’ (wss,1)|x|)e
|3’3‘5p,(1) |z SB,(1) Ss,(D)

pit =—ar M (Bp + a)Ji(wsp,m |z|) e — by M (Bs + @) Jp(wsp, @ |z|) e,

ref _ BP (1) k0 Ppw (1) k0 Pt b ik (1) ko
siww)f = L p )H (wsp,mlz))e™ + by SB,(I)H (W s, @)™ + Ckm H, (wss @)™,
(9.3)
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and
o 2 W 1 ; 2ue k 1 i 1 i
w27—rr,fk = —W% ch-i)-l(w SP,(1)|~’13|)€ kO W% H,(C )(w SP,(1)|~’13|)€ kO 2y w?ay ch )(w SP,(1)|~’I3D€ o
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SB, (1) |z s, |z
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Hir W 1y ik w (1) iko
e Hy W (wss oy |x|) €77 — pp ———= e Hp (wss,m |x]) e
|$| 5.0 k (9] 5S,(I)|33‘ k41 I
k . . 2 )
+ i 5 Ck Hg)(wssy(l) |z|) ekl 4 w2 ey H,(Cl)(wssy(l) |z|) ko _ Pt 573 Ck Hlil)(w ss,(1) ||) ekl
S5, S5,
(9.4)
and for the transmitted wave:
. ran w i w i lk i
siwu ™ = ap Ji(wsp )™ + by Ji(wsg an |z))e* — ¢ ——— T (wss,am|z])e*?,
Sp,(11) SB,(11) 155, 1)
. rans ik i ik i i
siwugi™ = ay s Jr(wsp (n)lx|)e M1 by ——5——Jr(wsB,an|x|)e Mo Ji(wss,an|x|)e ko
|z| Sp,(11) | B,(11) S8, (I1)
ref _ _ o0 J K0 _ po 0 J iko
pit =—ar M (Bp + @) Ji(wsp,an |x|)e kM (Bs 4+ a)Ji(wss,an |z|) €,
. trans Prw ik6 Pw ik6 pr pirik iko
= J b J J
siww,} ay P——” p(wsp anlz])e™ + kSB,(II) p(wsp anlx])e™ + e detAla] k(wss anlx))e™,
(9.5)
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and
2__trans __ 245 w J iko 2ug k J ik0 | o 20 J iko
W Tk *—751) (H)|ac|ak kr1(wsp mnlx|) e +7s% (H)|$|2ak k(wsp anlz|) e + 2pp w” apJr(wsp iy lx|) €
2puge k? iko 2pp w iko 2pp k iko
— 5 ak Jp(wsp anlz]) e — ———=bp Jpp1(wsp,an|z]) €' + 55 bk Jr(wss,aplx|) €'
512,’(1)|m|2 an sp. (1) || n S%,(H)|w|2 (D)
i 21y k2 i 2w ik i
+ 2,[,Lfr bk w2 Jk(wsB7(11)|:B|) € kO _ 2'uf72 bk Jk(UJSB)(H) ‘33|) € ko + L Ck J;C(WSS,(II) ‘:ED € ko
sg.ap ] ss, () |z
+ w? (—%ufr + kg + Mao? + OLMBP) ag Jk(wsP,(II) ‘ZCD eik&
+w? (= 2pe + ke + Mo® + a MBg) by Je(wsp,an |2]) ¢*7,
rans 2 fYWik i 21 frk i 2 frwik: i
WQTﬁe,k = *mak%(wsmuﬂﬂ)@ kO m%aka(wSR(HﬂmD@ ko _ mm%(w sB,(1n)| x| )e ko
’ P, (1) )
2i,ufrk iko ,Ufrk'2 iko Hfr W / iko
7()]@ Jk(w SB,(II |$|) e' — Ck Jk(w SS, (11 |SC|) e' + CkJ (WSS’ 11 ‘IBD e'
|w|25213,(n) = \5'3\25% an 2| ss (1) b ({0
. k .
— gy J ik6 . J ik6
e ss,(11) || o Jira(wss,ael) €7 +u s (iI)|x|2Ck b(wssan [zl) e
2
+ w2 Ck Jk(ws&(n)\:c” 61k6 — HUfr I EEND) Ck Jk(ws&(n)\a:\) lee.
S5, ]
(9.6)
Imposing ([9.2)), we obtain a linear system satisfied by ag, by, ck, dg, ex, fr in each mode k:
ar —siwulV
by —siwup”
poro-poro Ck _ppw
Ay o | T | siwwey (9.7)
k
ek —w? TPV
fr W2 TRy
with
Ay A Az Ay As Ass
Agy Age Az Asy Az Agg
Aporo-poro _ Az1 Azp Azz Azs Azs Ass (9.8)
F Ay Ay Az Ay Ay Age .
As1 Asz Asz Asy Ass Ase
Agt Az Aez Ass Ass  Ass
’ ’ .k
A = sgl ng) (wspa), Ap = sgl wH,(:) (wssa), Az = — SS_2 1;H,(:)(w ssa),
—2 1k (1) —2 1k (1) —1, )
Ao = sp ;Hk (wspa), Ay = s ;Hk (wspa), Agzs = sg  wH, ’ (wssa),
Ag1 =—M ((Sp + a) HS)(UJSP a), Az = — M ([SB + a) Hg)(wsla a), Asz3=0,
(9.9)
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!’ 'k
Ay = splwli(wspa), Ay = sglwl(wssa), Ajg = —s5? 1;J;ﬁ(wss a),
_o ik _o ik _ / 1
Aoy = sP2 EJ]C(WSP a), Ags = 532 EJk(WSB a), Age = 551WJk(WSS a), (9.10)
Az = =M (Bp + a)Jp(wspa), Ass = =M (B + a)Jp(wspa), Az =0,
Br (1) Bs Ly pr pee 1k (1)
Ay = —wH A wHy, Ayi3= —— —H
41 Sp wg, (WSPG)7 42 = B (wssa)7 43 det A o 'k (wssa),
2 gy 2 g k
As1 = — ifa HY), (wspa) + s/;ilz H (wspa) + 2pnw? HY (wsp a)
P
2 pugr k? H(l) 2 2 k M 2 M H(l)
T 22 (wspa) +w (—gﬂfr+ r + Ma®™ + « E’P) k (wspa),
i . (9.11)
2 g 2 pgr
A52: — 5];:1 ngljzl( W SB Cl) + Mfa H(l)(WSB U.) + 2,ufr 2H( )(wsB Cl)
SB
2 pigr k? H(l) 2 2 k M 2 M H(l)
T T2z Uk (wspa) +w (—gufr-i- © + Ma® + « BB) v (wssa),
B
2 T . !
A53 = ﬁwﬂ{/’Hg) (WSSCl>7
ssa
2w pigeik 1y 2 pgik (1)
Agy = ———H;, pa) + H, spa),
61 po (wspa) 252 (wspa)
2w gk 2ue ik
Az = — a’: ; HY (wspa) + ;‘222 H (wspa),
b (9.12)
k;2 W gy k
Ags = H(l)( ssa) + a'gsf g’ (wsga) — fH,(ClJZl(wss a) + @Hg)(a}ss a),
(1) | K2 )
+ w2H,C (wsga) e'F? — WH (wssa),
S
Bp Bs pr pge 1k
A ="Lwy A= 2By A g
=W p(wspa), =Y p(wssa), 6= G A a k(wssa),
2 g w 2 ug k
Agy = — fpfﬂ Jit1(wspa) + %Jk(wwa) + 2uf,w2H,(€1)(w5p a)
P
Q,Ufr]f2 2 2 2
T T2a Je(wspa) +w’ (—2ps + ke + Ma? + a MpBp) Jy(wspa),
) °F . (9.13)
Ass = — gfraw Jrs1(wspa) eF? + S";fgz H,(Cl)(wsB a) %% + 2 s w? Jp(wspa) etk
RR n° 9312 2B 2 B
— S/;f;2 Je(wspa) e +w? (—Zpp + ke + Ma® + a MBg) Jp(wspa),
B

2 T . ’
Asg = Kt wik J,(wsga),
Ssa
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2w pgik 2 pgik
Agy = ——F0 g ety ,
64 e i (wspa) + 252 k(wspa)

2w pgrik 2ugik
e | —J ,
o i (wspa) + o253 k(wspa)

A65

(9.14)
Ags = —%J (ws a)—l—w'ufrJ, (wssa) — Rl (wsga) eF? + LJ (wss a)
66 (125% k S ass k S ssa k+1 S S%ClQ k S )
. k2
+ W Jp(wsga) eF? — S5 Jk(wssa) .
sia

We define the eigenvalues as follows:

Definition 5. w is porous-porous transmission eigenvalue if det AY*" P (w) = 0, where AY*" " is the coeffi-
cients matrix defined in equation .

9.2 Numerical tests

We consider an infinite porous medium denoted as the exterior medium I', in which € is a porous inclusion
(interior medium), see figure We show the imaginary part of the solid velocity u, in figure

Figure 13: Scattering of a P plane wave by a penetrable solid inclusion. Total solution of the imaginary part of
the solid velocity u, for sandstone/shale with no viscosity test with w = 500 rad.s~*.

To investigate the influence of the material parameters, we consider different cases detailled in the table
For all of these tests, we study the determinant of the coefficients matrix function of the pulsation. We
first study the influence of the viscosity by varying its value in the interior and exterior medium. Next, we vary
the value of the frame shear modulus to observe the differences on the shape of the curves. For all tests, the
cross section radius is a = 1m. We have the following observations:

e As in the case of a bounded domain, the shear frame modulus has an influence on the shape of the curve.
When the shear frame modulus of the interior material decreases, we can observe the apparition of smooth
peaks. When it is in the exterior material, the general value of the determinant decreases, ¢f.[L6] This shows
that the interior medium has more influence on the determinant of the matrix than the exterior one.

e From mode 3, we can observe for every case that the red curve|- +|in figure the one with viscosity in the
exterior medium and no viscosity in the interior medium is higher than the other one for low frequencies.
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Exterior medium Interior medium Figures
Sandstone (n = 0 Pa.s and pug = 12GPa) Shale (n = 0 Pa.s and ug = 3.96GPa) 14} [15] (16| -+
Sandstone (n = 0 Pa.s and pg = 12GPa) Shale (7 = 1073 Pa.s and pug, = 3.96GPa) 14] [15[f =
Sandstone (n = 1073Pa.s and ug = 12GPa) Shale (n = 0 Pa.s and pg = 3.96GPa) 14} 15|~
Sandstone (7 = 10~3Pa.s and ug = 12GPa) Shale (n = 1073 Pa.s and pug = 3.96GPa) 14} [15)
Sandstone (n = 0 Pa.s and pgp = 12GPa) Modified Shale (n = 0 Pa.s and pg = 1GPa) 16} [o
Modified Sandstone ( = 0 Pa.s and ug = 3GPa) Shale (n = 0 Pa.s and ug = 3.96GPa) 16 -
Modified Sandstone ( = 0 Pa.s and ug = 3GPa) | Modified Shale (n = 0 Pa.s and pg = 1GPa) 16

Table 3: List of the tests of porous-porous interaction
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Figure 14: Experiment for a porous-porous interaction: Determinant of the coefficients matrix AP ([9.8))

(log scale) for k in 0 : 2 for sandstone/shale with no viscosity in blue[ = | for inviscid sandstone/ viscous shale
in red , for viscous sandstone/inviscid shale in black |:| and for viscous sandstone/viscous shale in green
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Figure 15: Experiment for a porous-porous interaction: Determinant of the coefficients matrix Agoro'poro (19.8)
(log scale) for k in 3 : 5 for sandstone/shale with no viscosity in blue[ = ] for inviscid sandstone/ viscous shale
in red , for viscous sandstone/inviscid shale in black [ - ]and for viscous sandstone/viscous shale in green
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Figure 16: Experiment for a porous-porous interaction: Comparison of the determinant of the coefficients matrix
APPTPT (9.8) (log scale) for k = 0 for sandstone/shale with no viscosity and regular shear frame modulus in
blue The shear frame modulus of the interior material is divided by four in[ =] the one for the exterior
material is divided by four in |:| and both are divided by four inﬂ

10 Scattering of a plane wave by a poroelastic domain in a fluid
medium

We consider the scattering by a plane wave of a poroelastic obstacle in an infinite fluid medium. The total
wave outside of the cylinder is a superposition of the incident plane wave and the reflected wave, while the
transmitted wave is described by the displacement inside the cylinder. The movement in the fluid region is
described by

Py = p* + pt,

10.1
ug, = uP" +ut, (10-1)

where (ps, U,) satisfy the Helmholtz equation for p,
(A - ’sf,) paw =0, (10.2)

and the velocity in fluid is given by
1 51
Uy = — 7.v PAu = Vpﬂu . (10.3)
PAuS1W Pfiu W

Here, slowness of fluid is chosen in the same way as those in the poroelastic interior by Definition (5.33)) , i.e.

Sy = —51/S5, - (10.4)

In the interior, the transmitted movements are described by U'ans = (ufrans wtrans ptrans piransy that golves

the poroelastic equations (3.30). The interior and exterior quantities are determined by transmission conditions
imposed on the interface I'.
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In short, the unknowns of the fluid-solid interaction problem are (pgy, ugy) and U™ which solve:

(Pfiu, Uay) solves the acoustic equations (10.2)) and (10.3)) in R?\ ©;

U golves the poroelastic equations ([3.30) in ©;

0
(Pfiu; Ugy) are outgoing in the sense of lim +/r <gﬂu — iwsgy pﬂu> =0;
T—00 T
(10.5)
Boundary conditions on the interface I" : (3.37))

(ugy —u) - n =w-n,

1

PAlu —P= ——W-'Nn,
Kr

T M= —pau M.

where kp denotes the hydraulic permeability on the interface.

We will distinguish three different cases for kr, we first consider a finite value of kr in Then when
Kr — o0, the pores are open, and the second condition in becomes pgy — p = 0. This case is detailed in
subsection [I0.1.2] We finally study the case of sealed pores in section [I0.1.3] This means that xp = 0, and the
second interface condition is modified as w - n = 0.

Urv x } Uref

Figure 17: Scattering of a fluid plane wave by a poroelastic inclusion. The inclusion occupies the domain
denoted by Q. The cross section of the inclusion is a disc of radius denoted by a.

10.1 Construction of the analytical solution

In the fluid, the pressure and the velocities are expressed as follows:

Pflu = Ppw + pref7

10.6
ugy = uPV + uf. ( )

The pressure pg, satisfies the Helmholtz equation. In the fluid,

Ufly = — —FV Pflu = vpﬂu
PAu S 1W Pflu W
The incident plane wave is
o0
pw __ ik ik(0—cine
Py = E iF (5w sy |@|) e FO—me)
k=—o0
= siftl :
= up, = E V Ji(swspy |x]) e FO—ame)
— Pfu W
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The reflected wave is written as:

piet = Z dkH (wsqy |x|) €0

keZ
= uif = Z dy. VHS)(WSH“ |z|) el*?
Piu W
keZ

In polar coordinates, using V = 0,.e, + Wageg , the radial component is:
x

S ik
iy, = D (swspy fa]) O

kEZpﬁu
sA

upl = Y 235 g HY (wsgy |2]) €
ke Pflu

In the poroelastlc domain €2, the potentials and the expressions of the unknowns are given in section
equations ([7.4]) and ( -

10.1.1 Finite positive value of hydraulic permeability

On a disc, n = e,. Imposing the transmission condition (3.37) means that for every mode k:

S R 1 (s Ja]) e Rome 4 250 0 1 (G sg )
PAu

flu
—i—asiJ’(wsa)—i-bsiJ’(ws a) +c¢ 5kJ(cusa)
k sp k P k g k B kas%w k S
Br i Pt lir Sk
=— —J —bps—1J —J
ar S - k(UJSPa) kS - k(wSBCI) + ¢k dot A aw k(WSsa),

dy; H’(;) (Wsay @) + LA (WS @) o—ikaine

+ax M (Bp + a)Jp(wspa) + by M (Bs + a)Ji(wspa)

iBP / iBB / Pf Hfr sk
=—aps spa) — bys Ji(wspa ssa),
@ Sp KT k(wspa) k SB KT w(wssa) + det A aw kp k(wssa)
2 fr W 2 frk‘
A ak Jp+1(wsp a) —&—%ak Jr(wsp a) + 2 pg ap w? J;(wsp a)
spa spa
2:ufr k2 2Mfrw 2Mfrk
————agJ — by J —— by J
5123&2 ag k(wSPa) ssa k k+1(wsBa) + s]23a2 k k(wsBa)
2 rk 2 pgr . !
+2 gy by, w? Jp(wsp a) — o by Jx(wsp a) 4 Zh crwik Jy,(wsg a)
2a? ssa
+w?

(—2p +ke + Mo? + aMPBp) ardp(wspa) +w? (—2pp + ke + Ma® + aMBg) bri(wss a)

= —w?d, H,(Cl)(w squa) — w? Jk(w Sfiu @) e katine

9
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—% ar Jj.(wsp a) —&-%ak Jr(wspa) — %bk Je(wsp a)
+ 2iufrkkak(wSBa> —MLZCka(WSSCl) + MfrwckJ/ (WS Cl)
a?sg a?s? ass RASS
w k
_ uerSTCk Jk+1(wss Cl) +,ufr %?ck(]k(wss U.)
k2
+ w2/,LferJk(UJSSC1) — ,ufrs%?ckl]k(wssa) =0.

We can build a linear system satisfied by ag, by, ck, di in each mode k.

Slu k41 g “ikay
a —— " J (wspy a) e c

Pflu
b —iF J(wsqy a) e 1 kine
Agu—poro _ ( ) . (107)
Ck —w?iP Jy(wsay a) et Rane
dy, 0
with
Ay A Az Ay
Azu‘poro _ Agp Az Az Aoy (10.8)
Az1 Azp Azz Az
Ay Ay Agz Ay
A _siJ, Bpsi 1 Bpsi
11=—Ji(wspa) + Ji(wspa), Ajp=—1J (wsga) + Ji(wspa),
Sp Sp SB SB
Az = ok Jr(wsg a) —MJ (wsga), A :ﬁiH(l)/(ws a)
13 osla k(wss dot Awa FlWssa), 14 PN flu @)
Bpsi, Bsi
Ao = M (Bp + a)Jp(wspa) + Jilwspa), Ap =M (Bs + a)Jp(wsga) + Ji(wspa),
KT Sp KT SB
sk r
A23 = 7#2‘?;‘(]]@(&)55 a), A24 = Hg)(wSﬁu a),
2 pgr w 2pe k 2 2 fugy k>
Az = — J J 2 g w” J — J
31 — k+1(wspa) + T g(wspa) +2pupwJ (wspa) P k(wspa)
b (2 4 ket Ma? o MPp) Jywspa),
2 gy w 2 g k 2 g k2
Azg = — éga Jk+1(wsB CL) + nga? Jk(wsB a) —|—2,ufrw2Jk(onB Cl) — :gTJk(MSB Cl)
+w? (“3pn + ke + Ma® + a MBg) Ji(wspa),
206 L
Aszg = s/;; wikJ(wssa), Asy = w? H,gl)(wsﬁu a),
and
2upwik 21 g k 2upwik 21 pg k
Ay = _WJ]C(MSP&) +WJ;€(0JSP a), Agp= —WJk(wsB a) +WJk(wsB a),
Ayz = —MJk(wss a) + ufrwJﬁc(wss a) — /LfriJk+1((AJSS a) —i—ufriJk(wss a)
a?s? asg sqa s3a?

k2
+ WQ[IJfer(WSS a) — Hf’rﬁg]k(wss Cl),
S

A44:O.
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10.1.2 Open pores

If the hydraulic permeability xr — oo, the second equation becomes:

dk, H/(<:1) (w Sflu a) + ik Jk (w SAu a) efi katine

—(—ar M (Bp + @) Jp(wspa)— by M (Bs + a)Jp(wspa)) =0.

Slu .pt1 g —ika
an —— 1"t Jl (wsay a) e e

PAu
by, —ik Ji(wsgy a e~ 1kaune
A{;u—poro _ ( u ) . (109)

Ck —w?iF Jy(wspy a) e ikaine
dy, 0

The second row is modified as:

Ay =M (Bp + a)Jg(wspa), Ax=M (BB + a)Jg(wspa), A3 =10,, Agy= Hl(i,l)(CUSﬂu a).
10.1.3 Sealed pores
If the hydraulic permeability xr = 0, the second equation is:
¢ ik
ar, ETITWJ;“(WSP a) + by %WJ;“(WSB a) + ¢k ng; 1EJk(wss a) = 0.
Slu .pt1 “ikoy
——1 J(wsaua) e inc
@ Piu k( b )
b 0
Agu-poro _ ' (1010)

Ck —w?i* Ji(wsay a) e thaine
dy, 0

The second row is modified as:

Bpw _, Bw ., 1k pr g
Ay = J Aoy = J Agg = ————J Aoy = 0.
21 s k(WSP Cl)7 22 - k(WSB Cl)> 23 det Aa k(WSS Cl), 24

We define the eigenvalues as follows:

Definition 6. w is fluid-porous Jones’ mode corresponding to finite, open, sealed pores if det Agu'poro(w) =0,
where Azu'p " is the coefficients matrix defined in equations (10.8), (10.9) and (10.10)) correspondingly.

10.2 Numerical tests

We study the trace of the pressure in the fluid using receivers on the radius b = 8m for w = 500 rad.s~!
and we sum the modes using Ny, = 50. Next, we are carrying out six experiments with two types of
material configurations: sandstone with and without viscosity. For the three cases, we consider varying hydraulic
permeability kp:

e Finite value of kr. Here we consider xkr = 1.
e xr = 0, which corresponds to sealed pores.

e Kk = 00, which corresponds to open pores.
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(a) kr = oo (open pores) (b) kr = 0 (sealed pores)

imagP)
ImagP)

Imag(P)

(¢) kr =1

Figure 18: Scattering of a fluid plane wave by a poroelastic inclusion. Reflected solution of the imaginary part of
the pressure p for sandstone immersed in water with three values of the hydraulic permeability and no viscosity
for f =500 Hz.

For the first modes k, we will investigate the stability of the coefficient matrices. For all the tests, the cross
section radius is a = 1lm. The fluid parameters are given below:

pan = 103kg. m™3, sgy =1500m.s L.
The results are respectively reported as follows:

e The trace of the pressure on a circle of radius 7 = 8m is presented in figure[I9] for the three values of hydraulic
permeability. For xr, we add the case of a fluid-elastic interaction problem. The parameters of the elastic
material are described in section [l

e Water/Sandstone (7 = 0) in figures 1] and
e Comparison of Water/Sandstone without viscosity and with viscosity n # 0 in figure
We have the following observations:

e In this case we observe for all the experiments with no viscosity the same behaviour. All the curves represent
peaks, as in figures and but after zooming, some peaks have different behaviours. For most cases,
the peaks are bounded below, hence there are no generalized eigenvalues. However, few of them are real
eigenvalues, see figures 23] In the case with viscosity, the curves are smoother, we observe less peaks for the
same range of frequency, and they are all bounded below after the zoom procedure.

e For ki = 0, we tested every peak of AS“‘P“‘J, for both media, because it is the case closest to elastic-fluid
scattering. All the peaks are bounded below.
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e The effect of the value of kr is limited. The cases kr

determinant and the value of the trace of the pressure.

1 and oo are similar, both for the value of the

e The comparison of the fluid-porous interaction with the fluid-elastic interaction highlights the fact that the
behaviours are different, even though we took corresponding parameters between elastic and porous materials.

real(P)

real(P)

real(P)
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Figure 19: Experiment of a fluid-porous interaction. Comparison of the trace of the pressure for a sandstone
solid immersed in water with and without viscosity and for several values of the hydraulic permeability. The
test was computed for f = 500Hz. The case with no viscosity is represented in blue [} while the case with
viscosity n = 1073Pa.s is represented in redH The case of an elastic solid is represented in green
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Figure 20: Experiment of a fluid-porous interaction. Comparison of the trace of the pressure for a sandstone
solid immersed in water with viscosity n = 10~ 3Pa.s for different values of the hydraulic permeability. The case
kr = 1 is represented in blueﬂ the case with sealed pores (kr = 0) is represented in redH and the case of open
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Figure 21: Experiment of a fluid-porous interaction. Determinant of the coefficients matrix A}’jater‘sand“one
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Figure 22: Experiment of a fluid-porous interaction. Determinant of the coefficients matrix
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Figure 23: Experiment of a fluid-porous interaction. Determinant of the coefficients matrix A}ater-sandstone (7))
(log scale) zoomed on the frequency for k = 0 for sandstone with no viscosity n = 0. xkr = 1 is represented in
blue|:|, kr =0 in redmand kr = oo in green [+
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Figure 24: Experiment of a fluid-porous interaction. Comparison of the determinant of the coefficients matrix
Ayater-sandstone (T §)) (Jog scale) for k = 0 for sandstone with and without viscosity for three values of hydraulic
permeability. The cases with no viscosity are represented in color and the viscous cases are in black.

11 Comparison of the interaction problems

In this section, we compare the results obtained for interaction problems with two poroelastic domains (section
|§[)7 the interaction of a poroelastic domain in a fluid (section and interaction of an elastic domain in an
infinite porous medium. The fluid-solid interaction problem is described in [I]. We use the same matrix for the
numerical tests, cf appendix [D] The parameters used for the fluid-elastic test are given below:

prn = 103 kg.m™3, sgu = 1500m .51, peoia = 2.208-103kg.m ™3,  Aeotia = 32GPa, and poq = 12 GPa.

Note that the elastic parameters are taken to have a similar configuration between elastic and porous material.
The solid density is taken equal to the average density of the porous medium. The value of the frame shear
modulus of the elastic frame is the same as for sandstone, and the value of A for the solid is the same as the
undrained value for the sandstone.

Figure [25| represents the results for the following cases:

¢ Fluid/elastic interaction.

e Porous/porous interaction with the exterior medium composed of sandstone and the interior of shale (cf.
table .

e Fluid/porous interaction where the fluid is water and the porous medium is sandstone. We have tested
for three values of kr = 0,1 and co. To simplify, we don’t show the fluid-porous interaction with xr = oo
because it is very close to the case with kp = 1.
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The table 26l summarizes the results for all the tests described before.
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Figure 25: Comparison of the determinants of A;. We consider a sandstone medium with no viscosity. mrepre—
sents the fluid-elastic interaction,[ - |the porous-porous interaction for sandstone/shale, [+ |and[[[ IMAGE Dis]
[CARDED DUE TO ¢/tikz/external/mode=1list and make’ |||the fluid-porous interaction for water/sandstone
with respectively kr = 0 and 1.

No viscosity n =0 With viscosity n #0
Porous-porous interaction No generalized eigenvalues |14} |15 No generalized eigenvalues |14} |15
Fluid-porous interaction No generalized eigenvalues [21] Presence of generalized eigenvalues ﬂ
Fluid-elastic interaction Presence of generalized eigenvalues25(| =~ @ ———————

Figure 26: Summary of the results

12 Conclusion

We have computed analytical solutions in 2D for the following problems: bounded isotropic poroelastic problem,
scattering of plane wave in poroelastic medium by penetrable/impenetrable obstacles and lastly fluid-solid
interaction problem. As a first application of these formula, we give a description of a generic homogeneous
solution for isotropic poroelastic equations, which includes outgoing solutions. As a second application, we
carried out numerical investigations on the well-posedness of the above problems. The most interesting points
that came out of this investigations are the followings:

e On bounded domain, the presence of eigenvalues does not come as a surprise when there is no viscosity.
However, what is interesting is that, there are no eigenvalues with the current model of viscosity.

e In fluid-elastic interaction problems, the presence of what is equivalent with Jones’ modes for poroelastic
interior is found without viscosity. However, for the same range of frequency, for a viscous medium, there

is no more eigenvalues.

However, these results are obtained for circular problems, they can be dependent on the considered geometry.
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Current and future work We are currently preparing a report which makes use of this work to construct low
order boundary absorbing conditions for isotropic poroelastic equations. Moreover, we will use the analytical
solutions described in this work to perform analytical-numerical comparisons on an HDG method for poroelas-
ticity. This study paves the way for future theoretical investigations of this question, such as the well-posedness
of the outgoing solutions and theoretical confirmation of the absence of equivalent Jones’ modes.

A Detailed calculation for expansion in Bessel functions

Denote by Zj a Bessel function. To obtain the expressions (6.19)) and (6.20]) for u and w, we use:
1 0o
curlf = —0yfe.—0.feg, and Vf =0.fe.+ —ep,
T T

to give

B . _ 5 . ik 5 .
V (Zi(3wse [2])e™) = 5ws Z) (5wse [z])e* e, + mZk(ﬁws. |z[)e* ey,
- ; ik - ; - - ;
curl (Z,(3wse \x|)e‘k9) = ﬁzk(sws. |z))e*? e, — Fws, Zi(5ws, |z])eFey.

To express the components of 7, we will need the calculations of V2f and V(curlf) for a scalar f:

o2 0 02 0 03 O
V(V)=dfe @e + (f—i) er®e9+( Tef—rgf) e9®er+<fnf+ Tf) e ey,

r

0%f 0 Bf o Oof , 9
V (curlf) = ( rof _92f) e Qe + (62f+ f) e, ®ep— 0 feg@e, + (— Tef—l—gj) ep @ ey.
T T T T T

r

For f = Zp(5ws, |x|) *?,
D2f = (wse)? ZV(Bwse|z|) €79, Oof = Swseik Z(Bwse|z|) e¥?, 92f = —k? Zp(Gws.|z|) *?.
Next we replace Z”, by using the ODE:

d? d d?
R/ —7 2o Z=0 = —
z + z + (z ) 72

1
Zo = -7 — (1-")z,.
dz2 dz F P ( z)k

Remark 10. To completely eliminate the derivative, we can use the connection formula

Z;v = Zk_l(z) — gzk(z) = —Zk_,_l(z) + gzk(z) .

Hence, we have:
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Here, we detail the expression of the stress components 7. and T,4:

2 Oro Xs
WA = gy <—5233XP - 82 xB + 2— f > + w? (—2ps + ke + Ma?) (xp + xB) + w? aM (Bpxp + BBXB)
P s g

. . . . 2 . . .
E |:Mfr (72akw2 Z;(EWSP lz]) et®® — 2By w? Z;(swsB lz]) etF? + —ckwsikz;c(swss Ed)) e‘kg)
SST
kEZL

+ w? (7§ﬂfr + kg + Ma? + aMﬁp) ag Z,(5wsp |z|) elk?

+ w? (= 2pe + ke + Ma® + o MBg) by Zi(3wsg |z)) e““’]

2 gy WS - ; 2pe k - i -
= _Z Lak Ziy1(Bwsp |z]) kP +Z %ak Zx(wsp |z|) et®? +Z 2 puge ap w? Zy (Fwsp |x]) etk ?

kez P kez °P keZ
2 pge k2 . ; 2 pgr w§ . ; 2 pge k -
-3 T ZiGuwsp o)) K0 - ST Y g Guss ) @R + ST Ty 2 Gwsp [af) ¢ F°
kez P kez B kez B
. i 2 k2 .
+Z 2 iy b w2 Zy (Fwsp |z]) € *0 72 'ufr b Zp(Bwsp |z|) €' *f +Z fr ckwssikZ;c(swsS |z]) el*?

kezZ k€EZ B keZ S

+ > W (—Zps + ke + Ma® + a MBp) ag Zp(Gwsp |z|) e F?
kez

+ Z w? (=2pgs + ke + Ma® + o MBg) by Zp(Fwsg |x|) € 7°
kez

Wi i ( 2 (89TX Do N ) 2 (89TX Dy N ) n 1 (8gg n Or [P ))
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§spik : i ik - i
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B Behavior in low frequency

B.1 Derivation of low-frequency equation

We obtain the equation under low-frequency assumption starting from Pride’s general formula for dynamic permeability.
Calculation is done in Convention 1. We recall [?, Eq (236)]

1 1 4w LW
o~ m Wi i)

Assume
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Still in Pride’s notation, the (dimensionless) number m and the transition frequency w; are defined as
¢ __%

A? wy = -
© ko pr

m =
Oéook’o ’

Recall that w; separates the low-frequency viscous-flow behavior from the high-frequency inertial flow. m is determined
by experimental means, generally,

4<m<8.
In [21], for numerical modeling, they use m = 6. This means that

m ¢ \' 21
D = J
W< 4 wr <Ozook0> 4pf

Under this assumption
2
_Aw :1_i2w+o<’4w ) 7
m w m W m Wt
1 1 2 w
= ———=—|1—-i|—+1)—].
k) ko { 1<m - ) wJ
Putting this back in the equation, recall Darcy law in the equations of motion (3.12]),
2 2~ ~ in
—Vp = — — = . B.1
Vp=-wpu—wipw , p R (B.1)
Thus the term involving w can be written as
2~ o in 2 w
—wpw=—w' — [1—-i(—=4+1] —|Ww
wko m Wt
= —wh {1—1(2—&-1) i}w
ko m Wt
2 7N 2 .
= — —+1 —iwo—
w [ (m + ) w 1wkow
Consider the first coefficient, plugging in the definition of w; and m according to Pride
n 2 Pt 2 Pt Qoo 1
—4l) =@ | —4+1) =" |1 +2ki—— )] .
i () = Gae (Z+1) =G ow (1r 0 g
Thus the equation (B.1) in low frequency is
2 2 . Pt 2
—Vp=—wpru —wpuw—iw—w ; pwi=—F0o|—+1]).
ko 10)
For consistencies, the ‘generic tortuosity’ in low-frequency should be
2
ti= oo (— + 1) , (B.2)
m
a multiple of Pride’s tortuosity as. This agrees with [39] p.14E|
Equations of motion in low-frequency With
Pt 2
wi= Tt timas 41 B.3
pu =1 o (2 41) (8.3)
V-r+f, = —w2pau — wzpfvv7
Low-freq (B.4)
(convention 1) VUp+fy = wapfufo.)ZpWWfiwkiW
0
Due to Darcy’s law, and put in the form using p, the equation of motion can be written as
—Vp+fy = —w’pru—w?prr(w)w,
Low-freq (B.5)
(convention 1) with  pLe(w) = pw+i—b =il (—iw L ko) . '
w ko w n

4In the notation [39} p.14] % — ¢ and pw — pe.
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For convention 2, we have:

Veor+fu = —w’pau — w’prw,
Low-freq ~Vp+fw = —w’pru—wip,w+ iwk%w
. B.6
(convention 2) = —w’pru—wpp(w)w, (B.6)

i = 1 (iw”—w+k0)
w ko w n

with pre() = pu—i
We unify these two forms by using the low-frequency limit defined in (3.20) of the dynamic density payn (3.15)

PEE = pu 4 sib = il (fiwp—w + 5k0) .
; w ko w n

B.2 Some discussion on the limit at vanishing viscosity for low-frequency regime

Here we start from the low-frequency equation of motion , and consider its formal limit at vanishing viscosity. To
obtain ‘formally’ the form of the equations at vanishing viscosity i.e.n — 0, we do not put the constraint w < w;. Note
that wy is a constant multiple of . Thus technically, when 1 — 0, w; — 0 (assuming other physical parameters such as
oo, ko, @, A appearing in the definition of constant m and wy in ) are independent of the shear viscosity 7. Recall
the equations of motion in low-frequency in convention 1

—Vp+fw = —wlpru—w’ piin(w)w,
with
.M i .p
Piyn(w) = pw+ ke W (—1w ;W + kO) )
and parameters given by (B.3))

pr 2 ¢ L2
w = —t , t:= —+1 , = ——A".
p ¢ Qoo (m + ) m Qocko
In taking limits, we assume that the quantities ¢, a0, ko, I, m are independent of 7, we have
lim  pp@) = lim pEEw) = pw = Paw (241 (B.7)
n—0, PLF n—0, pdyn Pw ¢ oo m . .
fixed w>0 fixed w>0

For both conventions, low-frequency with no viscosity, the equation of motions are given by

Low-frequency Vordfa = —w’pau — W prw,
zero-viscosity (B.8)
2 2
(both conventions) —Vp+fw = —wpru—wpuw.

C Potential method vs. Helmholtz decomposition

For elasticity, the unknown displacement is written as functions of the scalars ¥ g and @H,
u = Vyy + curldy,

cf. [28] which follows [38] and [30], or [23] and [16] which follows [29]. For poroelasticity, this decomposition is applied
to both u and w,
U= Vyy + curlyy , w = V¢ + curldy,

cf. [15] which follows [6] or [7]. Although our unknowns, see below, are also scalar functions and called potentials,
there are some slight differences between the two approaches. We do not impose the Helmholtz decomposition on the
original unknowns u and w, but exploit the very specific form of the poroelastic equation, which in fact forces a generic
solution to have this decomposition. In terms of the Helmholtz potentials, our unknowns are AvYm, A¢m, curl 1[)1-1,
and curl (;;H, see derivation in appendix The system of PDE, see 7, satisfied by the potentials are obtained
in a less cumbersome manner than substituting the Helmholtz decomposition into the equation. For elasticity, see the
comparison with , and for poroelasticity with . We also note that [6] and [7] work with nonzero sources, and
our aim for this report is zero sources, since we work with scattering of plane waves and not point sources. The second
slight difference is how the system is treated, we use diagonalization (in Step 2b) and still work with a system of PDE of
second order (for the pressure potentials), while in [6], that for pressure (Helmholtz) potentials is a fourth order equation,

(A +kp)(A+kE)y =0,

cf. Eq (6) in [6]. See also [36, Eq (42)], which solves the equation with no source but however uses the Helmhotz
decompsition.
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C.1 Elasticity

We consider the homogeneous isotropic elastic equation with unknown u denoting the solid displacement

Wpu+ (A +2p1)VV -u+ pcurlcurlu =0. (C.1)

Helmholtz decomposition approach: In Helmholtz decomposition approach, analytic expressions are obtained
by first using Helmholtz decomposition, i.e. writing u as

u = V¢ + curly, (C.2)

e.g. cf. [28] which follows [38] and [30], or [23] and [16] which followsﬂ [29]. We next substitute the decomposition (C.2)
into the elastic equation (C.1))

2 (Vo + curlzZN)) + A+ 20)VV - (VY + curlzZN)) + pcurlcurl (Vi + curlz/N)) =
Using V - curl = 0 and curlV = 0, this simplifies and is equivalent to
Wp(V + curly) + (A42u)VV -V + pcurlcurlcurly) =
& (w2pvw + A+2u)VV- V) + (wzpcurlq/; + ,ucurlcurlcurlzzv) =

We next require each of the two quantities in the above expression to be zero. Note that in this step, this breaks the
equivalence of the equation:

WV + A2V V -V =0 < *pVe + A +2u)VAY =0,

and
wipeurly + peurleurleurly =0 < w?pcurly — peurl Ay =

Assuming p, A and p constant, this is equivalent to
V(prw + (A +2p) Aw) =0 and curl(Wpyp — pAYP)=0.

We require further that
o + MA+2u)AY = 0 and w’py — pAYP = 0. (C.3)

Note that without further assumption this step also breaks the equivalence with previous equation. From (C.3), we
deduce that ¢ and 1 have to be of the form

Zan (kpr) L, Zan (ks ),

keZ kEZ

for Zr = Ji the Bessel function if u is defined as a solution on a disc, or Z; = HS) the first Hankel function if « is an
outgoing solution. We obtain the ‘necessary’ form for the displacement u

(Z an Zn(kpT) > + curl <Z bn Zn(ksr)> .

keZ keZ

However, this does not guarantee that u will solve the elastic equation (C.1J).

5In obtaining their analytic solution for the fluid-solid interaction problem, [23] and [I6] start right-away with an Ansatz for the
displacement vector of the elastic core, given by [29]

u=Vip—e: X (Vigyz¥)-

Since e, X V(z,y,z)%¥ = —curly, this Ansatz is the same as the one given by the Helmholtz decomposition. From observing the
expansion of the acoustic planewave in Bessel J,, and with only cos(nf) in the radial part, and carrying out separation of variables
in cylindrical coordinates for the elastic equation, [29] (and hence [23] and [I6]) further imposes the following form of e, cf. [29]
Eqn 4.1-4.2 p 280]

[e o) oo
Yp = cndn(kpr) cos(kd) , Ys = dnJIn(kpr) sin(k).
k=0 k=0
This poses as another difference from our approach, since we only carry out separation of variables in cylindrical coordinates for
the scalar Helmholtz equation, which is much simpler.
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Potential theory approach In the potential theory approach, the elastic equation (C.1)) can be equivalently written

as
A+ 2

u = — —’; quo + pcurlg, (C.4)
w?p

where
p:=V-u and @ :=curlu.

Now taking V- (C.4) and curl (C.4), we obtain two equations for ¢ and @

A+ 2 - -
= ——7 MAgo and ¢ = pAQP.
w?p

Note that this also breaks the equivalence of the equatiorﬂ
As ¢ and ¢ are solutions of Helmholtz equation, they can be expanded in terms of Bessel functions:

@ = baZuker), & = buZnksr).
kEeZ keZ
We substitute this into the necessary form of a solution u given in equation (C.4)),
A+ 2 ~
w= 2T N Yz ker) + p S bacurlZ (ks ). (C.5)

2
w
p kEZ keZ

C.2 Helmholtz decomposition for Poroelasticity

In Section @, we used potential theory to solve the homogeneous poroelastic equation. Here, we use Helmholtz decompo-
sition. We will see that there are very slight differences between the two approaches. However the potential exposition
is less cumbersome. Using the Helmholtz decomposition of u and w

uw = Vi + curld w = V¢ + curlg,
and substitute these into the equation , we obtain:
—w’pau — prw’w — HVV-u + pgeurleurlu — aMVV-w="f,,
—pru — W payn (W)W = MVV-w — MaVV -u=f, + VM{,.

The variables are now the Helmholtz potentials, ¥ , ¥ , ¢ , and ¢. Using the following identities in 2D for function f
and vector v,

Ve.curl = 0 , curlV = 0,
curlcurl f = —Af |, curlcwrlv = VV-v — Av,
we have
VV - u=VV. - Vy=VAyY , VV.w=VA¢,
curl curlu = curl curl curl’zﬂ = —curlAl/;.
The poroelastic equation becomes
—w?pa (VY + curly) — prw®(Vé + curldp) — HVAY — ppcurlAyp — a MVAS =f,,
—Ppr(VY + curly) — W’ payn(w) (Vo + curlg) — M VA — MaVAY =f, + VM T,.
After rearrangement, we obtain
V(-w’paty = prw®¢ — HAY — aMA) +curl(—w’path — prw’ ¢ — puse M) = fu, (©8)
V(—w’prtp — W pagn ¢ — M Ap — MalAip) + curl(—w’psp — w? payn @) = iy + VM £, .

In the case of no sources, we require that the potentials are such that the expressions in the four parentheses are zero,

and obtain the system of PDE (6.8a)—(6.8b) obtain in proof of Prop [6}
~wpath — prw’d — HAY — aMA$=0,
—w’prp — w? payn @ — M A — MaAp =0,
~w’path — prw’d — pr AP =0,
—w’prh — W’ payn d=0.

SHaving zero divergence and zero curl does not guarantee that a vector is zero.
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In the potential method in Section [f] we work with the variables curlu, curlw, V - u and V - w. They are related to the
Helmholtz potential by,

curlu = curlcurhﬂ = —Av¢ curlw = curlcurld;: —Ad, 1)
V-u=Avy , V-w=A¢. '

D Coefficients matrix for an elastic solid inclusion immersed in a
fluid medium

We consider an elastic cylindric inclusion immersed in a fluid. The section of the inclusion is a disc of radius a. The
expression of the pressure is
_ (1) ik6
p= Y anH (wsgual@|) "7,
kez

and the velocity value is

u= V) Z b Jr(wse @) € —e. x Vi) Z ok Jp(wss |z) €7,
kezZ kEZ

Psolid Psolid
=,/ d =4/ -
Sp By T QM an Ss \

We denote kfuid = w Sauid, kp = wsp, and ks = wss. The coefficient matrices is: [I]

with

A A Ais
AP = Ao Az Ass |,
As1 Asx Ass
with
A = kﬂuing),(w SAuid @) A1z = —w” pauiakpJr(wse a), A1z = —w” pauiaksJr(wss a),
2 1
A21 = H,(Cl)(w Sfluid a), A22 = Tg ((?7,2 +n — Ek% a2)Jk(w5p a) — kak_1(UJ Sp a)) s
2
Agg = Tgk (—=(n —1)Jk(wssa) + ksaJy_1(wss a)) , Az =0,
_2p _2p 2 1.5 o
Azz = ?k(—(n —1)Jx(wsp a) + kpaJp_1(wspa)) , Azz = 2 (n” +n — iksa Vi(wssa) — ksJr—1(wssa) | .
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