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On the estimation of the variability in the distribution tail
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Abstract

We propose a new measure of variability in the tail of a distribution by applying a Box-Cox
transformation of parameter p > 0 to the tail-Gini functional. It is shown that the so-called
Box-Cox Tail Gini Variability measure is a valid variability measure whose condition of existence
may be as weak as necessary thanks to the tuning parameter p. The tail behaviour of the measure
is investigated under a general extreme-value condition on the distribution tail. We then show
how to estimate the Box-Cox Tail Gini Variability measure within the range of the data. These
methods provide us with basic estimators that are then extrapolated using the extreme-value
assumption to estimate the variability in the very far tails. The finite sample behavior of the

estimators is illustrated both on simulated and real data.

Keywords: Gini functional, risk measure, variability measure, distribution tail, extreme-value

theory.

1 Introduction

The assessment of extreme risk is a crucial question in actuarial science and finance. The most
popular tail-based risk measure is the value-at-risk. It is defined as the quantile Q(«) of a real-valued
random variable X at level o € (0,1). Here, we adopt the convention that () is the lowest value
exceeded by X with probability not larger than «. As a consequence, the value-at-risk only provides
an information about the frequency of an extreme event and gives no indication on what a typical
value of X above Q(«) would be. To overcome this limitation, several alternative risk measures have
been introduced. A first direction of research consists in developing statistical analogues of quantiles
but taking into account the whole distribution tail: Expectiles [5, 9, 19, 24], LP-quantiles [7, 8, 10]
or LP-medians [14]. The interpretation of these risk measures can rely on the remark that expectiles,
and more generally LP-quantiles, coincide with quantiles of a transformed distribution [21]. A second
line of work is to average the values of X exceeding the value-at-risk. This gives rise to the conditional
tail expectation or, when X is continuous, the so-called expected-shortfall also known as tail value-
at-risk, or conditional value-at-risk, see for instance [2, 27, 29]. To take into account the variability
of X above the value-at-risk Q(«), the tail-standard-deviation has been introduced in [15] as a linear
combination of the conditional tail expectation and the standard-deviation measure. This definition
although requires the second moment of the distribution of X to be finite, which may not be the case
in practice, see for instance [25, Chapter 4]. It has then be proposed in [16] to replace the standard
deviation measure by the tail-Gini functional defined as TGinix (o) = E {|X — X*||X A X* > Q(a)},




where X* is an independent copy of X. It is shown in particular that the tail-Gini functional is a
valid variability measure as soon as the first moment of the distribution of X is finite.

In this work, we propose an extension, denoted by Gx («;p), of the tail-Gini functional obtained
by replacing | X — X*| by its Box-Cox transformation of parameter p > 0. It is shown that the so-
called Box-Cox Tail Gini Variability measure is still a valid variability measure whose condition of
existence is weakened compared to TGinix () when 0 < p < 1. The tail behaviour of Gx (a;p) is
investigated for levels & — 0 under a general extreme-value condition on the distribution tail of X.
We then show how to estimate the Box-Cox Tail Gini Variability measure Gx (a,; p) at a level o, — 0
as the sample size n — oo. Two estimation methods are first introduced for intermediate levels a,
such that na, — oco. These methods provide us with basic estimators that are then extrapolated
at an extreme level «,, such as na,, — ¢ € [0,00), using an extreme-value assumption. The paper
is organised as follows. The Box-Cox Tail Gini Variability measure is defined in Section 2 and some
elementary properties are established. Section 3 then focuses on the tail properties (as a« — 0) at the
population level. The estimation of the extreme Box-Cox Tail Gini Variability measure is discussed
in Section 4. A simulation study of the finite-sample performance of the estimators is presented in
Section 5, and an application to real data is discussed in Section 6. Proofs and auxiliary results are

postponed to Section 7.

2 Box-Cox Tail Gini Variability measure

2.1 Definition

Let X be a real-valued random variable. Its survival function is denoted by S(x) := P(X > x) for all
2 € R and the corresponding quantile function is defined for « € (0,1) by Q(«) := S (a) = inf{z €
R; S(z) < a} which is also referred to as the value-at-risk. It is assumed throughout the paper that S
is differentiable. The density function of X is denoted fx and we let X, = max(0, X). The Box-Cox
transformation [6] of parameter p > 0 is the function given for all s > 0 by K,(s) := fls uP~tdu. We
also refer to [22] for an application of this transformation to the estimation of regression quantiles.

Let X* be an independent copy of X. We define, the Box-Cox Tail Gini Variability measure of
parameter p (BC,-TGV measure) and level o € (0,1) by

Gx(asp) = K (E[K,(|X - X™)) | X A X" > Q)

p

provided that the expectation exists. This measure can be rewritten as
Gx(osp) = K { [, o 1 Qv dudv} ,
0,1
or, more specifically,
1/p
Gx(a;p) = {/ |Q(au) — Q(av)[” dudv} , ifp>0,
(0,1)2

Gx(Oé; 0)

exp {/ In|Q(au) — Q(av)| dudv} , otherwise.
(0,1)?

In the particular case where p = 1 and E(|X|) < oo, the BC1-TGV measure reduces to the tail-Gini



functional TGinix () introduced in [16]. When p = 2 and E(X?) < oo, one has
G%(2;2) = 2[CTM x (a; 2) — CTM% (e; 1)] (1)

where CTMx (o; p) = E[X?|X > Q(«)] is the conditional tail moment [12], which can be interpreted as
a particular Wang measure [13]. In the case where p = 1, CTM x (a; 1) is also called the tail conditional
expectation risk measure and coincides with the expected shortfall when S is continuous. Let us
recall that, unlike value-at-risk, expected shortfall is a coherent risk measure, see [1, 27]. If follows
from (1) that G%(a;2) = 2CTVx(a) where CTVx(a) is the conditional tail variance introduced
in [30]. Equivalently, Gx(a;2) = v/2SDx(a) where SDx(a) is the tail standard-deviation measure,
considered in [15]. We shall show in the following that choosing p < 1 in the BC,-TGV measure
yields valid measures of variability with associated conditions of existence weaker than SDx(«) and
TGiniy ().

We end this section by giving sufficient conditions for the existence of the BC,-TGV measure.

Proposition 1 If p > 0 with E(XY) < co or p = 0 with E(|In|X||) < oo and fx bounded, then
E K (IX = X*)[ | X A X* > Q(a)] < oo.
2.2 First properties

Let us start with some basic properties of the BC,-TGV measure. As stated in [16], properties of
variability measures may be quite different from those of risk measures [3, 23]. They also slightly
differ from those of deviation measures [28].

Proposition 2 When it exists, the BC,-TGV measure of level a € (0,1) satisfies the following prop-
erties:

(i) Law invariance: If X andY have the same distribution then Gx(a;p) = Gy («;p).
(i1) Standardization: G, (o;p) =0 for all p € R.
(i11) Location invariance: Gx4,(o;p) = Gx(a;p) for all p € R.
(iv) Positive homogeneity: Gax(a;p) = AGx (a;p) for all A > 0.

Proposition 2(3,14,44¢) imply that the BC),-TGV measure is a valid measure of variability accord-
ing to [16, Definition 2.3]. However, the BC,-TGV measure is not coherent since the sub-additivity
property is not fulfilled. As a comparison, CTVx(«) and SDx(«) are both non-coherent variability
measures, and CTVx(«) does not fulfill (iv). Finally, let us highlight that the set of BC,-TGV mea-
sures, p > 0 is ordered i.e. 0 < p < ¢ implies Gx(a;p) < Gx(;q).

3 Tail behavior of the BC,-TGV measure

Let U(z) := Q(1/z) be the tail quantile function. From now on, it is assumed that U satisfies the
first order condition

(C1) There exist a positive function a and v € R such that for all s > 0,

lim A(s,z):= lim M

T—00 z—00 a(x)

- K,(s)=0.



In other words, U is an extended regularly varying function with index . Condition (C1) is equivalent
to assuming that the distribution of X is in the maximum domain of attraction of the extreme-value
distribution with extreme-value index v € R, see for instance [17, Theorem 1.1.6]. The next result

provides a first order equivalent of the BC,-TGV measure for extreme levels a — 0.

Proposition 3 Assume (C1) holds and

(%5

lim sup
xr—r0o0 s>1

)

Let p > 0 such that py < 1 and assume that Gx («;p) exists for all a in a neighbourhood of 0. Then,

I Gx(a;p)

a—0 a(a~1) = 0(p;7);

with, for p >0 and py < 1,

0(p;y) ==K, {/(0 e Ky (|Ky(u™) = Ky (o)) dudv} .

Note that when p > 0, py < 1 is a sufficient condition for E(X¥) < oo and thus for the existence
of the BC,-TGV measure, see Proposition 1. The first part of condition (2) can be interpreted as a
uniform version of (C1) while the second part of (2) is a strengthened regular variation property for
the auxiliary function a(-), see [17, Theorem 2.3.3] and the discussion following Proposition 4 below.
It appears that the tail behavior of the measure is mainly driven by the function a(-). Two opposite
cases appear: When the distribution is in Fréchet maximum domain of attraction, it is heavy-tailed
with extreme-value index v > 0, a(x) ~ yU(x) as ¢ — oo and thus Gx(a;p) — oo as @ — 0. The
asymptotic variability is infinite in the distribution (heavy) tail. Conversely, in the situation where the
distribution is in Weibull maximum domain of attraction, it is short-tailed with extreme-value index
v <0, a(x) ~ —y(zxp —U(x)) as  — oo, where zp is the finite right endpoint of the distribution of
X. Hence, Gx(a;p) — 0 as a — 0. Asymptotically, there is no variability in the distribution (short)
tail. The intermediate situation is also possible. The function a(-) associated with the Exponential
distribution (in Gumbel maximum domain of attraction, with extreme-value index v = 0) is constant,
leading to an asymptotically finite dispersion in the (light) tail. Several explicit expressions of 8(p;~)

can be obtained depending on the sign of the extreme-value index 7. Introducing for x > 0 and y > 0,

1 e}
B(z,y) = / B — ), T(a) = / £ exp(—t)dt, () =
0 0
the beta, gamma and digamma functions, one has for p > 0 and py < 1,

2Bp+1,7v"' =p)/W*T2—py)] -1 /p ify>0,
Ky (0(psv) =4 Tp+1)—-1)/p if v =0,
2Bp+1,—y /(=) 2 -py)]-1)/p ify<0,

where, when p = 0, the right-hand side should be read as its limit when p tends to 0, that is to say as

v/2 —In(y) + (1) — (v 1) if v >0,
(1) if v =0,
v/2 —In(=7) + (1) =1+ (=y)7") ify <0.



Note also that 6(1;v) = 2/((1 —v)(2 —v)) for all v < 1 leading to an asymptotic equivalent of the

tail-Gini functional as o — 0:
2
(1-72-)

The graph of v — 6(p;~) is depicted on Figure 1 for v € [-1,1], p € {0,1/2,1,3/2,2} and under
the constraint py < 1. It appears that the function v — 6(p;~) is increasing with respect to =y

TGiniy (a) ~ a(a™h).

for all considered values of p. Besides, In6(0;-) is approximately linear on the considered interval
v € [~1,1] while Inf(p;-) is convex when p > 0. The rate of convergence of Gx(a;p)/a(a™!) to
0(p;) in Proposition 3 can be established by considering a strengthened yet classical version of
condition (C1).

(C2) There exist a function A, not changing sign eventually such that A(x) — 0 as © — oo and some
p < 0 such that locally uniformly for s > 1,

T—r00 Tr—r00

H, ,(s) ::/1 v”’_l/l uf " dudv.

Condition (C2) is a classical second-order condition on extended regularly varying functions. Its in-

lim R(s,z):= lim [A—l(x) (U(S@_U(x) - Ky(s)> - H%p(s)} =0,

where

terpretation can be found in [4, 17] along with examples of distributions satisfying (C2). For instance,
in the case where v > 0, Pareto, Burr, Fréchet, Student, Fisher and Inverse-Gamma distributions all

satisfy this condition, and more generally so does the Hall-Weiss class of models [20]. Let for s > ¢ > 1,

H%p(s) - H’v,p(t)
K (s) — K, (1)

R(s,x) — R(t,x)
Rl — Fnll)

by, p(s,t) == and R(s,t,x) = (3)

Of course, h, , and R(:,-,z) are symmetric i.e. for all (s,t) € (1,00)%, h, ,(s,t) = h, ,(t,s) and

R(s,t,r) = R(t,s,z). Moreover, for all s > t > 1, condition (C2) entails that R(s,t,z) — 0 as

x — oo. Using the representation

Q(T*;) =K, {/(071)2 Ky (|Ky(u™") = Ky (o) | Wy (u,v)) dudv} ,

where

Ul tu™) —U(a=to™t)

Waln o) = g ) = Ky (o Data 1)

it is easily checked that, under (C2)

Wy (u,v) =1+ A(a™ ") [hy, (v ™)+ R v a )] =1+ Ala Hhy, (u™h o).

In view of the first order approximations K,(z + u) = Kp(z) + ua?~! and K5 (x4 u) ~ K} (z)[1 +

u/(1 4 px)] for x > 0 and u close to 0, one can expect that for a close to 0

Gx(a;p)
ala~t)

B(p;v)
or=1(p;y)’

B(p;v)

~ 6(p:7) {1 AT TR )

} — 0(p) + Ala)



with, for all p > 0 and py < 1,
Blpi) = [ o) = Ko ) Ry (07 dud (1)

Note that the integral in the right hand-side term is well-defined since h. , is bounded on (1,00)?
from Lemma 2 in the Appendix. These approximations are rigorously justified in the following result.

Proposition 4 Assume (C2) holds and

lim sup 7‘R(S’ ?)|

=0, 5
S ) )

with py < 1, p > 0. Assume that Gx(a;p) exists for all o in a neighbourhood of 0. Then, as o — 0,
= 0(p; ) + Al ")B(p;7)0" 7 (p; ) (1 + o(1)), (6)

where B(p;~vy) is defined in (4).

It can be proved that conditions (C2) and (5) of Proposition 4 imply conditions (C1) and (2) of
Proposition 3. As a consequence of (C2), it can also be shown that the function a(-) is regularly
varying at infinity with index =, i.e. a(sx)/a(z) — 7 as © — oo for all s > 0, see for instance [17,

Theorem 2.3.3]. Proposition 4 thus entails that the BC,-TGV measure inherits the regular variation
property.

Proposition 5 Suppose (C2) holds. Let p > 0 such that py < 1 and assume that G x («;p) exists for

all a in a neighbourhood of 0. Then, Gx (-,p) is reqularly varying at zero with index —~.

4 Inference

In this section, our goal is to estimate Gx (a,,p) for levels «,, tending to zero at any rate, including
both cases of intermediate na, — oo and extreme sequences na,, — ¢ < oco. In view of the links
established in Subsection 2.1, these estimators will also provide us with estimators of TGinix («,) and
SDx (). To this end, let X, ..., X, be independent copies of X and denote by X1, < ... <X, ,
the associated order statistics. The first scenario is investigated in Subsection 4.1 while Subsection 4.2
shows how to extrapolate from an intermediate estimator to an extreme one. In the following, we

shall use the notation k,, = |na,,| where || stands for the floor function.

4.1 Estimation of the BC,-TGV measure at intermediate levels

Let us first consider the estimation of G x (o, p) where (o) is an intermediate sequence i.e. o, — 0

and na,, — oo. Since, for p > 0,

1 .
Gx(an;p) = K {agE [Kp (IX = X*) L{x ax+>Q(an)} ) } ,

n



a direct estimator of Gx(ay,,p) is obtained by considering the empirical counterpart of the mathe-
matical expectation:

kn Kk
N 9 n kn
Gxn(an;p) == K5 mz > Ky (Xn—itin — Xnjiim) - (7)
nitn i=1 j=i+1

Note that, for all p > 0, the direct estimator satisfies properties (i), (i4i) and (iv) of Proposition 2. The
law invariance property () is slightly modified as follows: X Ly implies @X,n(ozn;p) 4 CA?ym(an;p).
The asymptotic normality of (7) is established in the next result.

Theorem 1 Assume that (C2) and (5) hold with py < 1/2 and p > 0. Suppose that G x(a;p) exists
for all & in a neighbourhood of 0. Let (o) be an intermediate sequence and k, = |noy]| such that
ka2 A(n/kn) — X € R. Then,

k1/2 (GX,n(an;p)

d 2 .
Gxlomp) 1) = N (0,97 +4V(p; 7)) ,

where, for p > 0,

wp;v):(,zp(l){/o [ - 5 ) dv—K,S(e(m))}.

by

Interestingly, the estimator G x,n(0n; ) is asymptotically unbiased even in the situation where A # 0.
Note that condition py < 1/2 ensures the quantity V(p;v) to be well-defined. The graph of the
asymptotic variance 2 + 4V (p;~) is depicted on Figure 2 for v € [-1,1], p € {0,1/2,1,3/2,2} and
under the constraint py < 1/2. It appears that the asymptotic variance is approximately independent
of p when v < —1/4. In the case where v > —1/4, the smallest asymptotic variance is obtained for
p=0.

Second, based on Proposition 3, a first idea to estimate the BC,-TGV measure is to use the plug-
in estimator 6(p, 4, )an () where 4, and a,(c;,!) are some consistent estimators of v and a(a;,1).
However, this estimator is well-defined only when p9,, < 1. In practice, even though 4, converges in
probability to v with py < 1, one can face the situation where py, > 1 when p > 0. To overcome this

problem, we propose to use the statistics
Gxnlan;p) = 0(p, A} )an(ar "), (8)

where a,(a,, ') is some convenient estimator of a(a,,!) and, for a consistent estimator 4, of +,
o (20 N ok o
A5 i=min vn,;—vn ifp>0and?, =4, ifp=0. (9)

Unlike the direct estimator defined in (7), the indirect estimator (8) does not necessarily satisfy the
properties of variability measures listed in Proposition 2. The asymptotic normality of the indirect

estimator is established for p > 0 in the following result.

Theorem 2 Assume that (C2) and (5) hold with py < 1 and p > 0. Suppose that Gx(o;p) exists

for all & in a neighbourhood of 0. Let (o) be an intermediate sequence and k, = |nay]| such that



krl/QA(n/kn) — A € R. If there exists a random pair (A1, A2) such that

N G agl
k2 (’Yn =, a((oz_l)) - 1) SN (A1, A2), (10)

then,

Gx.n(an;p) a, 9(p;v) B(p;7)
Rl il ) S Ar+ Ay — A ,
(men;p) b))

where é(p; -) is the first derivative of the function v — 0(p;~y).

Let us note that 4 inherits its asymptotic properties from 4,: Under (10), it is shown in the proof
of Theorem 2 that

2~k d’ﬂ Ot'rjl
k}t/g <7n -7 a((al)) - 1) i> (A17A2)'

In contrast to Theorem 1, the indirect estimator is asymptotically biased in the case where A # 0.
Three source of biais appear in the asymptotic distribution: The asymptotic biaises of @, (a;,*) and
A as well as the remainder term in (6). However, compared to the direct estimator, the condition on
(p,7) is weakened to py < 1.

As an example, a popular estimator of v € R is the moment estimator [11] defined by

My2\ !
A = MY + M) with M) =1 — E 1- (M) )
2 Mr(f)

and where for j € {1,2},
kn—1 ;
, 13 X ’
M(j) — j : 1 n—i+1l,n
" kn i—1 |:n ( Xn—k,,,,n

The corresponding estimator of a(a;; ') (see for instance de [17, Eq. (4.2.4)]) is

d(M) = Xn_kn,7nM7(L1) (1 B rS/T(LM’i)) '

n

Other possible estimators include the maximum likelihood estimator (y > —1/2, see for instance [17,

Section 3.4]) or the probability-weighted moment estimator (v < 1, see for instance [17, Section 3.6.1]).

The moment estimator of Gx(a,;p) obtained by plugging %(LM) and &M in (8) is denoted by
GE(MTB (on;p). It appears that the moment estimator of the BC,-TGV measure satisfies properties (i7)

and (iv) of Proposition 2. The law invariance (4) is also obtained up to the adaptation of the definition
already discussed. On the contrary, the location invariance (ii¢) does not hold since ’yﬁbM) and d%M)

are not location invariant. The asymptotic normality is a direct consequence of Theorem 2.

Corollary 1 Assume that (C2) and (5) hold with py < 1, p > 0 and v # p. Suppose that Gx (c;p)
exists for all o in a neighbourhood of 0. Let (o) be an intermediate sequence and k, = |noy,| such

that ks> A(n/k,) — A € R. Then,

EL/2 ég?,Q(an%P) 1] % A (a0 (M) ()2
n m— — (M (v,p),0 (7))7



with

6(p; ) B(p;7)
(M) — 9 o )
2
0(p;7) 0(p;7)
(M) ()2 ; ;
oy = v) +2 v1,2(7) +v2(7)s
(%) <9<p;w (3 +25E 0001 50) + 1a(0)
and where we have defined
(1-7)(1-2v) :
(I=vy=p)(1—-27—p) fy<p<0,
(rp) = Gy if (0 <y <—pandl=0)ory>—p>0,
0 otherwise,
e
T==p)(T=27=p) v <p<0
p2(v,p) = m f(0<vy<—pandl=0)ory>—p>0,
0 otherwise,
with, for v >0, ¢ := lim U(x) —a(z)/y and
Tr—r o0
o) { 1472 ifv>0,
uly) = 1-9)2(1=27)(1—y+67%)
( "/)(1(7377(1(743) al if v <0,
o) { 2+ ifv>0,
v2\Y) = 2-167+5172 =693 +5071—24¢5 .
tma-sa-m - <0
o) { y-1 if v >0,
v1,2(7Y 1—7)2(—144y—12~2 .
e ifv <o

4.2 Estimation of the BC,-TGV measure at extreme levels

We are now interested in the estimation of Gx (5,;p) for an extreme level 3, satisfying nS, — ¢ < co.
The basic idea is to extrapolate the estimate of the BC,-TGV measure at an intermediate level v,
such that na,, — 00, to the extreme level 3,,. This is achieved by adapting Weissman’s device [31] for
estimating an extreme quantile to the BC,-TGV framework. The regular variation property stated

in Proposition 5 suggests that, under suitable conditions on (c,, 8,), one may write

GX,n(ﬁn;p) ~ (Bn) - .

GX,n(an;p) - Qo

This approximation suggests the following extrapolated estimator:

B

Qp

Cn(Buip) = ( ) Cxn(anip), (11)

where 4, and Gx n(ay,;p) are some convenient estimators of v and Gx(ay;p). The asymptotic
normality of the extrapolated estimator is given in the following result.

Theorem 3 Assume that (C2) and (5) hold with py < 1 and p > 0. Suppose that Gx(a;p) exists

for all & in a neighbourhood of 0. Let (o) be an intermediate sequence and k, = |nay]| such that



krl/QA(n/kn) — A € R. If there exists a random pair (A1, A2) such that

~ G n\Qn;
k%/z <% -7 (;)7(((0?';)) - 1) LN (A1, M), (12)

then, for all sequence (B3,) such that B, /c, — 0 and fon M/ In(a,/Br) — 0,

k}/Q é},n(ﬁn%p) 1) A
In(an/Brn) \ Gx(Bn;p) .

Gx.n(Bnip)
Gx (Bn;p)

One can choose for Gy n(an;p) in (11) either the direct estimator @Xvn(an;p) or the indirect one

It appears that the limiting distribution of —1 is the same as 4, —+ with a different scaling.
éx,n(an;p). The corresponding extrapolated estimators of Gx (3,;p) are denoted by @}n(ﬁn,p) and
G}’n(ﬁn; p) in the sequel. Let us note that the extrapolated indirect estimator can be re-interpreted
as

G n(Buip) = 0(p; 4)ak (B 1),

an(BY) = (ﬁﬁ‘)_ﬁ"an<a;1>

(e77

where 4;; is defined in (9) and

is an extrapolated estimator of a(3;1). Finally, considering the moment estimator %(LM) in (11), the

convergence in distribution of Theorem 3 holds with A1 = N (Aui (7, p), v1(7)).

5 Illustration on simulated data

Simulated model The random variable X of interest is such that for all z € X,
S(e) == P(X > ) = [KT () /* (13)

where Kk € R, ¢ > 0 and X := {z > 0; 1+ kz® > 0}. The corresponding tail quantile function
defined for all z > 1 by U(z) = [K, (:z:c)]l/C satisfies (C1) with v = (k V 0) + ¢(k A 0) and a(z) =
||t~ Verr(1 — (1 — cfl)x’c”2/|"“)’1. Three main cases appear. If x > 0, then S is the survival
function of a Burr distribution in Fréchet maximum domain of attraction and v > 0. If kK = 0, then S
is the survival function of a Weibull distribution in Gumbel maximum domain of attraction and v = 0.
Finally, if £ < 0, then X has a finite right endpoint, the associated distribution is in Weibull maximum
domain of attraction and v < 0. Moreover, if ¢ # 1 and k # 0, then conditions (C2) and (5) hold
with p = —ck?/|k| < 0 and A(z) = p(1 — ¢ 1)azP. If ¢ # 1 and k = 0, then A(z) = ¢(1 — ¢) "1 In(x)
and p = 0, condition (C2) does not hold. If ¢ = 1 and x = 0, then one can set A(z) =0 and p = -0
to fulfill conditions (C2) and (5).

To assess the finite sample performance of the estimators, N = 500 independent replications of a
n-sample X7, ..., X, drawn from (13) are generated with n € {500, 5000}.

Intermediate level Here, the level of the BC,-TGV measure is fixed to a,, = 3n~1/2. The values
of the corresponding BC,-TGV measure are represented in Figure 3 for p € {0,1/2,1,3/2,2} and
n = 5000 as a function of k € [—3/4,1]. Two values of ¢ are considered: ¢ = 1/2 and ¢ = 2. We

compute N independent realizations of the direct and indirect estimators of G x (ay;p) given by (7)
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and (8) for p € {0,1,2} and ¢ € {1/2,2}. In the case of the indirect estimator, the moment estimators
of v and a(a;,!) are used. The median and the empirical quantiles of level 5% and 95% of the N
realizations are represented as functions of x € [—3/4, 1] in Figure 4 (n = 500) and Figure 5 (n = 5000).
It appears that, in all considered cases, the direct estimator provides better results than the indirect

one, both in terms of bias and variance.

Extreme level We are now interested in the finite sample performance of the extrapolated estima-
tor (11) of Gx(Bn,p) with 5, = 1/n, ay, = ky/n and where k, has to be selected by the user. As an
estimator of 7, we use the moment estimator '?,(LM) = ﬁ/,(LM)(kn) and G x ,(k,/n;p) is either the direct

or the indirect estimator of Gx (k,/n;p). For all p € {0, 1,2}, the tuning parameter k,, is taken as

G <k/<4n>;p>> |

optep 1= argmin  In? [ =
(Gx,n (k/(4n): p)

ke{16,...,|n/4]}

The idea motivating this choice is that, for a well-chosen value of k,, the direct estimator and
the extrapolated direct estimator should provide a similar estimation of the BC,-TGV measure
Gx(k/(4n);p). This procedure is also used for instance in Gardes et al. [14] in the framework of
other risk measures based on LP—optimization. Simulation settings are the same as in the interme-
diate case. The results displayed in Figure 6 (n = 500) and Figure 7 (n = 5000) are satisfying. It
appears that both direct and indirect extrapolated estimators yield similar results. This empirical
observation can be explained by Theorem 3: The behavior of the extrapolated estimator is mainly

driven by the estimator of the extreme-value index.

6 A real data example

The data set consists in n = 9181 fire losses over the period 1972 to 1992. These data are available for

instance in the R package CASdatasets as data(norfire). The amount of losses are corrected for

inflation using the Norwegian consumer price index. For each year j € {1972,...,1992}, we denote by
X fj ). ,Xr(f].) the observations of the n; fire losses. These observations are assumed to be independent

and generated from a parent random variable XU). The data associated with year 1976 have been
studied in details in [4, Example 1.2].

Here, we are interested in the comparison of the tail variabilities of the fire losses over the whole
period 1972 to 1992. With this goal in mind, we estimate the BC,-TGV measures G x ¢ (8;p) for
given values of § € (0,1) and p > 0. The year 1972 corresponds to the smallest sample with
min(nigra, ..., N1992) = 97 observations while 1988 provides the largest sample with 827 observa-
tions. The level 8 = 1/100 is selected which is extreme at least for the year 1972. We thus focus on

the extrapolated versions of the direct and indirect estimators.

Choice of p The value of p must be chosen in order to satisfy the condition p < 1/v where + is the
extreme-value index. To select such a value, we first compute, for each year j € {1972,...,1992}, the
moment estimator 'Ay,(Lj ) of the extreme-value indices )| 5 =1972,...,1992. The number of observa-
tions used in the estimation procedure is fixed to kz,(L] ) = |n;/6]. The smallest value of the moment
estimator is obtained in 1980 (%1980) ~ 0.256) and the largest one in 1985 (%1985) ~ 0.885). Tt thus

seems reasonable to assume that for each year, the fire losses distribution satisfies condition (C1) with

11



a positive index. This assumption can be graphically checked on the QQ-plots

) x @) 4
ln@,ln%ﬂn" i=1,.. ,ky(,])
X

n.?'_k'glj)vnj

Indeed, under (C1), these plots must be approximately linear with slope @) > 0. As an illustration,
the QQ-plots associated with years 1980 and 1985 are displayed in Figure 8. They confirm the
adequacy of (C1) to the data set. Let

=) .— 4(5) v
777, Ca ’Y'n, +u0.99 ]%(LJ) )

where u, is the quantile of level a of the standard Gaussian distribution and vy(-) is defined in
Corollary 1. Based on the asymptotic normality of *%(1] ), see for instance [11], the probability that *77(3 )

is larger than the true extreme-value index v\7) is, for n; large enough, approximately 0.99. Letting
pi= 1/max {,77(3972)7“_,,7721992)} ,
and assuming that the sub-samples {X{j), e ,X,% }, 7 =1972,...,1992 are independent,
P(y < 1/p) ~ 0.99*" = 0.81.

The assumption is thus likely to be satisfied. Since p ~ 0.694 < 1, it appears that for this data
set, the tail variability cannot be measured neither by the tail Gini functional [16] nor by the tail
standard-deviation [15]. At the opposite, it is possible to compute the direct and indirect extrapolated
estimators of the BC,-TGV measure for each year. The value of the intermediate sequence is selected
by the procedure presented in Section 5 and the results are depicted in Figure 9. As expected, both
estimators yield similar results. Note also that the estimated values of the BC,-TGV measure are in

adequation with the visual variability within the data set.

7 Proofs

7.1 Preliminary results

Our first three results are of analytical nature: They provide upper and lower bounds on the function
h., , as well as a uniform convergence result for R(s,t,-) both defined in (3).

Lemma 1 For all (z,y) € (1,00)? and all ¢ > 0,

pl—c _ yl—c x—(l—i—c) y—(l-i-c)
1—¢)_ < <(1l-¢y, 0< <1+,
(I-¢-< z—y (1—=¢)s = -1yl te
1 —c _ ,,—cC
0< @)y g —e<T Y <y
x—y In(z/y)
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The three other functions can be studied in a similar way. First, since g.(x,y) = g.(y,x) one can
assume in what follows that « > y. Denoting by g. the partial derivative of g. with respect to its first

argument, one has, for x > y > 1, that

I L (=)

Let us first focus on the case ¢ < 1. In this situation, g.(z,y) > 0 for all x > y > 1. Since for all
t€[0,1], (1 —t)1=¢ <1 — (1 - c)t, it follows that

( —9)gelz,y) < (1 - Ja~*(z —y) — 2'~ + 21~ (1 ~ (-9 y) 0.

Hence, the maximum of g. is reached when x = y. Since

lim g(z,y) = (1 = c)y™*,

zly
is a decreasing function of y, the maximum is reached for x = y = 1 and is equal to (1 — ¢).
Now, if ¢ > 1, then g.(z,y) < 0. Furthermore, using the inequality (1 —#)'=¢ > 1 — (1 —¢)t that holds
for all ¢ € [0, 1], one can remark that g.(x,y) > 0 for all z > y. Hence, the minimum of g. is reached
for x = y = 1 and is equal to (1 — ¢). Collecting the previous two conclusions leads to the bounds

provided in Lemma 1. ]

Lemma 2 The function h., , defined in (3) is bounded: 0 < h., ,(x,y) < —1/p, for all (z,y) € (1,0)?,
vy€ER and p <O0.

Proof — Let us consider separately the three following situations.
e When v #£ 0 and v # —p,

1 27t —1 Y —1 1 gyt _y+te 1
Hyp(x) = - (x -2 ) and h(z,y) = 1 ( z Y - ) : (14)
Yte v p\Y+p Ty v

From Lemma 1, one has when v > 0 that

Yo _ v tpe
0< 1z y §1+p/7:1
YEtp Ty Yt

)

and when v < 0,

Replacing in (14) concludes the proof in the first case.

e Now, if v = 0, one has

1z -y 1
p*In(z/y)  p

Hy,(x) = % (xpp— L ln(a:)) and h(z,y) =

The upper and lower bounds on h can be then easily deduced from Lemma 1.

e Finally, when v = —p > 0,

¥ —1 In(z/y)

TP — y*ﬂ ’

H_,p(x) = % (ln(:c) = ) and h(z,y) — _% _

13



From Lemma 1,
_ @y 1
TP -yTh o

and the proof is completed. [ ]

Lemma 3 Under (C2) and (5),

lim sup |R(s,t,x)| =0.
T—>r00 (S,t)E'ﬁ

where D = {(s,t) € R%;5,t > 1 and #t}.
Proof — Remark first that

U(sxz) — Ul(tx)
(K (s) = K5 (1))a(z)

R(s,t,x) = A~ () [ — 1| — hyp(s,t)

and that

U(sz) - Ultr) _ a(tz) {A(m) A(w) [R(s/t, tw) + Hy o (s/8)] + Ky (s/t)| -

a(x) " a(z) | AQ)

From [17, Theorem 2.3.3] and [26, Proposition 0.5], one has

Altz) 10

—0. (15)

lim sup
T—r00 t>1

Furthermore, from [17, Corollary 2.3.5 and Theorem 2.3.6], one can take a(x) = cz?(1 — A(x)/p)~*

for some constant ¢ > 0. Hence, using (15) leads to

a(tx)
a(x)

=17 (1+ A(2) K, (t) + o[A(2)]) , (16)
uniformly on ¢ > 1 as  — oco. Taking into account of (15) and (16), remarking that
P Hy (/1) = (Ko (s) = Ky (1)) (e p(5,1) — Kp(1))

and that ¢* € (0,1) for all ¢ > 1 entail

U(sxz) — Ul(tx)
(K (s) — Ky ())a(z)

uniformly on s > ¢ > 1. Since h, , is bounded from Lemma 2,

—1 = A(2)hs (5, t) + O[A(x)}w + o[A(x)]W + o[A()].

i aup /0]
=00 i1 Ky (s/t)

from (5) and since the function s — H, ,(s)/K,(s) is bounded (the proof follows the same lines as
the one of Lemma 2), one finally gets the expected result since R(s,t,z) is symmetric. [ |

The following technical lemma is a key result for the proof of Propositions 3 and 4.

Lemma 4 Let ¥ : (0,1)2 — R be a positive function such that for all p > 0 the integral,
7= / K, (¥(u,v)) dudv
(0,1)2
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is absolutely convergent. For all x > 0, let ¢, : (0,1)? — [~1,00) a function satisfying

lim sup ¢g(u,v) =0,

T00 (y,v)ED

where D = {(u,v) € (0,1)%);u # v}. If, for all z > 0, the integral
To = / K, (¥(u,v)(1 + ¢g(u,v)) dudv
(0,1)*

is absolutely convergent then, as © — oo and for all p > 0,

1
1+pZ

K (J2) = K;7(T) {1 g o, e v 1+ o<1>>} .

Proof — Let p > 0. A first order expansion of the function K, leads to
Kp (9(u,0)(1+ 94 (u, ) = Kp (¥(u,0) + P (u, v) @ (u, 0) (1 + G (u, v))P 71,

for some ¢ € (0,1). Since @, (u,v) converges to 0 uniformly on D as x — 0o, we obtain
7 +/ WP (1, 0)0 (1, v)dudo(1 + o(1)). (17)
(0,1)2

For all z > 0, as ¢ — 0, a first order Taylor expansion yields

K (2 +
K te) L«
K= (2) 1+pz

(1+0(1)). (18)
Taking z = Z in (18) and
€= / UP(u, v)py (u, v)dudv (1 +0(1)) — 0,

as © — 00, the conclusion follows from (17). |

We finally recall a result on the asymptotic normality of U-statistics that is central in the proof of

Theorem 1. The following lemma is a simplified version of [18, Theorem 7.1].

Lemma 5 LetY,...,Y,, be independent identically distributed random variables and let ® : R? — R

be a symmetric function. Define

1
U, = m(m—l);@(Yl’Yj) (19)

If E[@2(Y1,Ys)] < oo, then, as m — oo, m'/?(U,, — E[®(Y1,Y2)]) converges to a centered mormal
distribution with variance 4Cov|[®(Y1,Y3), ®(Y1,Ys)].

From [18], the asymptotic variance is also equal to 4E[W?(Y;)] where ¥ (z) := E[®(x, Y2)]-E[®(Y7, Y2)].
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7.2 Proofs of main results

Proof of Proposition 1 — In the case where p > 1, the existence of the BC,-TGV measure is a
consequence of the triangular inequality. When, p € (0, 1), the existence is deduced from the inequality
|u—v|P < |u|P + |vP. Finally, in the situation where p = 0, the result is proved by remarking that the
density of | X — X*| is bounded and thus E(|In|X — X*||) exists as soon as E(|In|X]||) < cc. ]

Proof of Proposition 3 — We start by remarking that for all p > 0,
Gx(a;p)
Sk /(071)2 Koy (9(u, 0)[1 + gt (u,0)]) dudo | (20)

with W(u,v) == |Ky(u™!) — Ky(v™!)| and

Ul tu™) = U(a"to™t)
ala ) (K, (u™t) = Ky (v™1))

Ya-1(u,v) := - 1. (21)

Let us check that the functions ¥ and ¢, -1 satisfy the assumptions of Lemma 4. First, by assumption,
G x (a;p) exists and thus for all p > 0,

/ |Kp (U(u,v)[1 + @q-1(u,v)])| dudv < co.
(0,1)?

Moreover, for all p > 0,
/ | Ky (W (u,v))| dudv < oo,

since py < 1. Now, under (C1),

=0.

. . Al ha ) - A a™h)
Jim o (w ) = iy = T TR o )

Let us show that this convergence is uniform on D = {(u,v) € (0,1)%;u # v}. Using the equality
K,(u™') = K,(v™') =v"7K,(v/u), one has

At - 8@ e = Lt [ (La ) 4 (4)] ok (2).

From condition (2), a(v™ta™)/a(a™!) = v=7(1 + o(1)) uniformly on v > 1, and thus,

AW a™) =A@ a™) = oA (L) (L4 o() +o (v, ()

u

uniformly on D. Hence,

A(v/u, v ta™t)

K, (v/0) (1+0(1)) + o(1),

Pa-1(u,v) =

which converges to 0 uniformly on D by the assumption (2). The conclusion follows by applying

Lemma 4. [ |

Proof of Proposition 4 — We start with the expression of Gx (a;p)/a(a™!) given in (20), proof of
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Proposition 3. Remark that, under (C2),

Pa-1(u,0) =A™ [y, (w0 )+ R (w0 o).
From Lemma 3 and since the function |h. ,| is bounded (see Lemma 2),
Pa-1(u,v) = Ala™hyp (u™ 071 (1+0(1)), (22)

uniformly on D. Remarking that

l+p Ky (¥ (u,v)) dudv = 6”(p,7),
(0,1)2

the conclusion follows by a direct application of Lemma 4. [ ]

Proof of Theorem 1 — For all p > 0, let us consider the decomposition

Gxn(an;p) = AU (Xn—k, n)]0(n; p), (23)
where
k
~ " X 1 — Xn_j
O(an;p) = K5 K [ X H_ - : 24
(anap) » k — 1 L L p ( (ankn,n)] ( )
i=1 j=
Let us introduce the standard exponential independent variables E; := nU* (X;), i = 1,...,n and

focus on the first term of the right hand-side of (23). Denote by D,, := E,_, » — In(n/k,) to get

U (Xn—kon)] _ al(n/kn) exp(Dn)]

a(n/kn) a(n/kn)

In view of n/k, — oo, one has k2D, - N(0,1), see for instance [17, Theorem 2.2.1]. From [17,
Theorem 2.3.3], under (C2), there exists ¢; € R such that

a(tz)
a(x)

= 4 A K1+ o(1),

locally uniformly on ¢ > 0 as x — co. Letting = n/k, and ¢t = exp(D,,) in the previous expansion
leads to

a[UH (ankmn)]
a(n/ky)

For ~ # 0, the delta-method yields

= exp(YDn) [1 + c1A(n/kn) K, (Dn)(1 4 0p(1))] = exp(yDn) + 0p[A(n/kn)].  (25)

k2 (exp(YDa) = 1) =5 N(0,7%).
When v = 0, we have shown that

(it 1) o

Let us now deal with the random variable (24). Recall that for all i = 1,...,ky, Xp_ip1,n =
Ulexp(Epn—i+1,n)] and let V;,, = exp[—(En—it+1,n — Pn—k,n)] < 1. Note that according to [17,
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Lemma 3.2.3], the random variables {V; ,,, i =1,...,k,} are independent of E,,_j,, . Collecting (21)
and (22) yields

Ulatu=t) - U(atv™1)
a(a~1)

= (K (™) = Ky (™) [T+ A(a™hy p(u™ 071 (14 0(1))]

as o — 0 uniformly on (u,v) € D. Letting u = V;,,, v =V}, and a = exp(—FE,,_g, »), a first order

expansion of the function K, leads to

Xn7i+1,n - an i+1,n _ _
Kp ( a’[U%(Xn—k,,“:y,)] ) - Kp (|K’Y(‘/;,n1) - K'Y(‘/;,nl)D

+ Alexp(Epp, )] [ K (Vi) = Ky (Vi D ho o (Vi VD
+ 0 (Alexp(Bn )l [ K5 (ViR = K, (VD)

for all p > 0 and uniformly on (i,7) € {1,...,k,}? since the function h., , is bounded. Hence,

Ky (8(anip)) = Culp) + Alexp(En-r,.n)}Bu(p) + 08 { Co(p) Alexp(Bnp,0)]

with for all p > 0,

Cn(p): k‘ _1 ZZK |K imn /) (‘/vjjnl)|)’

lel
G = ey 0 K i)~ K0
lel
and  Bn(p) = k—1ZZ|K ) = K (V[ o (VL VD).
1=1 j=1

The random variables C,,(p), Cy(p) and B, (p) are independent of E,_y, , and thus of D,. Fur-
thermore, let Fy,..., Fy, (resp. Wi,..., Wy, ) be standard exponential (resp. uniform) independent
random variables. Rényi’s representation theorem shows that

) d ) d )
{Vin, t =1, kn} ={exp[—Fr,—it+1k,], 1 =1,.. . kn} = {Wig,, i =1,... kn}.

Since the sums are taken over all order statistics, for all p > 0

Cn(p) = k ) ZZK ’K W(Wj_l)D’

=1 j=1
5 _ 1 S —1 —1\|P
Cn(p) _k (k _ )ZZ‘K’Y(Wz )_KV(WJ ) ’
n z=1j=1
and By (p) = k —1) ZZ|K (W[ (W W),
i=1 j=1

Hence, B, (p) is distributed as the U-statistic defined in (19) with Y; = W; and ®(y1,y2) = | K, (y; ') —
K, (y3 )IPhy o (yr 95 t) for all p > 0. Similarly, C,(p) (resp. Cy(p)) is distributed as the U-statistic
defined in (19) with ¥; = W; and ®(y1,y2) = K (|5, (1) — Ky (y31)), (resp. @(yr,y2) = [ K5 (y1 ') —
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K, (y3 1)|P). Besides, when py < 1/2, E(®2(Wy,Ws)) < oo for all considered three functions, since
|~y p| is bounded (see Lemma 2), and therefore, one can apply Lemma 5 to establish that

N(0,4¢E (P ),
N (0,43 (57)),

kn/? (Cnlp) — Ky (0(p;7)))

i}
B2 (Calp) = 07 (357)) =5

with, after straightforward calculations,

Cy) = / (/K (15, () — K, (0 1)]) du)de — K2(0()),
2

0
Gpyy) = /:( 1!Kw(u_1)—Kv(v_1)!de> dv — 0% (p; ).

0

Note that when p = 0, C,(0) = 1 and 512(0;7) = 0. Moreover, a sub-product of Lemma 5 is
that B, (p) LN B(p;v), for all p > 0, where B(p;~y) is defined in (4). Note also that, since
(kn/n) exp(En—k, n) %5 1 and since A(-) is regularly varying, Alexp(En—g, n)] X A(n/ky). We
finally get that, for p > 0,

k2 (K, (B(anip)) = Ky (6(037)) ) = AB(p: ) + K2 (Colp) — 07(p3 ) + 0x(1),
since kpy/ *A(n/ky) = XA € R by assumption. Using the delta-method, it follows

ky/? (@(an;p) —0(p; 7)) = AB(p;1)0" P (p:7) + 0P (pi 1)k (Colp) — 07 (p; 7)) + 0p(1).  (26)

Collecting (25) and (26) and keeping in mind that Cy,(p), C,(p) and D, (p) are independent, expan-
sion (23) yields

L/ <W — 0(p; 7)) Ly N (AB(p; )0 (93 7); 02 (03 7)72 + 46%(0;7) G (0 7) B (157))
(27)

for all p > 0, where C2(p;v) = (6(p;~y)) ~P. Recall that |nay, | = k, and thus that na, /k, = 1+0(k,; 1).

Since,

a(a; !
a((n/nkn)) =1+ 0(k,") + o[A(n/kn)],

and Proposition 4 entails, for all p > 0,

GX(an;p)
a(n/kn)

Combining (27) and (28) yields

= 0(p; ) + A(n/kn)B(p;7)0' P (pi7) + Ok, ) + 0[A(n/kn))- (28)

L1/2 éX,n(an;p) _GX(an;p)
! a(n/kn)

) s N (05 62(p; )72 + 462 (p; 1) (93 1) (93 7))

and Proposition 3 concludes the proof:

L2 <éX,n(an;p) — Gx(an;p)

d 2 .
) ) S N (0397 + 4V (93 7)) s
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with V(p;y) := ¢ (p;7)¢3 (03 7)- "

Proof of Theorem 2 — As a first step, let us show that under (10),

Let (z,y) € R? and introduce the Borel set A4, := {p%, < 1}. One has

<o (1) )
= P:{kiﬂwz—w)s:s}m{k;/? (C;éj_f))—l) Sy}mAn} (30)
+ P:{ki/z(ﬁ:;v)g}ﬂ{ki/z (‘Ml) Sy}ﬂAS}, (31)

where AS is the complement of A,. From (10), 4, converges in probability to 7. Hence, since
1/p—~ >0, it follows that

1
P(AS):P(’%—’YZ—V) -0,
p

as n — 00. As a consequence, using the inequality,

P [{k;ﬂ (A — ) < x} N {k}ﬂ <a”(a’711) - 1) < y} N AS} < P(Ap),

a(an”)

we have shown that (31) converges to 0. Now, remark that under A,,, 55 = 4,,. Hence,

) = p[{82 G- <apn{ie (L) 1) <))

alan ™)
1/2 (2 1/2 an(oy ") c
= P {R2 G-y Safndm? (e 1) <y Al
alan ™)
Under (10), the first term converges to G(z,y) where G is the cumulative distribution function of
(A1, A2) and the second term converges to 0. The proof of (29) is then complete.
The next step is based on the decomposition

~ . L2k -~ —1 .
ln GX,n(an7p) :ln 9(p7’y’n) +1n an(an ) _ln G(O{n,p)

G(am;p) 0(p; ) alant) 0(p;y)alan™)

Since the function v +— 6(p;~) is continuous for all p > 0, it follows that

O(p;dy) _ 1 o .

as n — co. Now, v — 0(p;7) is continuously differentiable with (p;~) # 0 for all p > 0 and v € R

and therefore a first order Taylor expansion yields

0pian) _ Oy +E0m =) o .
") 0(p;7) (a =7 (1 +orlL),
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for some & € (0,1) as n — oo. The continuity of the function 6(p;-) and (29) lead to

;%) 4 O(p;y)
kL/21n ns 2, A
0(p;y) 0(p;~y)

.. (32)
A direct application of (10) yields

EL/? ln% = 1/ <“Z((Z§11) - 1> (14 0p(1)) L As. (33)

Finally, Proposition 4 and a first order Taylor expansion of the function In(1 + -) entail that

n G(an§p) — a—l
1 0(p;y)a(an") Alon’)

B(p;7)
07 (p;y)

B(p;v)

sy (1 0(1)) = Aln/ks)

(14 0(1)), (34)

since A is regularly-varying. Collecting (32), (33) and (34) and remarking that

In

Gx.n(an;D) _ Gxn(an;p)
G(an;p) G(an;p)

- 1) (1+o0e(1))

prove the result. [ ]

Proof of Corollary 1 — It is sufficient to show that the estimators %M) and aM) (a; 1) satisfy con-

dition (10) where (A1, A2) is a Gaussian random vector with mean A1 (7, p), p2(7, p)) and covariance

vi(y) v12(v)

v12(7)  va(y)
First, from [17, Lemma B.3.16], if v # p, condition (C2) entails that there exists a function B
converging to 0 at infinity and such that

matrix

U(x) I U(sx)
a(z) — Ulz)

lim B~ (z) <

T—0o0

R (0)) = H )

with
p ifvy<p<O
/ v ifp<y<O
—y f(0<y< —pand{+#£0)
p if(0<y<—pandl=0)or~vy>—p>0.

Moreover, from [17, Lemma B.3.16], if k}L/2A(n/kn) — X € R then k‘}l/zB(n/kJn) — X with

A ify<p<O
A= (ﬁ))\ if(0<y<—pandl=0)ory>—-—p>0
0 otherwise.

One can thus apply [17, Corollary 4.2.2] to obtain that

A(M) 1
~ an (a
ka2 <7§LM) -, a(a(_f‘) ) _ 1)

converges to a Gaussian distribution with the desired mean and covariance matrix. ]
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Proof of Theorem 3 — We start with the decomposition

7 Gx(an;p)
= kY’ <a”>A w2 n+ln<<a”> X >,
ﬁn b > Bn CJX (/Bny p)

where Aj 5, 4, Ay and Ag ), 4, As. Let us focus on the third term of the right-hand side. From

Proposition 4,

Gx(om;p)  ala,?) { 1+ A(a;, ") B(p;7) /0" (p;7)(1 4 o(1)) }

Gx(Buip)  alBa) L1+ A(Ba )B(p;7)/07(p; 1) (1 + o(1))

as n — oo. Since A is regularly varying with index p < 0 and since (,/a, — 0, one has that
A(BY) = o(A(a; b)) and consequently,
C;(X (an; p) a(a;

_ b -
Gx(Bnip)  a(Bi?) {1+ O(Ae; M)}

Moreover, from [17, Theorem 2.3.6], there exist two functions
1
ap(z) = a(z)[l + O(A(z))] and Ag(x) = ;A(I),
as x — oo and such that for all e > 0 and 0 < 0 < —p,
7 Lo - (3) |- () = (3)
2 —\ 5 =\ 5 K — | + Rna
Ag(an) {ao(anl) B Bn) "\ Bn

for n large enough with |R,,| < & (o /B3,) ™1 . As a consequence,

() S - (5) o v oty

1o (3 () =) oo,

Since K,(an/Bn) = —1/p and (an/Bn) " [Rn| < & (n/B)"+° = 0, it follows that

(a7 VGx(ozn;p) B A1) — .
(f&) GxBrip) =1+ 0(A(e, ")) = 1+ O(A(n/ky)),

in view of the regular variation property of A. Finally, k,, 1/2 In(av,/Bn) — 0 yields

Gx . (Buip) . (a ) B P
In | 22 ) — k20 (22 ) Ay, + Y%A, 4+ O(A(n/ky)) — 0,
(wan;p) Ba) " ot O]

and the conclusion follows. [ |
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Figure 1: Graph of v — In(f(p;~)) for v € [-1,1], p € {0,1/2,1,3/2,2} and under the constraint
py <1l
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Figure 2: Graph of v +— In(y2+4V(p; 7)) for v € [~1,1], p € {0,1/2,1,3/2,2} and under the constraint
py < 1/2.
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Figure 3: Graph of In Gx («a;p) as a function of € [—3/4,1] for the distribution defined in (13) with
p€{0,1/2,1,3/2,2}, « = 0.04, ¢ = 1/2 (top panel) and ¢ = 2 (bottom panel).
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Figure 4: Simulated data, intermediate case with n = 500. The continuous line is the graph of
the function x — InGx(ay;p). The dashed lines represent the median of the logarithm of the N
realizations of the direct (black) and indirect (red) estimators. Dotted lines are the corresponding
empirical quantiles of levels 5% and 95%. Top: p = 0, center: p = 1, bottom: p = 2. Left: ¢ = 1/2,
right: ¢ = 2.
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Figure 5: Simulated data, intermediate case with n = 5000. The continuous line is the graph of
the function x — InGx(ay;p). The dashed lines represent the median of the logarithm of the N
realizations of the direct (black) and indirect (red) estimators. Dotted lines are the corresponding
empirical quantiles of levels 5% and 95%. Top: p = 0, center: p = 1, bottom: p = 2. Left: ¢ = 1/2,
right: ¢ = 2.
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Figure 6: Simulated data, extreme case with n = 500. The continuous line is the graph of the function
K+ In Gx (an;p). The dashed lines represent the median of the logarithm of the N realizations of the
direct (black) and indirect (red) extrapolated estimators. Dotted lines are the corresponding empirical
quantiles of levels 5% and 95%. Top: p = 0, center: p = 1, bottom: p = 2. Left: ¢ = 1/2, right: ¢ = 2.
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Figure 7: Simulated data, extreme case with n = 5000. The continuous line is the graph of the function
K+ In Gx (an;p). The dashed lines represent the median of the logarithm of the N realizations of the
direct (black) and indirect (red) extrapolated estimators. Dotted lines are the corresponding empirical
quantiles of levels 5% and 95%. Top: p = 0, center: p = 1, bottom: p = 2. Left: ¢ = 1/2, right: ¢ = 2.
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Figure 8: Real data. QQ-plots obtained for years 1980 (x x x) and 1985 (o 0 o).

Estimation of the Lp-TGV measure
2e+05 3e+05 4e+05
! ! !

1e+05

0e+00
|

year

Figure 9: Real data. Estimation of the BC,-TGV measure for the Norwegian fire losses data set as a
function of the year along with the values of the fire losses (o 0 o). In black, the direct extrapolated
estimator; in red, the indirect extrapolated estimator. Continuous lines are used for the visualisation
sake.
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